
HW 8

1. Prove the following theorem: Let f : Q ⊂ Rn → R be a bounded function on a
closed rectangle Q. Then f is Riemann integrable over Q iff for every ϵ > 0 there
exists a δ > 0 such that for every partition P whose mesh is < δ, U(P, f)−L(P, f) <
ϵ.

2. Show that if A ⊂ Rn has measure 0, then Ā need not have measure zero.

3. Show that no open subset of Rn has measure 0 in Rn.

4. Show that R2 × {0} has measure 0 in R3.

5. Let S ⊂ Rn be a compact set and let f : S → R be a continuous function.

(a) Prove that the graph Gf ⊂ Rn+1 has measure 0.

(b) Let f : Rn → R be a Cr function (where r ≥ 1) be such that S = f−1(0) is
not empty and ∇f(x) ̸= 0 ∀ x ∈ f−1(0). Prove that S ⊂ Rn has measure 0 in
Rn.
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