MA 200 - Lecture 27

1 Recap

1. Defined the wedge product using Alt.
2. Exterior derivative of form-fields.

3. Started pullback.

2 Exterior derivative and pullback

Def: Suppose F : U C R*¥ or H* to R" is a smooth map, and w is a smooth k > 1-
form on V' C R* or H* such that F(U) C V. Then the pullback F*w is a smooth
k-form on U defined as F*w at the point z is simply DF*w at the point F(z), i.e.,
(F*w)(x)(v1, ..., v8) = w(f(x))(Dfvr, Dfuv,...). For O-forms, F*f(x) = f o F(x).

Since we have already proven properties of 7%, we see that F*(w A n) = F*w A F*n
(this is true even if 0-form (why?)), F* is linear, and (G o F)*w = F* o G*w. Here are
examples of pullbacks:

1. w = dx Ndy. Let F(r,0) = (rcos(f),rsin(d)). Then F*w = F*dxz AN F*dy. Now
F*dz(v,w) = dz(DF(v,w)) = dx(a”g):(g)v + 8“;’95(9)10, ...) =cos(f)v — rsin(f)w =
d(rcos(#))(v,w). Indeed, more generally, F*df = d(f o F') because F*df(v) =

df (DFv) =32 2L 98, — q(f o F)(v).

B_xiﬁxj

2. Ify(t) = (cos(t),sin(t)), then v*dx = d(z o) = d(cos(t)) = — sin(t)dt as we expect.

3. More generally, F*(dw) = d(F*w): Indeed, F*(> ., dw; N er) = >, F*(dwr) A
Frdry, N... =Y dwro F)NdF, .... Now d(F‘w) = d(}_;wro FdF;, N...) =
Yo dF*wiNdE;, .. 4+ Frwid(dF;,)A. . .+...butddf = 0and hence we are done. [

4. Suppose ¥y, ..., Yy, are coordinates in R"” and [ is an increasing multi-index of
size k. Then F*(e;)(eq,...,ex) = €;(DFeq,...,DFe;) = det( OUFiy) ). In other

o(x1,...,Tk)
words, [*e; = det(a‘?f"}_f;i))dxl ANdzs ... dxy.




3 Integrating top forms in R"

Let w be a smooth n-form field in an open subset U C H" or R". Then w =
fdxy Ndx,y ... dx,. Define [, w = [, f as an improper integral if it exists. Note that if it
does exist, then this integral is indeed [, | ) /- The point of the definition is the follow-
ing: Suppose ¢ : V' — Int(U) is a smooth diffeomorphism (that is, a homeomorphism
that is smooth and whose derivative is injective throughout), then by the change of
variables formula, | Int(U) f=7 Int(V) fo¢|det(Dg)|. If ¢ is orientation-preserving, then

Jo [ = [, f o ¢det(Do). However, recall that ¢*(dzy A ...) = det(D¢)dy, A .. .. Thus,
w = [, ¢*w provided ¢ is orientation-preserving. Otherwise, [, w = — [, ¢*w.
Stokes’ theorem in H": Let w be a smooth n — 1-form field with compact support in

H". Then [, dw = (—1)" fxn:oi * (w), where i(xy, ..., 2, 1) = (T1,...,25_1,0).

U

Proof. Suppose w = widxs A dws ...+ wadry A dxs + .. .. The integral is (using Fubini’s
theorem) [" [* ... 5. (=1)"'Qwidxidx, . .. dx,. Using the fundamental theorem of
calculus, we see that ffa Ojw;dr; = 0 whenever 1 < i < n — 1 because w has compact
support. Fori =n, we get [* ... (=1)"wy (21, ..., 2y_1,0)d2y . . .. O

The same proof shows that if w has compact support in R", then [, dw = 0.

4 Differential forms on manifolds (with or without bound-
ary)

Let M C R" be a smooth k-manifold-with-boundary. A smooth k-form field on
M is a map w : M — U,A*(T,M) such that w(p) € A*(T,M) and for any smooth
parametrisation «, the form field &(z)(v1, . .., V) = Wa@) (Dawy, . . .), i.e., a*w is smooth.
Clearly, if w is a smooth k-form field in an open neighbourhood U of M in R", then
when restricted to MM, it is a smooth form field (by the chain rule). It can be proven (but
the proof is not trivial) that every smooth k-form field can be extended to a smooth
k-form field in a neighbourhood of M. We shall assume this statement from now
onwards (for the sake of simplicity). Here are examples of form-fields:

1. The 1-form field w = % on the unit circle. If we choose the parametrisation

of a part of the unit circle given by a(t) = (cos(t), sin(¢)), then o (w) = dt.

2. The 2-form field w = z*dx A dy + 2*dy A dz on the unit upper hemisphere. If

we parametrise a part of it using (z,y, /1 — 22 — 32), then a*w = (1 — 2* — y* +

CES
T )dx A dy.

The next step is to define the exterior derivative. Since we are assuming that smooth
form fields are actually restrictions of those appearing from an open neighbourhood,
we simply take the restriction of dw. We have the following result that directly follows
from the properties of the usual exterior derivative.

Lemma 4.1. Let M be a smooth k-manifold-with-boundary. For every coordinate parametri-
sation «a, d(a*w) = o*(dw) where d(a*w) is the exterior derivative in R,
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