HW 4

1. Let U C R" be open and f : U — R"™ be a C*' function. Suppose Df, is invertible
(where a € U). Prove that there is an r > 0 such that

(a) Bu(r) CU.
(b) Df, is invertible on B,(r) and ||[Df,]7!|| < C for all x € B,(r).

(¢) Let &y, 21 4+ h € By(r). Define A by Df*(f(x1 +h) — f(x1)) = h+ Df A
Now [|h+ Df; Al > 11,

2. Let U C R"™ be open and f : U — R™ be a C* function. Suppose Df, is invertible
(where a € U). Prove that there exists 7 > 0 such that B,(r") C U, and that if
YL, Y2y - s Yny 21, - - -5 2n € Ba(r') then ||AB™ — I||prop < %, where the i"* row of A
is V fi(y;) and that of B is V f;(z;).

3. Consider the map f : R? — R? given by f(z,y) = (2y, 2%+ 3? + e@=2W=) Prove
that there exists an r > 0 such that for every (a,b) € B¢ (r), there exists an
(z,y) € R? such that f(z,y) = (a,b).



