MA 235 - Lecture 27

1 Recap

1. Integration of top forms (definition).

2. Practical calculation by covering with charts from R” upto measure zero. Here
we can do better than the theorem stated in the last class: Let w be a compactly
supported top form on M. Let Dy, ..., Dy be bounded domains of integration in
R™and F; : D; — M be continuous maps that restrict to orientation-preserving
diffeos on D;, F;(D;) N F;(D;) = ¢, supp(w) C Fy(D1) U Fy(Dy) ..., F;(D;) — F(D;)
is of measure zero in the mamfold foralli. Then [, w=7>", [, Fl*w if the right-
hand-side is Lebesgue integrable.

Proof: As before, it is enough to assume that w is compactly supported in a
chart U. Thus, we have reduced our problem to an open subset in R" (after
throwing out the measure zero boundary in H"). Since the boundaries are of
measure zero, the integral is >, [ F(py W+ Now for each summand, since F' (D;)
is an open subset of R", it can be exhausted by submanifolds-with-boundary
Ky;. By the dominated convergence theorem, |, poyW = lmyoe | P

lmy e fFfl(KN ) Frw = limy o fFfl(KN G Fw= [, Ffw by the dominated con-
vergence theorem.

2 Stokes’ theorem

Theorem: Let M be a smooth oriented n-manifold-with-boundary (where the bound-
ary has the induced orientation from outward vector fields). Let w be a compactly
supported n — 1 form on M. Then [, dw = [, w. (In particular, if OM = ¢, then
Jyy dw = 0.)
Before we proceed to the proof, suppose M is a domain in R?, and w = Pdx + Qdy, then
f dw = [, (52 - —)dV and [,, w = [, (Pdx+ Qdy). If 9M can be parametrised as
:[0,1] — 8M where 7 is a smooth s1mp1e closed curve such that 7/ # 0, then by the
above result, [, w = f o VW = fo (P + Q%)dt. (A small point: the orientation
of OM corresponds to travelhng ant1cloc1<w1se (Why?)) Thus we have proven Green’s
theorem. ( Extends to the multiply connected case.)

Proof: Cover the support of w by finitely many charts (interior or boundary) U;.
Let p; be a partition-of-unity subordinate to this cover. Then [, dw = ", [, d(pw).



Thus, if we prove Stokes for p,w, i.e., for forms that are compactly supported in a
chart (interior or boundary), then we are done. (why?) So assume wlog that w is
compactly supported in a chart (U, ¢). Wlog, ¢ is positively oriented (why?) Thus
Sy dw = [ o @ *w. Therefore, it is enough to assume that M is H" or R".

We have two cases:

o M =R" Letw=wdz'...dz" " Adzi A.... Now [, dw = [p, 32, %2 (—1) 1zt A
.. This latter expression is 0. (Why?)

e M = H"™ Assume that the support is in [ A A]"‘1 x [0, Al. Now [, dw =

ff‘A f fo J 2 (—1)i e = [h. i (—1)"wa(2,0) + 0 (why?) Now the
boundary R"~! has orlentatlon forrn dzt A dx (=5, ) = (=D)ndat AL
Thus the last integral equals f oEn W- O

Consequences of Stokes:

¢ All the classical theorems ( Divergence, Stokes, Green) are special cases.

e If Sis a compact oriented submanifold of a smooth manifold )/, and w is a closed
k-form on M, such that | sw # 0, then wis NOT exact, and S is NOT the boundary
of a submanifold (why?)

rdy—ydx

p is closed but not exact.

e Thus, w =

* Suppose M is an oriented compact smooth manifold with boundary. There is o
smooth retraction of M onto its boundary: Recall that » : M — OM is a retract
if r is identity on 0M. If there is a retract, then suppose w is an orientation form
on M. Then r*w is a smooth n — 1 form on M that restricts to w on M. Now
[y driw = [,,,w > 0. However, d(r*w) = r*(dw) = 0! O

Example of Stokes: Let M be the orientable compact 3-manifold-with-boundary
{(z,y,z,w) € R |w > 0,22+ 9y + 22 +w? = 1}. Letw = 22da Ady + 22dy Adz +dx A dw
on R*. Then we need to choose an orientation on M and verify the generalised Stokes’

theorem for w (that is, / dw = / w ) by explicitly calculating the left and right hand
M oM

sides:

Consider the smooth parametrisation a(uy, ug, uz) = (u1, uz, uz, /1 — u? — u2 — u2) de-
fined on the open unit ball in R? to the interior of M. This map is smooth (by the Chain
rule), 1 — 1 (trivially), onto the interior (trivially), and the inverse is a projection which
is smooth. Moreover, Da(p, q,7) = (p, q, r, — L2447 which is clearly 1 — 1. Choose

1—u?—u—u?
the orientation that this parametrisation belongs to.
dw = 2zdz Ndx Ndy 4+ 2xdx ANdy Ndz + 0 = 2(x + z)dx A dy A dz.

Now a*(dw) = 2(uy + ug)duy A dug A dus.

Since the parametrisation covers all of M except for the boundary, which is of measure 0
because itis a finite union of images of the uz = 0 plane in H* which has measure 0in H?,

we can calculate the integral as the improper integral fu% Fudtud<l a*(dw) = fu% Fudtad<l 2(u+
ug) which is in fact a Riemann integral because the integrand is bounded and contin-
uous and the domain is a compact rectifiable one (the boundary of the domain is a
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sphere which is a union of two graphs and hence has measure zero). By Fubini’s
theorem this integral is 0 .

Consider the parametrisations of a part of M givenby B4 (vy, v2,v3) = (£4/1 — v? — v3 — v3, vy, V9, v3)
from the the open unit ball intersect v3 > 0 (an open subset of H?) to M that cover

a neighbourhood of a part of the boundary. These maps are smooth, 1 — 1, and the
inverses are projections. Moreover, just as before, D3, are 1 — 1. The part of the
boundary this is missed is the image of v3 4+ v3 = 1 which has measure 0 in R? because

it is a union of two graphs.

The maps ¢+ = a0+ (v1, v, v3) = (£4/1 — v — v3 — v3, vy, vy) satisfy det( D¢ )(0,0,1/+/2) =
T1 (and hence the signs stay the same throughout the domains of definition because

the domains are connected). This means that 3, is not compatible with « and _ is so.
Therefore we change /_ to B_(v1,v9,v3) = B_(—v1,v5,v3). Now the B+(v1,v2,0) =

B4 (v1,v2,0), B_(v1,v3,0) have the correct orientations for Stokes’ theorem because the
dimension of M is odd.

They parametrise the boundary upto measure zero. Moreover, Brw = v2d(£+/1 — 02 —v2)A

d(Fvy) + (1 —v? — v3)d(Fv1) A dvy = <1L +(1—0v?— v2)> dvy A dvs.

2__ 2
)

Hence by the theorems above, as improper integrals,

Ug Ug 2 2
W= > 2"‘(1 — v3) 5 2_(1_U1_U2>
oM vifv3<1 1 - Ul — Uy vi4v3<l1 I Ul — V5

Now the integral [ [

2+U2

1| \/7| exists in the Lebesgue sense. Indeed, the inte-

1 1

grand is at most T By the monotone convergence theorem, | [ <l T
which exists by the change of variables formula for

1
lim,,_, [ fU =vf o3 <(1-1/n)? /1= 202
instance.
Now the above improper integrals are equal to (by linearity)

2v2
27
v1+v2<l \/ Ul — U3

which by the change of variables formula is

’ // 2r* cos? () sin®(9)
im
n—00 0,1—1/n)x (0,27) V1—r?

which is given by Fubini’s theorem as 0. O

3 Looking beyond

* Differential topology ( When are two manifolds homeomorphic but not diffeo-
morphic?)

* Riemannian geometry ( distances, angles, curvature, congruence/isomorphism,
finding the best metric, etc)



Geometric analysis ( PDE on manifolds)
Symplectic geometry ( Classical mechanics on manifolds)
Algebraic geometry ( Zeroes of polynomials)

Arithmetic geometry and number theory (Modular forms and elliptic curves for
instance)

Applications ( Protein folding, control theory, general relativity, string theory,
statistical mechanics, etc)
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