
HW 4 (to be submitted by Feb 14)

1. (15 marks) Let M be a manifold (with or without boundary). Consider the set S
of all the coordinate charts (U, x) containing p. For every (U, x) ∈ S, consider the
vector space VU,x = Rn, i.e., consider the disjoint union W = ∪U,xVU,x of Rn over

U, x. Define a relation ∼ on W as v ∈ VU,x ∼ w ∈ VW,y if vi = wj ∂xi

∂yj
(p).

(a) Prove that this relation is an equivalence relation.

(b) The set of equivalence classes is defined to be ˜TpM . Prove that it is a vector
space under [v] + [w] = [v + w] and c.[v] = [cv].

(c) Suppose F : M → N is a smooth map, define F̃∗([v]) = [DFv]. Prove that
this definition is well-defined.

(d) Consider the (choice-free/canonical) map F : TpM → ˜TpM given by v → [vi].
Prove that this map is well-defined and a linear isomorphism that commutes
with pushforwards. (Part of the exercise is to make sense of this statement.)

2. (10 marks) Prove that the closed unit ball in Rn+1 is a smooth manifold-with-
boundary and that the inclusion map is smooth.
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