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NOTES FOR 10 NOV (FRIDAY)

1. RECAP

We proved the chain homotopy formula.

Defined De Rham cohomology (and cohomology with compact support). Defined the pullback
of cohomology classes.

Saw some examples of cohomology classes. Just started proving a theorem.

2. DE RHAM COHOMOLOGY

Theorem 2.1. If M is a connected orientable m-manifold, then the map T[w] = / w gives an
isomorphism H"(M) ~ R.

Proof.

(2.1)

(2.2)

M

(1) True on R and S! : If w is a 1-form with compact support on R such that Jgw =0,

xT

then define a function f(z) = / w. Note that df = w by the FTC. f has compact support

because f(—a) = 0 for a large positive a and since wa = ffaw for all b > a, we see
that f(z) = 0 for x > a. Hence the theorem holds for R. Likewise, if w = ¢(0)df where
g9(0) = g(27), then f(0) = foeg(Q)dG satisfies df = w and f(0) = 0 = f(2m). Thus the
theorem holds for the circle too.

True on R™ assuming that it is true on S™ ! : Let w = fdz' A ...dz™ be a top form with

compact support in R™ such that [w = 0. Assume wlog that w is supported in the unit
m

1 A
ball. We know that n = » (—1)""" / 2 f(tr)dtda .. dx' A da™ satisfies dny = w (by
i=1 0
an exercise). We will modify n by another exact form so that the resulting form has compact
support.
Since we want to use that f(ufi) vanishes for large u, define u = |z|t to get
- @] x 1

. \
) = o0 [

dz' .. dz' A da™

i 0 |z
If |z| > 1, then the integral need be evaluated only till 1. In other words, for large values of
|z|, n depends mainly on its values on the unit sphere. We will prove that in fact, n = dvy
for some m — 2 smooth form ~ outside the unit ball. Let h be a smooth function equal to 1
outside the ball of radius 2 and equal to 0 on the unit ball. Then A~y is well-defined on all of
R™ and satisfies, w = d(n — d(hvy)) and moreover, n = d(hy) outside a compact set.

Indeed, outside the unit ball,
e , 1 T 1 A
n(z) = Z(—l)’l/ umflf(um)duwdxl coodx ANdz™

i=1 0
Now define g : S™ ! — R by g(z) = fol u™ L f(ux)du. Define r(z) : R™ — 0 — S™ 1 as
r(z) = ﬁ It is a retraction to the unit circle. Suppose ¢ is the natural orientation form on
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S defined as o, (v, . .., Um_1) = det(Z,v1, ..., Vm_1).
We claim that '
del dz Ada™ =1t
[
Firstly, o is the restriction to S™~ ! of the form o = S (=1)i~tzidat .. dx' ... da™. In-
deed, o(vi,...,0m_1) = S (=1)aidat . dz' ... dz™(v1,. .., vm1) = det(Z,v1,. .., Vm_1)

by evaluating along the first row.
Secondly, we compute 7*(0) :

rio = Z(—l)i_lr*(xi)dr*(xl) e

e L kv

|| ]
which after a tedious calculation (using d(f/g) = df /g — fdg/g*) shows the claim.

Therefore, outside the unit ball, n(z) = g(z)r*oc’ = r*(go ). Also, we claim that Jgm—1 go =
[g fda! ... da™ = [wrm = 0. Indeed, by Stokes, [gn_1 go = Jpd(go) = [gw=0.

Now, by the induction assumption, the result holds for m — 1 dimensional manifolds. In
particular, it holds for S™~!. Therefore, gal = dy for some form v on S™ . Therefore,
n=r*dy.
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