NOTES FOR 1 NOV (WEDNESDAY)

1. RECAP

(1) Proved that orientability is equivalent to finding a nowhere vanishing top form.
(2) Defined the exterior derivative d locally and proved (using two different ways) that it is
defined globally and satisfies some properties (including d? = 0).

2. CLOSED AND EXACT FORMS, AND WHY YOU SHOULD CARE
d commutes with pullbacks.
Proposition 2.1. If f : M — N is smooth, and w is a k-form on N, then f*(dw) = d(f*w).

Proof. Suppose w = wrdx!. Then

. R af' of'
f*(dwr A da?) = f*(dwr) A B0i D odx?

= frdwr Ndf Adf2 ... = d(wy o f) Ndff = d(wy o fdff) = df*w,

because d(n A da) = dn A da + (—=1)kn A d?a = dnp A da and f*dg(X,) = dg(f.X,) = fXp(9) =
Xp(go f) = df*9(Xyp). 0

We introduce some terminology here : A form w is closed if dw = 0 and exact if w = dn. Clearly
exact forms are closed. A more interesting question is “are closed forms exact?”

In terms of vector fields in R3, first of all, identifying a vector field F= (Fl, Fy, F3) with a 1-form
A = Fidz! + Fyda? + Fydaz® we see that dA = (—gFl dF2 )dm Adz?® + . ... Now identifying dz"dz?
with k and likewise, we see that dA is identified with V xF. Soif VxF=0,is F = Vf 7 That
is, if dA =0, then is A = df 7 Likewise, if O is a 2- form O = O1dx? Adx? + ... (which is identified
with a vector field T = (T}, Ty, T3), then d© = 3, 2 o Oida A da? A da? (which is identified with V.T'.
Soif d® =0,is ® =dA ? ie. 1fVT—O isT =V x F7?

Actually, this question is interesting even in 2-D. If A = Fdx+Gdy, and if dA = (%—g —a—F)dx/\dy =
, is A = df, ie., (F,G) = Vf ? Surely, if A is defined on all of R? then deﬁne flzy) =
fo (tx, ty $—|—G(tx ty)y)dt. 1t is easy to verify that V f = (F,G). In fact, this is true even if replace
(tzx, ty) with any other path. (The function f is called the potential energy of the conservative force
(F,G).) ]

However, motivated by physical considerations, one can define fields on R? — 0 that are not exact

. . Ly @ . . .

despite being closed. Take A = T dx + T dy. This form is closed. However it cannot be

exact. Indeed, if A = df, i.e., F = Vf, then / F.dr =2n #0 = Vf.d;". Moreover, if A is any
Sl

closed form, then, suppose ¢ is a number such that [q, F.dr = ¢ [¢1 —==dx + ———dy, then we
Va2 ty? Vazty2

claimthatcu:A—c(\/_;:’r 2dx+\/;”+ _dy) = df.
24y 24y

Sktech of proof : Indeed, suppose W is the corresponding vector field. Define f(z,y) = f,y(t) W.dr

where () is any smooth 1-1 path in R? — 0 taking (1,1) to (z,y). If 4(t) is another such arc, then
1
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fv W.dr — f,y W.dr can be broken up into a sum of integrals over closed curves to which one may use
Green’s theorem. This is annoying to make rigorous, but there is a better way to do these things.....

These considerations seem to show that whether a closed form is exact or not seems to depend on
the shape of the domain. In fact,

Theorem 2.2. Any smooth closed k-form on R™ is exact, i.e., if dw = 0, then w = dn. (Poincaré’s
lemma)

Proof. If w = wr(z)dz’, then define
1 . . . .
(2.1) n= / tk_ldtE:(,uj(t;zc)(av“dav22 A.oo—zde" Ao+
0

The claim is that dnp = w. Let’s write sketch the proof for a 2-form in R* just for illustration :
w = wiadz! Adz? + . ... Thus

1
n= / tdtZwij(tx)(xidxj — 27dx’)
0 —
’-7
8”@] tm 22 (et dad j 70
dn = dt Z t*(x'dx? — 2! dz’) + 2tw(tz))
0,5,k
(2.2)
Since dw = 0, i.e.,
Owig  Owig  Owas

(23) 03 022 oxl

and likewise. Thus,

OQwij(tx) o i i i _ Owia(tz) | 4 1,2 2,1y, Owistz) 5 1,3 .31
‘<Akwdaz(azd$ —2ldz') + _de A (z dx xdx)—l—wdx A (z dx” — z°dx™)
7 ‘77

Owas(tx) , 1\ 2,3 3,9 Owia 3 d(t*w(tz))
(2.4) —i—de A (x*dx® — adz®) + ... = 2(83 de* Ndx? 4., = o
U

Actually, note that we simply needed a star-shaped domain containing the origin (i.e. every point
can be connected by a straight line from the origin) for the above argument to work. In fact, if you
jazz it up further, it can be used to show that every contractible manifold satisfies the property that
all closed forms are exact. This is there in Spivak but we shall skip it (at least for now).

3. INTEGRATION OF TOP FORMS OVER MANIFOLDS

As discussed earlier, it appears that the only things one can integrate over manifolds are top forms
w. Also, it seemed that orientability is an important requirement.
Before going into that, in R™, recall the change of variables formula :

(3.1) flat, . a™detda? ... = f(z' (&) det(

Rm R™

9z’ 1o
&Ej)‘dx dz* ...

On the other hand, in R, fci)f( dr = _11(((1)) f(g()g (y)dy. So where did the | sign disappear ?
The point is that in R™, we conventionally always integrate from the lower limit to the higher limit,

i.e., if g71(a) =5 and g~1(b) = 3, we prefer writing — f35 f o gg'dy and since g’ # 0, this means g is
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decreasing and hence —¢’ = |¢'|. So we chose an “orientation” (i.e. smaller number below and bigger
number above) to introduce or get rid of the absolute value.
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