Lecture 35 - UM 102 (Spring 2021)

Vamsi Pritham Pingali

11Sc

Vamsi Pritham Pingali Lecture 35 1/8



Vamsi Pritham Pingali Lecture 35 2/8



@ Partitions of rectangles,

Vamsi Pritham Pingali Lecture 35 2/8



@ Partitions of rectangles, step functions,

Vamsi Pritham Pingali Lecture 35 2/8



o Partitions of rectangles, step functions, their double integrals,

Vamsi Pritham Pingali Lecture 35 2/8



o Partitions of rectangles, step functions, their double integrals,
properties,

Vamsi Pritham Pingali Lecture 35 2/8



o Partitions of rectangles, step functions, their double integrals,
properties, iterated integrals,

Vamsi Pritham Pingali Lecture 35 2/8



o Partitions of rectangles, step functions, their double integrals,
properties, iterated integrals, and Fubini's theorem.

Vamsi Pritham Pingali Lecture 35 2/8



o Partitions of rectangles, step functions, their double integrals,
properties, iterated integrals, and Fubini's theorem.

@ Bounded functions over rectangles,

Vamsi Pritham Pingali Lecture 35 2/8



o Partitions of rectangles, step functions, their double integrals,
properties, iterated integrals, and Fubini's theorem.

@ Bounded functions over rectangles, their double integrals,

Vamsi Pritham Pingali Lecture 35 2/8



o Partitions of rectangles, step functions, their double integrals,
properties, iterated integrals, and Fubini's theorem.

@ Bounded functions over rectangles, their double integrals,
properties,

Vamsi Pritham Pingali Lecture 35 2/8



o Partitions of rectangles, step functions, their double integrals,
properties, iterated integrals, and Fubini's theorem.

@ Bounded functions over rectangles, their double integrals,
properties, Fubini's theorem.

Vamsi Pritham Pingali Lecture 35 2/8



o Partitions of rectangles, step functions, their double integrals,
properties, iterated integrals, and Fubini's theorem.

@ Bounded functions over rectangles, their double integrals,
properties, Fubini's theorem.

@ Continuous functions over rectangles

Vamsi Pritham Pingali Lecture 35 2/8



o Partitions of rectangles, step functions, their double integrals,
properties, iterated integrals, and Fubini's theorem.

@ Bounded functions over rectangles, their double integrals,
properties, Fubini's theorem.

@ Continuous functions over rectangles are double integrable

Vamsi Pritham Pingali Lecture 35 2/8



o Partitions of rectangles, step functions, their double integrals,
properties, iterated integrals, and Fubini's theorem.

@ Bounded functions over rectangles, their double integrals,
properties, Fubini's theorem.

@ Continuous functions over rectangles are double integrable
and satisfy Fubini’s theorem.

Vamsi Pritham Pingali Lecture 35 2/8



o Partitions of rectangles, step functions, their double integrals,
properties, iterated integrals, and Fubini's theorem.

@ Bounded functions over rectangles, their double integrals,
properties, Fubini's theorem.

@ Continuous functions over rectangles are double integrable
and satisfy Fubini’s theorem.

@ Discontinuous functions over rectangles

Vamsi Pritham Pingali Lecture 35 2/8



o Partitions of rectangles, step functions, their double integrals,
properties, iterated integrals, and Fubini's theorem.

@ Bounded functions over rectangles, their double integrals,
properties, Fubini's theorem.

@ Continuous functions over rectangles are double integrable
and satisfy Fubini’s theorem.

@ Discontinuous functions over rectangles are double integrable
if

Vamsi Pritham Pingali Lecture 35 2/8



o Partitions of rectangles, step functions, their double integrals,
properties, iterated integrals, and Fubini's theorem.

@ Bounded functions over rectangles, their double integrals,
properties, Fubini's theorem.

@ Continuous functions over rectangles are double integrable
and satisfy Fubini’s theorem.

@ Discontinuous functions over rectangles are double integrable
if their discontinuities have “zero area”.

Vamsi Pritham Pingali Lecture 35 2/8



o Partitions of rectangles, step functions, their double integrals,
properties, iterated integrals, and Fubini's theorem.

@ Bounded functions over rectangles, their double integrals,
properties, Fubini's theorem.

@ Continuous functions over rectangles are double integrable
and satisfy Fubini’s theorem.

@ Discontinuous functions over rectangles are double integrable
if their discontinuities have “zero area”. For instance,

Vamsi Pritham Pingali Lecture 35 2/8



o Partitions of rectangles, step functions, their double integrals,
properties, iterated integrals, and Fubini's theorem.

@ Bounded functions over rectangles, their double integrals,
properties, Fubini's theorem.

@ Continuous functions over rectangles are double integrable
and satisfy Fubini’s theorem.

@ Discontinuous functions over rectangles are double integrable
if their discontinuities have “zero area”. For instance, a finite
collection of C! regular paths

Vamsi Pritham Pingali Lecture 35 2/8



o Partitions of rectangles, step functions, their double integrals,
properties, iterated integrals, and Fubini's theorem.

@ Bounded functions over rectangles, their double integrals,
properties, Fubini's theorem.

@ Continuous functions over rectangles are double integrable
and satisfy Fubini’s theorem.

@ Discontinuous functions over rectangles are double integrable
if their discontinuities have “zero area”. For instance, a finite
collection of C! regular paths like (x, f(x)), (v, g(y))

Vamsi Pritham Pingali Lecture 35 2/8



o Partitions of rectangles, step functions, their double integrals,
properties, iterated integrals, and Fubini's theorem.

@ Bounded functions over rectangles, their double integrals,
properties, Fubini's theorem.

@ Continuous functions over rectangles are double integrable
and satisfy Fubini’s theorem.

@ Discontinuous functions over rectangles are double integrable
if their discontinuities have “zero area”. For instance, a finite
collection of C! regular paths like (x, f(x)), (v,g(y)) have
zero area.

Vamsi Pritham Pingali Lecture 35 2/8



Non-rectangular domains

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e.,

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle

Q,

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle
Q, then extend f to f on Q

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle
Q, then extend f to f on @ by setting it to 0 outside €.

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle
Q, then extend f to f on @ by setting it to 0 outside €.

@ Def:

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle
Q, then extend f to f on @ by setting it to 0 outside €.

@ Def: A bounded function f is said to be integrable

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle
Q, then extend f to f on @ by setting it to 0 outside €.

@ Def: A bounded function f is said to be integrable over €2 if
[ Jq fdA = [ [, fdA exists.

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle
Q, then extend f to f on @ by setting it to 0 outside €.

@ Def: A bounded function f is said to be integrable over €2 if
[ Jq fdA = [ [, fdA exists.

@ One can prove that

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle
Q, then extend f to f on @ by setting it to 0 outside €.

@ Def: A bounded function f is said to be integrable over €2 if
[ Jq fdA = [ [, fdA exists.

@ One can prove that this definition makes sense,

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle
Q, then extend f to f on @ by setting it to 0 outside €.

@ Def: A bounded function f is said to be integrable over €2 if
[ Jq fdA = [ [, fdA exists.

@ One can prove that this definition makes sense, i.e., a
different choice of @ does not change anything.

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle
Q, then extend f to f on @ by setting it to 0 outside €.

@ Def: A bounded function f is said to be integrable over €2 if
[ Jq fdA = [ [, fdA exists.

@ One can prove that this definition makes sense, i.e., a
different choice of @ does not change anything.

@ The real problem is

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle
Q, then extend f to f on @ by setting it to 0 outside €.

@ Def: A bounded function f is said to be integrable over €2 if
[ Jq fdA = [ [, fdA exists.

@ One can prove that this definition makes sense, i.e., a
different choice of @ does not change anything.

@ The real problem is whether one can prove that

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle
Q, then extend f to f on @ by setting it to 0 outside €.

@ Def: A bounded function f is said to be integrable over €2 if
[ Jq fdA = [ [, fdA exists.

@ One can prove that this definition makes sense, i.e., a
different choice of @ does not change anything.

@ The real problem is whether one can prove that continuous
functions f are integrable

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle
Q, then extend f to f on @ by setting it to 0 outside €.

@ Def: A bounded function f is said to be integrable over €2 if
[ Jq fdA = [ [, fdA exists.

@ One can prove that this definition makes sense, i.e., a
different choice of @ does not change anything.

@ The real problem is whether one can prove that continuous
functions f are integrable and whether Fubini holds.

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle
Q, then extend f to f on @ by setting it to 0 outside €.

@ Def: A bounded function f is said to be integrable over €2 if
[ Jq fdA = [ [, fdA exists.

@ One can prove that this definition makes sense, i.e., a
different choice of @ does not change anything.

@ The real problem is whether one can prove that continuous
functions f are integrable and whether Fubini holds. For this,
it is crucial that

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle
Q, then extend f to f on @ by setting it to 0 outside €.

@ Def: A bounded function f is said to be integrable over €2 if
[ Jq fdA = [ [, fdA exists.

@ One can prove that this definition makes sense, i.e., a
different choice of @ does not change anything.

@ The real problem is whether one can prove that continuous
functions f are integrable and whether Fubini holds. For this,
it is crucial that the boundary of Q (

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle
Q, then extend f to f on @ by setting it to 0 outside €.

@ Def: A bounded function f is said to be integrable over €2 if
[ Jq fdA = [ [, fdA exists.

@ One can prove that this definition makes sense, i.e., a
different choice of @ does not change anything.

@ The real problem is whether one can prove that continuous
functions f are integrable and whether Fubini holds. For this,
it is crucial that the boundary of Q (the place where f can be
discontinuous)

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle
Q, then extend f to f on @ by setting it to 0 outside €.

@ Def: A bounded function f is said to be integrable over €2 if
[ Jq fdA = [ [, fdA exists.

@ One can prove that this definition makes sense, i.e., a
different choice of @ does not change anything.

@ The real problem is whether one can prove that continuous
functions f are integrable and whether Fubini holds. For this,
it is crucial that the boundary of Q (the place where f can be
discontinuous) is of zero area.

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle
Q, then extend f to f on @ by setting it to 0 outside €.

@ Def: A bounded function f is said to be integrable over €2 if
[ Jq fdA = [ [, fdA exists.

@ One can prove that this definition makes sense, i.e., a
different choice of @ does not change anything.

@ The real problem is whether one can prove that continuous
functions f are integrable and whether Fubini holds. For this,
it is crucial that the boundary of Q (the place where f can be
discontinuous) is of zero area. Surely this is the case for

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle
Q, then extend f to f on @ by setting it to 0 outside €.

@ Def: A bounded function f is said to be integrable over €2 if
[ Jq fdA = [ [, fdA exists.

@ One can prove that this definition makes sense, i.e., a
different choice of @ does not change anything.

@ The real problem is whether one can prove that continuous
functions f are integrable and whether Fubini holds. For this,
it is crucial that the boundary of Q (the place where f can be
discontinuous) is of zero area. Surely this is the case for
Type-l domains: a < x < b, ¢1(x) < y < ¢2(x) where ¢1, 2
are C! on [a, b], and

Vamsi Pritham Pingali Lecture 35 3/8



Non-rectangular domains

e If Q is a bounded region, i.e., it is contained in some rectangle
Q, then extend f to f on @ by setting it to 0 outside €.

@ Def: A bounded function f is said to be integrable over €2 if
[ Jq fdA = [ [, fdA exists.

@ One can prove that this definition makes sense, i.e., a
different choice of @ does not change anything.

@ The real problem is whether one can prove that continuous
functions f are integrable and whether Fubini holds. For this,
it is crucial that the boundary of Q (the place where f can be
discontinuous) is of zero area. Surely this is the case for
Type-l domains: a < x < b, ¢1(x) < y < ¢2(x) where ¢1, 2
are C! on [a, b], and Type-Il domains:

c <y <d,¥1(y) < x < n(y) where 1,1, are C! on [c,d].
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2, y: 2 _
L5 =1
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b
2be [, [ 7Y e V1= x2/a% = y?[B2dydx. Now

1-x2/2a2

A(x) = f—b\/m \/1 — x2/a? — y?/b?dy can be evaluated
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_ bvixt/a — 2/ 2 — v2/B2
A(x) = f_bm \/1—x2/a2 — y2/b2dy can be evaluated
easily by substitution (or by geometry) and found to be
b3 (1 — —) Now the final volume is
be [? 7 X Vdx = drabc.
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@ Example 2: Suppose f is continuous on a bounded region S

and [ [ofdA = [2 [V27 £(x,y)dxdy.

4y/3
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@ Example 2: Suppose f is continuous on a bounded region S
V25—
and [ [sfdA = [7 [V Y* f(x, y)dxdy. then sketch S and
interchange the order of integration:
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Hence it is the region between a circle and a line passing
through the centre. x = %y and x = /25 — y? intersect at
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Example 2: Suppose f is continuous on a bounded region S

and [ [ fdA= [7 [V F(x,y)dxdy. then sketch S and

interchange the order of integration: %y < x < /25— y2.
Hence it is the region between a circle and a line passing
through the centre. x = %y and x = /25 — y? intersect at
(4,3). Thus we have two regions

Vamsi Pritham Pingali Lecture 35 6/8



@ Example 2: Suppose f is continuous on a bounded region S

and [ [ fdA= [7 [V F(x,y)dxdy. then sketch S and

interchange the order of integration: %y < x < /25— y2.
Hence it is the region between a circle and a line passing
through the centre. x = %y and x = /25 — y? intersect at
(4,3). Thus we have two regions 0 < y < 3% in0<x<4
and 0 < x < /25 — y?2 in 4 < x < 5. So the integral is

S 135I% e + 2 V22 fdydx.

Vamsi Pritham Pingali Lecture 35 6/8



@ Example 2: Suppose f is continuous on a bounded region S

and [ [ fdA= [7 [V F(x,y)dxdy. then sketch S and

. . 4

interchange the order of integration: % < x < /25 — y2.
Hence it is the region between a circle and a line passing
through the centre. x = %y and x = /25 — y? intersect at
(4,3). Thus we have two regions 0 < y < 3% in0<x<4

and 0 < x < /25 — y?2 in 4 < x < 5. So the integral is
S 135I% e + 2 V22 fdydx.

@ Example 3:

Vamsi Pritham Pingali Lecture 35 6/8



@ Example 2: Suppose f is continuous on a bounded region S

and [ [ fdA= [7 [V F(x,y)dxdy. then sketch S and

. . 4

interchange the order of integration: % < x < /25 — y2.
Hence it is the region between a circle and a line passing
through the centre. x = %y and x = /25 — y? intersect at
(4,3). Thus we have two regions 0 < y < 3% in0<x<4

and 0 < x < /25 — y?2 in 4 < x < 5. So the integral is
S 135I% e + 2 V22 fdydx.
e Example 3: Calculate ff[—l,l]x[o,z] V ]y — x2|dA.
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through the centre. x = %y and x = /25 — y? intersect at
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S 135I% e + 2 V22 fdydx.

e Example 3: Calculate ff[_l xjo2 V1Y = x2|dA. We
integrate over y first:
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integrate over y first: f_ll(fgz V/x2 — ydy + fx22 Vy — x2dy).

Since x is a constant, we can easily integrate to get
2,3, 2 2)3/2
§X + 3 (2 — X ) .
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Since x is a constant, we can easily integrate to get

2
%x3 + % (2 — x2)3/ . The second term can be evaluated by
trigonometric substitution.
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Since x is a constant, we can easily integrate to get

2
%x3 + % (2 — x2)3/ . The second term can be evaluated by
trigonometric substitution. So we get % + 3.
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@ Example 2: Suppose f is continuous on a bounded region S

and [ [ fdA= [7 [V F(x,y)dxdy. then sketch S and

; ion: A
interchange the order of integration: % < x < /25 — y2.
Hence it is the region between a circle and a line passing

through the centre. x = %y and x = /25 — y? intersect at
(4,3). Thus we have two regions 0 < y < 3% in0<x<4

and 0 < x < /25 — y?2 in 4 < x < 5. So the integral is
S 135I% e + 2 V22 fdydx.
e Example 3: Calculate ff[—l,l]x[o,2] V ]y — x2|dA. We

integrate over y first: f_ll(fgz VX2 — ydy + fx22 Vy — x2dy).
Since x is a constant, we can easily integrate to get

%x3 + % (2 — x2)3/2. The second term can be evaluated by
trigonometric substitution. So we get % + 5. Note that first
Integrating over x
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@ Example 2: Suppose f is continuous on a bounded region S

and [ [ fdA= [7 [V F(x,y)dxdy. then sketch S and

; ion: A
interchange the order of integration: % < x < /25 — y2.
Hence it is the region between a circle and a line passing

through the centre. x = %y and x = /25 — y? intersect at
(4,3). Thus we have two regions 0 < y < 3% in0<x<4

and 0 < x < /25 — y?2 in 4 < x < 5. So the integral is
S 135I% e + 2 V22 fdydx.
e Example 3: Calculate ff[—l,l]x[o,2] V ]y — x2|dA. We

integrate over y first: f_ll(fgz VX2 — ydy + fx22 Vy — x2dy).
Since x is a constant, we can easily integrate to get

%x3 + % (2 — x2)3/2. The second term can be evaluated by
trigonometric substitution. So we get % + 5. Note that first
integrating over x would have made life worse.
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because then the boundary can be more than one curve (such
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simple closed curve divides R? into two regions the interior
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