Lecture 10 - UM 102 (Spring 2021)

Vamsi Pritham Pingali
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@ Defined them as multilinear alternating normalised maps
taking tuples of vectors to scalars.
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@ Motivated determinants through the (signed) volume.

@ Defined them as multilinear alternating normalised maps
taking tuples of vectors to scalars.

@ Proved uniqueness of the determinant function.
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Assuming existence: 2 X 2 determinants
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Assuming existence: 2 X 2 determinants

@ which can be column-transformed to

10 0 1
—ad’0 1'—|—bc'1 0

Vamsi Pritham Pingali Lecture 10 3/9



Assuming existence: 2 X 2 determinants

1 d

@ which can be column-transformed to
— 10 s 01
—% 0 1 “I'1 0

@ which equals ad — bc.
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Assuming existence: Upper triangular matrices

e We want to compute det(U) where

uijp Ui ... Uinp
0 Uy ... Uop

U=
0 0 ... up

e We claim that det(U) = ug1u2. . ..
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by induction on n.
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0 0 ... up
e We claim that det(U) = uj1u2z . ... We shall prove this claim

by induction on n. For n =1, we are done.

Vamsi Pritham Pingali Lecture 10 4/9



Assuming existence: Upper triangular matrices

e We want to compute det(U) where

uix Ui ... Ulip
0 Uy ... Uop
U =
0 0 ... up
e We claim that det(U) = uj1u2z . ... We shall prove this claim
by induction on n. For n =1, we are done. Assume truth for
n—1.
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Assuming existence: Upper triangular matrices

e We want to compute det(U) where

uix Ui ... Ulip
0 Uy ... Uop
U =
0 0 ... up
e We claim that det(U) = uj1u2z . ... We shall prove this claim
by induction on n. For n =1, we are done. Assume truth for
n—1.

e By scaling, det(U) = uy; det(U')
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Assuming existence: Upper triangular matrices

e We want to compute det(U) where

uipr U2 ... Uip
0 Uy ... Uop
U=
0 0 ... up
e We claim that det(U) = uj1u2z . ... We shall prove this claim
by induction on n. For n =1, we are done. Assume truth for
n—1.
e By scaling, det(U) = uy; det(U’) where U’ has e; in the first
column.
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e We want to compute det(U) where

uix Ui ... Ulip
0 Uy ... Uop
U =
0 0 ... up
e We claim that det(U) = uj1u2z . ... We shall prove this claim
by induction on n. For n =1, we are done. Assume truth for
n—1.

e By scaling, det(U) = uy; det(U’) where U’ has e; in the first
column. By multilinearity, i.e., column transformations,
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Assuming existence: Upper triangular matrices

e We want to compute det(U) where

uix Ui ... Ulip
0 Uy ... Uop
U =
0 0 ... up
e We claim that det(U) = uj1u2z . ... We shall prove this claim
by induction on n. For n =1, we are done. Assume truth for
n—1.

e By scaling, det(U) = uy; det(U’) where U’ has e; in the first
column. By multilinearity, i.e., column transformations, we
can “clear” the first row.
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Assuming existence: Upper-triangular matrices
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Assuming existence: Upper-triangular matrices

o det(el, Vo, .. ) = ZJ Cj2Cj33 - - - det(el, €y - - )
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2,3,...n—1.
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o det(ey,vo,...) =D, CpoCp3. .. det(er, e, ...). Suppose we
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2,3,...n—1.

o Then det(er, v2,...) = >, paCjp3 - .- (—1) X det(er, 2, . . .)
which is 3, ¢jpa ... (—1)K = det(vs, .. .).

@ Thus det(U) = w11 det(U”) where U” is the (n — 1) x (n— 1)

matrix

Vamsi Pritham Pingali Lecture 10 5/9



Assuming existence: Upper-triangular matrices

o det(ey,vo,...) =D, CpoCp3. .. det(er, e, ...). Suppose we
need K interchanges of columns to permute j5,j3,... to
2,3,...n—1.

o Then det(er, v2,...) = >, paCjp3 - .- (—1) X det(er, 2, . . .)
which is 3, ¢jpa ... (—1)K = det(vs, .. .).

@ Thus det(U) = w11 det(U”) where U” is the (n — 1) x (n— 1)
matrix obtained by deleting the first row and first column.
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Assuming existence: Upper-triangular matrices

o det(ey,vo,...) =D, CpoCp3. .. det(er, e, ...). Suppose we
need K interchanges of columns to permute j5,j3,... to
2,3,...n—1.

o Then det(er, v2,...) = >, paCjp3 - .- (—1) X det(er, 2, . . .)
which is 3, ¢jpa ... (—1)K = det(vs, .. .).

@ Thus det(U) = w11 det(U”) where U” is the (n — 1) x (n— 1)
matrix obtained by deleting the first row and first column. It
is upper triangular.
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Assuming existence: Upper-triangular matrices

det(er, vo,...) = >, Cj2Cj;3 .. - det(er, €j,,...). Suppose we
need K interchanges of columns to permute j5,j3,... to
2,3,...n—1.

Then det(er, v2,...) =, cioCi3 - .- (—1)K det(er, e, . . .)
which is 3, ¢jpa ... (—1)K = det(vs, .. .).

Thus det(U) = u11 det(U”) where U” is the (n — 1) x (n— 1)
matrix obtained by deleting the first row and first column. It
is upper triangular.

@ We are done by the induction hypothesis.
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Assuming existence: A crucial property (Expansion along

the first column)
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> G det(ej, va, ..., va).
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Assuming existence: A crucial property (Expansion along

the first column)

o Note that det(vi,...,vy) = det(}; cjrgj, va, ..., vn) =

> G det(ej, va, ..., va).
@ Property: If we define n — 1-dimensional new columns/vectors
Vs, 73, ... by simply deleting the e; components from vy, ...

and replacing ej 1 with e;, ;12 with 11 etc,
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Assuming existence: A crucial property (Expansion along

the first column)

o Note that det(vi,...,vy) = det(}; cjrgj, va, ..., vn) =
> G det(ej, va, ..., va).

@ Property: If we define n — 1-dimensional new columns/vectors
Vs, 73, ... by simply deleting the e; components from vy, ...
and replacing ;1 with €j, €2 with ej;1 etc, then
det(vi,...) = >; gu(—1)Y* det(Vny, 3, .- ).
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Assuming existence: A crucial property (Expansion along

the first column)

o Note that det(vi,...,vy) = det(}; cjrgj, va, ..., vn) =
ZJ- cjr det(ej, vo, ..., Vp).

@ Property: If we define n — 1-dimensional new columns/vectors
Vs, 73, ... by simply deleting the e; components from vy, ...
and replacing ej 1 with e;, ;12> with ;1 etc, then
det(vi,...) = >; qa(—1) "t det(Vn, 73, .. .). Such an
(n—1) x (n— 1) determinant is called a
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Assuming existence: A crucial property (Expansion along

the first column)

o Note that det(vi,...,vy) = det(}; cjrgj, va, ..., vn) =

> G det(ej, va, ..., va).
@ Property: If we define n — 1-dimensional new columns/vectors
Vs, 73, ... by simply deleting the e; components from vy, ...

and replacing ej 1 with e;, ;12> with ;1 etc, then
det(vi,...) = >; qa(—1) "t det(Vn, 73, .. .). Such an
(n—1) x (n— 1) determinant is called a minor.

@ Note that by interchanging columns a similar property holds
for any column (if we prove it for the first column).
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A crucial property: Proof

e Fix j and neglect the j subscript in Vo, .. ..

@ By interchanges,
det(ej, vo,...) = (—1)Y L det(va, ..., vj_1, €, Vjt1,...).

o Claim:
det(va,. .., Vi—1, € Vjt+1,-- ) = det(¥, ..., Vie1, Vigt, - -
This claim is enough to complete the proof.

@ Proof of claim: Note that

det(\72, RN \7};1, ‘7j+17 .. ) = ZI 6;12 .. .det(e,-l,e,'2, .. )
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e Fix j and neglect the j subscript in Vo, .. ..

@ By interchanges,
det(ej, vo,...) = (—1)Y L det(va, ..., vj_1, €, Vjt1,...).

o Claim:
det(va,. .., Vi—1, € Vjt+1,-- ) = det(¥, ..., Vie1, Vigt, - -
This claim is enough to complete the proof.

@ Proof of claim: Note that
det(V2,...,Vj—1,Vjy1,...) = > Ch2...det(e;, €, .. .) where
i1, 2, ... is a permutation of 1,2,....
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This claim is enough to complete the proof.

@ Proof of claim: Note that
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i1, 2, ... is a permutation of 1,2,.... If we need K
interchanges to bring iy, ..., in ascending order,
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A crucial property: Proof

e Fix j and neglect the j subscript in Vo, .. ..

@ By interchanges,
det(ej, vo,...) = (—1)Y L det(va, ..., vj_1, €, Vjt1,...).

o Claim:
det(va,. .., Vi—1, € Vjt+1,-- ) = det(¥, ..., Vie1, Vigt, - -
This claim is enough to complete the proof.

@ Proof of claim: Note that
det(V2,...,Vj—1,Vjy1,...) = > Ch2...det(e;, €, .. .) where
i1, 2, ... is a permutation of 1,2,.... If we need K
interchanges to bring i1,..., in ascending order, then
det(e, €, ...) = (—=1)K.
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A crucial property: Proof

e Fix j and neglect the j subscript in Vo, .. ..

@ By interchanges,
det(ej, vo,...) = (—1)Y L det(va, ..., vj_1, €, Vjt1,...).

o Claim:
det(va,. .., Vi—1, € Vjt+1,-- ) = det(¥, ..., Vie1, Vigt, - -
This claim is enough to complete the proof.

@ Proof of claim: Note that
det(V2,...,Vj—1,Vjy1,...) = > Ch2...det(e;, €, .. .) where

i1, 2, ... is a permutation of 1,2,.... If we need K
interchanges to bring i1,..., in ascending order, then
det(e;;, €y, ...) = (—1)X. If the i1, in, ... are in ascending
order,
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A crucial property: Proof

e Fix j and neglect the j subscript in Vo, .. ..

@ By interchanges,
det(ej, vo,...) = (—1)Y L det(va, ..., vj_1, €, Vjt1,...).

o Claim:
det(va,. .., Vi—1, € Vjt+1,-- ) = det(¥, ..., Vie1, Vigt, - -
This claim is enough to complete the proof.

@ Proof of claim: Note that
det(V2,...,Vj—1,Vjy1,...) = > Ch2...det(e;, €, .. .) where
i1, 2, ... is a permutation of 1,2,.... If we need K
interchanges to bring i1,..., in ascending order, then
det(e;;, €y, ...) = (—1)X. If the i1, in, ... are in ascending
order, then we are done with the claim and the proof of the
property (why?). O
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Existence
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Existence

@ The construction of a determinant
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@ The construction of a determinant is done
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@ For a 1 x 1 matrix, define det(A) = a1;.

@ Assume that for any k x k matrix (k < n— 1), the det
function exists.
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@ The construction of a determinant is done
recursively /inductively.

@ For a 1 x 1 matrix, define det(A) = a1;.

@ Assume that for any k x k matrix (k < n— 1), the det
function exists.

@ It is natural to try to define
det(vl, ce Vn) = Zj le(—l)-’Jrl det(\72’j, \7371', .. )
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@ For a 1 x 1 matrix, define det(A) = a1;.
@ Assume that for any k x k matrix (k < n— 1), the det
function exists.

@ It is natural to try to define
det(vl, ce Vn) = Zj le(—l)jJrl det(\72’j, \7371', .. )
(Expansion along the first column.)

o However, we shall try det(vi, ..., vy) :=3; cij(—=1Y T Ay,
where the minor Ay; is obtained by deleting the first row and
the jt column. (Expansion along the first row.) We simply
need to check that this definition satisfies all the axioms, thus
completing the induction step.
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o

Scaling: If v; — tv;, for j # i each of the Ay; scales by t by
the induction hypothesis. For j = i Aj; remains unchanged by
c1; scales by t. Thus every term in the definition scales by t.
Linearity: If vi — v; 4+ w, for j # i as before, Ay; is linear. For
j =i, as before, the coefficient is linear. We are done.
Normalisation: det(ey,...,e,) = A1 = 1 by the induction
hypothesis.

Alternating: It is enough to prove this property for adjacent
columns (why?) So if v; = vj;1 = v, any minor that contains
vi AND v;11 is 0 by the induction hypothesis. The only
minors that remain are Ay, Ajj11. So

det(vi,...,v,v,...) = (=1)(—c1jA1; + c1i+1A1i41)-
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