Lecture 30 - UM 102 (Spring 2021)

Vamsi Pritham Pingali

11Sc

Vamsi Pritham Pingali Lecture 30 1/8



Vamsi Pritham Pingali Lecture 30 2/8



@ Proved the chain rule

Vamsi Pritham Pingali Lecture 30 2/8



@ Proved the chain rule for scalar fields.

Vamsi Pritham Pingali Lecture 30 2/8



@ Proved the chain rule for scalar fields.

@ Did level sets and

Vamsi Pritham Pingali Lecture 30 2/8



@ Proved the chain rule for scalar fields.

@ Did level sets and tangent planes of

Vamsi Pritham Pingali Lecture 30 2/8



@ Proved the chain rule for scalar fields.

@ Did level sets and tangent planes of regular level sets.

Vamsi Pritham Pingali Lecture 30 2/8



@ Proved the chain rule for scalar fields.
@ Did level sets and tangent planes of regular level sets.

@ Directional derivatives and

Vamsi Pritham Pingali Lecture 30 2/8



@ Proved the chain rule for scalar fields.
@ Did level sets and tangent planes of regular level sets.

@ Directional derivatives and differentiability for

Vamsi Pritham Pingali Lecture 30 2/8



@ Proved the chain rule for scalar fields.
@ Did level sets and tangent planes of regular level sets.

@ Directional derivatives and differentiability for vector fields.

Vamsi Pritham Pingali Lecture 30 2/8



@ Proved the chain rule for scalar fields.
@ Did level sets and tangent planes of regular level sets.

@ Directional derivatives and differentiability for vector fields.
Derivative matrix.

Vamsi Pritham Pingali Lecture 30 2/8



@ Proved the chain rule for scalar fields.
@ Did level sets and tangent planes of regular level sets.

@ Directional derivatives and differentiability for vector fields.
Derivative matrix. Differentiability implies continuity.
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Chain rule for scalar fields
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Chain rule for scalar fields

o Recall that we wanted to know that if T(x, y) and
T(x(r,0),y(r,0)) are functions, then what is T, in terms of

T, T, etc.
o Roughly speaklng, T(x(r+ h, 9+k) y(r+h,0+k))~
T(x(r)+h2 + %k, y(r) + h% + k%
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o Recall that we wanted to know that if T(x, y) and
T(x(r,0),y(r,0)) are functions, then what is T, in terms of

T, T, etc.
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Chain rule for scalar fields

o Recall that we wanted to know that if T(x, y) and
T(x(r,0),y(r,0)) are functions, then what is T, in terms of
T, T, etc.

o Roughly speaking, T(x(r+ h,0+ k), y(r + h,0 + k)) ~
T(x(r) + h2 + %k, y(r) + h% + k% which is further
approximately equal to
T T i 0, 0,
T(x(r,0),y(r,0)) + 3E (h%5 + G5k) + 5T (h%% + 55K).
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Chain rule for scalar fields

o Recall that we wanted to know that if T(x, y) and
T(x(r,0),y(r,0)) are functions, then what is T, in terms of
T, T, etc.

o Roughly speaking, T(x(r+ h,0+ k), y(r + h,0 + k)) ~
T(x(r) + h2 + %k, y(r) + h% + k% which is further
approximately equal to
T T i 0, 0,
T(x(r,0),y(r,0)) + 3E (h%5 + G5k) + 5T (h%% + 55K).

@ In terms of matrices, it is

Sal ot imed il |1

@ The statement of the chain rule in this case is:
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Chain rule for scalar fields

o Recall that we wanted to know that if T(x, y) and
T(x(r,0),y(r,0)) are functions, then what is T, in terms of
T, T, etc.

o Roughly speaking, T(x(r+ h,0+ k), y(r + h,0 + k)) ~
T(x(r) + h2 + %k, y(r) + h% + k% which is further
approximately equal to

T(x(r,0),y(r,0)) + 3E (h%5 + G5k) + 5T (h%% + 55K).
@ In terms of matrices, it is
x, = cos(f) xp = —rsin(0) h
(V1) yr =sin(0)  yp = rcos(h) k|
@ The statement of the chain rule in this case is: If
g(u,v) = (x(u,v),y(u,v)) is differentiable at (a, b)
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Chain rule for scalar fields

o Recall that we wanted to know that if T(x, y) and
T(x(r,0),y(r,0)) are functions, then what is T, in terms of
T, T, etc.

o Roughly speaking, T(x(r+h,0+k),y(r+h 6+ k)~
T(x(r) + h2 + %k, y(r) + h% + k% which is further
approximately equal to. )
T(x(r,0),y(r,0)) + 3E (h%5 + G5k) + 5T (h%% + 55K).

@ In terms of matrices, it is

xr = cos(f) xp = —rsin(6) h
(V1) yr =sin(0)  yp = rcos(h) k|

@ The statement of the chain rule in this case is: If
g(u,v) = (x(u,v),y(u,v)) is differentiable at (a, b) and
f(x,y) is differentiable at g(a, b), then
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Chain rule for scalar fields

o Recall that we wanted to know that if T(x, y) and
T(x(r,0),y(r,0)) are functions, then what is T, in terms of
T, T, etc.

o Roughly speaking, T(x(r+ h,0+ k), y(r + h,0 + k)) ~
T(x(r) + h2 + %k, y(r) + h% + k% which is further
approximately equal to

T(x(r.0).y(r,0)) + L (h%: + 95k) + 4T (h% + %k).
@ In terms of matrices, it is
X, = cos(f) xp = —rsin(f h
(V1) yr = sin((H)) Yo = rcos((Q)) } { k }
@ The statement of the chain rule in this case is: If
g(u,v) = (x(u,v),y(u,v)) is differentiable at (a, b) and
f(x,y) is differentiable at g(a, b), then
h(u,v) =fog(u,v)=f(x(u,v),y(u,v)) is differentiable at
(a, b)
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Chain rule for scalar fields

o Recall that we wanted to know that if T(x, y) and
T(x(r,0),y(r,0)) are functions, then what is T, in terms of
T, T, etc.

o Roughly speaking, T(x(r+ h,0+ k), y(r + h,0 + k)) ~
T(x(r) + h2 + %k, y(r) + h% + k% which is further
approximately equal to

T(x(r,0),y(r,0)) + 3E (h%5 + G5k) + 5T (h%% + 55K).
@ In terms of matrices, it is
xr = cos(f) xp = —rsin(6) h
(V1) yr =sin(0)  yp = rcos(h) } { k }
@ The statement of the chain rule in this case is: If
g(u,v) = (x(u,v),y(u,v)) is differentiable at (a, b) and
f(x,y) is differentiable at g(a, b), then
h(u,v) =fog(u,v)=f(x(u,v),y(u,v)) is differentiable at
(a, b) and Vh = VfDg.
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Chain rule for vector fields
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Chain rule for vector fields

@ Suppose we have
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Chain rule for vector fields

e Suppose we have F(x,y) = (Fi(x,y), Fa(x,y)) and
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Chain rule for vector fields

@ Suppose we have ﬁ(x,y) = (Fi(x,y), F2(x,y)) and
g(uv V) = (X(Uv V)vy(uv V))'
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Chain rule for vector fields

e Suppose we have F(x,y) = (Fi(x,y), Fa(x,y)) and
g(u,v) = (x(u,v),y(u,v)), then what must the derivative of
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Chain rule for vector fields

e Suppose we have F(x,y) = (Fi(x,y), Fa(x,y)) and
g(u,v) = (x(u,v),y(u,v)), then what must the derivative of

— =5

H=Fog at look like?
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Chain rule for vector fields

e Suppose we have F(x,y) = (Fi(x,y), Fa(x,y)) and
g(u,v) = (x(u,v),y(u,v)), then what must the derivative of

— =5
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Chain rule for vector fields

e Suppose we have F(x,y) = (Fi(x,y), Fa(x,y)) and
g(u,v) = (x(u,v),y(u,v)), then what must the derivative of

— =5

H=Fog at alook like?
@ Going by the Chain rule stated earlier,
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Chain rule for vector fields

e Suppose we have F(x,y) = (Fi(x,y), Fa(x,y)) and
g(u,v) = (x(u,v),y(u,v)), then what must the derivative of
H=Fog at &look like?
@ Going by the Chain rule stated earlier, it ought to be
VHy | | VADg | A~z .
[ VH, ] - [ vaog} = DFgaDés
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Chain rule for vector fields
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e Suppose we have F(x,y) = (Fi(x,y), Fa(x,y)) and
g(u,v) = (x(u,v), y(u,v)), then what must the derivative of
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Chain rule for vector fields

e Suppose we have F(x,y) = (Fi(x,y), Fa(x,y)) and
g(u,v) = (x(u,v),y(u,v)), then what must the derivative of
H=Fog at alook like?

@ Going by the Chain rule stated earlier, it ought to be

VHy | | VADg | .z S

[ VH, ] [ vRDg | ~ PreaPe

@ In other words, we expect the derivative linear map to be a
composition of the maps or the matrix to be a product of
derivative matrices.
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e Suppose we have F(x,y) = (Fi(x,y), Fa(x,y)) and
g(u,v) = (x(u,v),y(u,v)), then what must the derivative of
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Chain rule for vector fields

e Suppose we have F(x,y) = (Fi(x,y), Fa(x,y)) and
g(u,v) = (x(u,v),y(u,v)), then what must the derivative of
H=Fog at alook like?

@ Going by the Chain rule stated earlier, it ought to be

VHy | | VADg | .z S

[ VH, ] - [ vRDg | ~ PreaPe

@ In other words, we expect the derivative linear map to be a
composition of the maps or the matrix to be a product of
derivative matrices.

o Theorem: Let G : S C R" — R™ be a vector field
differentiable at an interior point 3 € S.
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Chain rule for vector fields

e Suppose we have F(x,y) = (Fi(x,y), Fa(x,y)) and
g(u,v) = (x(u,v),y(u,v)), then what must the derivative of

— 5

H=Fog at alook like?
@ Going by the Chain rule stated earlier, it ought to be
VH VFADg = S,
[ VH; ] - [ VF;DE} = DFgabes
@ In other words, we expect the derivative linear map to be a
composition of the maps or the matrix to be a product of
derivative matrices.

o Theorem: Let G : S C R" — R™ be a vector field
differentiable at an interior point € S. Let
F: U C R™ — RP be a vector field
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composition of the maps or the matrix to be a product of
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o Theorem: Let G : S C R” — R™ be a vector field
differentiable at an interior point € S. Let
F: U CR™— RP be a vector field defined on U containing
G(S).
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Chain rule for vector fields

e Suppose we have F(x,y) = (Fi(x,y), Fa(x,y)) and
g(u,v) = (x(u,v),y(u,v)), then what must the derivative of

— 5

H=Fog at alook like?
@ Going by the Chain rule stated earlier, it ought to be
VH VFADg = S,
[ VH; ] - [ VF;DE} = DFgabes
@ In other words, we expect the derivative linear map to be a
composition of the maps or the matrix to be a product of
derivative matrices.

o Theorem: Let G : S C R” — R™ be a vector field
differentiable at an interior point € S. Let
F: U CR™— RP be a vector field defined on U containing

—

G(S). Suppose g(a) is an interior point of U

Vamsi Pritham Pingali Lecture 30 4/8



Chain rule for vector fields

Suppose we have F(x,y) = (Fi(x, y), F2(x,y)) and
g(u,v) = (x(u,v),y(u,v)), then what must the derivative of
H=Fog at alook like?
Going by the Chain rule stated earlier, it ought to be

VHy | | VADg | .z S
[ VH, ] [ vRDg | ~ PreaPe
In other words, we expect the derivative linear map to be a
composition of the maps or the matrix to be a product of
derivative matrices.

Theorem: Let G : S C R” — R™ be a vector field
differentiable at an interior point € S. Let

F: U CR™— RP be a vector field defined on U containing
G(S). Suppose g(3) is an interior point of U and F is
differentiable at g(a).
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Chain rule for vector fields

e Suppose we have F(x,y) = (Fi(x,y), Fa(x,y)) and
g(u,v) = (x(u,v),y(u,v)), then what must the derivative of
H=Fog at alook like?

@ Going by the Chain rule stated earlier, it ought to be

VHy | | VADg | .z S

[ VH, ] - [ vRDg | ~ PreaPe

@ In other words, we expect the derivative linear map to be a
composition of the maps or the matrix to be a product of
derivative matrices.

o Theorem: Let G : S C R” — R™ be a vector field
differentiable at an interior point € S. Let
F: U CR™— RP be a vector field defined on U containing
G(S). Suppose g(3) is an interior point of U and F is
differentiable at g(3). Then H=Fo G :SCR" - RP is
differentiable at &
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Chain rule for vector fields

e Suppose we have F(x,y) = (Fi(x,y), Fa(x,y)) and
g(u,v) = (x(u,v),y(u,v)), then what must the derivative of
H=Fog at alook like?

@ Going by the Chain rule stated earlier, it ought to be

VHy | | VADg | .z S

[ VH, ] - [ vRDg | ~ PreaPe

@ In other words, we expect the derivative linear map to be a
composition of the maps or the matrix to be a product of
derivative matrices.

o Theorem: Let G : S C R” — R™ be a vector field
differentiable at an interior point € S. Let
F: U CR™— RP be a vector field defined on U containing
G(S). Suppose g(3) is an interior point of U and F is
differentiable at g(3). Then H=Fo G : S CR" - RP is
differentiable at & and DI—75 = DI—:g(g) ) Dég or
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Chain rule for vector fields

e Suppose we have F(x,y) = (Fi(x,y), Fa(x,y)) and
g(u,v) = (x(u,v),y(u,v)), then what must the derivative of
H=Fog at alook like?

@ Going by the Chain rule stated earlier, it ought to be

VHy | | VADg | .z S

[ VH, ] [ vRDg | ~ PreaPe

@ In other words, we expect the derivative linear map to be a
composition of the maps or the matrix to be a product of
derivative matrices.

o Theorem: Let G : S C R” — R™ be a vector field
differentiable at an interior point € S. Let
F: U CR™— RP be a vector field defined on U containing
G(S). Suppose g(3) is an interior point of U and F is
differentiable at g(3). Then H=Fo G : S CR" - RP is
differentiable at & and DI—75 = Dﬁg(g) ) Dég or in terms of
matrices,
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Chain rule for vector fields

e Suppose we have F(x,y) = (Fi(x,y), Fa(x,y)) and
g(u,v) = (x(u,v),y(u,v)), then what must the derivative of
H=Fog at alook like?

@ Going by the Chain rule stated earlier, it ought to be

VHy | | VADg | .z S

[ VH, ] [ vRDg | ~ PreaPe

@ In other words, we expect the derivative linear map to be a
composition of the maps or the matrix to be a product of
derivative matrices.

o Theorem: Let G : S C R" — R™ be a vector field
differentiable at an interior point € S. Let
F: U CR™— RP be a vector field defined on U containing
G(S). Suppose g(3) is an interior point of U and F is
differentiable at g(3). Then H=Fo G : S CR" - RP is
differentiable at & and DI—75 = Dﬁg(g) ) Dég or in terms of
matrices, it is the product of matrices.
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Equality of mixed partials
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Equality of mixed partials

o Let f(x,y) = %}{2) when (x, y) = (0,0)
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o Let f(x,y) = 4=¥) when (x,y) = (0,0) and £(0,0) = 0.
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o f,f, clearly exist
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Equality of mixed partials

o Let f(x,y) = 4=¥) when (x,y) = (0,0) and £(0,0) = 0.

o fy, f, clearly exist away from (0,0)
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Equality of mixed partials

o Let f(x,y) = 4=¥) when (x,y) = (0,0) and £(0,0) = 0.

o fy, f, clearly exist away from (0,0) and equal
YAy’ —y*)  x(y*+axPy?—xt)
(x2+y2)2 9 (X2+y2)

respectively.
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Equality of mixed partials

o Let f(x,y) = 4=¥) when (x,y) = (0,0) and £(0,0) = 0.
o fy, f, clearly exist away from (0,0) and equal
)

y(X(ifiy{)zy ) _x (y(ifiy);)zx respectively. At (0,0),
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Equality of mixed partials

o Let f(x,y) = 4=¥) when (x,y) = (0,0) and £(0,0) = 0.

(x
o fy, f, clearly exist away from (0,0) and equal
y(X(J;fiy}é)z £ _x (y(ifiyg)z *) respectively. At (0,0),
f, = f, = 0 continue to exist.
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@ Now such a function can achieve its global extrema either at
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where a continuous function f : [a, b] — R assumes its
maximum and minimum possible values (global or absolute
extrema). This makes sense because of the extreme value
theorem.

@ Now such a function can achieve its global extrema either at
the end-points a and b or somewhere inside. If, in addition, f
is differentiable on (a, b), then wherever it attains a local
extremum (that is, a local max is a point xg € (a, b) such that
f(x) < f(xp) for all x near xp; likewise for a local min),
f'(x0) = 0. So to find global extrema, it suffices to look at
the end-points and the local extrema.

@ One question: Given a local extremum, how can we decide
whether it is a local max or a local min? To answer this
question we need a better approximation (than the linear
approximation that is).

Vamsi Pritham Pingali Lecture 30 6/8



Second-order Taylor theorem (Wikipedia is not a bad

resource for this)

Vamsi Pritham Pingali Lecture 30 7/8



Second-order Taylor theorem (Wikipedia is not a bad

resource for this)

@ Recall that

Vamsi Pritham Pingali Lecture 30 7/8



Second-order Taylor theorem (Wikipedia is not a bad

resource for this)

@ Recall that if f is differentiable at a

Vamsi Pritham Pingali Lecture 30 7/8



Second-order Taylor theorem (Wikipedia is not a bad

resource for this)

@ Recall that if f is differentiable at a then
f(x) =f(a)+ f'(a)(x — a) + hi(x)(x — a) where

Vamsi Pritham Pingali Lecture 30 7/8



Second-order Taylor theorem (Wikipedia is not a bad

resource for this)

@ Recall that if f is differentiable at a then
f(x) = f(a) + f'(a)(x — a) + h1(x)(x — a) where hi(x) — 0
as x — a.
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@ Recall that if f is differentiable at a then
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@ Recall that if f is differentiable at a then
f(x) = f(a) + f'(a)(x — a) + h1(x)(x — a) where hi(x) — 0
as x — a.

e If f is once-differentiable in (a — ¢, a + ¢) for some ¢ > 0, and
twice-differentiable at a then Taylor's theorem holds:

Vamsi Pritham Pingali Lecture 30 7/8



Second-order Taylor theorem (Wikipedia is not a bad

resource for this)
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f(x) = f(a) + f'(a)(x — a) + h1(x)(x — a) where hi(x) — 0
as x — a.

e If f is once-differentiable in (a — ¢, a + ¢) for some ¢ > 0, and
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where hy(x) — 0 as x — a.
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@ Proof: Define hy(x) = f)=(a)- f/(‘(ai( oL =2 At this

point, one may use L'Hopital’s rule (yes, there is a rigorous
version; no | am not going to bore you with it)
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@ Proof: Define hy(x) = f)=(a)- f/(‘(ai( oL =2 At this
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@ Recall that if f is differentiable at a then
f(x) = f(a) + f'(a)(x — a) + h1(x)(x — a) where hi(x) — 0
as x — a.

e If f is once-differentiable in (a — ¢, a + ¢) for some ¢ > 0, and
twice-differentiable at a then Taylor s theorem holds:
F(x) = f(a) + F(a)(x — a) + T2 (x = 2) + hao(x)(x — a)?
where hy(x) — 0 as x — a.

@ Proof: Define hy(x) = f)=(a)- f/(‘(ai( oL =2 At this

point, one may use L'Hopital’s rule (yes, there is a rigorous
version; no | am not going to bore you with it) twice to see
the result. (The proof is easier (using the fundamental
theorem of calculus and integration by parts) if we assume
that " exists and is continuous in [a, x].)
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point a. Assume that f is once-differentiable on (a — ¢, a + ¢€)
for some € > 0, and twice-differentiable at a.
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@ Theorem: Suppose f attains a local extremum at an interior
point a. Assume that f is once-differentiable on (a — ¢, a + ¢€)
for some € > 0, and twice-differentiable at a. Then f'(a) =0
and if f”(a) > 0, a is a point of local min, and if f”(a) <0 it
is a point of local max.

@ Proof: The fact that f/(a) = 0 was already proven.

Nonetheless, if f'(a) # 0, then suppose f'(a) > 0 (the other
case is similar).
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@ Theorem: Suppose f attains a local extremum at an interior
point a. Assume that f is once-differentiable on (a — ¢, a + ¢€)
for some € > 0, and twice-differentiable at a. Then f'(a) =0
and if f”(a) > 0, a is a point of local min, and if f”(a) <0 it
is a point of local max.

@ Proof: The fact that f/(a) = 0 was already proven.
Nonetheless, if f'(a) # 0, then suppose f'(a) > 0 (the other
case is similar). Then f(x)—f(a) = f'(a)(x — a) + (x — a)h(x)
where h(x) — 0 as x — a.
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for some € > 0, and twice-differentiable at a. Then f'(a) =0
and if f”(a) > 0, a is a point of local min, and if f”(a) <0 it
is a point of local max.

@ Proof: The fact that f/(a) = 0 was already proven.
Nonetheless, if f'(a) # 0, then suppose f'(a) > 0 (the other
case is similar). Then f(x)—f(a) = f'(a)(x — a) + (x — a)h(x)
where h(x) — 0 as x — a. Hence, for x close enough to a,
f'(a) + h(x) > 0 and hence if x < a, f(x) < f(a) whereas if
x > a, f(x) > f(a). Thus f is not a local extremum.
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@ Theorem: Suppose f attains a local extremum at an interior
point a. Assume that f is once-differentiable on (a — ¢, a + ¢€)
for some € > 0, and twice-differentiable at a. Then f'(a) =0
and if f”(a) > 0, a is a point of local min, and if f”(a) <0 it
is a point of local max.

@ Proof: The fact that f/(a) = 0 was already proven.
Nonetheless, if f'(a) # 0, then suppose f'(a) > 0 (the other
case is similar). Then f(x)—f(a) = f'(a)(x — a) + (x — a)h(x)
where h(x) — 0 as x — a. Hence, for x close enough to a,
f'(a) + h(x) > 0 and hence if x < a, f(x) < f(a) whereas if
x > a, f(x) > f(a). Thus f is not a local extremum. Now if
f"(a) > 0, then f(x) — £(a) = (x — a)2(FL2) + hy(x)) where

Vamsi Pritham Pingali Lecture 30 8/8



Second-derivative test

@ Theorem: Suppose f attains a local extremum at an interior
point a. Assume that f is once-differentiable on (a — ¢, a + ¢€)
for some € > 0, and twice-differentiable at a. Then f'(a) =0
and if f”(a) > 0, a is a point of local min, and if f”(a) <0 it
is a point of local max.

@ Proof: The fact that f/(a) = 0 was already proven.
Nonetheless, if f'(a) # 0, then suppose f'(a) > 0 (the other
case is similar). Then f(x)—f(a) = f'(a)(x — a) + (x — a)h(x)
where h(x) — 0 as x — a. Hence, for x close enough to a,
f'(a) + h(x) > 0 and hence if x < a, f(x) < f(a) whereas if
x > a, f(x) > f(a). Thus f is not a local extremum. Now if
f"(a) > 0, then f(x) — £(a) = (x — a)2(FL2) + hy(x)) where
if x is close enough to a,

Vamsi Pritham Pingali Lecture 30 8/8



Second-derivative test

@ Theorem: Suppose f attains a local extremum at an interior
point a. Assume that f is once-differentiable on (a — ¢, a + ¢€)
for some € > 0, and twice-differentiable at a. Then f'(a) =0
and if f”(a) > 0, a is a point of local min, and if f”(a) <0 it
is a point of local max.

@ Proof: The fact that f/(a) = 0 was already proven.
Nonetheless, if f'(a) # 0, then suppose f'(a) > 0 (the other
case is similar). Then f(x)—f(a) = f'(a)(x — a) + (x — a)h(x)
where h(x) — 0 as x — a. Hence, for x close enough to a,
f'(a) + h(x) > 0 and hence if x < a, f(x) < f(a) whereas if
x > a, f(x) > f(a). Thus f is not a local extremum. Now if
f"(a) > 0, then f(x) — £(a) = (x — a)2(FL2) + hy(x)) where

if x is close enough to a, then f"2(a) + h(x) > 0 and hence

Vamsi Pritham Pingali Lecture 30 8/8



Second-derivative test

@ Theorem: Suppose f attains a local extremum at an interior
point a. Assume that f is once-differentiable on (a — ¢, a + ¢€)
for some € > 0, and twice-differentiable at a. Then f'(a) =0
and if f”(a) > 0, a is a point of local min, and if f”(a) <0 it
is a point of local max.

@ Proof: The fact that f/(a) = 0 was already proven.
Nonetheless, if f'(a) # 0, then suppose f'(a) > 0 (the other
case is similar). Then f(x)—f(a) = f'(a)(x — a) + (x — a)h(x)
where h(x) — 0 as x — a. Hence, for x close enough to a,
f'(a) + h(x) > 0 and hence if x < a, f(x) < f(a) whereas if
x > a, f(x) > f(a). Thus f is not a local extremum. Now if
f"(a) > 0, then f(x) — £(a) = (x — a)2(FL2) + hy(x)) where
if x is close enough to a, then f"2(a) + h(x) > 0 and hence
f(x) > f(a). Thus

Vamsi Pritham Pingali Lecture 30 8/8



Second-derivative test

@ Theorem: Suppose f attains a local extremum at an interior
point a. Assume that f is once-differentiable on (a — ¢, a + ¢€)
for some € > 0, and twice-differentiable at a. Then f'(a) =0
and if f”(a) > 0, a is a point of local min, and if f”(a) <0 it
is a point of local max.

@ Proof: The fact that f/(a) = 0 was already proven.
Nonetheless, if f'(a) # 0, then suppose f'(a) > 0 (the other
case is similar). Then f(x)—f(a) = f'(a)(x — a) + (x — a)h(x)
where h(x) — 0 as x — a. Hence, for x close enough to a,
f'(a) + h(x) > 0 and hence if x < a, f(x) < f(a) whereas if
x > a, f(x) > f(a). Thus f is not a local extremum. Now if
f"(a) > 0, then f(x) — £(a) = (x — a)2(FL2) + hy(x)) where
if x is close enough to a, then f"2(a) + h(x) > 0 and hence
f(x) > f(a). Thus it is a local min.

Vamsi Pritham Pingali Lecture 30 8/8



Second-derivative test

@ Theorem: Suppose f attains a local extremum at an interior
point a. Assume that f is once-differentiable on (a — ¢, a + ¢€)
for some € > 0, and twice-differentiable at a. Then f'(a) =0
and if f”(a) > 0, a is a point of local min, and if f”(a) <0 it
is a point of local max.

@ Proof: The fact that f/(a) = 0 was already proven.
Nonetheless, if f'(a) # 0, then suppose f'(a) > 0 (the other
case is similar). Then f(x)—f(a) = f'(a)(x — a) + (x — a)h(x)
where h(x) — 0 as x — a. Hence, for x close enough to a,
f'(a) + h(x) > 0 and hence if x < a, f(x) < f(a) whereas if
x > a, f(x) > f(a). Thus f is not a local extremum. Now if
f"(a) > 0, then f(x) — £(a) = (x — a)2(FL2) + hy(x)) where
if x is close enough to a, then f"2(a) + h(x) > 0 and hence
f(x) > f(a). Thus it is a local min. Likewise if f”(a) < 0.

Vamsi Pritham Pingali Lecture 30 8/8



