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Defined local and global extrema in more than one variable.

Defined critical points and proved the first derivative test.

o
o
@ Did an example of global extrema.
@ Defined saddle points.

o

Proved the second-order Taylor theorem.
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@ From tlle second-order Taylor expansLon,
|F(3+ h) — (3) — 3hT H(@)h| < C||A|*.

@ As above, diagonalise H = 0P 0. Now B
hTH(a]h =>";(On)2);. Thus, $3°; |(Oﬁ),-\2>\,- —C|h|]® <
F(&+h) = £(3) < 3 32; [(Oh)iPA; + Cllh|P>.
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Proof of the second-derivative test (slightly painful)

@ From the second-order Taylor expansion,
|f(a+ h) - f(a) — 3hTH(a)h| < C|A|]>

@ As above, diagonalise H = 0P 0. Now B
BT H(@)h = Y-,(Oh)2A;. Thus, 137, [(OR)[2A; — CIIA|] <
f(a+h) = £(3) < 33 1(0)i 2 + C|lA|I>.

e If H(3) is positive-definite,
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Proof of the second-derivative test (slightly painful)

@ From the second-order Taylor expansion,
|f(3+ k) — £(3) — 3hT H(3)h| < C]|].

@ As above, diagonalise H = 0P 0. Now B
BT H(@)h = Y-,(Oh)2A;. Thus, 137, [(OR)[2A; — CIIA|] <
f(3+h) — £(3) < 532 (Oh)il2Ai + ClIAl1.

e If H(4) is positive-definite, then \; > 0. Let A; > ¢ > 0 for all
i
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@ From the second-order Taylor expansion,
|f(3+ k) — £(3) — 3hT H(3)h| < C]|].

@ As above, diagonalise H = 0P 0. Now B
BT H(@)h = Y-,(Oh)2A;. Thus, 137, [(OR)[2A; — CIIA|] <
f(3+h) — £(3) < 532 (Oh)il2Ai + ClIAl1.

o If H(@) is positixe-definite, therl A > 0. qLet Aj > ¢ > 0 for all
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Proof of the second-derivative test (slightly painful)

@ From the second-order Taylor expansion,
|f(a+ h) — £(3) — 3hTH(3)h| < C||h]>.

@ As above, diagonalise H = 0P 0. Now B
AT H(a)h = 3°,(Oh)2;. Thus, 1 3, [(Oh);2A; — CIA[1® <
f(3+h) — £(3) < 532 (Oh)il2Ai + ClIAl1.

o If H(@) is positixe-definite, therl A > 0. qLet Aj > ¢ > 0 for all
i. Thus, f(&+ h) —f(3) > %Hth — C||h|]3. (Indeed,
>:(0h)2 = hTOTOh = hTh=||h||2.) If ||h]| < 3%, then
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Proof of the second-derivative test (slightly painful)

@ From the second-order Taylor expansion,
|f(a+ h) — £(3) — 3hTH(3)h| < C||h]>.

@ As above, diagonalise H = 0P 0. Now B
AT H(a)h = 3°,(Oh)2;. Thus, 1 3, [(Oh);2A; — CIA[1® <
f(3+h) — £(3) < 532 (Oh)il2Ai + ClIAl1.

o If H(@) is positixe-definite, therl A > 0. qLet Aj > ¢ > 0 for all
i. Thus, f(&+ h) —f(3) > %Hth — C||h|]3. (Indeed,
>:(0h)2 = hTOTOh = hTh=||h||2.) If ||h]| < 3%, then

-,

f(a4 h) > f(4). Thus it is a local min.
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Proof of the second-derivative test (slightly painful)

@ From the second-order Taylor expansion,
|f(a+h) — £(3) — 5hT H(3)h| < C|Al7.

@ As above, diagonalise H = 0P 0. Now B
BT H(3)h = °,(OR)2A;. Thus, 137, [(OR)i2; — CJIA® <
f(a+h) = £(3) < 33 1(0)i 2 + C|lA|I>.

o If H(@) is positixe-definite, therl A > 0. qLet Aj > ¢ > 0 for all
i. Thus, f(3+ h) — £(3) > §||h||> — C||A|*. (Indeed,
>:(0h)2 = hTOTOh = hTh=||h||2.) If ||h]| < 3%, then
f(3+ h) > f(3). Thus it is a local min. Likewise for local max
and saddle points (HW).
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An example and concluding words

2

e Find all local extrema of f(x,y) = x*> — xy — 2y on

x? +y? < 16.
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(x,y) = (0,0). The second derivatives at (0,0) are
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e Find all local extrema of f(x,y) = x*> — xy — 2y on
x? +y? < 16.

o Vf=(2x—y,—x —4y) = (0,0) precisely when
(x,y) = (0,0). The second derivatives at (0,0) are

fx(0,0) =2, £,,(0,0) = —4, £,(0,0) = £,(0,0) = —1.
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(x,y) = (0,0). The second derivatives at (0,0) are
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o Vf=(2x—y,—x —4y) = (0,0) precisely when
(x,y) = (0,0). The second derivatives at (0,0) are
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@ lIts eigenvalues can be computed to be —1 4+ /10 and hence it
is a saddle point.
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e Find all local extrema of f(x,y) = x
x? +y? < 16.
o Vf=(2x—y,—x —4y) = (0,0) precisely when
(x,y) = (0,0). The second derivatives at (0,0) are
fic(0,0) = 2, £,,(0,0) = —4, £,(0,0) = £,(0,0) = —1. Thus
2 -1

the Hessian matrix H is 1 4

@ lIts eigenvalues can be computed to be —1 4+ /10 and hence it
is a saddle point. That is, there are no local extrema in the
region.
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2 _ xy —2y? on

e Find all local extrema of f(x,y) = x
x? +y? < 16.
o Vf=(2x—y,—x —4y) = (0,0) precisely when
(x,y) = (0,0). The second derivatives at (0,0) are
fic(0,0) = 2, £,,(0,0) = —4, £,(0,0) = £,(0,0) = —1. Thus
2 -1

the Hessian matrix H is 1 4

@ lIts eigenvalues can be computed to be —1 4+ /10 and hence it
is a saddle point. That is, there are no local extrema in the
region.

o Ideally, we'd like to develop a method to handle local/global
extrema
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An example and concluding words

2 _ xy —2y? on

e Find all local extrema of f(x,y) = x
x? +y? < 16.
o Vf=(2x—y,—x —4y) = (0,0) precisely when
(x,y) = (0,0). The second derivatives at (0,0) are
fic(0,0) = 2, £,,(0,0) = —4, £,(0,0) = £,(0,0) = —1. Thus
2 -1

the Hessian matrix H is 1 4

@ lIts eigenvalues can be computed to be —1 4+ /10 and hence it
is a saddle point. That is, there are no local extrema in the
region.

o Ideally, we'd like to develop a method to handle local/global
extrema when constraints are imposed.
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o Ideally, we'd like to develop a method to handle local/global
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An example and concluding words

e Find all local extrema of f(x,y) = x*> — xy — 2y on
x? +y? < 16.
o Vf=(2x—y,—x —4y) = (0,0) precisely when
(x,y) = (0,0). The second derivatives at (0,0) are
fx(0,0) = 2, £,,(0,0) = —4, £,(0,0) = £,,(0,0) = —1. Thus
2 -1
-1 —4
@ lIts eigenvalues can be computed to be —1 4+ /10 and hence it
is a saddle point. That is, there are no local extrema in the

region.

the Hessian matrix H is

o Ideally, we'd like to develop a method to handle local/global
extrema when constraints are imposed. This method is called
Lagrange's multipliers.
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An example and concluding words

e Find all local extrema of f(x,y) = x*> — xy — 2y on
x? +y? < 16.
o Vf=(2x—y,—x —4y) = (0,0) precisely when
(x,y) = (0,0). The second derivatives at (0,0) are
fx(0,0) = 2, £,,(0,0) = —4, £,(0,0) = £,,(0,0) = —1. Thus
2 -1

the Hessian matrix H is 1 4

o lts eigenvalues can be computed to be —1 4+ /10 and hence it
is a saddle point. That is, there are no local extrema in the
region.

o Ideally, we'd like to develop a method to handle local/global
extrema when constraints are imposed. This method is called
Lagrange's multipliers. However, we shall postpone/skip it for
now.
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@ Suppose a force F field (like an electric field) is acting in a
region.
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@ Suppose a force F field (like an electric field) is acting in a
region. What is the work done by this force to move a particle
along a path r{(t) from r(0) to (1)?
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@ Suppose a force F field (like an electric field) is acting in a
region. What is the work done by this force to move a particle
along a path r{(t) from r(0) to (1)?

o Naively, in time dt, the particle moves by dr = r(t )dt and
hence the work is dW = (F,dr) = (F(7(t)), 7(t))dt
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@ Naively, in time dt, the particle moves by dr = '(t)dt and
hence the work is dW = (F,dr) = (F(7(t)), 7(t))dt. The
corresponding integral is the total work done.
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@ Naively, in time dt, the particle moves by dr = '(t)dt and
hence the work is dW = (F,dr) = (F(7(t)), 7(t))dt. The
corresponding integral is the total work done.
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Line integrals

@ Suppose a force F field (like an electric field) is acting in a
region. What is the work done by this force to move a particle
along a path r{(t) from r(0) to (1)?

@ Naively, in time dt, the particle moves by dr = '(t)dt and
hence the work is dW = (F, dr) = (F(F(t)), 7'(t))dt. The
corresponding integral is the total work done.

@ We want to put all of this on a rigorous footing.

@ Def: A continuous path in R” is a continuous function
a(t) : [a, b] — R".
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Line integrals

@ Suppose a force F field (like an electric field) is acting in a
region. What is the work done by this force to move a particle
along a path r{(t) from r(0) to (1)?

@ Naively, in time dt, the particle moves by dr = '(t)dt and
hence the work is dW = (F, dr) = (F(F(t)), 7'(t))dt. The
corresponding integral is the total work done.

@ We want to put all of this on a rigorous footing.

@ Def: A continuous path in R” is a continuous function
a(t) : [a,b] = R". A C! path is
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Line integrals

@ Suppose a force F field (like an electric field) is acting in a
region. What is the work done by this force to move a particle
along a path r{(t) from r(0) to (1)?

@ Naively, in time dt, the particle moves by dr = '(t)dt and
hence the work is dW = (F, dr) = (F(F(t)), 7'(t))dt. The
corresponding integral is the total work done.

@ We want to put all of this on a rigorous footing.

@ Def: A continuous path in R” is a continuous function
a(t) : [a, b] — R". A C! path is one where a(t) is C1.
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Line integrals

@ Suppose a force F field (like an electric field) is acting in a
region. What is the work done by this force to move a particle
along a path r{(t) from r(0) to (1)?

@ Naively, in time dt, the particle moves by dr = '(t)dt and
hence the work is dW = (F, dr) = (F(F(t)), 7'(t))dt. The
corresponding integral is the total work done.

@ We want to put all of this on a rigorous footing.

@ Def: A continuous path in R” is a continuous function
a(t) : [a, b] — R". A C! path is one where a(t) is C*. A
piecewise C! path
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Suppose a force F field (like an electric field) is acting in a
region. What is the work done by this force to move a particle
along a path r{(t) from r(0) to (1)?

Naively, in time dt, the particle moves by dr = '(t)dt and
hence the work is dW = (F, dr) = (F(F(t)), 7'(t))dt. The
corresponding integral is the total work done.

We want to put all of this on a rigorous footing.

Def: A continuous path in R” is a continuous function
a(t) : [a, b] — R". A C! path is one where a(t) is C*. A
piecewise C! path is one for which [a, b] can be partitioned
into
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Line integrals

Suppose a force F field (like an electric field) is acting in a
region. What is the work done by this force to move a particle
along a path r{(t) from r(0) to (1)?

Naively, in time dt, the particle moves by dr = '(t)dt and
hence the work is dW = (F, dr) = (F(F(t)), 7'(t))dt. The
corresponding integral is the total work done.

We want to put all of this on a rigorous footing.

Def: A continuous path in R” is a continuous function
a(t) : [a, b] — R". A C! path is one where a(t) is C*. A
piecewise C! path is one for which [a, b] can be partitioned
into finitely many sub-intervals
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Line integrals

@ Suppose a force F field (like an electric field) is acting in a
region. What is the work done by this force to move a particle
along a path r{(t) from r(0) to (1)?

@ Naively, in time dt, the particle moves by dr = '(t)dt and
hence the work is dW = (F, dr) = (F(F(t)), 7'(t))dt. The
corresponding integral is the total work done.

@ We want to put all of this on a rigorous footing.

@ Def: A continuous path in R” is a continuous function
a(t) : [a, b] — R". A C! path is one where a(t) is C*. A
piecewise C! path is one for which [a, b] can be partitioned
into finitely many sub-intervals such that @(t) is C! on each
of them.
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@ Def:
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Line integrals

o Def: Let d(t) be a piecewise C! path
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Line integrals

o Def: Let a(t) be a piecewise C! path on J = [a, b] in R".
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Line integrals

o Def: Let @(t) be a piecewise C! path on J = [a, b] in R”. Let
F be a vector field
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o Def: Let @(t) be a piecewise C! path on J = [a, b] in R”. Let
F be a vector field defined on the image of @ and is bounded.
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Line integrals

o Def: Let @(t) be a piecewise C! path on J = [a, b] in R”. Let
F be a vector field defined on the image of @ and is bounded.
The line integral of F
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Line integrals

o Def: Let @(t) be a piecewise C! path on J = [a, b] in R”. Let
F be a vector field defined on the image of @ and is bounded.
The line integral of F along & is defined as
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Line integrals

o Def: Let @(t) be a piecewise C! path on J = [a, b] in R”. Let
F be a vector field defined on the image of @ and is bounded.

The line integral of F along & is defined as
J(F,da) = [P(F(a(t)), 9% dt whenever
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o Def: Let @(t) be a piecewise C! path on J = [a, b] in R”. Let
F be a vector field defined on the image of @ and is bounded.

The line integral of F along & is defined as
J(F,da) = jj(F(o?(t))7 99) dt whenever the integral exists.
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Line integrals
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a(t) = alp for t € [c, b]. The proofs are easy.

o Let u(t): [a,b] — [c,d] be a C! function such that v/(t) # 0
for all t € [a, b]. uis 1 — 1 because either /(t) > 0 for all t
or u'(t) < 0 for all t. So t is a function of u and it turns out
that t is C! in u. Such a u is called a change of parameter. If
u' > 0 for all t, u is said to preserve orientation and reverse
orientation if v’ < 0 for all t.
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o The paths @(u) : [c,d] — R" and 5(t) : [a, b] — R" related
by B(t) = @(u(t)) are said to be reparametrisations of each
other. Moreover, their ranges/images are the same geometric
object in R". That is, they are two paths parametrising the
same curve C. If u is orientation-preserving, then 62,5 are said
to trace out the curve C in the same direction
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Reparametrisation

o The paths @(u) : [c,d] — R" and 5(t) : [a, b] — R" related
by B(t) = @(u(t)) are said to be reparametrisations of each
other. Moreover, their ranges/images are the same geometric
object in R". That is, they are two paths parametrising the
same curve C. If u is orientation-preserving, then 62,5 are said
to trace out the curve C in the same direction as opposed to
the opposite direction for orientation-reversing u.
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o The paths @(u) : [c,d] — R" and 5(t) : [a, b] — R" related
by B(t) = @(u(t)) are said to be reparametrisations of each
other. Moreover, their ranges/images are the same geometric
object in R". That is, they are two paths parametrising the
same curve C. If u is orientation-preserving, then 62,5 are said
to trace out the curve C in the same direction as opposed to
the opposite direction for orientation-reversing u.

@ Theorem: Let 62,5 be piecewise C! paths that are
reparametrisations of each other. Then [ F.da = Jc F.d§ if
they trace out C in the same direction and
Jc F.da = — Jc F.df if they do so in the opposite direction.

@ Proof: It is enough to prove it for C! paths by additivity.
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o The paths @(u) : [c,d] — R" and 5(t) : [a, b] — R" related
by B(t) = @(u(t)) are said to be reparametrisations of each
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same curve C. If u is orientation-preserving, then 62,5 are said
to trace out the curve C in the same direction as opposed to
the opposite direction for orientation-reversing u.

@ Theorem: Let 62,5 be piecewise C! paths that are
reparametrisations of each other. Then [ F.da = Jc F.d§ if
they trace out C in the same direction and
Jc F.da = — Jc F.df if they do so in the opposite direction.

@ Proof: It is enough to prove it for C! paths by additivity. If
u' >0, then u(a) = c, u(b) = d.
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o The paths @(u) : [c,d] — R" and 5(t) : [a, b] — R" related
by B(t) = @(u(t)) are said to be reparametrisations of each
other. Moreover, their ranges/images are the same geometric
object in R". That is, they are two paths parametrising the
same curve C. If u is orientation-preserving, then 62,5 are said
to trace out the curve C in the same direction as opposed to
the opposite direction for orientation-reversing u.

@ Theorem: Let 62,5 be piecewise C! paths that are
reparametrisations of each other. Then [ F.da = Jc F.d§ if
they trace out C in the same direction and
Jc F.da = — Jc F.df if they do so in the opposite direction.

@ Proof: It is enough to prove it for C! paths by additivity. If
u' >0, then u(a) = c,u(b) = d. Thus, by substitution in the
integral fcd I—j(&(u)).‘é—f(u)du we get

2 F(B(t)).da(u(e))'(t)dt.
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o The paths @(u) : [c,d] — R" and 5(t) : [a, b] — R" related
by B(t) = @(u(t)) are said to be reparametrisations of each
other. Moreover, their ranges/images are the same geometric
object in R". That is, they are two paths parametrising the
same curve C. If u is orientation-preserving, then 62,5 are said
to trace out the curve C in the same direction as opposed to
the opposite direction for orientation-reversing u.

@ Theorem: Let 62,5 be piecewise C! paths that are
reparametrisations of each other. Then [ F.da = Jc F.d§ if
they trace out C in the same direction and
Jc F.da = — Jc F.df if they do so in the opposite direction.

@ Proof: It is enough to prove it for C! paths by additivity. If
u' >0, then u(a) = c,u(b) = d. Thus, by substitution in the
integral fcd F(a(u)). 99 (u)du we get
fbl-j 5(t)).da(u(t))u'(t)dt. By the chain rule,

(1) = 9 (u(t))u/(1).
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Zf( t) = 93 (u(t))u/(t). Thus we are done.
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by B(t) = @(u(t)) are said to be reparametrisations of each
other. Moreover, their ranges/images are the same geometric
object in R". That is, they are two paths parametrising the
same curve C. If u is orientation-preserving, then 62,5 are said
to trace out the curve C in the same direction as opposed to
the opposite direction for orientation-reversing u.

@ Theorem: Let 62,5 be piecewise C! paths that are
reparametrisations of each other. Then [ F.da = Jc F.d§ if
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Jc F.da = — Jc F.df if they do so in the opposite direction.

@ Proof: It is enough to prove it for C! paths by additivity. If
u' >0, then u(a) = c,u(b) = d. Thus, by substitution in the
integral fcd F(a(u)). 99 (u)du we get
f"ﬁ 3(t)).dé(u(t))u'(t)dt. By the chain rule,

Zf( t) = ‘C’,‘;‘( (t))d'(t). Thus we are done. If v’ < 0, the sign
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reparametrisations of each other. Then [ F.da = Jc F.d§ if
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Jc F.da = — Jc F.df if they do so in the opposite direction.

@ Proof: It is enough to prove it for C! paths by additivity. If
u' >0, then u(a) = c,u(b) = d. Thus, by substitution in the
integral fcd I—j(&(u)).‘é—f(u)du we get
faf F(B(t)).da(u(t))u'(t)dt. By the chain rule,

%(t) = 99(u(t))u'(t). Thus we are done. If u’ < 0, the sign

changes because u(a) = d, u(b) = c.
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on the parametrisation used for the curve.

@ Forces for which the work is independent of the path taken
(as long as they trace out the same direction) are called
conservative forces.
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Back to Work

@ In the example above, the Work done seemed to depend on
the curve connecting the points. Its sign actually also depends
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@ In the example above, the Work done seemed to depend on
the curve connecting the points. Its sign actually also depends
on the parametrisation used for the curve.

@ Forces for which the work is independent of the path taken
(as long as they trace out the same direction) are called
conservative forces. The example above is not conservative.

e Paths for which d(a) = d(b) are called closed. Paths that are
1 —1 are called simple.

@ Work-Energy Theorem: The work done is equal to the change
in the Kinetic energy. Proof: F = mr”. Thus,
F.% = %m%||\7\|2. Integrating on both sides, we get the
result.
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