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Disclaimer

These are notes from a basic complex analysis course that I taught, first at UC
Berkeley in Fall 2016 and then at IISc in the Spring (or January) semesters in 2020 and
2022. They are heavily influenced by two excellent references, one of them a classic in
the subject and another on it’s way to becoming a classic: Ahlfor’'s Complex Analysis
and Stein and Shakarchi’s Compler Analysis. As such there is no claim to originality,
except perhaps stylistic which mainly manifest itself in the organization of the material,
and perhaps also in the choice of some additional topics.
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Complex differentiable functions






Lecture 1

Introduction

1.1 Roadmap for the course

Complex analysis is one of the most beautiful branches of mathematics; it is a subject
that birthed several branches of modern mathematics such as topology, algebraic ge-
ometry, harmonic analysis and the modern theory of differential equations. In addition
complex analytic techniques are a corner stone of modern number theory - for the unini-
tiated reader, this must be nothing short of black magic. How can complex numbers have
anything useful to say about those most mysterious of natural numbers- the primes?

The main objects in calculus are real (scalar or vector) valued functions defined on
domains in R™. The starting point in complex analysis is to consider complexr valued
functions

f:Q—-C

defined on subsets 2 C C of complex numbers. Recall that complex numbers can be
added, subtracted, multiplied and divided (if non-zero) just like real numbers. Every
complex number can be written in the form

z=x+ 1y

where  and y are real numbers. So complex numbers can be identified as a set with
Euclidean plane R%. The addition of complex numbers is also equivalent to addition of
vectors in R?. So it might appear as if we are not adding much, and that nothing is lost
by simply treating the complex valued function as a two variable vector field. In fact
this is true, as we will see later, when talking about limits and continuity.

But there is one key difference between R? and C, that of multiplication and di-
vision. Indeed things change dramatically when we restrict our attention to complex
differentiable or holomorphic functions, that is, functions for which

o SR — 1)

h—0 h

exists and is finite. The important point being that h could be a complex number.
Formally this definition is identical to that of a differentiable function in one-variable

3



4 LECTURE 1. INTRODUCTION

calculus. But quite surprisingly the mere change of perspective, the fact that h is allowed
to take complex values as it goes to zero, produces beautiful new phenomenon that have
no counterparts in one-variable calculus, or indeed even multivariable calculus. We now
summarize some of these remarkable consequences of holomorphicity.

e Analyticity. As we remarked above, complex valued functions can be thought
as mapping between sets in R2. We will prove later in the course that for a
holomorphic function, partial derivatives of all orders exist. And moreover, one
also has that the Taylor series at ever point converges to the function value, that
is holomorphic functions are analytic. Recall that this is not true for one-variable

functions. For instance if
6_1/“"2, x>0
f(x) =
0, x <0,

then it is easy to see that at x = 0, derivative of any order is zero. So the Taylor
series of the function at x = 0 is zero, but the function is clearly not zero.

e Analytic continuation. Two holomorphic functions defined on an open con-
nected domain are equal in a small open neighbourhood of a point, no matter how
small the neighbourhood is, have to be identically equal.

e Good convergence properties. If a sequence of holomorphic functions con-
verges uniformly, the limit function is again holomorphic. This is not true for
differentiable one-variable functions. For instance, if f,, : [—1,1] — R is defined by

fn(z) = \/%+CE2,

then one can show that f,, — |z| uniformly, but |z| is not differentiable.

e Liouville property. A bounded holomorphic function defined on all of C is forced
to be a constant. As a consequence, one can prove the fundamental theorem of
algebra.

Part of the richness of the theory of holomorphic functions comes from the variety
in the methods used to study the subject. We next summarize the approaches that we
will touch upon in this course.

e Partial differential equations. It turns out that real and imaginary parts of
holomorphic functions, thought of as real valued two-variable functions, satisfy
a system of first-order partial differential functions, called the Cauchy-Riemann
equations. As a consequence of this, the real and imaginary parts are harmonic
functions. The theory of harmonic functions is rather well developed, and could
be potentially exploited to study holomorphic functions. We will only touch upon
the Cauchy-Riemann equations, but will not pursue this approach further. We will
instead focus on integral methods.
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e Integral methods. The viewpoint that we will adopt is centered on a remarkable
formula called the Cauchy’s integral formula. We will develop a notion of integra-
tion of complex valued functions along curves, a generalization of the notion of
line integrals in multi-variable calculus. The fundamental fact, which will be the
theoretical basis for the rest of the course, is that the complex integral of a holo-
morphic function around a closed curve is zero. If the real and imaginary parts
of the holomorphic function are assumed to have continuous partial derivatives,
this result follows from Green’s theorem. We will give an independent proof, not
because we wish to be clever, but because remarkably this theorem will tmply that
the real and imaginary parts of the holomorphic function indeed have not only
continuous partial derivatives but have partial derivatives of all orders, and are in
fact analytic.

e Power series methods. As remarked above, every holomorphic function is rep-
resented by a power series. Since power series are algebraic objects, for the most
part they can also be manipulated as if they were polynomials. Thus algebraic
methods can be used to study holomorphic functions.

e Geometric mathods. An elementary but beautiful fact is that holomorphic
functions, thought of as mappings (or transformations) between sets in R? are
conformal maps. That is, holomorphic mappings preserve angles between curves,
and stretch the distances. We will study some standard examples of conformal
maps. Towards the end of the course we will prove the following deep fact, first
discovered by Riemann - Any domain in the complex plain which does not have a
‘hole’ and which is not the entire complex plane, can be mapped conformally to a
disc centered at the origin of radius one. Our proof will be due to Koebe.

1.2 Complex numbers

It is of course well known that certain polynomial equations with real coefficients do not
have real roots. Complex numbers are obtained from the reals by formally adjoining a
number i that solves the equation

2

1° = —1.

That is, we define the set of complex numbers by
C :=R[i] = R[z]/(1 + z?).

So a general complex number takes the form z = x + iy, where x and y are real numbers,
and are called the real and imaginary part of z respectively. We use the notations

x=R(z) and y = ().

Clearly the real numbers can be identified as a subset of the complex numbers in a
natural way as numbers with §(z) = 0. We define addition and subtraction to be
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component-wise i.e. if z; = 1 + iy; and 29 = x5 + iy, then we define
21+ 20 = (1 + x2) £i(y1 + y2).

Using this, we can identify C with R? as vector spaces. With this interpretation, a
complex number represents a point in the zy-plane; with the z-coordinate given by R(z)
and the y-coordinate given by &(z). This more geometric interpretation will be very
useful to us.

But the complex numbers are much more than just 2-dimensional vectors. They also
have a multiplicative structure, induced from the multiplicative structure of R[x]. That
is we can multiply two complex numbers to obtain another complex number. Indeed, if
z1 and z9 are as above, we define

21 - 20 = (X122 — Y1y2) + i(T1Y2 + T2y1).

More simply, we define i> = —1, and then extend the product to satisfy the distributive
property. It is not hard to verify that addition and multiplication satisfy the following
properties:

P1 (Additive and Multiplicative identity.) For any complex number z,

z24+0=2, z-1==z.

P2 (Commutativity.) For any 21, 22 € C,

21t 20=20+21, 2122 = 22" 21-
P3 (Associativity.) For any complex numbers z1, 22, 23,
(21 +22) + 23 =21+ (224 23), (21-22) 23 =21 (22" 23).
P4 (Distribution) For any z1, 29, 23 € C,

Zl‘(z2+23)221‘22+21‘23.

P5 (Additive inverse.) For any z € C, —z = (—1) - z satisfies

z+(—z)=0.

For notational convenience, we sometimes drop the dot when multiplying complex num-
bers. As remarked above, geometrically, addition of complex numbers corresponds to
addition of vectors. What is the interpretation for multiplication? This is clearer if we
use polar coordinates. Recall that any point (x,y) in the plane that is not the origin, can
be represented uniquely by a pair (r,6), where » > 0 and 6 € (—7, x| via the following
transformation law:

x=rcosf, y=rsind.
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Then r is the geometric distance from the origin, and 6 is the angle made by the line
joining (z,y) to the origin with the positive z-axis. For instance the complex number i
corresponds to (1, 7/2) in polar coordinates. So, any complex number can be represented
as

z =r(cosf +isinf).

If w = p(cos a + isin ) is another complex number, then it follows from the definition
of the multiplication formula that

zw = rp[(cos b cos a — sin @ sin ) + i(cos O sin « + sin 6 cos )]
= rp(cos(d + ) +isin(f + «)),

where we used the sum-angle formulas in the last equation. So geometrically multi-
plication simply corresponds to a dilation (i.e. scaling) and a rotation. For instance
multiplication by ¢ corresponds to rotating the vector representing the complex number
by /2. To form a good number system we will also need to be be able to divide by
complex numbers. For any zo # 0, we say that w = 21 /29 if 21 = wzy. We call w, the
quotient obtained by dividing z; by z3. Clearly, if zo = 0, then by property P1, the
quotient cannot be well defined. We next see that the quotient is in fact well defined
when dividing by non-zero complex numbers.

1.2.1 Conjugate, Absolute value, Argument.

To prove that a quotient always exists on dividing by a non-zero complex number, it
is enough to have a formula for 1/z, where z # 0. Let z = x + iy. Multiplying the
numerator and denominator of 1/z by = — iy (this is similar to rationalizing irrational
denominators) we obtain

1 1 T — 1y T — 1y

z x—i—z’y:(x—kiy)(:c—iy)_:zz—kg/?‘

Note that in the last equation, the denominator is now a real number, and we already
know how to divide by real non-zero numbers. The numerator, is called the conjugate
of z and is denoted by

zZ=x—1y.

Geometrically this amounts to reflection of the point representing z about the z-axis.
Readers will notice that the denominator is the square of the distance of the point (z,y)
from the origin. So we define the absolute value or the length of the complex number,

denote by |z| as
|z] = Va2 +y2

This is of course the ‘r’ in the polar coordinate representation. Some basic properties of
these operations are the following.

|

[ ] =Z.
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2| = |2].

|2l =0 = 2z=0.

o ZW = zZw, |zw| = |z||w].
e 2+ w=2z+w.

Note that contrary to the conjugate function, the modulus function is not additive.
Instead we have an inequality; see Theorem 1.2.1. With these notations in place, we can
re-write the above statement as ) B

z

z |z
for any z # 0. So we in summary we shown that multiplication has another property,
that every no-zero number has multiplicative inverse. That is we have

P6 (multiplicative inverse.) For every z € C, z # 0 there exists a complex number
1/z = z/|z|? such that

z-— =1
z

More generally, we can define division by

z ] Zw
—=w = .
w |w|?

With the two operations of addition and multiplication satisfying these six axioms,
the set of complex numbers become what is called as field by algebraists. In fact, the
complex numbers form an algebraically closed field, which means that any polynomial
with complex coefficients can be completely factorized using complex roots. Later in the
course, somewhat remarkably, we will prove this statement in algebra using our complex
analysis techniques. We will in fact give multiple proofs of this fundamental fact!

Finally, we remark that the ‘0’ in the polar coordinates also has a name, and is called
the argument of z, and denoted by arg(z). Using the new notation, it is also easy to see
that

zZ+Zz z2—Z

Integer Powers. Given any natural number n € N, we define 2" to be z multiplied to
itself ‘n’ times. We also define z¥ := 1. For negative integers —n, we then define 2=" to
be 1/z" or the multiplicative inverse to z".

1.2.2 Triangle inequality

We end with an important inequality that will be crucial in most of the estimates.

Proposition 1.2.1 (Triangle inequality). Let z,w € C. Then we have the following
inequalities
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|2+ w| < [2] + |wl],

with equality if and only if z = aw where a € R i.e. z and w lie on the same line
through the origin.

2 = wl 2 [l = 2]l
with equality again if z and w lie on the same line through the origin.
Proof. 1. We first note that if z,y, u,v € R, then
(zu +yv)* < (2% + y?) (u? +0?),

with equality if and only there exists some a € R such that x = au and y = awv.
This follows from the elementary observation that the difference of the two sides
in the above inequality equals (zv — yu)?. Next, we have

|2+ w = (2 + w)(z + w) = |27 + |w]? + 2R(zD).

So if we let z = z + iy and w = u + iv, then

2R (2w) = (z+iy) (u—iv)+ (@ —iy) (u+iv) = 2(zutyv) < 2v/22 + y2Vu2 + v2 = 2|z||w|,

which completes the proof of the inequality. We have equality if and only if there
exists a a € R such that x = au and y = av, or equivalently, z = aw.

2. For the second inequality, without loss off generality we may assume that |z| < |w|.
Then by the first part we have

lwl =1z +w—z| < |z]|+ |w— z|.

Again we have equality if and only if there exists a real number b such that w—z =
bz, or w = (1+b)z.
O

As a consequence of this inequality, the function d : C x C — C defined by
d(z,w) = |z — w|

defines a metric or distance function on C. That is, it satisfies the following three
properties:

1. (Reflexivity) d(z,w) = 0.
2. (Symmetry) d(z,w) = d(w, z).

3. (Triangle inequality) d(z,w) < d(z,u) + d(u, w).
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Lecture 2

Lecture-2: Limits, continuity and
holomorphicity

2.1 Topology of the complex plane

A consequence of the triangle inequality discussed in the previous lecture is that the
function
d(z,w) := |z — w|

defines a distance function on C, and for simplicity, we denote the corresponding metric
space by (C,|-]). Given a zy € C, the open disc of radius R around zq is given by

Dr(z)) = {2 € C| |z — 20| < R}.

We now list a few standard definitions and facts from point-set topology. Let E be a
subset of C.

e We say F is open if for any point p € E, there exists an r = r(p) > 0 such that
D,(p) C E. We say F is closed if it’s complement E° is closed. We say that U C E
is open (resp. closed) in the sub-space topology of E if there exists an open subset
W (resp. closed) such that U = ENW.

A point p € C is a limit or an accumulation point if for any r > 0, the disc D,(p)
has at least one point in common with £ other than possibly p itself. That is,

D(p,r) N (S\{p}) # ¢.

A point p € S is said to be isolated if p is not a limit point of E.

The closure of a set S, denoted by S is the union of S with all it’s limit points.

The interior of S, denoted by S*’ is the set of all points p € S such that D,(p) C S
for some r > 0.

11
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e The boundary of a set S is the set of points p € C such that for all » > 0, the disc
D, (p) contains at least one point from S and S¢. For instance the boundary of the
open disc D,(p) is the circle of radius r centered at p.

Proposition 2.1.1. o Arbitrary union (possibly infinite) of open sets is again open.
Finite intersection of open sets is open.

o Arbitrary intersection of closed sets is close. Finite union of closed sets is closed.

We also have the following equivalent characterizations that are often useful.
Proposition 2.1.2. Let £ C C.

1. E is open if and only if E = int(E).

2. E is closed if and only if E = E.

3. E is the largest open set contained in E. Equivalently,

int(E) =U{U C E | U is an open set}.

4. E is the smallest closed set containing E. Equivalently,

E=nN{ADE | Ais a closed set}.

We next turn our attention to convergence of sequences and completeness. Given a
sequence {z,} we say that it converges to p € C if for all € > 0, there exists an N such
that

|z, — p| < e.
Proposition 2.1.3. z, — p if and only if R(z,) — R(p) and I(z,) = I(p).
This is a consequence of the fact that for any z € C,
max(|R(2)], [3(2)]) < [2] < V2max(|R(2)], [S(2)))-

A disadvantage of the above definition of convergence is that one needs to know the
limit a priori, to even decide if a sequence is converging. A convenient alternative is of
course the notion of a Cauchy sequence. Recall that a sequence z, is said to be Cauchy
if for all € > 0, there exists an N > 0 such that for all n,m > N we have

|zn — 2m| < €.

It is easy to see (prove it!) that every convergent sequence is Cauchy. Conversely, we
have the following fundamental fact.

Theorem 2.1.4. Every Cauchy sequence in C converges. That is, (C,|-|) is a complete
metric space.
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The theorem follows from the proposition above and the fact that real numbers from
a complete metric space. Recall that a set is called compact if every open cover has a
finite sub-cover. A consequence of completeness is the following useful characterization
of compact sets in C.

Theorem 2.1.5. The following are equivalent for a subset K C C.
1. K is compact.
2. K 1s closed and bounded.

3. K is sequentially compact. That is, any infinite sequence {z,} C K has an accu-
mulation point p € K.

The last notion we need is that of a connected set. A subset S C C is called
disconnected, if there exist two subsets A, B # ¢, S of S such that S = AUB and A and
B are separated, that is

ANB=¢, ANB = ¢.

If S itself is open, this reduces to saying that S cannot be written as the union of two
disjoint open sets. An open, connected subset is called a region. We have the following
elementary characterization of regions. A key property of connected sets that we will
use often is the following.

Proposition 2.1.6. S is connected if and only if the only subsets of S that are both
open and closed in the sub-space topology of S are ¢ and S.

2.2 Functions on the complex plane

Let E C C be a subset. A function f : E — C is a rule that assigns unique complex
number, denoted by f(z) to every number z € E. The set E is called the domain of the
function, and

F(E):={f(2) | z € E},

is called the range. The pre-image of a set T C C, denoted by f~1(T) is the subset of F
defined by
D) ={z€E| f(x) eT}).

A function is called injective or one-one if the pre-image of every point in the range
consists of exactly one point, i.e

() = fw) = 2 =nw.

It is said to surjective or onto if the range is all of C.
We say that the limit of f(z) as z tends towards p is L, and denote it by

lim f(z) = L,

zZ—p
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if the following holds - For any ¢ > 0, there exists a § = d(¢,p) > 0 such that
|z—pl <90, z€ EN{p}, = |f(2) - L| <e.

Note that the limit, if it exists, is unique (Why?). We say that f is continuous at p € E
if for any € > 0, there exists a § = d(&,p) > 0 such that

|z—p| <9, z€ E, = |f(2) —L| <e.

Note that this implies that a function is always continuous at it’s isolated points. We
say that f is continuous if it is continuous at all points in its domain. We say that f
is uniformly continuous if the § in the above definition of continuity depends only on ¢,
but not the point p we are looking at. We then have the basic fact.

Theorem 2.2.1. f: S — C is continuous if and only if Re(f) and Im(f) a continuous
as real valued functions of two variables.

So as far as topology, which is the study of continuous functions, is concerned, there
is no difference between C and R?. With this remark, the following properties follow
easily from what is already known about multivariable functions.

Theorem 2.2.2. Consider a function f : Q — C, where € is open.
1. It is continuous if and only if f=*(U) is open for any open set U C C.
2. It is continuous if and only if f~1(K) is closed for every closed set K C C.

3. It is continuous at p € Q if and only if for any sequence {z,} such that z, — p,
we have

z{jgpf (zn) = f(p)-

4. If f is continuous, then for any compact subset K C Q, f(K) is compact.

5. If f and g : Q — C are continuous at p then so are f +g and fg. If g(p) # 0, then
f/g is also continuous at p.

6. if [ is continuous at p, and g : f(Q) — C is continuous at f(p), then the compo-
sition g o f is also continuous at p.

Example 2.2.3. The function f(z) = 2", where n is an integer, is continuous. To see
this, note that

P _pn — (Z _p)(znfl +Zn72p__ . _i_pnfl)

A polynomial is a function p : C — C of the form

p(2) = anz" + an_12" 4+ a1z + ag,
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where ar, € C for k=10,1,--- ,n. Then by the fact that sums of contiuous functions are
continuous, it follows that polynomials are continuous at all points. A rational function
s a quotient of two polynomials

R(z) = p(2)

q(z)

)

wherever q is non-zero. At all such points, by the quotient rule above, a rational function
is also continuous.

Example 2.2.4. The function f(z) = Z is continuous. Similarly, the function g(z) = |z
15 also continuous.

Example 2.2.5. Arg(z) in not continuous on C. Recall that if z = = + iy, then
arg(z) is defined as the unique angle between (—m, 7| that the line joining the origin to
(x,y) makes with the positive x-azis. Now consider any point on the the negative x-axis,
say z = —1. Then the function is not continuous. The reason being that if z, — —1
with J(zpn) > 0, then arg(z,) — m, while if S(z,) < 0, then arg(z,) — —n. In fact, it is
a nice exercise to show the following: There exists no continuous function A : C* — R
such that

z = |z| exp(iA(2)).

2.2.1 Path connected sets in C.

As a special case, we could take S to be an interval in R thought of as a subset of the
z-axis in C. A path is defined to be a continuous function v : I — R, where [ is an
interval. We then have the following useful characterization of regions in C.

Proposition 2.2.6. Let (2 C C be an open subset. Then Q C C is a region if and only if
Q is path connected, ie. for any zo,z1 € §2, there exists a continuous map vy : [0,1] — Q
such that v(0) = zo and (1) = 2.

Proof. Suppose {2 is a region. Fix zg € €2, and let
A ={z € Q| there exists a path in  connecting z to zp}.

Note that zp € A, and hence A is non-empty. Since €2 is open, and clearly every disc is
path connected, A is open. Now we claim that A°:= Q\ A is also open. To see this, if
A€ is non-empty we have some w € A¢. Then since () is open, there is disc D, (w) C .
Clearly, D,(w)NA = &, for if, z; € D,(w)N A, then one could simply connect z to zy, by
connecting z to z1, and z1 to zp, contradicting our assumption that w € A€. This shows
that D,(w) C A° and hence A° is open. But since 2 is connected and A is non-empty,
this forces A° = ®. Conversely, suppose € is path connected, but is disconnected. Then
we can write 2 = AU A° where both A and A€ are open and non-empty. O
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2.2.2 Convergence of functions

There are two notions of convergence, that of point-wise, and uniform convergence. We
say that

e the sequence of functions f, : Q — C converges point-wise to f : @ — C, if for
every z € ), the sequence f,(z) — f(z). Or equivalently, given any ¢ > 0, and
any z € €}, there exists an N > 0, possibly depending both on ¢ and z, such that

n>N = |fu(z) — f(2)] <e.

e the sequence of functions is said to converge uniformly if given any € > 0, there
exists an N > 0 depending only on & such that for all z € Q and n > N we have
that

[fn(2) = f(2)] <e.

We say that a sequence of functions { f, : @ — C} converges compactly to f : Q2 — C
if for all compact subsets K C €, f,, — f uniformly on K.

Theorem 2.2.7. If f,, : E — C is a sequence of continuous functions converging com-
pactly to f: E — C, then f itself is continuous.

One can similarly talk about convergence of sequences and series of functions.

2.3 Holomorphic functions

Let Q C C be an open subset. We say that a function f : Q — C is complez differentiable
at z = p € €, if the limit
d . fz2)=flp) . fla+h) - fla)
dz z:pf(Z) Bp 2 P B0 h ’

f'(p)

exists and is finite. The limit, denoted by f’(p), is then called the derivative (or the
complex derivative if the context is not clear) of f at p. The function is called holomor-
phic, if it is complex differentiable at all points in the domain. We will denote the set
of holomorphic functions on € by O(2). Note that formally this definition is identical
to the one for real valued functions of one variable. We have also seen that functions of
a complex variable can be thought of as vector fields in two variables. In multivariable
calculus, there is already a notion of derivatives of such functions. A natural question
is to ask for the relation between these two notions. We will return to this question
shortly. But first we collect some basic properties of holomorphic functions, the proofs
of which are identical to those in for differentiable functions of one real variable.

Theorem 2.3.1. Let f,g: Q — C be differentiable at z, and a,b € C

1. If f is constant in a neighbourhood of z, then f'(z) = 0.
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2. (Linearity) af + bg is complex differentiable at z, and
[af +bg]'(2) = af'(2) + bg'(2)
3. (Product rule) fg is complex differentiable at z and
(f9)'(2) = f'(2)g(2) + f(2)g'(2)
4. (Quotient rule) If ¢'(z) # 0, then f/g is complex differentiable at z and

N fl(2)g(2) = f(2)d(2)
(5) (2) = 9%(2) '

5. (Chain rule) If h is complex differentiable at f(z), then ho f is complex differen-
tiable at z and

[ho f]'(2) = B (f(2)) - f'(2).

The main theme of the course is that holomorphicity imposes severe restrictions on
the functions under consideration. Just to get our feet wet, we start with the following
elementary observation.

Proposition 2.3.2. If a function f is complex differentiable at z = a then it is auto-
matically continuous at z = a.

Proof. We proceed by contradiction. So suppose f is not continuous at a. Then there
exists an € > 0 and a sequence z, — a such that |f(z,) — f(a)| > . By holomorphicity,
there exists an NV such that

f(zn) — f(a)

Zn —a

- f/(a) < 17
whenever n > N. Or equivalently, that

f(2n) = f(a) = (20 — @) f'(a)| < |2 — al.
By the triangle inequality
e <|f(zn) = fla)| = |f(zn) — f(a) —
<[f(zn) = f(a) -
< |zn —al(1+f'(a)])

Suppose now N is chosen large enough so that

5
]zn—a]<2

1+ 1f(a)])’

then the above chain of inequality yields

e <1f(ea) = fla) < 3.

which is absurd. O
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Example 2.3.3. As a first ezample, we compute the derivative of f(z) = 2™, where n
is an integer. We first assume that n > 1. Then it is easy to see (try to prove it!) that

2 —ad" = (z—a)Z" T+ 2" a4 4 za" 2 4 a .
So then

2" —a” 1

f'(a) = lim = lim 2" ' 4+ 2" 204 4 2a" 2+ a7 = na”
z=a 2 —qQ z—a

For negative integers n we can apply quotient rule to again obtain the same formula. So
for integers n we have that

d

Bl peg n—1
dzlz=a

= na

Example 2.3.4. Polynomials and Rational functions. Recall that polynomials are
functions of the type
p(2) = apz" + 12"+ + ap.

Then by the above theorem, such functions are holomorphic. Moreover, by the above
calculation the derivative of a degree n polynomial is again a polynomial, but of degree
n—1. Recall also that rational functions are quotients of two polynomials. By the quotient
rule, these are holomorphic at all points where the denominator does not vanish. That
18, if

a(2)
then R(z) is holomorphic at z = a if and only if q(a) # 0.

R(z) = p(z)

Example 2.3.5. The function f(z) = z is not holomorphic. To see this, consider the
difference quotient -
Fe+h) = f(z) h
h Ok
Then if h — 0 along the real axis i.e. h € R, this difference quotient is 1. On the other
hand if h — 0 along the imaginary axis, i.e. h = ik where k € R, then this quotient is
always -1. So the limit cannot exist.

Example 2.3.6. The function f(z) = |z| is not holomorphic. By the product rule, it is
enough to show that g(z) = |z|? is not holomorphic. The difference quotient is

\z+h|2—|z[2 _ (z+h)(zh+h)—zz: zﬁ+zz+|h|2 :zz+z+ﬁ.

The limit of the last two terms as h — 0 is z, but, as we saw in the previous example,
the limit of the first term does not exist. So |z|?, and hence |z|, is not differentiable.



Lecture 3

Power series

A power series centered at zg € C is an expansion of the form

oo
3 anls - 200",
n=0

where a,, z € C. If a,, and z are restricted to be real numbers, this is the usual power
series that you are already familiar with. A priori it is only a formal expression. But for
certain values of z, lying in the so called disc of convergence, this series actually converges,
and the power series represents a function of z. Before we discuss this fundamental
theorem of power series, let us review some basic facts about complex series, and series
of complex valued functions.

3.1 Infinite series of complex numbers: A recap

A series is an infinite sum of the form
o0
E An,
n=0

where a,, € C for all n. We say that the series converges to S, and write

o
S 0=
n=0
if the sequence of partial sums
N
S N — Z (07
n=0

converges to S. We need the following basic fact.

Proposition 3.1.1. If Y |a,| converges then Y ° a, converges.

19
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Proof. We will show that Sy forms a Cauchy sequence if Y °  |a,| converges. Then the
theorem will follow from the completeness of C. If we let Ty = Zflvzo |an|, then {Tn} is
a Cauchy sequence by the hypothesis. Then by triangle inequality

M M
Sy =Sul=| 3 an| < D lanl = ITar — T,
n=N-+1 n=N+1

Now, given € > 0, there exists a K > 0 such that for all N, M > K| |Ty —Tn| < €. But
then | Sy — Sn| < ¢, and so {Sn} is also Cauchy. O

We say that > a,, converges absolutely if Y |a,| converges. Next suppose f,, : 2 — C
are complex functions, we say that Y~ f,(z) converges uniformly if the corresponding
sequence of partial sums

N
Sn(z) = Z fn(2)
n=0

converges uniformly.

Proposition 3.1.2 (Weierstrass’ M-Test). Suppose f,, : E — C is a sequence of complex
functions, and {M,} is a sequence of positive real numbers such that

o |fu(2)| < M, for alln and all z € E.
o > > o M, converges.
Then Yo" fn(2) converges uniformly and absolutely on E.

Proof. Like before, this time we show that the sequence of partial sums {Sy(2)} is
uniformly Cauchy. But again by triangle inequality if T denotes the N** partial sum
of Y M, then

M M
1Sn(2) = Su(2) < > |fa2) < D My =Ty —Tn,
n=N+1 n=N+1

for all z € €. Since the right side does no depend on z, given € > 0, one can make
|Sn(z) — Sm(z)| < e by choosing N, M > K where K can be chosen independent of
z. ]

3.2 Convergence of power series

By convergence of the power series, we mean the following. Consider the truncations of
the power series at the N** term, also called the N** partial sum -

N
sny(z) = Zan(z — 2p)".
n=0
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We say that the power series converges uniformly (resp. compactly) if the sequence
of functions {sy(z)} converges uniformly (resp. compactly). We say that the series
converges absolutely if the sequence of functions

N
> ][z
n=0
converges. It is well known, and not difficult to see, that absolute convergence implies

convergence. The fundamental fact is the following.

Theorem 3.2.1 (Fundamental theorem of power series). There exists a 0 < R < o0
such that

o The power series
o
E an(z — 20)"
n=0

converges absolutely and compactly on the disc D(zp, R).

o If |z — 20| > R, then the series diverges.

Moreover, R can be computed using the Cauchy-Hadamard formula:

1
~ limsup |a, |/

The number R is called the radius of convergence, and the domain D = {z | |z—20| <
R} is called the disc of convergence. Recall that for a sequence {b,} of real numbers,

L =limsupb,
if the following two conditions hold
e For all e > 0, and all N > 0, there exists n > N such that
b, > L —¢.
e For all € > 0, there exists an N such that for all n > N,
b, < L+ ¢.

Remark 3.2.2. It is not difficult to show that if

an+1
Qp,

lim

n—o0

exists, then it is equal to 1/R. On many occasions this limiting ratio is easier to calculate.
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Remark 3.2.3. Suppose 0 < R < oo is the radius of convergence of the above power
series. The by the theorem, the series converges on the open disc |z — z9] < R. The
behavior of the series at points on boundary however is subtle as the examples below
indicate.

Outline of proof. The main idea is to compare the power series to a suitable geometric
series. Let R be given by the above formula, and let K CC D(zg, R). Then there exists
a 0 <r < R such that K C D(zp,r). Now, O

Example 3.2.4. The power series
oo
>
n=0

has radius of convergence 1. In fact it easy to see that on |z| < 1,
1 = n
1—z Z =
n=0

Observe that on the unit disc |2"| = |z|™ = 1, and so by the divergence test, the series
cannot converge at any boundary point. On the other hand, the left hand side is defined
and holomorphic at all points z # 1 even though the power series is only defined inside
the unit disc. We then say that the holomorphic function 1/1 — z is an analytic contin-
uation of the power series to the domain C\ {z = 1}. We will say more about analytic
continuation towards the end of the course. We remark that the following misleading
formula often appears in popular culture (most notably in a video on the youtube chan-
nel - Numberphile, an otherwise decent math channel), many times accompanied with a
quote with the effect that “Oh look - math is magical!”:

The formula as stated is of course junk since the left hand side is clearly a divergent
series. But there are ways of interpreting the left hand side. For instance, the left hand
side is in fact Cesaro summable, which is a generalization of usual infinite summation
in that a convergent series is also Cesaro summable and the Cesaro sum equals the
sum of the series. In this case, the Cesaro sum does turn out to be 1/2. A more
fundamental way (at least in my opinion) of interpreting the left hand side, as precisely
the analytic continuation of > 7 42" to z = —1. Then as remarked above, this analytic
continuation is given by 1/(1—z) which of course equals 1/2 at z = —1. Another example
of such misleading propogation of math, especially in India, is that Ramanujan proved
the “miraculous” identity that

-1

142434 -=—.

+2+3+ D
We'll see later in the course that the left hand side should in fact be replaced by the
analytic continuation of the series Y 2 n~* to s = —1. The infinite seres is a priori

only defined on the region Re(s) > 1, but can be analytically continued to C\ {1}, and
this if of course the famous ((s) of Riemann.. We’ll then compute that ((—1) = —1/12!
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Example 3.2.5. Consider the power series

oo
ZTL

n
n=0

Again, it is easy to see that the radius of convergence is 1. At z = 1 this is the usual
harmonic series, and is divergent. It turns out in fact, that this series converges for all
other points on |z| = 1, z # 1. This follows from the following test due to Abel, which
we state without proof.

Lemma 3.2.6 (Abel’s test). Consider the power series

o0
Z anz".
n=0
Suppose
e a, €R, a, > 0.

e {a,} is a decreasing sequence such that lim, o a, = 0.
Then the power series converges on |z| = 1 except possibly at z = 1.

Clearly the series in the example above satisfies all the hypothesis, and hence is
convergent at all points on |z| = 1 except at z = 1.

Example 3.2.7. Nezt, consider the power series

>4

5

n=0 n
Again, the radius of convergence is 1, and again by Abel’s test the power series is con-
vergent on |z| = 1 except possibly at z = 1. But at z = 1, the series is clearly convergent,
for instance by the integral test. So in this example the power series is convergent on
the entire boundary.

Example 3.2.8. Finally consider the power series

oo Zn

7'.
= n!

To find the radius of convergence, we use the ratio test. Denoting a, = 1/n!, we see that
Ap+1 n! 1

lim ’zlmizlimiz
an, n—oo (n+ 1)l n—ocon+1

n—oo

So R = co. Notice that if z is a real number then this is the usual Taylor expansion of
the exponential function. Inspired by this, we define the complex exponential function,
exp(z) : C — C by
— R -
exp(z) = e* = Z g
n=0

We will study this function in more detail in the next lecture.
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3.3 Holomorphicity of power series

From the previous theorem, since the convergence is uniform on comapct subsets of the
disc of convergence, it is clear that a power series represents a continuous function. In
fact, much more is true.

Theorem 3.3.1. Consider the function defined by

o0
= Z an(z — 20)",
n=0

on the disc of convergence Dr = {z | |z — 20| < R} where 0 < R < oo. Then f(z) is
holomorphic on Dgr with
(0.9}
= Z nan(z — zo)"
n=1

Proof. Without loss of generality we can assume zg = 0. Firstly, observe that since

lim,,— o0 nl/n = 1, the power series 220:1 nap(z — z0)"™ also has radius of convergence R.

To prove the theorem, we need to show that for any p € Dg(0),

lim fo+ h Z napp".

h—0

Or equivalently, given any € > 0, we need to find a § > 0 such that

h| <& = ‘f“h Znanp‘<5 (3.1)

Let us denote by

N 00
= Zanzn, En(z) = Z anz",
n=0

n=N+1

the N** partial sum, and the N** error term respectively, so that
f(z) = SN(Z) + EN(Z).

Then since the partial sums are polynomials, they are holomorphic, and in fact
lim S , 3.2
i 5400 = S e

where the convergence is uniform on compact subsets of Dr(0) Now suppose |p| < r < R,
then for any N, we can break the difference that we need to estimate into three parts -

f@+h
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> . |Ex(p+h)—E
IS () = 3 mag| | PXEEH) = BN

n=1
Since Sy, being a polynomial, is holomorphic, there exists a ¢ > 0 so that for |h| < 4,
the first term is smaller than £/3. Similarly, by equation (3.2), the second term can be
made smaller than £/3 by choosing N big enough. So all that remains is to control the
error term. Using the factorization a™ —b" = (a —b)(a" 1 +a"2b+--- + "7 1), we have

EN(p+h)—EN(p)‘< i 4 (p+ h)" — p"
h - " h
n=N+1
< D anll(e+h)" T ™Y
n=N+1

But if |h| < 0 for sufficiently small § (in particular if § < r—|p|), then [p+h| < |p|+|h| < r,

and so
oo

Ex(p+h)— En(p) n—1
< .
. ‘ < E lan|nr

n=N-+1
But this is the tail of the series > n|a,|r" ! which converges for » < R, so we can also
make this term smaller than £/3 by choosing N big enough. This shows that we can
find ¢ small enough so that (3.1) is satisfied.
O

Notice that the derivative is again a power series with the same radius of convergence.
So applying the above theorem inductively we obtain -

Corollary 3.3.2. A power series f(z) = >..2an(z — 20)" is infinitely complex dif-
ferentiable in it’s disc of convergence. Moreover, the derivatives can be computed by
successive term-wise differentiation:
o0
F®(2) = Z n(n—1)--(n—k+ay(z — 2)" "
n=k

In particular, the coefficients of the power series are given by

£ (29)
Ap = ———.
n!
We say that a function f : Q@ — C is analytic if for every p € 2, there exists an

r =r(p) > 0 and a sequence of numbers {a, = a,(p)} such that
f(2) =) an(z=p)"
n=0

for every z € D,(p). A priori, it is not quite clear that if a function is represented by a
power series expansion on a disc of convergence Dr(p) then it is automatically analytic.
For instance, it is not clear if there should be a power series expansion around any other
point ¢ € Dr(p). The next proposition answers this question in the afirmative.
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Proposition 3.3.3. Let f(z) = Y 2 an(z — 20)" be a power series with radius of
convergence R. Then f is analytic on Dg(z9). In fact, for every p € Dgr(zy), and every
z € Dy(p) where r := R — |p — 29|, we have

X £(n)
=3 W e
n=0

Proof. We use the binomial expansion. As before, without loss of generality, we assume
that zg = 0. Writing z = z — p + p, and applying the binomial theorem, we see that on
|z —p| < R —|p| (since |z| < R), we have

f(2) =) an(z=p+p)"
n=0

= i i an <Z>p”‘k(z —p)*

n=0 k=0
= Z bk(z - p)kv
k=0
where - W
n _
n=~k
by Corollary 3.3.2. O

Remark 3.3.4. In some cases the power series on the right in the conclusion of Propo-
sition 3.3.3 might have a larger radius of convergence than R — |¢ — p|. In such cases,
the new power will define an analytic continuation of f. For instance, let us consider

the power series
1 oo
1—2z :
n=0

on |z| <1 withp=0. Let ¢ = —1/2. Then if |z +1/2| <1—1/2 =1/2, we have

o0

1 1 2 1 2 & on 1yn
1—223/2—(2+1/2)25'1—2(z+1/2)/3:§z?71<z+§> '

n=0

On the other hand, it can be easily seen that the power series on the right has a radius
of convergence R = 3/2, and hence defines an extension of the original power series in
the new region |z + 1/2| < 3/2. This was Weierstrass’ method of analytically continuing
holomorphic functions.

Corollary 3.3.5. [Principle of analytic continuation for power series] Let f be an an-
alytic function on a connected open set . If there exists a point p € Q such that
) (p) =0 foralln € N, f =0 on all of Q. In particular, the conclusion is true if there

is an open set U C § such that f U =0.
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Proof. Let S ={z¢€ Q| f"(z) =0 forall n = 0,1,2,---}. Then by the continuity of
f, S is closed in Q (ie. all limit points of S in Q, are also contained in S). Also, S is
non-empty by the hypothesis. Now suppose g € S. Since the function is analytic, there
is an open disc D, (q) on which

n:

X f£(n)
fo =S LW g,
n=0

since ¢ € S. But then D,(q) C S, and so S is open in 2. But then since 2 is connected,
this forces S = €2, and in particular, f =0 on €. 0
Appendix: Multiplication and composition of power series
Given two power series

oo
E anz", E bn 2",
n=0 n=0

their product can be defined, at least formally, in the following way-

oo
Zanz" : anz" = (ap + a1z +agz® + - )(bo + b1z + ba2® + - -)
n=0 n=0
= apbo + (aghby + a1bo)z + (aghy + arby + asbg)z? + - - -
(o @)
n=0
where ¢,, is given by

n
Cp = Z akbn_k.
k=0

This product goes by the name of Cauchy product. The main theorem, which we state
without proof, is the following.

Theorem 3.3.6. If the radius of convergence of two series centered at zy is R1 and Ra
respectively, then their product power series has a radius of convergence that is at least
min (R, Ra).

Proof of a slightly general version, applicable for any infinite series, can be found
on the wiki article https://en.wikipedia.org/wiki/Cauchy_product#Convergence_
and_Mertens.27_theorem.


https://en.wikipedia.org/wiki/Cauchy_product#Convergence_and_Mertens.27_theorem
https://en.wikipedia.org/wiki/Cauchy_product#Convergence_and_Mertens.27_theorem
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Lecture 4

The exponential functions

4.1 The exponential functional

Last lecture, we defined the complex exponential function by the power series

(e 9] n

exp(z) 1= Z %

n=0

We saw that the power series has infinite radius of convergence, and hence defines a
function on the entire complex plain. In fact by the theorem from last lecture, we now
know that the exponential function is holomorphic on the entire plane. Such functions,
that are holomorphic on the entire complex plane, are called entire functions. As we
saw in the previous lecture, to find the complex derivative, it is enough to differentiate
term-wise:

d 1d, = 2! 2 2"
P =2 i = T

To see the last equality just replace n — 1 by n in the penultimate term. So we see that

diz exp(z) = exp(z).

In fact we’ll see later that this property characterizes the exponential function. But first,
we collect some important properties of the exponential function.

Theorem 4.1.1. 1. exp(0) = 1.
2. For any complex numbers z,w we have that
exp(z + w) = exp(z) exp(w),
and in particular exp(—z) = [exp(z)] .
3. exp(z) # 0 for all z € C.

29
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4. The restriction of exp(z) to R is a positive strictly increasing function. For x € R,
e? = 1if and only if t = 0. Moreover, lim,_,o exp(z) = 00 and lim,_,_ exp(z) =
0. In particular, e : R — Ry is a bijective function.

Proof. 1. This is trivial from the definition.

2. This follows from the product formula for power series and the binomial theorem.
The left hand side of the equation is

oo
z+w)"
exp(z+w)zz(n‘).
n=0 ’
But then
+w)" 1 n! bk N~ 2R wnk
nl _n!kz_ok!(n—k)!zw _kZ_Ok! (n—k)"

This is exactly the n" coefficient of the Cauchy product, and the result follows.

3. Suppose exp(p) = 0 for some p € C. Since f(z) = exp(z) is an analytic function
with an infinite radius of convergence at 0, we also have the following representation
formula on all of C:

> £(n)
exp(z) = S LBy
n=0

n:

But since £ (p) = exp(p) = 0 for all n, this would mean that exp(z) = 0 for all
z, clearly contradicting (1).

4. Since exp(z) # 0 and exp(0) = 1, by the intermediate value theorem the function
f(z) = exp(x) defined on R is strictly positive. Moreover, since f(0) = 1 and
f'(z) = €® > 0, the function f(z) is strictly increasing, and hence f(z) > 1 for all
x > 0. Then by the mean value theorem f(x) —1 > z for all z > 0. From this it
follows that lim,_,~ f(2) = co. Then property (2) implies that lim,_,_~ f(z) = 0.
By the intermediate value theorem e* : R — R, is then a surjective map, and
hence a bijection.

O

Remark 4.1.2. Due to property (2) and our familiarity with working with exponents
from high-school, from now one we adopt the more suggestive notation exp(z) = e®.

Theorem 4.1.3. There is a unique holomorphic function f : C — C satisfying

{f’(Z) = f(2)
£(0) = 1.
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Proof. The proof uses the fact that if a holomorphic function has complex derivative
identically zero, then the function has to be a constant. We will prove this fact later in
the course. Assuming this, consider the function

9(z) = e " f(2).
Then by the Chain rule, since f/(z) = f(z) we see that
g(z) =e*(=f(2) + f'()) = 0.
Hence g(z) is a constant. But by the initial condition we see that g(0) = 1. On the other
hand by the first property in Theorem 4.1.1, e7* = 1/ exp(z), and so f(z) = exp(z). O
4.2 'Trigonometric functions

We can now analogously define the functions sine and cosine using power series:

0 »2m
cos z = ()" —
mZ::O (2m)!
oo 2m—+1
z
inz = _ym_=
S n;o( e

It is easy to check that the radius of convergence of both the power series is infinity, and
hence they define entire functions, just like the exponential function. In fact an easy
computation also shows that

— cos z = —sin z, d—sinz = COS 2.
z

dz

The same computation then gives the following generalized Euler identity.

Proposition 4.2.1 (Generalized Euler identity). For any z € C,
e = cos z 4 isin z.

Proof. This follows trivially from the following observations:

" {(—1)’”, n=2m

VA =
(=)™, n=2m+ 1.

So then by definition

i 0 i & - Z2m > . Z2m+1
= S N | LI | L —
= =20 (m)!“z( e

Fuler’s identity then follows from the observation that the two series on the right are
simply the Maclaurin series for sine and cosine respectively. O
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Remark 4.2.2. Polar coordinates. The Euler identity can be used to give a third
representation of complex numbers in terms of the exponential function. Namely, for
z € C, let r = |z| and § = argz. Then we have seen that

z=rcosf +irsiné.
So by the Euler identity, we have the representation
z=re".
This is sometimes very useful in computations.

Next, we collect some properties of the sine and cosine functions. These can be proved
using the generalized Euler identity, and the analogous properties of the exponential
function.

Theorem 4.2.3. The sine and cosine function satisfy the following.

1. sin(0) = 0, cos(0) = 1, and for all z € C we have

sin(—z) = —sinz and cos(—z) = cos(z).

2. For z,w € C,

sin (z £ w) = sin z cos w % cos z sin w

cos (z = w) = cos z cosw F sin z sin w.

3. For all z € C,
sin? z + cos® z = 1.

Proof. 1. This follows easily from the definitions.
2. It follows from the definition and property (1) above that

eiz _ e—iz eiz + e—iz
sinz=———, and cosz = ———
24 2
The sum-angle fomrulae then follow from this and property (2) in Theorem 4.1.1.

3. This follows from the sum angle properties and property (1) above. An independent
proof can be given by observing that the derivative of f(z) = sin®z + cos? z is
identically zero, hence f(z) is a constant function, and hence equal to f(0) = 1.

O

One can also define the other trigonmetric functions tan z, cot z, sec z and csc z in
the usual way.
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4.3 Periodicity and the definition of 7.

Theorem 4.3.1. There exists a smallest positive real number which we denote by ™ such
that €*™ = 1. Moreover, €”* = 1 if and only if z = 2nx for some n € 7.

The above theorem can be taken as the definition of the number 7. As an immediate
consequence of the above theorem and Euler’s identity, we have the following.

Corollary 4.3.2. For all z € C and alln € Z,
e# T2 — exp(z), sin(z + 2nm) = sin(z), and cos(z + 2nw) = cos 2.

In particular,

2 1
sin(2nm) = cos < n; 7r> =0

for all n.

Proof of Theorem 4.3.1. We first prove that there exists a real number 7 such that '™ =
1. To see this, note that by property (3) above, —1 < sin(z),cos(z) < 1 for all z € R.
Then by the mean value theorem, it is easy to see that for all x > 0,

z2

sinz < x, and cosx > 1— EX

Once again by an application of the mean value theorem, since (sinz)’ = cos(z) >

1 —2%/2, we see that
23
sin(z) >z — 5

Finally, by yet another application of the mean value theorem we obtain

2 ot

1—- 2 4=
cosx < 2—|—24,

for all z > 0. Putting = = v/3, we see that cosv/3 < 0, and hence by the intermediate
value theorem, there exists a zg € (0,v/3) such that cos(zg) = 0. Let 7 = 4x9. Then
by the sum, angle formulae, cos(7) = 1 and sin(7) = 0, and hence by the Euler identity,
e’ =1.

Next, we argue that any period of e** has to be a real number. For, note that if p € C
is a period, that is if e**% = ¢i* for all z € C, then ¢ = 1. But then, if p = a + ib,
then 1 = |¢”?| = e7® and so by part(4) in Theorem 4.1.1, we see that b = 0, or that p
has to be real.

Finally, we show that any period is an integral multiple of 7. We first show that 7 is
the smallest positive period. To see this, note that if 0 < 2 < xo(< v/3), then

2

x z
i > 1—f)>*>0.
sinx :1:( 5 5
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Since (cosz)’ = —sinz, this shows that cosz is strictly decreasing in [0, zo]. Then from
the identity sin? z + cos?z = 1, since sinz > 0, we see that sinz is strictly increasing
in [0,70]. In particular, 0 < sinz < 1, and €™ # 41 or 44. Hence e** # 1, and 7 is
indeed the smallest positive period. Now, if p is any other period of e%*, then we can
write p/7 = n + ¢, where n € Z and ¢ € [0,1). Then 1 = e? = €. By our discussion
above, if ¢ > 0, then 7¢ > 7, which is a contradiction. Hence ¢ = 0, and p is an integral
multiple of 7. The proof of the theorem is complete with 7 := 7/2. O

4.4 The logarithm function and complex powers

For functions of one real variable, the logarithm is the inverse function of the exponential
function. Indeed by Theorem 4.1.1, e* : R — R is a bijective map, and so we can define

Inz: Ry - R

to be the inverse function. We would like to generalize this to the complex plane. In
particular, we would like to have a definition for logarithm that makes it a holomorphic
function. An immediate difficulty is that while on real line, the exponential function is
strictly increasing, and hence one-one, on the complex plane, we have already seen that
the exponential function is not one-one. For instance e = e>™™ =1 for all n € Z. So to
define an inverse function, one has to make a choice of the pre-image. For instance, we
can choose to log1 = 0 or indeed any of 2min, forn =1,2,3,---.

Our goal is to come up with a domain € (necessarily not containing 0) and a holo-
morphic function L € O(Q) satisfying

exp(L(w)) = w (4.1)

for all w € Q. As a first attempt, a sort of ansatz, we might consider searching for
analytic functions, or functions defined via power series expansion. Since exp(0) = 1, it
is also natural to look for a power series expansion centred at wg = 1. We first observe
that if L satisfies (4.1), then necessarily (by an application of chain rule) we must have
that

1
L = —.
(w) = -
It is then easy to see inductively that for Kk =1,2,--- , we must have
(1) L(k —1)!
L) () = — . (4.2)
Now consider the power series
e k—1
-1
Lo(w) = T w1
k=1

It is easy to see that the radius of convergence is one, and hence Ly € O(D(1,1)). We
claim that Ly satisfies equation (4.1). To see this, consider the function

g(w) = wexp(—Lo(w)).
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Then ¢’ =0, and so g(w) = g(1) = 1 since Ly(1) = 0. Note that there is nothing special
about the value 0. For each n € Z, we could instead consider

- (DR k .
L, (w) = 2nmi + Z T(u} —1)¥ = Lo(w) + 2nmi.
k=1

This also satisfies equation (4.1), but now takes the value L, (1) = 2ni.
More generally, for any wg = exp(zp) € exp(C), we can define

_1\k—1
(-1) (

k
w — wy)".
kzw’g 0)

o0
L., (w) =z + Z
k=1
This series has radius of convergence |wg| and so L., € O(D(wo, |wo|))-
Note that in particular, we have that D(wy, |wg|) C exp(C). In particular we have
proved the following.

Lemma 4.4.1. exp(C) is an open subset of C*.
We now take a small detour to prove the following theorem.
Proposition 4.4.2. exp(C) = C*. That is, exp : C — C* is surjective.
The proof is a beautiful application of basic group theory.

Proof. The key observation is that if we consider the additive group (C,+) and the
multiplicative group (C*,-), then exp is a group homomorphism. Then H = exp(C) is a
subgroup. A basic fact from group theory is that the cosets of a subgroup partition the
group into a disjoint union. In this case, we may write

C*=HU (|_|>\7£17)\6(C* )\H)

Calling the second union as B, it is easy to see that B is also open since each \ - H
is open. So we have a decomposition of C* into a disjoint union of open subsets. By
connectedness, and the fact that H is non-empty , it then follows that H = C*. 0

An immediate consequence of the surjectivity is that one can define polar coordinates.
We leave the proof as an exercise.

Corollary 4.4.3. There exists a unique function arg : C* — (—m, | such that for any
w e C*,

w= |w]eiarg(w).

Armed with polar coordinates, it is very tempting to define Log : C* — C by
Log(w) = In |w| 4 i arg w,

where In |w] is the unique real number solving the equation e* = |w|. Unfortunately this
function is not even continuous. However, as we shall see later, Log defined as above is
a holomorphic function on C*\ {z € R | x < 0}. In fact we shall also prove later that
there is no holomorphic logarithm that can be defined on all of C*.
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4.4.1 Complex powers

Once logarithm is defined, one can also define the powers of complex to other complex
numbers by the simple formula

LW — W logz.
Example 4.4.4. The n'" roots. If n is an integer, then e™1°8% = (el°85)" = 2" and
hence the new definition of complex powers agrees with our usual definition of integer
powers of complex numbers.



Lecture 5

Cauchy Riemann equations

5.1 A review of multivariable calculus

Let  C R? be an open set, and p = (a,b) € 2. An obvious extension of one-variable
differentiability is the notion of directional derivatives. Given a unit vector @ € R? we
say that the directional derivative of f at p in the direction of  is given by

v fetha) — f(p) _ d
fp; @) := Jimy h _dt’tzo

f(p+ ta).

If we denote the unit vectors in the x and y directions respectively by if

& 1 & 0
1 - 0 ) 2 - 1 bl
then the directional derivatives

)= 0.8). G 0) = @)

are called the partial derivatives of f in the x and y directions respectively. The notion
of directional derivatives is rather coarse. Indeed, the function

[ @) £ 00)
f@y) {0, (1) = (0,0).

has directional derivatives in all directions, but is not even continuous! To rectify this
rather awkward situation, one needs to introduce a stronger notion of differentiability.
The key extension from the one-dimensional case is the idea that differentiable functions
can be approximated by linear functions.

A function f : Q — R? is said to be (totally) differentiable at p, if there exists a
linear map df, : R — R? such that

i J@+h) — fp) —dfy(h)
|h|—0 |h|

=0.

37
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The linear map df), is called the (total) derviative of f at p. If f is differentiable at p,
then f is also continuous, and moreover the partial derivatives, and indeed all directional
derivatives, exist at p. In fact,

f(p, @) = dfp[i].

In particular if f = (u,v), then the matrix for the linear map df, in terms of the standard
basis, called the Jacobian matriz, is given by

The determinant of the Jacobian matrix is called simply the Jacobian, and we will denote
it by J¢(p).

Remark 5.1.1. Note that the mere existence of partial derivatives is not sufficient for
the function to be differentiable. On the other hand, if the partial derivatives exist and
are continuous, then the function is indeed differentiable.

5.2 Cauchy-Riemann equations
Recall that a function f : Q) — C is holomorphic if

P = Loy = g TEHD = IC)

h—0 h

exists and is finite at all points z € 2. Putting z = x 4 iy and decomposing f into it’s
real and imaginary parts, we can write

f(z) = f(z,y) = ulz,y) +iv(z,y),
where u,v : 0 — R are real valued functions of two real variables.

Question 5.2.1. What restrictions does holomorphicity of f put on the functions u and
v?

So suppose f is holomorphic. In the limit above, suppose h goes to zero along the the
real axis ie. h = h + 0 is a real number. Then one can re-write the difference quotient
as

flz+h) - f(z) u(@ + h,y) — u(z,y) v( + h,y) —v(z,y)

Jim, h = Jim h t+ijim h
ou Ov

Notice that since the limit on the let exists, by definition of the limits of complex values
functions, the individual limits of the real and imaginary parts also exist, and hence the
two limits on the right exist. In other words, if f is holomorphic, then the partials of u
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and v with respect to x exist. On the other hand, if h goes to zero along the imaginary
axis ie. h = ik, where k € R goes to zero, then
fz+h) - f(2)

u(x,y—i—k)—u(a:,y) v(x,y+k)—v(x,y)

I i i
hlg%) h kg% ik + Zkli% ik
i Y@y R —o(ey) L u(zy k) —u(ey)
k—0 k k—0 k

ov Ou
- %($, y) - Zaiy(x7y)

Again, the fact that f is holomorphic implies that the partials of u and v with respect to y
also exist. But of course, if f is holomorphic, then these two limits must coincide. Setting
the real and imaginary parts equal to each other we obtain the so called Cauchy-Riemann
equations. In fact we have the following fundamental characterisation of holomorphicity.
To state it, we first define “complex” multiplication of vectors in R? as the map J :

R? — R? given by
a —b
-1

An application of J of course simply amounts to a rotation of the vector by 7/2 in the
counter-clockwise direction. Or equivalently if we identify vectors in R? with points in
C, then an application of J is the same as multiplication by i. It is easy to check that
this is a linear isomorphism satisfying J? = —id, and that the matrix with respect to

the standard basis is
0 —1
J- (1 : ) |

Theorem 5.2.2. Let 2 C C be an open set and f = u+iv: Q — C a function. Then
the following are equivalent.

1. f =u+iv is complex differentiable at a point z € Q.

2. dfy exists and u and v satisfy the Cauchy-Riemann (CR) equations:

Se(zy) = Gi(x,y)

v _ _Ou (CR)

%(xay) __87y($’y)

3. df, exists and is C-linear in the sense that for any vector v € R?,
dfp o J(v) =Jo dfp(ﬁ)‘
Moreover, if f is complex differentiable at p = a + ib, then
of of
!/

g = ] — . .1
£0) = G @) =i (@b (1)
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Proof. e Proofof (1) = (2). Firstly, the remarks above prove that if f is complex
differentiable at p = a+1b, then the partial derivatives of u and v exist at (a, b) and
satisfy the Cauchy-Riemann equations. Moreover, f’(p) can be computed using the
formula (5.1) above. All it is remains to be shown is that f is in fact differentiable
as a vector valued function of two variables. From the definition of differentiability,
given € > 0, there exists a § > 0 such that

‘f(p +h) = f(p) = f'(p)h
h

<
whenever |h| < 6. By the Cauchy Riemann equations, the Jacobian matrix at p is
given by
_ [ ua(a,b)  uy(a,b)
)= ("5 o))

It Df, is the linear transformation associated to the Jacobian, then an easy com-
putation shows that for any complex number h = \ 4 ip,

Dfp(h) = (Mua(a,b) + pary(a, b)) + i(=Auy(a, b) + pus(a, b)) = f'(p)h.

Here the left hand side is a vector in R?, while the right hand side is a complex
number, and the identification is the usual one. So give € > 0, for the § > 0 chosen
above, we have that

flp+h) = fp) - Dfp(h)‘ _ ‘f(p+ h) = f(p) = f'(p)h
7] h

<e,

whenever |h| < §. Hence f is differentiable at p with derivative given by D f,.

e Proof of (2) <= (3). Let ¢i and €3 be the standard basis vectors for R? as
above. Note that J(€1) = é3 and J(€3) = —¢éi. Then

Au
%U@»:m@ﬁ1%$]

ou ov
Syy m(p)] _ [—aw(p)}
Ty (€)) Jd%@> %) |-
So the Cauchy-Riemann equations are satisfied if and only if D f,,(J(¥)) = J(D f,(7)).

e Proof of (2) = (1). Let p = a+ib € Q be a point, and let

{4=%ww=%ww
B = g—;’:(a, b) = —g—Z(a, b).

By the definition of differentiability,

u(a+ h,b+ k) =u(a,b) + hA — kB +¢e1(h, k)
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v(ia+h,b+ k) =v(a,b) + hB + kA +ea(h, k),

where £1(h,k)/vVh?+ k?> — 0 and e2(h, k)/vVh?> + k?> — 0 as (h,k) — 0. So
fla+ib+ (h+ik)) — f(a+1ib) h(A+iB)— k(B —iA) ei(h,k)+ea(h, k)

h + ik h + ik h + ik

For the first term, multiplying and dividing by the conjugate h—ik and simplifying,
we see that

(hA — kB) +i(hB + kA)

=A+1iB.
Wt ik o
For the second term, using triangle inequality, we see that
51(h7k) +€2(h‘7k>) < |€1<h’7 k) ) ’€2<h’7 k) )
IERT I B Ve el R

as (h,k) — 0. And so we see that

. fla+ib+ (h+ik)) — f(a+1ib)
lim -
h+ik—0 h + ik

exists, and is in fact equal to A + ¢B. This proves that f is holomorphic, with

o= s P =Py O
f(p) = pe (a,b) + Z(?a: (a,b) = Z@y (a,b) 9y (a,b).

As a consequence, we have the following useful observation.

Corollary 5.2.3. Let f = u+iv : Q& — R be holomorphic at p € Q. Then, J¢(p) =
|f'(2)|?. In particular, the Jacobian of is always positive, and hence any holomorphic
map 1S orientation preserving.

Proof. By the Cauchy Riemann equations and (5.1),
_Oudv  Oudv  0u\2 v\ L, o
I~ ox oy Oyox (83:) (81:) = IF )
O

The Cauchy-Riemann equations help us compute complex derivatives, or rule out
the possibilities of some functions being holomorphic.

Example 5.2.4. The function f(z) = z cannot be holomorphic. To see this, note that
f(z) =z —iy. Applying the above theorem with u(x,y) = x and v(x,y) = —y, we see
that u, = 1 while v, = —1, and so the above equations are not satisfied. For this function
f(2) = z is holomorphic. Functions such as these whose conjugates are holomorphic,
are called anti-holomorphic functions. It is easy to prove that the only holomorphic and
anti-holomorphic functions are the constants.
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Example 5.2.5. We have already seen that f(z) = |z| is not holomorphic. Using the
above theorem it is easy to see that in fact, any function, defined on an open connected
set, that takes only real values cannot be holomorphic, unless it is a constant function.
This is because from the above theorem (since v=0) we get that u, = u, = 0. That is,
the gradient of u is zero in an open connected set in R?. But then, by a standard fact
from multivariable calculus, u (and hence f) has to be a constant.

Example 5.2.6. The function f(z+iy) = +/|z||y| satisfies the Cauchy-Riemann equa-
tions at the origin. On the other hand, one can show that the function is not holomorphic
at z = 0. The problem is of course that D fo does not exist.

We finish this section with an elementary consequence of the characterization above.

Corollary 5.2.7. Let  C C be a connected, open subset, and f : 2 — C be a holomor-
phic function. If f'(2) =0, then f is a constant.

Proof. If f'(z) = 0, then by the Cauchy Riemann equations, and (5.1), Df, = 0. By
the mean value theorem (applied to line segments in R?), we see that f has to be a
constant. O

5.3 Non-existence of holomorphic logarithms.

Corollary 5.3.1. Let Q be an open subset of C containing the origin. There does not
exist a holomorphic function f(z) on Q* = Q\{0} such that exp(f(z)) = z for all z € Q*.

Proof. Since €) is an open set containing the origin, there exists an 6 > 0 such that
Ds(0) C Q. We proceed by contradiction. Let f = u + iv be such a function. Then

necessarily

1 T Y
/ _ L _ o .
Filz) = 22ty 242

By the Cauchy Riemann equations we then have that

v Y ov x
_——= ——— = P —_—_=— =
Oz x2 + 92 YOy a2+ g2 Q

that is Vu = F = (P, Q). Then by the fundamental theorem of line integrals

/ Vu-di =0.
0D;5(0)

On the other hand

/ ﬁ.dfz/ Pdz + Qdy
aDs(0) D;(0)

= 27,

which is a constradiction. O
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5.3.1 New notation

A more compact way to write down the Cauchy-Riemann equations is to introduce the

9 9

0z’ 0z
operators. These are the analogs of the partial derivative operators 0/0x,9/0y in the
complex setting. To see how to define these operators, note that any point in the plane
(z,y) can be described using the (z, z) variables via the formulas

2+ Zz zZ—Z

TT T YT Ty

Formally, using chain rule from multivariable calculus (any sensible definition of these
operators should satisfy chain rule after all!), and treating z and z as independent vari-
ables, we see that

o5 _of oz of oy
0z Ox 0z Oy 0z
_1so0f  10f
_2(8;C+i8y)

Similarly we see that
or _ 1(% - 1%)
0z 2\0x i0y/’

Motivated by these formulae, we define the two operators as

0 1/0 10
E::§<%+E(‘Ty>
o 1,0 10
%—5(@‘2@7)

Then for a holomorphic function f(z) the Cauchy-Riemann equations can be re-written

as
OF _q, 91 _

9z 0, 0z I'(2)-

So holomorphicity implies that the function is independent of the Z variable. Note that
for any complex valued two variable function, we then have

of _of

0z 0z
Remark 5.3.2. (Chain rule in the new notation). Let f and g be function from
domains in R? to R?. Suppose f is differentiable at p = (a,b), g is defined in a neigh-
borhood of f(p) and is differentiable at f(p), then g o f is differentiable at p. Then the
chain rule from multivariable calculus is equivalent to

2o ) = 210 Py + L) L
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L (0) = 2250 L) + o () - S )

Heuristically, this would be the “obvious” chain rule one might write down, if we consider
(z,Z) as two independent variables of f (and resp. (w,w) two independent variables
of g). The proof of course requires an interpretation of the chain rule in terms of
multiplication of Jacobian matrices, and the expression above of the Jacobian matrix in
terms of the holomorphic and anti-holomorphic derivatives. In particular, if f and g are
both holomorphic, then

8%Zf<p> =g (f(P) - '), agazf (p) = 0.




Lecture 6

Harmonic functions

6.1 Harmonic functions in the plane and holomorphic func-
tions

Let v : R® — R be a C?-function. That is, the second partials of u exist and are
continuous. We say that u is harmonic if

Au = —=0.

Harmonic functions show up almost everywhere in physics, and most prominently in
electrostatics. For instance the electric potential in a charge free region is harmonic
function! In what follows we will only consider functions u(z,y) of two variables, All
the theorems we state in this lecture have higher dimensional analogues, but it is only
in two dimensions that harmonic functions make contact with complex analysis. via the
following theorem.

Proposition 6.1.1. Let f =u+iv: Q — C be a holomorphic function, Suppose u and
v have continuous second partial derivatives, then u and v are both harmonic functions.

Proof. The proof is an easy consequence of the Cauchy-Riemann equations. By CR
equations, u; = vy, and u, = —v,. differentiating the first with respect to ‘z’ and the
second equation with respect to ‘y’, and recalling that since v has continuous second
partials, the mixed partials commute, we see that

AU = Uy + Uyy = Vyp — Vgy = 0.

This is much cleaner if we use “complex derivatives”. One can show that in R?,

B 0%u
0207

Au

45
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Then if u = R(f) we have that 2u = f + f. So f is killed by 9/0z and f is killed by
0/0z.

Conversely we have the following.

Proposition 6.1.2. Let u be a harmonic function on the unit disc Dr(zo). Then there
exists a harmonic function v on Dgr(zo) such that f := u+iv is a holomorphic function
on Dg(zg). Moreover, if v' is another such function, then v — ¥ is constant on the disc.

Proof. Without loss of generality we may assume that zg = 0. The uniqueness follows
from the Cauchy-Riemann equations since

f(z) = @—Fi@ = @ﬂ'@
S Ody Oz Oy Oz

In particular, V(v —0) = 0, and hence v — ¥ is a constant. Let F= (P, Q) be the vector

field obtained by
ou

ou
P:=—— = —.
oy’ @ Ox
Since w is harmonic, we automatically have that curlF = 0.
Claim. There exists a function v on Dg(0) with continuous second partials such that
Vv =F.
Assuming this the proposition follows since
orP 0
_ 9P 09 _
or Oy

by Clairaut’s theorem on commuting mixed partials.

Av 0,

Proof of the Claim. We let

v(z,y) = / F.drf= /01 (P(t;r,ty)x + Q(tw,ty)y) dt.

Uz
Then

ov 1 oP aQ
o = /0 (tx%(tx,ty) + P(tz, ty) +ty%> dt

1 d 1
:/ t— P(tz, ty) dt—i—/ P(tx, ty) dt
o dt 0

1 1 1
:tP(t:n,ty)‘t O—/ P(ta:,ty)dt+/ P(tx, ty)dt
= 0 0

= P(z,y).

Similarly we can also prove that
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6.2 Mean value property

Proposition 6.2.1. Let u € C°(D(zg, R)) be harmonic on D(zy, R). Then

1 2w

u(zg) = 2/ u(zo + Re™) do

el
= — u(zx,y) dx dy.
TR J/D(zo.m) )

Proof. Suppose first that « is harmonic. For ¢ € (0,7), let

1 2w

f(t) u(zo + te') db.

:50

We claim that f is a constant. Assuming this, the proposition follows easily since
lim;_,o+ f(t) = u(z0) by continuity of u. To prove the claim, we differentiate in ‘¢’ and
obtain

) _1/27T ou iy L e pOU i0
f(t)—27r ; (cosﬁax(z0+te )—|—sm€ay(z0+t6 )>d9

Note that we are integrating a certain function on the circle C; of radius t centred at zg
parametrized by
x =tcosh, y=tsind.

Hence,
dx = —tsinfdf and dy = tcos 0 db.

So if we define a vector field by

- ou. Ous
Foo 24y gus
dy oz

then curlF = 0 since u is harmonic, and hence by Green’s theorem

/ 1/ nl
t) = — F-dl=0.
r=o

The second equality is satisfied by using the MVP on all circles D(zp,r) for r < R and
integrating from r = 0 to r = R. We leave the details as an exercise. 0

More generally, we have the following property:

Corollary 6.2.2 (Poisson representation formula). Let u be harmonic on D(zy, R) and
continuous on D(zg, R). Then for any p € D(29, R) we have

1 27 R2 _ ’p _ 20‘2 "
= . ) do.
u(p) 2m /0 lp— 20 — J%ZHPU(Z0 + Re”)
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Proof. Without loss of generality we may assume that zp = 0 and R = 1. So we have to
prove that
L[ 1 pl?

_ i0
=ar ] mu(eZ ) db.

u(p)

Consider the map
I
C1—2p

®(z)
Then it is an easy exercise to show that ® is a bi-holomorphism such that ®(0) = p.

Consider the function v(w) = u o ®(w). Since ® is a bi-holomorphism, it is also easy to
check that v is again harmonic. Indeed applying the chain rule twice we have

Av

B 5% B 0 (0u
 dwow Ow

2o d(w) - B'(w) ) = Au(®(w))|P(w)[? = 0.
0z
By the Proposition above,

u(p) = v(0) ! /O%U(eit) dt = Lo u( p—c" ) dt

:% _% 0 1—6“25

A simple computation shows that |®(w)| = 1 if |w| = 1 and so changing coordinates and

setting A
p—e” o0

1—eitp 7
we see that
dt = 1_7‘])’2 de.
p— e
Plugging this back into the integrand above we have the required result. O

Corollary 6.2.3 (Analyticity of harmonic functions).

6.3 Maximum principle and open mapping principle

Proposition 6.3.1. Let € be a region and u be harmonic on Q. If u is non-constant,
then u cannot have an interior local max or min.

Proof. Suppose u has an interior local max, say at zg € €2. Let
E={z€Q|u(z) =u(z0)}
Clearly E is closed and non-empty. We claim that O

Corollary 6.3.2. Let u be a harmonic function on 2, and suppose that u extends to a
continuous function on 2. Then

max u = maxu, minu = minwu.
Q oQ aQ d
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In particular if v € C°(Q) N C%(Q) is another harmonic function such that

:’U‘ y

Y
o9

o0

then u = v.

Proof. Suppose zg is an interior maximum point. We then prove that u is a constant.
Let £ = {z € Q| u(z) = u(z0)}. Clearly E is non-empty and closed. We prove that
FE is also open. By connectedness of €2, this would imply that v is a constant. By the
mean-value property, if z € E and D(z,r) C Q, then for any t < r,

1 2 .
= — u(z) —u(z teze)de.

3 | (v2) —ute+ee?)
But the integrand is non-negative, and so u = u(z) = u(z9) on dD(zp,t). So D(z,r) C E
and we are done. The minimum principle also follows by applying the maximum principle
to —u. The second part also follows immediately. Since A is a linear operator, it is

enough to prove that if u‘ o = 0, then v = 0 on . But this follows immediately from

the maximum and minimum principles. ]

Corollary 6.3.3. Let u be a non-constant harmonic function on an open set 2. Then
U 1S an open mapping.

Proof. Let V be an open subset of Q and let s9 € u(V). Suppose zg € V such that
u(zp) = sp. Since V is open, there exists 7 > 0 such that D(zp,7) C V. Since u takes
connected and compact sets to connected and compact subsets of R, u( D(zo, 'r)) = [a, b].

Clearly,
a = min u and b = max u.
D(zo0,r) D(zo0,r)
By the maximum and minimum principle, s € (a,b). So (a,b) is open set around sy that
is contained completely inside u(V'), and since sy was arbitrary, this implies that u(V)
is an open subset of R. O

6.4 Liouville’s Theorem

Proposition 6.4.1. Let u be a bounded harmonic function on C. Then u is a constant.

Proof. Let p € C and suppose that |u(z)| < M for all z € C. Then for any R > |p|. by

the MVP .
u(p) —u(0) = —5 u(z,y) dz dy,
( ) < ) R2 S(p, ) ( )

where S(p, R) is the symmetric difference of D(0, R) and D(p, R). That is,

S(p, R) = (D(p, R)\ D(0, B)) U (D(0. )\ D(p. R)).
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From elementary geometry it follows that
1S(p, R)| < 4|p|R.

For instance one can show that S(p, R) C D(0, R+ |p|) \ D(0, R — |p|) from which the
estimate follows. Now we can estimate

1

lu(p) —u(0)] < —; [u(z, y)| de dy
TR Jsp.R)
|S(p, R)|
< M——FF=
- TR?
4M oo
< Il rooo,
R
So u(p) = u(0). Since p was arbitrary, this implies that u is a constant. O

One can also prove Liouville’s theorem by an application of the Harnack inequality.
Since the Harnack inequality has played a fundamental role in the development of the
theory of elliptic PDEs, for historical reasons we state and prove a version here.

Proposition 6.4.2. Let u be a non-negative harmonic function on D(0,R). Then for
any p € D(0, R) we have

R—Ip\u
R+ |p|

Proof. Let |p| <r < R. By the Poisson representation formula we have

2t .2 (2 '
u(p) ! / U p] (7"6“9) do.
0

o \p—rewPu

(0) < u(p) < TP

Sm Y

Now for any 6 we have the following inequalities:
(r = pl)* < Ip = re? < (r + [pl)?,

and so

(T — \p|) 1/027r u(re) d < u(p) < (T T |p!) 1/0% u(re?) db

r+pl/)  2m r—lp|/ 2r

(Y0 < ue) < (“5P)u0),

T+ |p| T — |p|

where we used the mean value property in the second line. Now letting r — R~ we
obtain the required result. ]

Alternate proof of Liouville theorem. Let v = u + M, where u is harmonic on R? and
satisfies |u| < M. Then v is a non-negative harmonic function on R% Let p € RZ.
Applying Harnack inequality on the disc D(0, R) for R > |p| we see that

R — |p|

R+ |p|
v(0) <w <

~ R—p|

v(0).
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Letting R — oo we see that v(p) = v(0). Since p was arbitrary this implies that v, and
hence u, is constant.

O]

Appendix: The Dirichlet problem on a disc

The following is a general question one could ask:

Question 6.4.3. Let ) be a bounded region in C and ¢ € C° (0, R). Is there a harmonic
function w on Q such that for any z — p € 0, lim,_,, u(z) = ¢(p)?
In this section, we solve the problem on discs. In fact, we can give an explicit formula

for w. For simplicity, we first restrict attention to the unit disc D centred at the origin.
The case of a general disc follows by translation and scaling.

Definition 6.4.4. The Poisson kernel for D is defined by
1z

P(z) = Tl

In polar coordinates setting z = re?we have P(z) = P,(6) where

B 1—7r?

1 —2rcosf+r2’

The Poisson representation formula can now be expressed in the following form:

P.(0)

, 1 [?7 .
u(re’) = — [ Pr(0)u(e”),
27 0
since 01 )
1— |ref 1-
—[ret | RS
|ezt _ 7“619’2 ‘1 — rei(0-1) ’2
Proposition 6.4.5. Let o € C°(OD,R). Then the function
) 1 2
u(z) = u(re?) .= — P.(0 —t)p(t)dt
2 0

is harmonic and satisfies

I = o(p).
 im ul2) = ¢(p)

Lemma 6.4.6. The function P(r,0) is harmonic on D*.
Proof. 1t is easy to show that the Laplacian in polar coordinates takes the form
9? 10 1 92
~ oz T rar oe
We then compute
AP(r,0) =



02

LECTURE 6. HARMONIC FUNCTIONS



Part 11

Integration theory

53






Lecture 7

Complex Integration

7.1 Curves in the complex plane

A parametrized curve (or simply a curve) in a domain Q2 C C is a continuous function
z(t) : [a,b] — Q. Writing

2(t) = w(t) +iy(),
we say that z(t) is differentiable with derivative 2/(t), if 2/(¢) and y/(t) exist for all
t € (a,b), and then we set

2 (t) =2 (t) + iy (b).
We call it regular if 2/(t) exists and 2/(¢t) # 0 for all ¢ € (a,b). Geometrically, the vector

2/ (D1+y/ (1))

gives the tangent vector to the curve at the point (x(t), y(t)), and so the complex number
2/ (t) encodes the information of the tangent vector. Moreover

[2'(6)] = va'(t)? + /' (1),

measures the speed at which the curve is traversed.

For a parametrised curve as above, the points z(a) and z(b) are called the initial and
final points of the curve respectively, and together they are referred to as the end points
of the curve. The curve is said to be closed if z(a) = z(b), and is called simple if z(t) is
injective on the interval (a, b).

7.1.1 Orientation

The choice of a parametrization fixes the orientation of the curve. Given a parametriza-
tion z(t) : [a,b] — C of the curve C, we say that w(s) : [¢,d] — C is an orientation
preserving re-parametrization or that z(t) and w(s) are equivalent parametrizations, if
there exists a strictly increasing function « : [¢,d] — [a,b] with a(c) = a and a(d) = b,
such that
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Example 7.1.1. Consider the curve defined by z : [0,27] — C where
z(t) = R(cost + isint).
The image of the curve is of course a circle of radius R. The tangent vector is given by
2'(t) = R(—sint +icost),
and so the speed is |Z'(t)| = 1. A parametrization is given by w : [0, 7] — C,
w(t) = R(cos 2t + isin 2t),

which traverses the same circle, but with double the speed. On the other hand the
parametrization

2(t) = R(cost — isint)

fort € (0,27) also describes the same circle with the same speed, but traversed in a clock-
wise direction. A circle is said to be positively oriented if the parametrization traverses
the circle in the anti-clockwise direction, while negatively oriented otherwise.

We will need to consider slightly more general curves. A curve z(t) : [a,b] is said to
be piecewise reqular if there is a partition

a=tg<t1 <---<tp,=0b

such that z(t) restricted to each (t;—1,t;) is a regular curve.

7.1.2 Notation and conventions.

If the image of restriction of the curve z(t) to the interval (¢;,_1,t;) is denoted by C;, and
the image of the full curve is denoted by C, we then write

C= i Ch.
i=1

We denote by —C, the curve C traced in the opposite direction. For instance, if z(t) :
[a,b] — C is a parametrization for C, a parametrization for —C' is given by z~(s) :
[a,b] — C where

2 (s) =z(a+b—s).
For a positive integer a > 0, we denote by aC to be the curve C traversed ‘a’ times. A

circle Cgr(p) or |z —p| = R, unless otherwise specified, will always mean a circle of radius
R centred at p traversed once in the anti-clockwise direction.



7.2. COMPLEX LINE INTEGRALS 57

7.2 Complex line integrals

For a continuous function f = u+ iv : [a,b] — C of one real variable, we can extend the
definition of integration by defining

/abf(t) dt = /abu(t) dt—i—i/abv(t) dt.

Now, suppose we are given a smooth curve as above, and a function f : Q — C, we
then define the complex integral along the curve by

1yumﬁ=13uwwww,

where C denotes the image of the curve. Note that the multiplication above is the com-
plex multiplication. It is convenient to think of dz as a complex differential, representing
an infinitesimal complex change, and given by

dz = dx + idy.

So if f = u + iv, then

/Cf(z)dz:/C(udx—vdy)+i/(udy+vdx),

C

where the integrals on the right are now the usual line integrals from multivariable
calculus.

Remark 7.2.1. Recall that the differential forms dz and dy are defined to be duals of
the vector fields 9/0x and 9/0y in the xy-plane. That is,

()= () =1 () ~n() =0

Then it is easy to compute that dz = dx + idy and dz = dzr — idy are dual complex
valued differential forms to the complex valued vector fields 0/0z and 0/0z vector fields
defined in the previous lecture.

To make sure the integral is well defined, we need to show that it is independent of
orientation preserving parametrizations.

Lemma 7.2.2. Let C be a curve with parametrization z(t). Let w(s) = z(a(s)) be
another orientation preserving parametrization, where « : [a,b] — [c,d]. Then

Ajmwwzéﬂaw.
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Proof. By the chain rule, since w'(s) = 2/(a(s))d/(s), we see that

b b
/C f(w) dw = / f(w(s))w! (s) ds = / F(2(a(s)) (a(s))a(s) ds.

Putting ¢t = a(s), we see that o/(s)ds = dt, and hence

/Cf(w)dwZ/abf(z(t))z’(t)dt:/Of(z)dz.

This shows that the definition of integration is independent of the parametrization cho-
sen. ]

We can now extend the definition of complex integrals to piecewise smooth curves
by linearity. That is, if C'= C1 + - -- 4 C,, is a piecewise smooth curve with C; smooth
curve for all j = 1,--- ,n, then we define

/Cf(z) dz ::Z:/Cj F(2) d=.

Similar to our definition of [, f(z)dz we can define the integral with respect to dz

by o
/C f(z.2)dz = /C 70 de.

We can also define the integral with respect to arc-length. For a complex or real valued
function f(z) and a curve z = z2(t) : [a,b] — C we also define

b
/C £(2)|dz] = / F(2)12()]dt.

We then define the length of the curve by

|C| := len(C) :—/C|dz.

We next state, without proof, some basic properties of the complex line integral. The
proofs follow from the definition of the complex integral and corresponding properties
of the Riemann integral.

Proposition 7.2.3. Let C be a parametric piecewise regular curve in an open set ) C C.

1. For any complex numbers a,b and any complex valued functions f and g we have
that

/C[af+bg](z) dz Za/cf(z) dz—l—b/cg(z) dz.



7.3. A FUNDAMENTAL COMPUTATION 59

2. For integers a; € Z and piecewise smooth curves Cj, if we denote by C = a1C7 +

-+ a,C,, we have
/Cf(z)dz:j;aj/cj f(z)dz

/Cf(z)dz——/cf(z)dz

In particular,

3. (Triangle inequality)

| [ @] < [ 1) lds] < sup )] -length(©).

with all inequalities replaced with equality if and only if f is a constant real number.

4. If fo =5 f, then
Jim fn )d2=/of(z)d2

7.3 A fundamental computation

/ 2" dz,
Cr

where Cr = {z | |2|] = R} is the circle of radius R centered at the origin positively
oriented and traversed once. It is not an overstatement to claim that this integral,
although elementary, plays a fundamental role in complex analysis. A parametrization
of the circle is given by z(t) = Re', 6 € [0,2n]. Then dz = iRe'?df), and so

2
/ 2", dz = / R"e™(iRe'?) db
Cr 0

We now compute the integrals

2
— iRn+1/ ei(n-‘rl)@ do
0
Now if n 4+ 1 # 0, then
2 1 ‘ 0=2m
/ ez(n—i—l)e do = ez(n—i—l)@‘ -0
0 (TL + 1)Z 0=0 ’
since € is periodic with period 27. On the other hand, if n = —1, then

27 27
/ 2" dz = iR"! / 0 g — / do = 27i.
Cr 0 0
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So summarizing, we have the following:

1 0 —1
Z"dz = n
z|=R

2mi |, 1, n=-1

In particular, the integral is independent of the radius R. More generally, we have the
following.

Proposition 7.3.1. Let D be any disc in C, and let p be a point not lying on the
boundary circle C = 0D. If C is traversed only once with positive orientation, then

1 1 1, peD
n(C;p) == — dz=4 P52
2t Jo 2z —p 0, p¢ D.

Moreover, if n # —1 and n € Z, then

/C(z—p)"dzzo.

The number n(C, p) is called the index or the winding number of the circle C' around
P.

Proof. Without loss of generality, we can assume that z5 = 0. Now suppose p € D.
Then for any z € C, |z| > |p|. Then by the geometric series expansion, for z € C we
have

1 1 1 1 pt
z—p z 1—p/z =z 2"
n=2
Integrating both sides (this can be done since convergence is uniform), and using the
above computation, we see that n(C,p) = 1. On the other hand, if p ¢ D, then |z| < |p|
for all z € C, and hence

Again integrating both sides, we see that n(C, p) = 0, since there are only positive powers
of z on the right. For the second part, if n > 0, then the integrand is a polynomial and
hence the integral is zero by the above computations. If n = —m < 0, then we can write

@—M":( 1>m-

Z2=p

Once again using the geometric series expansions above, in both cases, there will no
terms with exponent —1. And hence by the computation above, the integral will be
ZE€ro. O
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Remark 7.3.2. Later in the course, we will define the index n(y,p) of a general curve
~ around a point p by a similar formula, and we shall prove (rather indirectly) that the
index of any closed curve is always an integer. Assuming this, we can provide a more
conceptual explanation of the above result. It is clear that the n(C,p), as a function of
p defined on the open set C\ C' is a continuous function. But then being integer valued,
it must be locally constant. From our elementary observation, n(C,0) = 1, and hence
n(C,p) =1 for all p € D. On the other hand, clearly as |p| — oo, n(C, p) approaches 0.
Again by virtue of being locally constant, this implies that n(C,p) = 0 for all p € C\ D.

7.4 Primitives

We then have the following theorem, which is a generalization of the fundamental theo-
rem for line integrals from multivariable calculus.

Proposition 7.4.1 (Fundamental theorem for complex integrals). If C' is any curve
joining the point p to q, then

| PG =Fla) - F ).
C

Proof. Let z(t) : [0,1] — C be a parametrization for C' such that p = z(0) and ¢ = z(1).
Then

/CF'(Z) - /OIF’(z(t))z’(t) dt.

But by Chain rule, if we let g(t) = F(z(t)), then ¢'(t) = F'(2(t))z'(t), and so

/ . ldg _
/CF<z>dz— [ % it = 901) = 900)

where we use the usual one variable fundamental theorem of calculus. But g(0) =
F(z(0)) = F(p) and g(1) = F(q), and this completes the proof. O

Recall that an open set is called connected is any two points can be joined by a
continuous curve lying completely inside the open set. An important and immediate
consequence of the fundamental theorem is the following.

Corollary 7.4.2. Let 2 C C be an open connected subset, and f :  — C be holomor-
phic. Then f'(2) =0 for all z € Q if and only if f(z) is a constant.

For a domain 2 C C, and F, f : © — C complex valued functions, we say that F'(z)
is a primitive of f(z) if

F'(z) = f(2)

for all z € Q. Then another direct corollary of the above theorem is the following.
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Corollary 7.4.3. If a function f:Q — C has a primitive F' on €, then

/Cf(z)dz:O

for every closed piecewise O regular curve C C Q.
Conversely, we have the following.

Proposition 7.4.4. Let Q be a region and f € C°(Q). Suppose further that

/Cf(z)dZ—O

for every closed piecewise C' regqular curve C C Q. Then f has a primitive on Q. In
fact the primitive is then given by

F(z) = F(20) + /Z f(z)dz,

where we take an arbitrary base point zg € , an arbitrary value for F(zy) and the
integral is taken over any piecewise Cl-regular curve from zy to z.

Proof. Let F be defined as above. We need to prove that F' € O(Q) and F'(z) = f(2).
Let v, be a smooth regular curve from 2y to z and =, be the curve from zy to a point
w € D(z,0), where § will be chosen later. In particular, it is small enough so that

D(z,8) C Q. Let I, ,, be the straight line from z to w. Then the curve I' = , followed
by L. . and then by —v,, is a closed piecewise Cl-regular curve. By the hypothesis

/F f(Q)d¢ =,

and hence

Flw)=F(z) = [ f({)dC.

lz,w

For convenience we set w = z + h. Then by triangle inequality and the fact that

/ F(z)d¢ = hf(2),

lz,z+h
we have that
F(z+h) — F(2)
h

1)< g

<7, 1£(¢) = f(2)] |dd].

z,z+h
By the continuity of f, given any ¢ > 0, there exists § > 0 such that if |h| < J, then for
all ¢ € D(z,h) we have
1f() = f(2)] <e.
But then clearly if |h| < § we have that
F(z+h) — F(2)
h

—flz)] <e.
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Using the above corollary, we can explain the results of the calculation above. Recall
that for any integer n # —1, we have that

(n—ll— 1) dizzm_l ="

Or in other words, for n # —1, 2™ has a primitive at least on C\ {0}. Hence the integral
on any closed loop not passing through z = 0, is always zero. In particular, the integrals
around |z| = R are zero. That leaves the case when n = —1. We have already seen (as
a consequence of the chain rule) that if a holomorphic logarithm log z can be defined,
then it is a natural primitive for 1/z. But we saw some lectures back, we saw that going
around a circle centered at the origin, makes the logarithm function discontinuous, leave
alone non-holomorphic. In fact, combining the corollary with the calculations above, we
have managed to prove the following.

Proposition 7.4.5. Let Q C C\{0} be an open set containing at least one circle |z| = r.
Then there is no holomorphic function F : Q — C such that

ef'?) = 2.

In particular, there cannot be a holomorphic logarithm defined on all of C*, or indeed
on any punctured neighbourhood D, (0) \ {0} of 0.

In fact, the theorem can also be used to explain the fact that n(0D,p) = 0 when
p ¢ D. Again without loss of generality, we assume that D = Dg(0). Recall that logw
can indeed be defined via a power series in the region |w — 1| < 1, namely

X  1yn—1
logw = Z (171(10 - 1",

n=1

and it satisfies (logw)’ = w™!. Now putting w = z/p — 1, f(z) = log(z/p — 1) is a
holomorphic function in the region |z| < |p| with
1

fe) = =

Since C' is completely contained in the region |z| < |p|, by Corollary 7.4.3, n(C,p) = 0.

7.5 A differential forms interpretation

Recall that (real) differential one forms on an open subset Q C R? are formal C*°(, R)-
linear combinations of the symbols dx and dy. The space of one forms is usually denoted
by A!(€2). But one can just as well consider the set AL(Q2) of complex valued differential
forms where instead of smooth real valued functions, one considers C*°(£2, C)-linear
combinations. Instead of using dx and dy as bases, it is more convenient to use

dz = dz + idy, dz = dx —idy
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as bases elements, so that a general element of AL() can then be written as
a= f(z,2)dz + g(z,2)dz.

The form « is real if and only if f = g. A form is said to be of type (1,0) if b = 0. Recall
that one can integrate (real) differential one-forms on curves. Indeed if o = adz + bdy,
and v = z(t) = x(t) + iy(t) : [0,1] — C is a C'-curve, then one defines

/W o= /0 1 (alz(0)2'(6) + b=t/ (1) .

One can extend this definition to integrating complex one forms by simply using linearity.
That is, if n = a4+ if is a complex valued one form then we simply define

o Lol

One can now easily check that if n = f(z) dz is a form on type (1,0), then

1
/ f(2)dz = /0 FO @)Y (2 dt,

and so our definition of complex integration is simply integration of complex valued
forms of type (1,0).



Lecture 8

Cauchy’s theorem : Local versions

In the previous lecture, we saw that if f has a primitive in an open set, then

/f@:o
.,

for all closed curves v in the domain. This was a simple application of the fundamental
theorem of calculus. It is somewhat remarkable, that in many situations the converse
also holds true. In the next few lectures we will explore this theme, and prove theorems
that will form the basis of all that we will accomplish in the rest of the course. The
simplest version is the following:

Theorem 8.0.1 (Cauchy’s theorem on a disc). Let D be a disc in the complex plane.
If f: D — C is holomorphic, then
/fdz =0
.

for all closed curves v contained in D.

We will prove Cauchy’s theorem on a disc by showing that all holomorphic functions
in the disc have a primitive. The key technical result we need is Goursat’s theorem. A
triangle A is a polygon with three vertices and three edges.

Theorem 8.0.2 (Goursat). Let Q C C be an open subset, and f € O(Q2). Then for any

triangle A C €,
/ f(z)dz=0,
[oJAN

where the orientation is anti-clockwise.

From this we immediately obtain a Goursat theorem for rectangles. We leave the
proof as an exercise.

65



66 LECTURE 8. CAUCHY’S THEOREM : LOCAL VERSIONS

Corollary 8.0.3. Let Q C C be an open subset, and R C ) be a rectangle contained
inside Q. If f: Q0 — C is holomorphic, then

/Rf(z)dz =0.

Remark 8.0.4 (Relation to Green’s theorem.). If F = Pi+ Qj is a vector field, such
that P and @) have continuous first partials, then for any close curve

/(Qx—Py)dxdy:/ Pdzr+Qdy.
R OR

Now, suppose that f = u + ‘v and that u and v have continuous partials. Then

/dez:/Y(ud:z—vdy)—i-ify(udy—kvdx).

Consider the vector fields (P;,Q1) = (u,—v) and (P2,Q2) = (v,u). Then for each
J =1,2, by the Cauchy Riemann equations
0Q; _ OF;

or Oy’

Then by Green’s theorem, the line integral is zero and we recover Cauchy’s theorem
(even for general domains). The important point is our assumption that v and v have
continuous partials, while in Cauchy’s theorem we only assume holomorphicity which a
priorionly guarantees the existence of the partial derivatives. Later in the course, we will
in fact show that holomorphicity does imply that the first partials are continuous partials
(actually we will prove that partial derivatives of all orders exists and are continuous),
but that will be a consequence of Cauchy’s theorem. And hence we need a proof that
avoids Green’s theorem. In fact the methods we use also yield a proof of Green’s theorem.

8.1 Proof of Cauchy’s theorem assuming Goursat’s theo-
rem

Cauchy’s theorem follows immediately from the theorem below, and the fundamental
theorem for complex integrals (cf. Proposition 7.4.1).

Theorem 8.1.1. Let f : D — C be a holomorphic function. Then f(z) has a primitive
on D.

Note that this is the analogue of the standard fact from multivariable calculus that
a curl free C''-vector field on a disc or rectangle is the gradient of a scalar field.

Proof. We first observe that By translation, we can assume without loss of generality
that the disc D is centered at the origin. For any points z,w € C, we denote by [, ,, the
straight line segment from z to w. For any z = (z,y) € D, let , denote the path from
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the origin to z consisting of a horizontal segment from 0 to (x,0) followed by a vertical
segment from (x,0) to (z,y). We then define

Fz)= [ f(w)dw,

and claim that F(z) is holomorphic with F'(z) = f(z). To see this, first note that if
z1 = (z,0), then for any small h € R,

[ swav= [ gwae= [ swaws [ o= [ g

Yz lzl+h,z+h lzl,z

On the other hand, by Theorem 8.0.2,

/lzwﬁh f(w) dw + /lzl+h,z+h f(w) dw + /lz%z f(w) dw + /z Fw)dw =0,

z,271

and so we have the key identity:
F(z+h)—F(z) = / f(w) dw. (8.1)
lz,z+h

Intuitively, if |h| << 1, then f(w) = f(z) on [, .45, and so the integral is approximately
f(2)h. To make this rigorous, we write

| twde= [ p@des [ (fw) - ) de

lz,erh lz,erh lz7z+h

— f)h+ / (f(w) — £(2)) duw,

Lz z4h
and so . B R .
SR =gy [ g sEan
Dividing by h and using triangle inequality,
F(z+h) — F(z) e 1
; - 1) =5 /l U = fE)du| < g [ 1) = £l fdul

By the continuity of f, given any € > 0 there exists a ¢ such that if |h| < §, then for all
w e lz,z+h

[f(w) = f(z)] <e.

Using this in the above estimate, and remembering that length(l, .44) = |h| we see that

F(z+h)— F(z)
h

- f(?)] <,
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so long as |h| < 4. This shows that

oOF , = . F(z+h)—F(z)
OF (2) = i FEII ZEE) i)

h—0

Next, consider a path o, consisting of a vertical line segment from 0 to iy followed by a
horizontal segment from ¢y to z. By Theorem 8.0.2,

e = | )

By an argument similar to the one above, we can prove that 9F/dy exists, and that

or . . f(z+ik)— f(z) .
(o) = i LEESE) i)

The analog of the key identity is that

Fls+ik) — F(z) = / Fw) duw,

lz,z+ik

which is approximately if(z)k. (integrating in the vertical direction incurs an 7). In
any case, this shows that the partials of F' exist and are continuous, and hence F' is a
(totally) differentiable map from D to R2. On the other hand, since

oF OF
ETy(Z) = Z%(z)a

the partials also satisfy the Cauchy-Riemann equations. Hence F' is complex differen-
tiable at z, and moreover, F'(z) = f(z). O

8.2 Proof of Goursat’s theorem

The main idea of the proof is to localize the integral. We start by choosing a sequence
of “nested” triangles T,
int(Th41) C int(7},),

with Th = T. Note that when we say triangle we mean the one-dimensional object,
and we denote by int(7") the region bounded by the triangle. Suppose we have already
constructed the triangle T),_1. The first step in the construction of 7}, is to bisect each

side of T;,_1. This results in four new triangles which we label Tfll_) T(2) T(S)

1’ n—1"n—
Tr(i)l. We also give them an orientation consistent with the original triangle (see figure)

so that the integrals over the common boundaries cancel, and we have that

[ st z /Ty)l F2)d.

, and
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By triangle inequality,

f(2) dz|.

4
[ e <3|

Tr@l
and so for at least one triangle TT(LJJ 1
‘/ f(z)dz‘ §4‘ _ f(z)dz‘.
Tnfl TT(L],)1
Choose any one such triangle, and label it T;,. Inductively, we have

‘/Tf(z)dz‘ <4"

/ f(z) dz]- (8.2)
Tn

Recall that the diameter of a subset of C is the maximum distance between any two
points in that subset. We then have the following elementary observation.

Lemma 8.2.1. If d,, and p, denote the diameter and perimeter of the triangle T™
respectively, then
dp =27 "dy, and p, =2 "pg.

Moreover, there exists a unique p € NS oint(T},).

Proof. The diameter of a triangle is the length of the longest side. Since Tr(Li)l, T (2,)

Tég_)l and T7(L4_)1 are all congruent triangles with side lengths that are half of the respective
side lengths of T(”*l), clearly d,, = 27'd,,_1 and p, = 27 'p,_1, and we obtain the result
by induction. Now, let x,, € T}, be any point. Then since the sequence {x,} is contained
in Ty, a compact subset, there exists a limit point p € T = Ty, which will trivially
lie inside all the triangles. So the intersection is non-empty. On the other hand since

lim,, o d, = 0 the intersection can contain at most one point. ]

Continuing with the proof of Goursat’s theorem, since f is holomorphic at z = p, we
can write

f(2) = f(p) + f'(p)(z = p) +¥(2)(z — p),

where 9(z) — 0 as z — p. Now the constant function f(p) and the linear function
f'(p)(z — p) both have primitives; f(p)z and f'(p)(z — p)?/2 respectively. So by the
fundamental theorem, their line integrals on 7T;, are zero. So

f2)dz= [ (2)(z —p)dz.
T, Tn

Now since d,, — 0 as n — oo, given any € > ( there exists a n such that

[¥(2) <e
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on 7T,. But then

’ /T f(2) dz‘ < ES;lp |z — plpn = ednpn < 4™ "edppo.
Then by the inequality in (8.2)

|| #ed2] < cdum,

which can be made arbitrarily small. Hence

/T f(2)dz =0,

and this proves the theorem in the case that f is holomorphic everywhere.

Remark 8.2.2. The reader should attempt to understand why a similar argument would
fail if f is merely assumed to be smooth (as opposed to holomorphic) as a function of
two variables.

8.3 Extensions to punctured domains

For applications, we need a slightly stronger version of Cauchy’s theorem, which in turn
relies on a slightly stronger version of Goursat’s theorem. For any open set 2 C C, and
any p €  we denote 2 := Q\ {p}.

Theorem 8.3.1. Let D be a disc, andp € D. Let f: Dy — C be a holomorphic function
such that lim,_,,(z — p)f(2) = 0. Then for any closed curve v C Dy,

/Wf(z) dz = 0.

As before, the kye technical input is a version of Goursat’s theorem. This time we
will state the version only for rectangles.

Theorem 8.3.2. We only need to prove the theorem in the case that p € int(R). Let
Q2 be any open subset of C. For some p € Q, let f: Q) — C be a holomorphic function
satisfying lim,_,,(z — p) f(2) = 0. Then for any rectangle R C Q with p ¢ R

/Rf(z)dz = 0.

Proof. Without loss of generality, we may assume that p lies in the interior of the region
bounded by R. Let € > 0, and let 6 > 0 such that
€

<
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whenever |z — p| < 0. Let Ry be a small square of side length 6 with p at it’s centre.
Note that |z — p| > §/2 for all z € OR. By extending the sides of Ry, divide R into nine

rectangles Ry, -+, Rg. Clearly
/ f(z)dz=0
R;

for j = 1,2,---,8 by Theorem 8.0.2. Since the integrals over the common boundaries
cancel out if we choose the correct (ie. anti-clockwise) orientations

/ f(z)dz = f(z)dz.
R Ro

Next, we estimate the integral over Ry,

£(2) dz‘ < 5/ 92 2 (ORy) = se.

‘ ORg ORy |Z—p| 5

Since ¢ is arbitrary, this shows that [, f(z)dz = 0.
O

Proof of Theorem 8.5.1. The idea of the proof is to again show that f(z) has a primitive
on Dy, and we proceed as in the proof of Theorem 8.1.1. Let p = (a,b). Pick a point
20 = (w0, Y0) such that zg # a and yo # b. Let z + (z,y) € D;. If z # a, we let v, .
be the path consisting of the line segment (¢, o) to (z,yo), followed by a vertical line
from (x,y0) to (x,y). On the other hand, if = a, then we let ~,, , consist of three
segments - A vertical segment from (xg, o) to (zo,yy) followed by a horizontal segment
from (xg,yy,) to (x,yy,) followed by another vertical segment from (z,yy) to (z,y). We

then define F': Dy — C by
F(z) = f(w) dw.

Vzg,2
First, we claim that 0F/0x = f(z) for every z € Dj. Note that the key step in the proof
of Theorem 8.1.1 is to obtain the identity (8.1). We obtain the same identity in this new
situation. Let h € R be a small number. If x # a, then the same argument as before
will imply that OF/0z exists at (z,y) and equals f(z). So suppose z = a. Let R be the
rectangle with vertices zo, (a+h,y0), (a+ h,y,) and (zo, y,) and let R’ be the rectangle
with vertices (a,yy), (a+h,y,), z+h = (a+h,y) and z = (a,y). Note that p lies either
in the interior or the exterior of R (but not on the boundary), and so by Theorem 8.0.2

or Theorem 8.3.2,
/ f(w) dw = 0.
OR
On the other hand, p lies in the exterior of R’, and so by Theorem (8.0.2),

f(w) dw = 0.
OR'
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It is easy to check that
Fle+h) — F(2) = / Fw) dw,
lz,z+h

Now the argument proceeds exactly as in the proof of Theorem 8.1.1. Next, as before, one
proves that 9F/Jy exists everywhere on Dy and equals i f(2) using a suitable modification

of the path o.
O



Lecture 9

Cauchy’s integral formula

9.1 Cauchy integral formula and Analyticity of holomor-
phic functions

The main consequence of Cauchy’s theorem for the punctured disc is the following beau-
tiful formula - a fundamental mean value property or a localization property. It is not
an exaggeration to say that all of complex analysis is contained in this formula, if only
a little bit of cleverness is added to the mix.

Theorem 9.1.1 (Cauchy integral formula (CIF)). Let f : Q@ — C be a holomorphic
function. If D,(z9) C 2, then for any z € D,(z0),

Fl2) = = ) g,

B 271 [¢—z0|=r C -z

Proof. For a fixed z € Dg(29), we define h, : D* := Dg(z9) \ {z} — C by

—Z

Clearly h, is holomorphic in D*. Also lim¢,,(¢ — 2)h,(¢) = 0, since f is holomorphic,
and hence continuous at z. Then by Cauchy’s theorem

_ 1 _ 1 FQ g iy ( L 1
0 ha(¢) ac - 1) ( /|< )

2w e 20 s € — 276 Jic—o|=r € — 2

VA
_ 1 SO
- /|< =TSO

since the quantity in the bracket is simply n(C, z), where C' = 9D, (zp), which is equal
to 1 because z € D,(2p). O

An immediate consequence of the Cauchy integral formula is that holomorphic func-
tions are analytic

73
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Theorem 9.1.2. Let Q2 C C open, and f : Q — C a holomorphic function. Then f is
analytic. Moreover, if Dr(zo) is any disc whose closure is contained in 2, then for all

z € Dr(z0), f(2) = > prpan(z — 20)", where

1 f(©)

2 Jie—zg=r (€ — 20)" T

In particular, holomorphic functions are infinitely complex differentiable.

an (9.1)

Proof. By CIF, if D is a of radius R centered at a with boundary circle Cg, then for

any z € D, £
1
Z) = — =22 dz.
10 =5 ).

271 Jic—a)=r € — 2

Writing ( —z = (( — 20) — (2 — 20), we see that

1 (1 z—zo)—l
(—z (—=20 C—z0/
For z € D and ¢ € Cg, |z — 20| < R = |¢ — 20|, or equivalently |(z — 20)/({ — z0)| < 1,
and hence using the geometric series

-2 (=)

— %0 n=0

Since power series converge uniformly, we can also integrate term-wise (see Appendix),
we get that

wrif) = [ LU (22)

= \C— 20
- 7;)/013 (¢ — 2p)H1 S C )
= 27 Z an(z — 20)",
n=0

where a,, is given by the formula (9.1), and this completes the proof of the theorem.
Infinite complex differentiability follows from analyticity by Corollary 1.1 from Lecture-
3. O

As an immediate corollary, we have the following versions of the principle of analytic
continuation for holomorphic functions.

Corollary 9.1.3 (Principle of analytic continuation). Let f : Q@ — C be a holomorphic
function, and suppose ) is connected.

1. If there exists a p € Q such that f (p) =0 forn=1,2,---, then f is a constant
function.
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2. If there exists a n open subset U such that f U =0, then f o = 0.

This follows immediately from Theorem 9.1.2 above and Corollary 3.3.5 from Lecture-
4. Another important consequence of the analyticity is the following criteria for holo-
morphicity.

Corollary 9.1.4 (Morera). Any continuous function on an open set Q that satisfies

f(z)dz=0
OR

for all rectangular regions R C €2, is holomorphic.

Proof. Let p € Q and r > 0 such that D,(p) C Q. The given condition is equivalent to f
having a primitive F},(z) on D, (p), essentially by the proof of Theorem 2.1 in Lecture-7.
Note that continuity of f is crucial for this. But then by Theorem 9.1.2, F)(2) = f(z)
is also holomorphic on D, (p). In particular, f is complex differentiable at p. Since this

is true for all p € Q, f € O(Q). O

9.2 Cauchy formula for derivatives

Let f : Q — C be holomorphic. Then by Theorem 9.1.2, the nt"* complex derivative
f™(2) exists for all z € Q. Moreover, by equation (9.1), for any z € €,

7 () = IOy

B % [¢—z0|=r (C - Zo)n+1

where r > 0 such that D,(z9) C €. More generally, just as for the Cauchy integral
formula, one can obtain a similar formula for f™(z) where the integral is over a circle
centred at zg.

Theorem 9.2.1 (Cauchy integral formula for derivatives). Let f € O(Q) and D =
D(zo, R) be a disc such that D C Q). Then for any z € D, we have

() = 2 Qe (9.2)

B 2mi [(—z0|=R (C - Z)n+1
Remark 9.2.2. Essentially what this theorem says is that one can differentiate the
Cauchy integral formula, and take the derivative inside the integral.

Proof. Since f(z) is analytic in the neighborhood of any point z € Q, it is automatically
holomorphic in §2. To prove the formula (9.2) we use induction. For n = 0, this is simply
the Cauchy integral formula. To prove the general case we introduce some convenient
notation:

(=1 (w) — fF=D (2 n!
A2y = F770w) = 0 '/K £(©)

w—=z - % —zo|=R (C - Z)nJrl

d¢
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1 1 1 n
—— = z(<<—w)n_<<—z>n>‘<<_z)n+1}d<

(w, z,¢) dC,
[¢—20|= R
where
1 1 1 "
Sn(w,2,() = w— ((C —w)* (- z)”> (¢ =)t
o (¢ —w)" R — 2)F _ n
C—wr(C—2)" (G =2t
G ()R = M = (—w))

(¢ —w)™(¢ —z)ntt

C wnlk(( 2R (¢ — w)k—l—l)
C—w)C—2m
an(z, w, ()

(€ —w)™(¢ — 2)n

for some polynomial ¢, in the variables (z,w, (). Our goal is to show that for every
g > 0 there exists a 6 > 0 depending only on R,n, z, 20 and supj._,|=x [ f(¢)| such that

— (w-2)

lw—z| <0 = |Ap(z,w)| <e (9.3)

Next, set
1
Az) = §(R — |z — z0]).

Then whenever |w — z| < A and for all ¢ € dD(zy, R) we have that
R>|C—w|> A

On the other hand we also have the trivial estimate that R > | — z| > X for all
¢ € 0D(z0, R). In particular there is a constant C' = C'(n, R) such that

lgn(z,w, )| < C, Yw € D(29,\) and ¢ € dD(zp, R).

Putting these together we see that for all w € D(z,A) and all ¢ € 9D(zy, R) we have

|Sn(27w7 <)| < |’UJ - Z|W’

and so for all w € D(z,\) we have
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where M = sup|c_ =g |f(¢)|- Finally, given £ > 0 if we set

§— L (3 2“2"“)
2 "CMR(n—1)!/)’
then (9.3) follows and hence we complete the proof of the inductive step. O

An extremely useful consequence is the following estimate on the derivatives of a
holomorphic function.

Corollary 9.2.3. [Cauchy’s estimate] Let f € O(Q) and D = D(zg, R) such that D C Q.
Then for any z € D and any n € {0,1,--- ,} we have the estimate

|
nth sup 1£(Q)].

M) < .
(=)l R—Tz =z |,

In particular,
n!

(n) oo
|f" (20)| < 7 |C—S:)I\):R‘f(<)|‘

Proof. Let C' denote the circle dD(zp, R) with the positive orientation. By CIF for

derivatives, we have that
) — / AN
P =ani Jo 2y

Applying the triangle inequality, and remembering that on C, | — z| > R — |z — 2|,

(n) n! M
n!
<
= 21(R — |z — 20|
n!R
N (R_ ‘Z — ZO’)n—f—l HfHC

i sgplf(é)l -|C]

O]

9.3 A complex analysis proof of the fundamental theorem
of algebra

The aim of this section is to give a complex analysis proof of the fundamental theorem
of algebra.

Theorem 9.3.1 (Fundamental Theorem of algebra). Any non-constant polynomial p(z)
has a complex root, that is there exists an o € C such that p(a) = 0. As a consequence,
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any polynomial is completely factorable, that is we can find oy, - ,ap (some of them
might be equal to each other), and ¢ € C such that

p(2) = ¢(z — 1) -+ (2 — an),
where n = deg(p(z)).

We will prove this as a consequence of the following striking result. Recall that an
entire function is a function that is holomorphic on the entire complex plane C. We then
have the following surprising fact.

Theorem 9.3.2 (Liouville). There are no bounded non-constant entire functions.

Proof of Theorem 24.2.J. Let f(z) be a bounded entire function. We show that it then
has to be a constant. Suppose |f({)] < M for all ¢ € C, and let z € C be an arbitrary
point. Since f is entire, it is holomorphic on any disc Dg(z). Then by the Cauchy
estimate,

M

1f'(2)] < ik

Letting R — oo the right hand side approaches zero, and hence f’(z) =0 for all z € C.
Since C is connected, this forces f(z) to be a constant, completing the proof of Liouville’s
theorem. O

Remark 9.3.3. More generally, we can show that an entire function f(z) satisfying
[f ()] < M(1+[2]%),

for some constants M,a > 0 and all z € C, has to be a polynomial of degree at most
||, where |-] is the usual floor function. We leave this as an exercise.

Proof of the fundamental theorem of algebra. For concreteness, let
p(2) = ap2" + -+ a1z + ag,

where a,, # 0. Then we claim that there exists an R such that
Dl < Ip(a)] < 2lanllol"

whenever |z| > R. To see this, by the triangle inequality,

3
< Slaallel”

lan—1] |a0|)
|2| |z|™

p(2)] < lan||2[* + - -+ la][z] = [ao] = IanHZI”(l +

if |z| > R and R is sufficiently big. For the other inequality, we use the other side of the
triangle inequality. That is,

an_1+...+@

Zn

1—

p(2)] = lan||2["
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o sl ool _ 1
ap—1 ap ap—1 ap
e — < e — <=,
z + +z”_ |z + +z|n 2
if |z| > R when R is as above. So when |z| > R,
|an|[2|"
> niiel
p(z)] > 2]
Now suppose, that p(z) has no root in C. Then
1
1) = =
=) p(z)

will be an entire function. Moreover, on |z| > R, by the lower bound above,
p(2)] > lanl|2]"/2 > |an|R" /2,

that is |f(z)] < M for some M on |z| > R. On the other hand, we claim that there
exists an € > 0 such that [p(z)| > € on |z| < R. If not, then there is a sequence of points
2 € DR(0) such that |p(z;)| — 0. Since Dg(0) is compact, there exists a subsequence,
which we continue to denote by z, such that z; — a € Dg(0). But then by continuity,
p(a) = 0, contradicting our assumption that there is no root. This proves the claim.
The upshot is that on |z| < R, |f(z)] < 1/e. This shows that f(z) is a bounded, entire
function, and hence by Liouville, must be a constant, which in turn implies that p(z)
must be a constant. This proves the first part of the theorem.

The second part follows from induction. If p(z) is a non-constant polynomial, let aq
be a root, which is guaranteed to exist by the first part. Then by the remainder theorem,
p(z) is divisible by (z — a1). For a proof of the remainder theorem, see remark below.
Then we define a new polynomial

p(2)
z—aq

pi(z) =

The crucial observation is that deg(py) is strictly smaller than deg (p). In finitely many
steps we should reach a linear polynomial which is obviously factorable. O

Remark 9.3.4. We used the remainder theorem for the proof of the second part of the
theorem which basically says that for a polynomial p(z),

p(z) —pla) = (z — a)q(2)
for some polynomial ¢(z) of a strictly smaller degree. To see this, let
p(2) = anz" + -+ a1z + ag,
and so
p(z) —pla) = an(z" —a™) + -+ a1(z — a).
Each term is of the form
ap(ZF —a®) = ap(z —a) L+ 220 4+ 2dF 2 4+ P,

and this completes the proof. It is also easy to see that highest degree term in ¢(z) is
a,2""!, and hence in particular, the degree of ¢(z) is strictly smaller.
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Lecture 10

Further applications of Cauchy
integral formula

In this lecture, we give three further applications of the Cauchy integral formula.

10.1 Zeroes of a holomorphic function

A complex number a is called a zero of a holomorphic function f : Q — C if f(a) = 0.
A basic fact is that zeroes of holomorphic functions are isolated. This follows from the
following theorem.

Theorem 10.1.1. Let f: Q — C be a holomorphic function that is not identically zero,
and let a € Q be a zero of f. Then there exists a disc D around a, a non vanishing
holomorphic function g : D — C (that is, g(z) # 0 for all z € D), and a unique positive
integer v, such that

f(z) = (2 —a)"g(2).
Moreover, we have that
v=min{n € N | f™(a) # 0}.

The positive integer v is called the order or multiplicity of the zero at a, and we
sometimes write this as v, to indicate the dependence on a.

Proof. By the principle of analytic continuation, if f is not identically zero, there exists
an n such that f*)(a) =0 for k =0,1,--- ,n — 1 but f™(a) # 0. Let D.(a) be a disc
such that D.(a) C 2. Then f has a power series expansion in the disc centered at z = a
with the first n terms vanishing. So we write

f(2) = an(z — a)" + anq1(z —a)" 4 - -
with a,, # 0. The the theorem is proved with

g(z) :an+an+1(2—a)_|_...
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As an immediate corollary to the theorem we have the following.
Corollary 10.1.2. Let f : Q — C holomorphic.

1. The set of zeroes of f is isolated. That is, for every zero a, there exists a small
disc D.(a) centered at a such that f(z) # 0 for all z € Ds(a) \ {a}.

2. (strong principle of analytic continuation) If Q0 is connected, and f,g:Q — C are
holomorphic functions such that for some sequence of points p, € Q, f(pn) = g(pn)-
Then either f = g or {p,} does not have a limit point in .

Proof. By the theorem, if a € €0 is a root, then there exists a disc D around a, and
integer m, and a holomorphic function g : D — C such that g(a) # 0 and

f(z) = (z = a)"g(2).

Since g(a) # 0, by continuity, there is a small disc D.(a) C D such that g(z) # 0 for
any z € D.(a). But then on this disc (z — a) is also not zero anywhere except at a, and
hence for any z € D.(a) \ {a}, f(z) # 0 exactly what we wished to prove. Part (2) is a
trivial consequence of the Lemma. ]

Example 10.1.3. Even though the zeroes are isolated, they could converge to the bound-
ary. For instance, consider the holomorphic function

f(z) =sin (E>

z

on C*. Clearly z = 1/n is a sequence of zeroes. They are isolated, but converge to z =0
which is not in the domain.

Let f: Q2 — C be a holomorphic function. Then by Corollary 10.1.2 any disc D such
that D C ) contains only finitely many zeroes of the function in the interior. The next
proposition allows one to calculate the number of zeroes counted with multiplicity.

Corollary 10.1.4. Let f : Q@ — C be holomorphic, and let D C Q be a disc such that
D C Q, and C := 0D contains no zeroes of f. Let pi.--- ,py are the zeroes of f in D
with multiplicity ny. -+, ng.

1. There exists a no-where vanishing holomorphic function g : D — C such that
f(z)=(G=p)™ - (z —pe)"™9(2).

2. The total number of roots (counted with multiplicity) is given by

O
INE =2
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Proof. 1. Foreach j € {1,--- ,k}, there exist a radius r; > 0 and a nowhere vanishing
holomorphic function g; : D, (p;) — C such that for all z € D, (p;),

f(z) = (z=pj)" g;(2).

We can choose r; small enough so that the discs have mutually disjoint closures.
Let U := D\ (Ule Drj/z(pj)). Define the function

9i(2) ) =1 ...
(2) := Hiij(JZ*m)"“ z € DTJ' (p]) where j =1, ok
g ) __f@) ze U
I (z—p;)"7 ° :

Clearly g(z) satisfies all the required properties.

2. With g(z) as above, for any z # p;, a simple computation shows that

"(z n; '(z
f'(2) _ Z iy g'( )
) =2 i—p g
Since g(z) is nowhere vanishing, ¢’(z)/g(z) is holomorphic on D, and hence by
Cauchy’s theorem it’s integral on C vanishes. It then follows that

,Z k z

Z—Dpj 7

10.2 Sequences of holomorphic functions

Recall that if a sequence of differentiable functions f,, : I — R converges uniformly
to f : I — R, for some interval I C R, it does not necessarily imply that f is also
differentiable. For instance, consider f, : [-1,1] — R defined by

o= L

Then it is not difficult to see that f,, — |x| uniformly, but of course |x| is not differentiable
at £ = 0. It turns out that holomorphic function behave much better under uniform
convergence. We say that a sequence of holomorphic functions f, :  — C converges to
f:Q — C compactly if the convergence is uniform over compact subsets K C . That
is, for all € > 0 and K C € compact, there exists a N = N (e, K) such that

| fu() — f(2)] <e,
for all n > N and all z € K.
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Theorem 10.2.1. If {f,}22 is a sequence of holomorphic functions on € that converge
compactly to f : Q — C, then f(z) is holomorphic. Moreover

S = f®
compactly on ) for all k € N.

Proof. Fix a a € Q, and let D be a disc around a such that it’s closure is also in (2.
Then for any triangle T' C D, by Goursat’s theorem

/Tfn(z) dz = 0.

Since D is compact, f,, — f converges uniformly on D, and hence

/ f(z)dz= lim [ f,(z)dz=0.

T n—oo T

But this is true for all triangles in D, and hence by Morera’s theorem f is holomorphic

in D and in particular at a. Since a is arbitrary, this shows that f is holomorphic on €.
We prove that f; — f’ compactly. For k > 1, the result will follow from induction.

There is no loss of generality in assuming that Q C C is compact. First we define

Q,={2€Q| Dy(2) CQ}.

Geometrically, this is the set of all points in () that are at least a distance r away from the
boundary of €). Given any compact set K, there exists a » > 0 such that K C §,, and
hence it suffices to show that f;, — f’ uniformly on €2,. The key point is the following
estimate.

Claim.Let F': 0 — C be holomorphic. Then for any r > 0,

2
sup |[F'(¢)] < = sup [F(()].
2E€Q, T (e, /s

First notice that if z € €. then D, 5(2) C €2,.. To see this, let w € D, j5(z) i.e. |z —w]| <
7/2, and we need to show that w € €, 5 or equivalently that D, o(w) C €2. But for
any w' € D,jo(w), |w' —w| < r/2 and hence by the triangle inequality [w’ — z| < r,
that is w’ € D,(z) which is contained in by definition, since z € Q,. This shows that
D, ja(w) C 2 and hence that D, j5(2) C €2,./5. Now by Cauchy’s integral formula, if we

denote the boundary of D, (z) by C,(z), then for any z € Qq,,
1 F(¢)

2mi Cy (=) (€= 2)?

F'(2) dc.

By the above observation, if z € ), then C, /2(2) C €, /2, and hence by triangle inequality,
for all z € ., since |( — z| =1/2 for ¢ € C, 5(2) we have

|F'(z)| < sup |F(¢)len(C, /2(2))
2712 e, a(2) /
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2
< — sup |F(()]
T ¢eQ,

This proves the claim. Now given any € > 0, since {2,./5 C ) is compact (remember we are
assuming without any loss of generality that € is bounded), there exists an N = N(r,¢)
such that for all n > N and all ¢ € Q, 5,

Er

(0= FOI< 5

But then by the claim, for n > N and for all z € €),., we have the estimate

proving that f, — f uniformly on 2,., and this completes the proof of the theorem.
O

Recall that Weiestrass’ theorem states that any continuous function on a compact
interval is the uniform limit of polynomials. On the other, by the above theorem, a con-
tinuous non-holomorphic function cannot be the uniform limit of polynomials. Instead
we have the following, which we state without a proof.

Theorem 10.2.2 (Runge’s theorem). Let K C C and let f be a function that is holo-
morphic in a neighbourhood of K.

1. There exists a sequence of rational functions R, (z) such that R, =% f on K, and
such that the singularities of the rational functions all lie in K°.

2. If K€ is connected, then one there exists a sequence of polynomials p,(z) such that
u.c
pn— [

10.3 Differentiation under the integral sign

Proposition 10.3.1.
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Lecture 11

Cauchy’s theorem : Homology
version

11.1 Index of a curve

For a piecewise smooth (not necessarily close) curve, we defined the index or winding
number around a point p ¢ v by

1 1
n(vy,p) = / dz.
vy

210 ), 2 —p

We have already seen that if v is a circle traversed n number of times, then

n, p is inside the disc bounded by -~y
n(y,p) =

0, otherwise

We now argue that this number is a measure of the change in the argument along the
curve. For simplicity, lets suppose that p = 0, and that the curve v joins u = e to
v = re'? (note that v need not be a circular arc), where 0, ¢ € (—x, 7). In particular,
the curve lies in C \ {z < 0}. On this domain, 1/z has a primitive, which we take to be
the principal branch of the logarithm. Then by the fundamental theorem

"o z 2T

1 1 -6
n(vy,0) = /dz—logfu—logu—(p ,
v

and so up to a factor of 2w, the index measures the change in the argument. The
following theorem contains the basic properties of the index.

Theorem 11.1.1. Let v be any closed curve. Then
1. n(~,p) is an integer for any p € C\ ~.

2. n(vy,p) is a continuous function on C\ vy, and hence is locally constant.
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3. If~y is any curve lying in the interior of a disc D, then n(vy,p) = 0 for allp € C\D.

Proof. 1. If we could take holomorphic logarithms freely, and argument as above
would suffice. Instead we will give a computational proof. Let 7 : [0,1] — C be

R AR
w6 =5 [ 5t p

Y AR
96 = 57 | 70— ™

This is a continuous function on [0, 1], and is differentiable wherever +/(t) is con-
tinuous (and hence at all but finitely many points) with derivative

_ 1 A
2miy(t) —p

parametrization. Then

Consider a function

g'(s)

Then, letting
G(s) = exp(—2mig(s))(v(s) — p),

at all but finitely many points, G'(s) = 0. This shows that G(s) is locally constant,
which together with continuity, forces it to be a constant. In particular, G(1) =
G(0), from which it follows (since g(0) =1 and v(0) = v(1)) that

; 0)—p
627rzg(1) _ ’Y( = 1.
(1) —p

So g(1) = n(~,p) has to be an integer.

2. Continuity is easy to check since p ¢ «y. Since the index is integer valued it has to
be then locally constant.

3. If [p| >> 1, then clearly n(v, p) can be made really small. But then since the index
is locally constant, and C\ D is connected, it ought to be zero for all p € C\ D.
O

Remark 11.1.2. There is a deeper reason that the index is always an integer, and a
full explanation requires some knowledge of covering space theory. If a € C does not lie
on 7 : [0,1] = C, we can think of v as a curve in C} := C\ {a}. Then it follows from
standard covering space theory that v has a “lift” to a curve 4 : [0,1] — C such that
2™ (1) — ~(t) — a. The relevant jargon is that exp : C — C* is a covering space map.
Now additionally if v is closed, then (1) = v(0), and hence ¥(1) — 4(0) is an integer.
On the other hand, by chain rule, v/(t) = 2mwie?™7()5/(t), and hence
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Integrating both sides we see that

1 / ~
2530 -30 = 5 [ 0 ar= [ o mnia)

and hence n(y,a) is an integer.

11.2 The homology version of Cauchy’s theorem

A chain is a formal linear combination of curves v = a1y1 + - -+ + ap?yn, where a; € Z
and each ~; is a regular curve. We interpret ay as « traversed a times if a > 0 and ~
traversed in the the reverse direction —a times if a < 0. Chains can be then added in
an obvious way. The union of the set theoretic images of 7; is called the support of v
and denoted by Supp(y). A chain is called a cycle if each of it’s components ~; is a
closed curve. We can extend the definition of the index n(~y,p) for a cycle v and a point
p that does not lie on any of the components of v. Then it has the same properties as
in Theorem 11.1.1. Additionally, we have the linearity property that

n(y1 +92,p) = n(71,p) +n(y2,p).

We say that a cycle 7y is homologous to zero in 2, and write v ~q 0 (or v ~ 0(modf?)),
if for any point a € Q°, n(y,p) = 0. We also say that 7; is homologous to y2 in € and
write 1 ~q y2 if 71 — 72 ~q 0, or equivalently if n(v1,p) = n(y2,p) for all p € Q°. Note
that if Q C €' then v ~q 0 implies that v ~¢q/ 0, but the converse need not be true as
can be seen in the example below.

Example 11.2.1. Consider the disc D3(0) and the annulus A;2(0) :={z € C |1 <
|z| < 3}. By Cauchy’s theorem for discs, any curve vy in D3(0) is homologous to zero. On
the other hand the curve y(t) = 2e2™, t € [0,1] is NOT homologous to zero in Aj2(0).
This is because n(y,0) =1 # 0.

Now we are ready to state the most general form of Cauchy’s theorem.

Theorem 11.2.2 (Generalised Cauchy’s theorem). If f : Q@ — C is holomorphic and

v ~q 0, then
/f(z) dz = 0.
v

More generally, if v1,v2 are curves in ) such that v1 ~q 72, then

(2)dz= [ f(z)d=.

7 72

In other words, Cauchy’s theorem says that if the integrals of the holomorphic func-
tions 1/(z — a) is zero on a closed curve in Q, then the integral of any holomorphic
function on -y is zero.
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Proof. This beautiful proof is taken from [1]. We first assume that € is bounded. For
a small 9 > 0, we cover the plane with a net consisting of squares with sides parallel to
the axes, and length 4. Since 2 is bounded, and if 6 > 0 is chosen sufficiently small,
there exists a finite set of number of cubes @1, -, QN such that

1. The collection of squares {Q1,---,Q;} are all the squares in the net which lie
completely inside . That is, if () is a square in the net, then @) = Q; for some j
if and only if @ C Q.

2. 4 C Q= (ujil Qj)o.

Consider the cycle
T5 =Y 0Q;,
J

where the boundary of each @); is oriented in the anti-clockwise direction. Then I's is
equivalent to 025 in the sense that for any function

f(z)dz = f(z) dz,
Ls

s

since the integrals over the common boundaries cancel.

Now, let v be a cycle homologous to zero in . Let ¢ € Q\ s, and let @ be a square
in the net such that ¢ € Q. By definition of Qs, @ # @Q; for any j. Again, by our choice
of the squares that make up s, there exists a point (5 € Q N Q€. Since (p ¢ Q and
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v ~q 0, we have that n(vy,{p) = 0. But then by continuity, since (y and ¢ can be joined
by a straight in @ and hence not intersecting v, we have n(v,{) = 0. In particular,
n(v,¢) = 0 for all ¢ € 99s.

Suppose now that f(z) is holomorphic on Q. For any z € ono, we have

R (SR {f<z>, J=Jo,

2mi Joq; C — % 0, otherwise,

and hence
1 f)

210 Jp, C— 2

f(z) =

Since jo was arbitrary, (11.1) holds for all 2z € U;Q5. But since both sides are continuous
in z, clearly (11.1) must hold on all of £25. As a consequence,

o= ], 20+

By Fubini’s theorem (which can be applied since the integrand is continuous in both z

and (),
/Wf(z)dz:/F f(C)(;m./wgd_zz)dC: ; F(On(y, ¢) d¢ = 0.

Finally, if 2 is not bounded, consider a large disc D (0) which contains supp(y) in the
interior, and let ' = QN Dg(0). Then since v ~p,, (o) 0, one can easily see that v ~q 0,
and the previous argument then applies to ' completing the proof. ]

dc. (11.1)

Using the generalised Cauchy theorem, we can prove the following generalisation of
the CIF.

Theorem 11.2.3 (Generalised Cauchy integral formula (GCIF)). Let f € O(Q2), and
v CQ a cycle. If v ~q 0, then for any z € Q \ Supp(y),

n(y, 2) 2m/<_zdc

Proof. Fix a z € 2\ Supp(y), and let 9 > 0 such that D.,(z) N Supp(y) = ¢. For
e € (0,e9), let C: be the circle centred at z with radius e.
Claim. For every € € (0,9), v ~qz n(v, 2)Ce, where as usual QF = Q\ {z}.

Proof of the Claim. We need to prove that for any ¢ € C\ QF,

n(7,¢) = n(y, 2)n(Cs, ¢). (11.2)

First suppose ¢ € C\ Q. Then in particular, ¢ lies outside D,(z) and hence n(C;, () = 0.
On the other hand since v ~gq 0, we also have n(v,() = 0, and hence (11.2) is verified.
The only other possibility is that ( = z. But then n(C:, () = 1, and hence again (11.2)

is verified.
O
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Now, applying Cauchy’s theorem to the holomorphic function f(¢)/(¢ — z) on 2,
we see that for all € € (0,¢p),

1/ f©) dC:n(%;)/ f(C)z ac. (11.3)

2mi J, (— 2z 27 ¢ —

The integral on the right is n(y, z) f(2) by the CIF for discs, and we are done. But it is
in fact possible to avoid the CIF altogether, and in the process provide a second proof
for the CIF on discs. The argument is as follows. Given any 1 > 0, by choosing ¢ << 1,
we can make sure that

SO = f(2) <mn
for all ¢ € C;. Then

‘2;Z/CC—C 1z ‘_’2772/]02)‘ f dej <.

Hence from (11.3),

I (s (9] n
/y d¢ = n(v,z) lim / d¢ = n(vy,2)f(2).

e=027i Jo. ( — 2




Lecture 12

Cauchy’s theorem : Multiply
connected domains

12.1 Simple connectedness

We say that a closed curve v : [0, 1] — Q is contractible, or null homotopic in € if there
exists a point p € 2 and a continuous function H : [0, 1] x [0, 1] — € such that the family
of curves vs(t) = H(s,t) has the following properties:

{’Yo(t) =(t), 71(t) =p, vt € [0,1]
75(0) = 75(1), Vs € [0,1].

In this course, we are of course concerned mostly with contractible curves that are regular
and piecewise C'. For such curves one can actually have a homotopy through regular
and piecewise C'. More precisely we have the following basic fact.

Lemma 12.1.1. Let v be a piecewise reqular curve which is null homotopic. Then one
can choose the homotopy H such that each s is piecewise reqular.

We refer the reader to [?] for a proof.

Definition 12.1.2. A region €2 C C is called simply connected if every closed curve is
contractible in 2.

Example 12.1.3. 1. Let D be a disc centred at p. Then for every curve vy, consider
the homotopy
H(s,t) = (1= 5)(v(t) —p) +p
Then H(1,t) = p and hence ~y is null homotopic. More generally any convex

domain has the property that every closed curve is null homotopic. To see this, let
v be an aribitrary closed curve. Then

2. On the other hand, consider the curve y(t) = €' in the annulus Ag2(0) := {2 | 0 <
|z| < 2}. Then ~ is not null-homotopic in A.
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Before we state our next theorem, we need a basic notion from point-set topology.
Given a topological space X, the one point compactification X is defined in the following
way: As a set X—-Xisa single point, which is usually denoted by co. A set U in X is
open if and only if it either does not contain oo and is open in X or it contains co and
X\ U is a compact subset of X. Now consider the on-point comactification C = CU{oo}
of the complex plane. A basic fact is that Cis homeomorphic to the standard sphere

§* = {(x1,22,23) € R’ | 2f + 2§ + 2§ = 1}.

In fact an explicit homeomorphism can be constructed by stereographic projection. For
instance, we can define ®y : S> — C by

T1+iry N = (0.0.1
q)(x17x27$3) = 1—z3 > (xl’x27x3) 7é ( 5 Uy )
007 (x1,$2,x3) — N

That is, the north pole N in S? is the ”point at infinity” of C. Of course there is nothing
special about the north pole. Since rotations in R? act transitively and homeomorphically
on S?, one could have a similar stereographic projection sending an arbitrary point to
00. We are now ready to state our fundamental characterization of simply connected
sets.

Theorem 12.1.4. Let Q C C be a region. Then the following are equivalent.
1. Q is simply connected.
2. All cycles I' € Z(Q2) are null-homologous.

3. (Cauchy’s theorem for simply connected domains) For allT € Z(2) and all f € O,

we have
/ f(z)dz =0.
r

4. For any p € Q° there exists a holomorphic logarithm log(z — p). That is, there
exists a L, € O(Q) such that

exp(Ly(2)) = 2.

5. S?\ Q is connected.
We only provide an outline and leave it to the reader to fill the gaps.

Outline of the proof. e (1) = (2). Let v be a closed, piecewise regular C''-curve,
and let H be a C'-null homotopy. Let p € Q°. We have to prove that n(vy;p) = 0.
This follows from the fact that the function h(s) := n(ys;p) is continuous on [0, 1]
since 75(t) # p for all (s,t) € [0,1]. But since the index is integer valued, this
means that h(s) is a constant. Clearly h(1) = 0 since ~; is the trivial curve, and
so n(y;p) = h(1) = 0.
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e (2) <= (3). This is just the generalized Cauchy theorem.

e (2) < (4). If the winding numbers are zero for all closed curves, then the

function
1

Z—p

Ip(2) =

has a primitive, say L, € O(Q2). This is unique up to a constant. In fact, fixing a
base point zg € 2 we can define

z dC

Ly(z)=wo+ [ ——,
b 20 C -D

where the integral is along any curve joining zp to z, and we choose wg such that
exp(wp) = zo. Then it is easy to check that L, satisfies the required conditions.

Conversely, suppose we have a holomorphic log. Then necessarily,

1
Ly(z) = s
By the fundamental theorem we must then have that n(vy;p) = 0 for any cycle
in Q.
e (2) = (5).

O]

Example 12.1.5. The set Q = R?\ {(2,0) | x < 0} is simply connected. To see this,
note that via the stereographic projection above, the real line (or the x-axis) corresponds
to the circle 3 + 23 = 0, 2 = 0, and so Q corresponds to the half circle 23 + 25 =
0, 20 =0, 21 <0, and hence S\ Q is connected.

Example 12.1.6. The strip
S={z] a1 <R(z) <az}

is simply connected. This is intuitively clear from the definition. More rigorously one
can use the criteria above since

S*\ S =

Example 12.1.7. The domain Q = R?\ {(x,0) | —1 < 2 < 1} is not simply connected.
Indeed the complement in S? is given by

An important consequence of this is the following.

Theorem 12.1.8. Let Q be a simply connected domain and f € O. Then f has a
primitive on (.
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Proof. The proof is along the lines of the proof for existence of primitives on disc that
was used in the proof of Cauchy’s theorem. So we fix a p € (2, and define

F(z)= [ [f(w)duw,
¥z
where the integral is along some path 7, joining p to z. If we choose another path
7. joining the two points, then v, — 7, will form a cycle. Since the domain is simply
connected, v, ~q 7., and hence the integral of f along both would be the same. Hence
our definition is actually independent of the path. By openness of €2, for any A small,
the straight line joining z to z + h will lie entirely in 2, and we call this path as [. Then
Y241 — { and v, are both piecewise smooth paths joining p to z, so once again by simple
connectedness of 2 and Theorem 12.1.4

w) dw — w) dw = w) dw,
[ pw [ [ s

or equivalently
F(z+h)— F(2) :/f(w)dw.
!

Then the same argument as in the proof of Theorem 2.1 in Lecture-7 implies that F(z)
is holomorphic with F'(z) = f(z).
O

12.2 Cauchy’s theorem for multiply connected domain

A connected domain 2 C C is said to be n-connected if it’s complement in the extended
complex plane has n-connected components. So for instance, a simply connected set is
1-connected, and an n-connected set has n — 1 number of “holes”. Our convention will
be to label the components as A1, --- , Ay, where A,, is component containing the north
pole (or the point at “infinity”). Using the argument in the proof of the implication
(2) = (1) in Theorem 12.1.4 we obtain the following.

Theorem 12.2.1. For everyi=1,--- ,n — 1, there exists a cycle ; such that
17 pE Az
n(vi,p) = 12.1
(i, p) {O,pEQC\Ai. (12.1)
Moreover we have the following observations.

1. The set {y1,--- ,7n} is alinearly independent set, in the sense that Y ;- | ¢;vi ~q 0
if and only if ¢; = 0 for all i.

2. The set {1, -+ ,7n} is a spanning set, in the sense that if v is any other cycle in
Q, then
Y~ 1Y+ Cn—1Yn—1,

where ¢; = n(vy,p;) for any p; € A;.



12.2. CAUCHY’S THEOREM FOR MULTIPLY CONNECTED DOMAIN 97

3. For any f € O(Q)), we have

K3

A F(2) dz = gnw,pz-) / 1(2) dz,

where (p1,p2, -+ ,Pn—1) s any collection of points in Ay X -+ Ap_1.
4. If {o1, -+ ,om} is a linearly independent spanning set, then m = n.

We call the collection {~1.---,7,} the homology basis for Q. In general there will be
multiple choices of homology bases, but by an elementary theorem in linear algebra, all
of these must be n in number. In fact, if

Example 12.2.2. Consider the domain Q2 := D2(0)\{—1,7,1}. Then clearly the domain
is 4-connected. In fact if we label the points by py = —1,p2 = i,p3 = 1, then A; = {p;}
fori=1,2,3 and Ay = S?\ D2(0). Let ; be given by

1 .
Yi(t) = pi + 5e“f.

Clearly n(vi,pi) = 1. On the other hand if p € Q°\ {p;}, then p lies outside D /5(p;)
and hence n(~;,p) = 0. Hence by the above theorem, {v1,7v2,7v3} forms a homology basis
for Q.

As a consequence of the above result, we have the following. We say that a Jordan
curve 7 is positively oriented if while the curve is traversed, int(7y) remains to the left.

Corollary 12.2.3. Let I',T'y,--- ,I'), be positively oriented, pairwise non intersecting,
piecewise smooth Jordan curves such that I'; C int(I') for all j = 1,--- ,n. Let Q =

int(I') N (ﬁ”zl ext(I‘j)>. Let f be a function that is holomorphic in a neighbourhood of

Q. Then ’
/Ff(z) iz = EJ:/F (2) de.

Proof. Firstly, one can construct Jordan curves C,Cy, - - , C, such that int(I") C int(C)
and int(C) C int(T") for all 7, and such that f is holomorphic in ' := int(C) N (ﬂyzl

e:mf(C'j)> which of course contains Q. Let p; € int(C;). It is then easy to check that

I'y,---,I', forms a homology basis for €' and the result then follows from Theorem
12.2.1. Note that constructing the Jordan curves C; is non-trivial. If I'; is smooth, then
one can construct C; by perturbing slightly in the direction of the inner normal (and
similarly C' be perturbing I' a little bit along the outer normal). But since our curves
are only piecewise smooth, extra care must be take to “round off”the “corners”. O
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12.3 A real variable integral

We will now apply Cauchy’s theorem to compute a real variable integral. Later in
the course, once we prove a further generalization of Cauchy’s theorem, namely the
residue theorem, we will conduct a more systematic study of the applications of complex
integration to real variable integration. For now, let us compute

o0
/ cos 1‘2 d.
R B

This is an improper integral which is convergent, so by definition

© cosT . R 1 _cosx
/ 5~ dr = lim — —dz,
—00 L R—o0 R X
Consider now the function '
e’LZ
z) = ——.

This is a holomorphic function on C\ {i}. Moreover, on the real line the real part of
this function is precisely the function that we are looking to integrate. Now consider a
contour I'g := {z € C | |z| = R, Im(z) > 0} U{(2,0) | z € (—R, R)} oriented in the
anti-clockwise direction. Let C.;= {|z — i| = €} be a small circle around i. Then for
R >> ¢, we clearly have that I'r ~cr C¢, and hence by Theorem 12.2.1,

f(z)dz = f(z)dz.
T'r Ce

Now note that

fla) = 22

i)
z—1

where g(z) = €**/(z + i) is holomorphic in a neighbourhood of the disc D, (i), and hence
by the Cauchy integral formula (applied to g(z)),

= M z = 2mig(1 _r
Cgf(Z)dZ_/C -d 2mig(i) o

z—1
€

Letting Sg be the semi-circle {z € C | |z| = R, Im(z) > 0}, we see that

R i R
e cosx
f(z)dz = zdz+/ :/ f(z dz+/ —,
]_"R ( . ( ) _R1+x2 - ( ) _R 1+x2

where we have used the fact that sinz is an odd function. On g we claim that

2
< 2

1_€iz
B

z



12.3. A REAL VARIABLE INTEGRAL 99

To see this, for z € yr, we can write z = x + iy with y > 0. So |[¢¥| = e7¥ < 1, and
hence by triangle inequality |1 — e**| < 2 which proves the claim since |z| = R on vg.

Using this we can estimate that

1 — ef? 2 2
d‘<—1 —T 0
y/m o] < Zlentyn) = 7

22

as R — 0o. So the contribution on g goes to zero as R goes to infinity, and hence

/OO cosS T T
— =
oo L+ e
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Lecture 13

Logarithm and roots revisited

13.1 Criteria for existence of holomorphic logarithms

The purpose of this lecture is twofold - first, to characterize domains on which a holomor-
phic logarithm can be defined, and second, to show that the only obstruction to defining
a holomorphic logarithm is in defining a continuous logarithm. From henceforth, we
let O*(2) be the set of nowhere vanishing holomorphic functions on Q. For instance,
e? € O*(C).

To set the stage, let us revisit the difficulties we had in defining a holomorphic
logarithm. For z = re®?, consider the function

log z = log || + 0, (13.1)

where, for instance, we can let 6 € [0y, 0y + 27). If argp = 6y, and we traverse a circle of
radius |p| centred at 0 and return to the point p, the argument goes from 6y to 6y + 2,
and hence the log z does not return to the original value. In other words log z as defined
is not continuous. On the other hand, if we return to p along a small circle not containing
0 in the interior, then the argument does return to 6y, and log z does not jump in value.
The difference between the situations if of course that the first curve goes around 0 while
the second does not. Thus logarithm is an example of a multivalued function, and zero
in this case is called a branch point.

In general, we can consider any holomorphic function f : £ — C*. Then, a holo-
morphic function g : Q — C (if it exists) is called a branch of the logarithm of f, and
denoted by log f(z), if

e9(2) — f(2)

for all z € Q. A natural question to ask is the following.

Question 13.1.1. Given a holomorphic function f : Q — C*, when can we define a
holomorphic branch of log f(z).

From the point of view of the Cauchy theory, the multivalued behaviour of the loga-
rithm function is esentially because 1/z, which would be the derivative of a holomorphic

101
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logarithm function, does not integrate out to zero around curves that contain the origin
in the interior. Keeping this in mind, we have the following basic theorem.

Theorem 13.1.1 (Fundamental theorem on existence of holomorphic logarithms). Let
Q be a connected domain, and f € O*(Q) such that

[, ?g; dz=0

e Then there exists a holomorphic function g : Q — C, denoted by g(z) = log f(2),
such that

for all closed loops ~v C (.

eI?) = f(2).
e ¢ = f'/f, and hence for any fized p € 2,

o2 =9+ [ T dw
p

Moreover, if § is another function satisfying e9) = f(2), then there exists an
n € Z such that

§(z) — g(2) = 2mn, Vz € Q.

Remark 13.1.2. Note that different choices of g(p) corresponding to the countable
number of solutions to e* = f(p) give different formulae for g(z), all of which differ by
integral multiples of 27i. Conversely, if g; and g9 are two logarithms, then they have to
differ by a multiple of 27i. The various logarithm functions are called branches.

Theorem 13.1.1 above combined with Cauchy’s theorem for simply connected do-
mains gives the following.

Corollary 13.1.3. Let ) be a simply connected domain.

1. Then for any f € O*(Q), there exists a holomorphic log f(z) with (log ) = f'/f,
and hence
f'(w) dw,

(
fw)

log f(2) —10gf(p)+/z

w here log f(p) is any solution to e* = f(p).

2. In particular, if 0 ¢ Q, then there is a holomorphic branch of logz on Q with
(log 2)" = 1/z. Moreover, for any p € €,

1
logz:logp+/ —dz,
p 2

where we integrate along any path from p to z, and log p is any solution to e* = p.
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Proof of Theorem 13.1.1. Fix a point p € €2, and let g(p) be a solution to e9(P) = f(p).
Since f(p) # 0, such a solution always exists. We then define g(z) by

9(2) = g(p) +/z ff/((;u)) dw,

where we integrate over any curve joining p and z. By the hypothesis, this is independent
of the path chosen. Then, by the same argument used before (as in the proof of Theorem
), g(z) is holomorphic with

Now, consider the function F(z) = e~ 9(*) f(z). Then
Fl(2) = "9/ () f(2) + 7O ['(2) = 0.

Since 2 is connected, this implies that F'(z) is a constant, and hence F(z) = F(p) = 1.
This completes the proof. O

Recall that the branch of log z defined by (13.1) is not even a continuous function
over C*. This is not a coincidence. Our next theorem, says that continuity in fact, is
the only obstruction to define a holomorphic logarithm.

Theorem 13.1.2. Let Q C C and g : Q@ — C be continuous. If €9 is holomorphic,
then so is g(z).

In other words if f(z) is holomorphic, and we can define a continuous log f(z), then
log f(z) is automatically holomorphic.

Proof. Let f(z) = e9), which by the hypothesis, is holomorphic, and fix a p € Q. There
is a 0 > 0 such that Ds(p) C © and a holomorphic function g,(z) on Ds(p) such that
e9(?) = f(z). Then for all z € Ds(p),

92 -9 _,

2mi
Now, since g(z) is continuous, %ﬁp(z) is a continuous function on Ds(p) which only
takes integer values, and hence has to be a constant. That is,

9(2) = gp(z) + 2min,

for some fixed n € Z. But then g(z) has to be holomorphic in Dj(p), since g,(2) is
holomorphic, and hence is in complex differentiable at p. Since p was arbitrary, this
completes the proof of the theorem.

O
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13.2 Some examples

Somewhat vaguely, for a (multi-valued) function g(z), the point z = a is defined to be a
branch point if g(z) is discontinuous while traversing an arbitrarily small circle around
the point. We define infinity to be a branch point if z = 0 is the branch point of g(1/z).
An alternate way is to consider a curve “enclosing” infinity. This is a large curve that
contains all the other branch points in it’s interior. Then infinity is a branch point if
along this large curve, the function g(z) is discontinuous. A branch cut is a union of
curves such that g(z) defines a single valued holomorphic function on the complement.
Branch cuts should usually connect branch points to prevent the possibility of going
around branch points and making the function value jump.

13.2.1 Principal branch of the logarithm

Since C \ {Re(z) < 0} is simply connected, this immediately implies that there is a
holomorphic logarithm on that domain. The principal branch of the logarithm is defined
to be the one with

log1l = 0.

By Theorem 13.1.1, for any z € C\ {Re(z) < 0}, we then have

1
logz:/ — dw,
1 W
0

where we integrate over any piecewise smooth path from 1 to z. Suppose z = re®,
then one such path is C' = Cy + Co where C is parametrized by 21 (t) : [0,1] — C with
z1(t) = tr 4+ (1 — t), and Cy is given by z(t) : [0,0] — C where z(t) = re¢" So C is
simply the path going first from 1 to r along the z-axis, and then the circular arc to z.
Then

/ld —/1 "l g —ogtr— 1)+ 1) =1
0, W v o tr—1)+1" Bty o 8"

where the log is the usual logarithm defined on real numbers. On the other hand,

1 0
/ dw:i/ dt = 16.
Czw 0

So the principal branch of the logarithm is given by
log z = log r + 46,
where 0 € (—m, 7). We end with the following remark.

Remark 13.2.1. Unlike the real logarithm, in the complex case, in general

log 2129 # log z1 + log 2.

3mi/4 7i/2 and log z be the principal branch. Then log z; =

bmif4 —3mif4 (remember the range of arg is
logz — » for

For example, let 21 = e 2o =€
3mi/4 and logzo = mi/2. But z129 = e =e
(—m, 7], and so log z129 = —3mi/4 # log z1 + log z2. Similarly, even though e
all z, log e® # z generally, again due to the periods of e*.
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13.2.2 Branch cut for log (2% — 1).

The points where z? — 1 = 0, namely z = 41 are certainly branch points. Any branch
cuts should include these two points. To see that infinity is also a branch point, note
that the logarithm should be defined as a primitive of

2z 1 1

22—1:z+1+z—1'

It is clear that as we integrate along a curve of radius R > 1 around the origin, both
terms will make a contribution with the same sign, and hence the integral will not be
zero. In other words if we define log as a primitive of %, it will have a jump if we
traverse a large curve. Hence oo is a also branch point. Possible branch cuts, that will
prevent going around z = +1 or z = 0o are

(—o0, 1] or (—o0, 1] U[1,00) or [—1, 00).

Of course there are infintely many choices of branch cuts. Each of the above branch cuts
renders the domain simply connected, and hence a holomorphic branch does exist.

A convenient way to write down a formula for the branch is by using “double polar
coordinates”. That is, we let

z=—1+ rlewl =1+ rgew?.

If we restrict the “phases” 61,03 to be in the usual range (—m, ), then using the principal
branch of the log we obtain

log(z+1) =logrs + 6,
log (z — 1) = log Ty + 6.

Adding up these two we see that
9(z) = logri +logra + (61 + 62) (13.2)
does define a branch of log (22 — 1) since it is easy to see that e9(?) = 22 — 1.

Claim. g(z) defines a holomorphic branch of log (22 — 1) on C \ (—o0, 1].

By Theorem 13.1.2 it is enough to check that it defines a continuous branch. But
this is obvious since #; is continuous everywhere except z < —1 and 6, is continuous
everywhere except z < 1, and since these points are removed in the branch cut, g(z) is
continuous everywhere else.

If we instead, restrict 6; € (—m, 7| and 02 € (0,27), then formula (13.2) defines a
holomorphic branch on the complement of the branch cut (—oo, 1] U [1,00). The reader
should work these out carefully.
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z—1

13.2.3 Branch cuts for log (i]>

A holomorphic definition would have primitive

d (z—i—l)_ 1 1

—1 = — .
dzOg z—1 z+1 z-1

Clearly z = +1 are branch points. To analyze branching at infinity, consider a large disc
Dpr(0) with R > 2. Then both the terms contribute an integral of 27i but with opposite
signs, and hence the integral vanishes. In other words the argument does not change as
we traverse this big circle. Hence infinity is NOT a branch point. Hence we can then
choose the branch cut to be [—1, 1], even though C\ [—1, 1] is not simply connected.

Again, lets analyze this using the double polar coordinates z = —14+r1€1 = 14rye?2,
This time let 61,02 € [—m,7), and define

g(z) =logry —logry + (01 — 62).
z+1
z—1
branch. The function so defined is surely continuous (and hence holomorphic by Theorem
13.1.2) everywhere on C\ [—1, 1] except possibly the real axis to the left of z = —1. As

you approach this part of the real axis from the top, both 61,682 — 7. On the other hand

when you approach from the bottom, both 61,02 — —m, and so their difference cancels

z+1
z—1)°

Again if we change the domain for either 6y or 62 to (0,27), we are forced ton consider
other branch cuts. Once again, the reader should work both these cases out carefully.

Clearly this defines a branch of log ( ), and we need to check if it is a continuous

out. So the resulting function defines a continuous, and hence a holomorphic, log <

13.3 n'"-roots of holomorphic functions

Given a logarithm function, and a w € C, one can define a holomorphic complex power,
by
2 = eWlosz, (13.3)

When w = 1/n is the reciprocal of a natural number, we call z'/" the n'* root of z.

Example 13.3.1. Roots of unity. Consider the polynomial z"—1. Clearly ¢, = e2™/™,
is a root. Moreover, C,’f, for k=0,1,--- ,n—1 is also a root, and since the degree of
the polynomial is n, these are all the possible roots. We call ¢, the primitive n'* root of

Uunaty.
We then have the following analogs of Corollary 13.1.3 and Theorem 13.1.2.

Theorem 13.3.1. 1. If Q is simply connected and f(z) is holomorphic and zero free,
then there exists a holomorphic function g(z) such that g(2)" = f(z). Moreover,
if g1(2) is any other such function, then g(z) = (Fg(2) where ¢, = e*™/™ is the
primitive nt* root of unity and k =0,1,--- ,n — 1.
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2. If g : Q — C is continuous such that g(2)" is holomorphic for some positive integer
n, then g(z) itself is holomorphic.

Proof. 1. For the first part, by Corollary 13.1.3, there exists a holomorphic log f(z).
We then simply take

log f(2)
g(z) =e
It is also clear that if g;(z) is another such function, then (g1(2)/g(z))" = 1, and
hence there exists

2. We proceed as in the proof of Theorem 13.1.2. Let f(z) = g(z)™. Then for any
p € Qif r > 0 such that D,(p) C Q, by the first part, there exists a holomorphic
function g,(z) on D, (p) such that g,(z)" = f(z). But then on the disc, (g/gp)" =1
and hence by continuity, there exists a fixed integer 0 < k < n — 1 (independent of
z) such that g(z) = g,(2)e?™™/™ which in turn implies that g(z) is holomorphic.

0

13.3.1 Principal, and other branches of the square root

We can define the principal branch of the square root so that v/1 = 1. Doing a similar
computation as above, we can then see that if z = re? with 6 € (—m,m), then

\/2 _ \/7761‘0/2'

On the other hand, if we want v/1 = —1, then
\/g _ \/;eiw+i0/2.

13.3.2 Branch cuts for vz2 —1

Any of the branch cuts for log (22 — 1) will allow us to define v/22 — 1 on their comple-
ment by equation (13.3). Each of those branch cuts extend out to infinity. But it turns
out we can define a holomorphic branch of v/22 — 1 on the complement of finite cut.
This is possible because oo is not a branch point (even though it is a branch point of
log (22 — 1)).

To see this, we again make use of double polar coordinates. Let z = —1 + rie
1 + €2 as before, where we let ; € (—m, ), and we define

01 _

e
g(2) = /riree \ 2 /.
Clearly this defines a branch of v/z2 — 1 since

9(2)? = riree?02) — (4 1) (2 —1) =22 — 1.

All we need to now do, is to find a branch cut such that g(z) is continuous in the
complement.
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Clearly 6 is continuous everywhere except (—oo, —1] and 65 is continuous everywhere
except (—oo,1]. So g(z) is continuous everywhere except possibly for (—oo,1]. Let us
analyze the two intervals (—oo,—1) and [—1,1]. If z approaches [—1,1] from above,
1 — 0 but 5 — 7, and so

g9(z) — Tire’™? = i/T172.

But if it approaches from below, then #; — 0 while 83 — —m. So

g(z) — Tirge ™% = —i\/r179,

and so g(z) is discontinuous on [—1, 1]. Next we analyse continuity along (—oo,—1). As
z approaches (—oo, —1) from above, #; — 7 and 03 — 7, hence

g(z) — 62”/2\/’/“11”2 = —\/rirs.

On the other hand when z approaches (—oo, —1) from below 61,6, — —7, and so

9(2) = /rirae”™ = —\/ri79,

and hence g(z) defines a continuous branch on (—oo, —1). The upshot is that g(z) defines
a continuous (and hence holomorphic) branch of vz22 —1 on C\ [-1,1].

Note that with above formula, we can also compute the value of v22 —1. For
instance we demonstrate how to calculate the value of v/i2 — 1 for our particular branch.
Of course the answer has to be either +iv/2, but the question is which one of these
values? We can write (draw a picture to see what is happening geometrically)

Z': _1 + \/ieiﬁ/él — 1 + \/5637ri/4’

so that 7 = 79 = /2 and #; = m/4 and 6, = 37/4. Since 0; + 63 = 7 by the formula
above

g(i) = \/V2V2 /2 = iV/2.



Lecture 14

Isolated Singularities

A punctured domain is an open set with a point removed. For p € €0, we use the notation

0, =2\ {p},

or simply Q* for Q\ {0}, if 0 € 2 or when there is no confusion about the point removed.
The aim of this lecture is to study functions that are holomorphic on punctured domains.
The puncture, that is the point p in the above case, is called an isolated singularity. These
come in three types -

o Removable singularities
e Poles

e Essential singularities

14.1 Removable singularities

A holomorphic function f € O(£2;) is said to have a removable singularity at p if there
exists a holomorphic function f € O(€) such that

Qs =/
Theorem 14.1.1. Let f € O(SY;). Then the following are equivalent.
1. f has a removable singularity at p.
2. fcan be extended to a continuous function on €.
3. f is bounded in a neighborhood of p.
4. lim, (2 —p)f(2) = 0.

109
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Proof. The implications (1) = (2) = (3) = (4) are trivial. To complete the
proof, we need to show that (4) = (1).
For convenience, suppose p = 0. So suppose f(z) satisfies

lim zf(z) =0,
z—0

and define a new function

B 22f(2), z#0
g(Z)—{O, L—0

Claim. g(z) is holomorphic on Q and moreover, ¢'(0) = 0.
Clearly g(z) is holomorphic on Q*. So we only need to prove holomorphicity at z = 0.
Let us compute the difference quotient. Since g(0) =0, ¢’(0) if it exists is equal to

. gth) .. B
fim == = lim hf(h) =0

by hypothesis. This proves the claim. By analyticity, g(z) has power series expansion in
a neighborhood of z = 0. That is, there is a small disc D.(0) such that for all z € D.(0),

> 4(n)
gz) =37 !(O) 2"
n=0

n

Now, since g(0) = ¢’(0) =0,
g
_ 2 9" (0) no
g(z) =z Z T
n=2
By comparing to the definition of g(z) we see that for z € D.(0) \ {0},

g
f(z) = Z g (O)anz‘
n=2

n!

and so we define .
00 )(0) _n—
oy = [T 2 2 e D0
f(z), z € Q.

This is a well defined function, since on the intersection Q* N D.(0), f(z) is equal to
the infinite series. f is clearly holomorphic on Q* since it equals f(z) in this region.
Moreover, since it is a power series in a neighborhood of z = 0, it is also holomorphic at

z = 0. Hence f satisfies all the properties in (1), and this completes the proof. O

Remark 14.1.1. Recall that in lecture-7 we proved that Goursat’s theorem was valid
for functions that are holomorphic at all but one point in a domain, so long as they are
bounded near that point. In view of the above theorem, such a result is not surprising,
since the function does extend to a holomorphic function on the entire domain, to which
Goursat’s theorem applies.
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Example 14.1.2. Consider the holomorphic function Si : C* — C defined by

sin z

Si(z) =

z

Then clearly

lim z - Si(z) = lim sinz = 0.
z—0 2—0

Hence by the theorem, Si(z) has a removable singularity at z = 0 and hence can be
extended to an entire function. It is instructive to look at the power series of sinz.
Recall that

o 22 2P
San—Z—g—f—g"—...,
and so dividing by z, we see that for z # 0,
2 4 > 2n
z z z
Si(z)=1—-—+4 —= = E 1)
iz) 31 3 n:O( VG

The power series on the right clearly defines an entire function (an is in particular also
defined at z =0), and hence Si(z) defines an entire function.

14.2 Poles
Let f € O(§y). We say that p is a pole if
lim [ f(2)] = oo.

Theorem 14.2.1. Let f € O(S2;). Then the following are equivalent.

1. f has a pole at p.

2. There exists a small disc D:(p) and a holomorphic function h : D:(p) — C such
that h(p) = 0 and h(z) # 0 for any other z € D.(p), and
1

f(Z):w

for all z € D.(p) \ {p}-

3. There exists a holomorphic function g : Q — C such that g(p) # 0, and an integer
m > 1 such that for all z € (0,

9(2)

f(2) = —%5

(z—p)™

4. There exists a M > 1 and integer m > 1 such that on some disc D:(p) around p,
we have the estimates

1 M

s <f) €
Mz —ppr SO S T
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Note that the integer m in (3) and (4) above has to be the same, and is called the
order of the pole at p, and written as v¢(p).

Proof. Again for convenience, lets assume p = 0, and we denote {2, = Q. Suppose
|f(2)] = oo as z — 0. Then clearly there is a small disc D.(0) on which f does not have
a zero. Then h(z) = 1/f(z) is holomorphic in the punctured disc D.(0)*. Moreover,

tim 1) = e o T ]
and hence in particular is bounded near z = 0. By Theorem 14.1.1, h(z) actually extends
to a holomorphic function to the entire disc D.(0), which we continue to call h(z), and
from the limit it is clear that h(p) = 0. So h(z) atisfies all the conditions in (2), and this
proves that (1) = (2).
To show that (2) == (3), note that by the theorem on zeroes, since h is not
identically zero, there exists an integer m such that for all z € D.(0),

h(z) = 2"g1(2),

where g1(p) # 0. Moreover, since h(p) = 0, we must necessarily have m > 1. Now
consider the function

9(2) = 2" f(2)

holomorphic on ©Q*. Then on D.(0) \ {0}, g(2) = 1/g1(2). Since ¢g1(p) # 0 and g; is
holomorphic on D, (0), we see that 1/g;(z) is bounded on D.(0). Hence by the removable
singularity theorem, g(z) extends to a holomorphic function on all of €2, and satisfies all
the conditions in (3).

To show that (3) == (4), note that since g is holomorphic near z = 0, it will
in particular be bounded in a neighborhood. So there exists M > 0 such that for all
z € D.(0),

9()| < M.

On the other hand, since g(p) # 0, by continuity, for the € > 0 above, there exists a §
such that

l9(2)| =6
for all z € D.(0). Take M large enough so that 1/M < §, then we see that on D.(0),

1
and this proves (4).
(4) = (1) also holds trivially, thus completing the proof of the Theorem. O
Example 14.2.1. The function
Cos 2
cotz = —
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has poles at all the zeroes of sinz (since cosz and sinz do not share any zeroes, there is
no “cancellation” of the poles). Let us find the order of the zero at z = 0. Near z =0,

sinz & z. More precisely,
‘ ZCOSzZ  COSZz
zcotz = — = —
sinz  Si(z)’

where Si(z) is the function from the last section. Then we saw from the power series
expansion, that Si(0) = 1 and hence cos z/Si(z) — 1 as z — 0. In particular, for a small
e>0,1/2 < |cosz/Si(z)| < 2, and hence

1 cosz _ 2
— <2< 2
2z 7 sinz T z
and so z = 0 is a pole of order m = 1. It is once again instructive to look at an expansion
near z = 0. For z # 0,

cosz 1—2%/2+4--.
sinz  z—23/6+---

1 12224

Sz 1—22/6+--
1 22 2

= (1-Z 4+ )1+ 3+
z 2

1 z+

Tz 3

From this it is clear that cot z has a pole of order z = 0.

Remark 14.2.2. The idea of an expansion for a singular function near it’s pole can be
generalized. Let p be a pole for f: Q) — C. Then from the theorem, we can write

9(2)
f(z) = ——=,,
) (z—p)™
for some holomorphic g : @ — C with g(p) # 0. By analyticity, in a neighborhood of p
we can write

o0
9(z) =Y an(z—p)",
n=0
with ag # 0. Hence for z # p, we have the expansion
ag al

f(Z) = (Z _p)m + (Z _p)m—l

Such an expansion is called a Laurent series expansion, which we will study in greater
detail in the next lecture. The part with the negative powers is called the principal
part of f near p. In fact, if we denote by

oo+ a1 (2 = p) + ama(z —p)? + -

Qplw) = agw™ + -+ + 1w,

then we can write

£6) = Qo) + hol2),

where h;, extends to a holomorphic function across p.
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14.3 Essential singularities

If f:Qp — C is holomorphic, then p is called an essential singularity if it is neither
a removable singularity nor a pole. Unlike in the case of removable singularities and
poles, the function behaves rather erratically in any neighborhood around an essential
singularity.

Theorem 14.3.1 (Casorati-Weierstrass). The following are equivalent.
1. f has an essential singularity at p.

2. For any disc D:(p), f(D:(p)) is dense in C, that is for any disc D.(p) and any
a € C, there exists a sequence {z,} € D.(p) such that

a3l ) =

Proof. We first show that (2) = (1). If p is a removable singularity, then for some
disc D.(p), f(De(0)) is a bounded set in C, and so cannot be dense. On the other hand
if p is a pole, then |f(z)| — oo as z — p. In particular, there is a disc D.(p) such that
for all z € D.(p),

[f(2)] > 1,

and hence once again D.(p) cannot be dense in C. This forces p to be an essential
singularity.

Conversely, suppose p is an essential singularity. We then have to show that (2)
holds. If not, then there is a disc D,,(p) such that f(Dg,(p) \ {p}) is not dense in C.
Hence there exists an a € C and an r > 0 such that

[f(z) —al >r
for all z € D.(p) \ {p}. Then define g : D.(p) \ {p} — C by
1
9(2) = m'

Since f(z) # a on that punctured disc, g(z) is holomorphic. Moreover |g(z)| < 1/r in
D.(p) \ {p}, and hence by the removable singularity Theorem 14.1.1, there exists an
extension g holomorphic on D.(p). There are now two cases.

Case-1. g(p) # 0. Then by continuity, there is a smaller r < ¢ and a § > 0 such that
|g(2)| > & on D,(p). But away from p,

1
f(z) = ) T
and so on D, (p) \ {p}, ) 1
1f(z)] < Hels lal < 5 +lal,
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and so |f(z)| is bounded in a neighborhood of p. By the removable singularity theorem,
f must have a removable singularity at z = p which is a contradiction.

Case-2. g(p) = 0. Then for any € > 0, there exists a r > 0 such that on D,.,

9(2) <e.

So by triangle inequality, if € small enough so that |a| < 1/2¢, then on D,(p) \ {p} we
have

7@ = | | = |~ al| 2 2 —Jal > 5
) =|——=+4a|>|—F—la|]| > = —la| > —
9(2) l9(2)] 2 2
for all z € D,(p). This shows that lim,_,, |f(z)| = oo, which is a contradiction, complet-
ing the proof of the theorem. O

Remark 14.3.1. It is a theorem of Picard’s that in any neighbourhood of an essential
singularity, the image under f is not only dense in C but misses at most one point of C!

Example 14.3.2. The function f(z) = el/%, which is holomorphic on C*, has an es-
sential singularity at z = 0. To see this, we need to rule out the possibilities of f having
a removable singularity or a pole at z = 0. Since

F(1/n) = " 222, o,

f(2) is not bounded in any neighborhood of z = 0, and hence cannot have a removable
singularity. On the other hand,

1 2min
=e =1.
f(27mi)
Hence the limit lim,_,o f(2) cannot be infinity, and hence f cannot have a pole at z = 0.
This shows that f(z) has to have an essential singularity at z = 0. Again looking at an
expansion, we see that for z # 0,
1 1
1/z _
eF=1+-+—+---.
+ z * 2122 +

So the expansion has infinitely many terms with negative powers of z. As we will see
when we discuss Laurent series, this in fact characterizes essential singularities.

Remark 14.3.3. We finally remark that non-isolated singularities can exist. For in-
stance the function

f(z) = tan (1>

z

has singularities at 0 and points p,, = 2/n7 which converge to 0. The analysis in the
present lecture does not apply to such singularities.
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Lecture 15

Laurent series

A Laurent series centered at z = a is an infinite series of the form

(o] b o0
n n
Zm+26n(z—a) (151)
n=1 n=0
‘We can combine this into one infinite sum
o0
a_
Z an(z—a)" =---+ ! +ag+ai(z—a)+ay(z—a)?+--,
= z—a
by setting
b_ < -1
a, =4 "= (15.2)
Cn, N > 0.

We say that the Laurent series in (15.1) is convergent at z if both the infinite series
are convergent. The first term above is an infinite series of the form

bi(z—a) ™t (15.3)

1

Changing the variable to w = (z — a)™", we can re-write this as a usual power series -

biw + bow? 4 - .
Then by the fundamental theorem for power series, there exists an Ry such that the
series converges on the disc |w| < Ry' (or equivalently the annulus |z| > R;), where

Ry = limsup |by,|/"

n—oo
Or equivalently, the series (15.3) converges for |z — a| > R;. On the other hand the

second series in (15.1) is a regular power series, and hence setting

Ry = (limsup [e,['/™) 71,
n—00

the second series is convergent for |z — a] < Re. Combining this, we have the following
theorem.
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Theorem 15.0.1. If Ry, Ry given by the formulae above satisfy Ry < Ro, then the
Laurent series 15.1 converges for all z € C such that Ry < |z — a| < Rge. Moreover,
the convergence is uniform and absolute in the region r1 < |z —a| < ro for any ri,ro
satisfying R1 < r1 < ro < Ry. As a consequence, the limiting function is holomorphic
in the annulus Ry < |z — a|] < Ra.

Henceforth if 1 < Ry we will denote the annulus of inner radius R; and outer radius
R2 by
AR, ry(a) ={2 € C| Ry < |z —a| < Ra}.

Our main result in this chapter is a converse.

Theorem 15.0.2. Let Ry < Rg, and f be holomorphic on a domain containing the
closure of the annulus AR, r,(a). Then for all z € AR, r,(a),

oo

)= ) anlz—a)",

n=—oo

where

1 f(©)

" 2w o, (¢ —a)ntt

dg,

for any r € [Ry1, Rs]. Moreover, the series converges uniformly and absolutely on any
compact subset of Ar, r,(a).

First we need the following elementary observations.

Lemma 15.0.1. Let F be holomorphic on any domain containing the closure of the

annulus AR, r,(a). Then
/ F(z)dz
Cr(a)

is independent of r € [R1, Ra].

Proof. Let Ry < r; < ry < Rs. For simplicity let us denote C,(a) = C;. We claim that
Cy ~ ARy Ry (@) C5. The lemma then follows from the generalized Cauchy theorem. To
prove the claim, we need to compute indices. Let w ¢ Ag, gr,(a). Then either |w| > Ry
or lw| < Ry. If it is the former, then w ¢ Int(Ci) and w ¢ Int(Cy). Hence n(Cq,w) =
n(C1,w) = 0. On the other hand, if it is the latter, then w € Int(Cy) C Int(Cs), and
so n(C1,w) = n(Ca,w) = 1. In either case, for all w ¢ Apr, r,(a), n(C1,w) = n(Cs,w),
and hence by definition C} ~Ap, py(a) Cs. O

Lemma 15.0.2 (CIF for annuli). Let f be holomorphic on a domain containing the
closure of the annulus AR, r,(a). Then for all z € C such that Ry < |z — a|] < Ry we

have
fo= o [ Mg L[ O g

_277'” CR2C—Z _Tm CRlc_Z
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Proof. For convenience, we use the notation A = Apg, r,(a). Fix z € A, and consider

the function HO—f(2)
Sl (# 2
9(¢) =1 ¢
Clearly g(¢) is holomorphic on the punctured annulus A \ {z}. But it is continuous on

the whole of the annulus since f is holomorphic at z. Hence by the theorem on removable
singularities, g(¢) is holomorphic on all of A. Then by the above lemma

/ gQdc= [ go)dc.
Chr, Cr,

Since z ¢ Cg, or Cg,, the above is equivalent to
Q) L. f©Q . _ f) . f(2)
/CRQC—ZdC CRIC—ZdC_ CRQC—ZdC CRIC—ZdC
_ e d<
=10 [, 72 (z)/chc—z
— 2 f(2)(n(Cry» 2) + 0(Cry. 2))

Since z € Int(Cg,) but lies in Ext(Cg,), n(Cg,,2) = 1 and n(Cg,,z) = 0, and this
completes the proof of the Lemma. O

Proof of theorem 15.0.2

This is similar to the proof of analyticity, and the key tool as before is the geometric

1 oo
_ n
1—w Z o
n=0
which is valid in the region |w| < 1. By the Lemma above

f(z) = ! /C 1O dC—i f(©) d¢:=I,—I.

T omi RQC—z 27 CR1C—Z

series expansion

To evaluate Is, we write

1 1 ! ( 1 )
(-2 (—a—(2—a) C¢-a\l-(z—a)/(¢(—a)
Since ‘a’ is the center of the annulus, if { € Cg,, and z € Int(Cg,), then

|z — al B |z — al

= < 1.
¢ —al Ry

Applying the geometric series expansion with w = (z — a)/(¢ — a) we see that

1 f(©) i (z—a)"

T 2mi —a
Cr,

n=0
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o~ (1 f(¢ n
B Z:;) <% /032 (¢ —(a))’”rl dC) (z-a)
= Z an(z —a)",
n=0
where
o O e

" 9 Cr, (¢ —a)ntt
To analyze I, we write

1 1

1
C—z__z—a(l—(g”—a)/(z—a))'

But now, if ( € Cp,, then for z € AR, r,(a) we have that

(—al R <1,
|z — al |z — al

and so again from the geometric series expansion it follows that

_ 1 fQ) 5~ (C-a)f
Il__QM/CRlzaz(za)kdg

k=0

=Y (5 [ FOE— 0 Q)= -y
k=0 Cry

Putting £ + 1 = —n, we can write

—00

I = — Z an(z —a)",

n=-—1

where

_ 1 f©)
" i Jo, - ay 1

This completes the proof of the theorem.

15.1 Application to study of isolated singularities

Corollary 15.1.1. Let f : Q3 — C holomorphic. The for any disc Dgr(p) such that

Dr(p) C Q,

where

1 f(©)

ap = 7 S
27 Jopp(p) (¢ —p)" !

dc.
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Proof. Apply the theorem to the annulus A, r(p) and let » — 0. O

We then have the following characterization of isolated singularities based on the
Laurent series expansion.

Theorem 15.1.1. Let f : Q, holomorphic with Laurent series expansion

around p. Then
1. p is a removable singularity if and only if a, =0 for all n < 0.
2. p is a pole of order m if and only if a, =0 for alln < —m.

3. p is an essential singularity if and only if for any N > 0, there exists an n < —N
such that a, # 0. That is, there are infinitely many non-zero negative exponent
terms in the Laurent series expansion.

Proof. Note that if Dr(p) C Q, then the coefficients are given by the formula

_ QO
" 2mi /af:)R(p) (¢ —p)ntt .

So if p is a removable singularity, then for integers n < 0, (¢ —p)~" "' f(() is holomorphic
on the entire disc Dg(p), and hence by Cauchy’s theorem for discs, a, = 0 for all n < 0.
Conversely, if a, = 0 for n < 0, the Laurent series reduces to a power series, and we
know that power series are holomorphic on the entire disc of convergence.

To prove the characterization of poles, apply the same argument to the function (¢ —
p)" f(C). The characterization of essential singularities then follows from the definition
and the first two parts. O

Remark 15.1.2. Note that in the event the function has only poles, the Laurent series
of the function centered at some other points might have infinitely many negative ex-
ponent terms. The theorem only states that the Laurent series centered at the isolated
singularity can have only finitely many negative exponent terms. For an illustration of
this, see Example 15.1.4 below.

Example 15.1.3. Consider the function

I 1
22-3242 2-2 z-1

It has two singularities at z =1 and z = 2 which are clearly poles. We can expand the
function as a Laurent series centered at either of the poles. To illustrate this, let us find
the Laurent series expansion centered at z = 1. One approach is to use the formula for
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the coefficients in Theorem 15.0.2 and compute out all the integrals. An easier approach
is to use the geometric series expansion, namely that

1 oo
- = wn
e
n=0
whenever |w| < 1. Note that the function is holomorphic on the annulus 0 < |z —1| < 1,

and so we can hope to have a Laurent series expansion on that domain. Writing

1 1 1

2—2 z-1-1 1—(2—1)

Since |z — 1| < 1, using the geometric series expansion (with w = z — 1) we see that

1 > "
_9 ::__EE%(Z__l) ;

and so

1 1 - n
22—3z+2__z—1_z(2_1)

Example 15.1.4. Sticking with the function from the previous example, one can also
try to find a Laurent series expansion on other annuli. For instance the function is
holomorphic on the annulus Ay 2(0) =1 < |z| < 2. We consider each of the terms in the
partial fraction decomposition separately. For z € A12(0), |z| > 1 and so applying the
geometric series expansion above to w = 1/z, we see that

zi1_1<1—1/z) Zz": z”

On the other hand, for z € A12(0), |2| <2 and hence once again applying the geometric
series expansion to w = z/2,

I 1( 1 )_ 1§:z”_ iz"
z—2  2\1—-z/2) 24~ on+1’
n=0 n=0
Putting it all together, we see that on 1 < |z| < 2,

x 0
TJJ—_Z -2 g

So even though the function only has poles, it Laurent series centred around z = 0 has
infinitely many negative exponent terms.
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Meromorphic functions

16.1 Definition and basic properties

A function on a domain 2 is called meromorphic, if there exists a sequence of points
p1, P2, -+ with no limit point in 2 such that if we denote Q* = Q\ {p1,---}

o f:0* — C is holomorphic.
e f has poles at p1,pa---.

We denote the collection of meromorphic functions on 2 by M(Q2). We have the
following observation, whose proof we leave as an exercise.

Proposition 16.1.1. The class of meromorphic function forms a field. That is, given
any meromorphic functions f,g,h € M(Q), we have that

1. f£g€e M(Q),

2. fg e M(Q),

3. flg+h)=fg+ fh.
4. fx0=f f-1=/,
5. 1/f e M.

Recall that if a holomorphic function has finitely many roots, then it can be “fac-
tored” as a product of a polynomial and a no-where vanishing holomorphic function.
Something similar holds true for meromorphic functions.

Proposition 16.1.2. Let f € M(Q) such that f has only finitely many poles {p1,- - ,pn}
with orders {my,--- ,my}. Then there exist holomorphic functions g,h € O(Q) such that

for all 2 € Q\ {p1,-- ,pn},
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Moreover, we can choose g and h such that f(z) and g(z) have the exact same roots
with same multiplicities, while h(z) has zeroes precisely at p1,--- , pn with multiplicities
exactly my,--- ,my.

Proof. We define g : Q\ {p1, -+ ,pm} by
9(2) = (s (= = p0)™ ) £(2).

This is clearly a holomorphic function. Moreover, since f(z) has a pole of order my
at pk, g(z) is bounded in a neighbourhood of pg. Thus, by the theorem on removable
singularities, g(z) can be extended as a holomorphic function on Q. The theorem is then
proved with

h(z) = (z =p))™ - (z = pa)"™.
O
Remark 16.1.3. The same is true even if the meromorphic function has infinite number
of poles. This is a consequence of Weierstrass’ factorization theorem. We will prove this

theorem for the special case when €2 = C. For a general open set the proof requires the
use of Runge’s approximation theorem.

16.2 Partial fraction decomposition of meromorphic func-
tions on C.

Recall that if f has a pole of order m at p, then the Laurent series expansion can be
written as

1
1) = Qpf (—=) + Hpf (2),
Z—=p
where H, f is holomorphic near p, and @, f(w) is a polynomial
Qpf(w) =a_pw™ +---a_jw,

where for each n =1,2,--- ,m and each ¢ << 1, we have

! FE) G —p .

n = 5_.
2m8 J)zpl=e

The difference f(z) — Hy,f(2) is called the principal part of f(z) at p. We then have the
following fundamental theorem.

a_

Theorem 16.2.1 (Mittag-Leffler). Let {py} be a discrete set of points in Q, and for each
k, let Qr(w) be a polynomial without a constant term. There there exists a f € M(Q)
with poles at p, and holomorphic everywhere else, with principle part at pp given by
Qr(1/(z —pr)). Moreover, all such meromorphic functions are of the form

10 =Y (@(—) —a(2) + H),
k

Z— Pk

where each qi(z) and H(z) are holomorphic functions on Q. Furthermore:
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1. If {px} is a finite sequence, then one could take q = 0.
2. If Q = C, and |px| — o0, then one could take each qy to be a polynomial.

We will prove parts (1) and (2) in the next lecture. For a general ) and infinitely
many poles, the proof require’s Runge’s theorem, and an outline will be provided in the
appendix to the next lecture.

Remark 16.2.2. Note that if ), g, is a compactly convergent series on Q (for in-
stance, take a power series), then ¢ = qi + g, and H = H + >, gi will give another
representation for the function f(z), and hence g and H are by no means unique.

Remark 16.2.3. Note that given a meromorphic function, the theorem does not say
whether that particular function has a partial fraction decomposition (unlike say for
rational functions, as we will see in the next section, or more generally meromorphic
functions with only a finite number of poles). In other words, we are not claiming that
the converse holds (even when Q = C). It does turn out that the converse holds under
some additional conditions on the distribution of poles. But in particular examples, one
can get away by a more hands-on approach. We will see a beautiful illustration of this
below.

Example 16.2.4. Consider the meromorphic function f(z) = 72/sin®nz which is a
meromorphic function with poles at integers. Near zero,

72 2 1

2

71-Z_(71'2—!—0(2:3))2:22(1—2;2/(’3-i--~)2:'22< 6

sin

and so the principal part of f(2) is given by 1/2%. Using the identity sin®(n(z —n)) =
sin? 7wz, it is easy to see that the principal parts at z = n are given by (z —n)~2. Now

consider the series
o0

> o

(2 —n)2°

= (z—n)

This converges uniformly on all compact subsets of C\ Z, and hence represents a mero-
morphic function on C with poles of order two at all integers. Moreover the principle
parts at each pole z = n is given by Qn((z —n)~1), where Qp(w) = w?. It is then easy
to see that the difference

extends to an entire function.

Claim. H =0.
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Proof. Note that the series and the function on the left are both periodic with period 1,
and hence so is H(z). That is, H(z + 1) = H(z) for all z € C. Also by Euler’s identity,
if z =z + 1y, then
Tz 672’71’2
sinmz = = sin(mx) cosh(my) + sinh(7y) cos(mx),
)
and so
| sin 2|2 = cosh?(my) — cos?(mx) > cosh?(my) — 1 — oo

uniformly as |y| — co. As a consequence 72/ sin? w2z converges uniformly to zero as |y| —
oco. But the infinite series also shares this property. Indeed, since the series converges
uniformly on |y| > 1, we can take pointwise limit, and clearly each (z —n)™2 — 0
uniformly as |y| — oo. The upshot is that H(z) converges uniformly to zero as |y| — 0.
In particular, H(z) is bounded on the strip {z € C | 0 < Re(z) < 1}. But then since H
is periodic with period one, this means that H is a bounded entire function, and hence
a constant by Liouville. But since lim, o H(iy) = 0, we can conclude that H =0. [

Assuming this, we get the identity
2 oo

s 1
sinTz Z (z —n)?

n=—oo

for all z ¢ Z. Plugging in z = 1/2, we obtain the identity

2 oo 0o
Z:Z (2n—1 Z2n—12'
n=—oo n=1
Now let, S =>"0°_ym~2. Then we have
o 1 o
$=> 5—p
n=1 (2m o 1) n=1
®,s
8 4

Solving for S, we get the beautiful identity
L
m?
m=1

Proving this identity was the so-called Basel problem, first “solved” by Fuler. But his
“proof” would not pass our modern day standards of rigour. FEuler used a “facotrization”
for sine, but a rigorous development of the theory of infinite product factorizations of en-
tire functions had to wait till Weierstrass came along many decades later. Nevertheless,
Euler’s insights were of course crucial in all subsequent developments.
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16.3 Holomorphic self maps on the extended complex plane

It is often useful to think of z = co on the same footing as other points in the complex
plane, and to define the extended complex plane

C=CuUcc.
We can then think of meromorphic functions f : Q\ {p1,---,pj,---} = C, as functions
f:Q — C, by defining

f(pj) = o0

for all the poles pjs.

Definition 16.3.1. Let Q c C. We say that a map f : Q — C is holomorphic if for
any p € , either f(p) # oo and f is holomorphic near p, or f(p) = oo and 1/f(z) is
holomorphic near p.

Proposition 16.3.2. A function f : Q — C is holomorphic if and only if f € M(Q)
with poles precisely on the polar set f~1(c0).

Similarly, in studying meromorphic functions on C, it is also useful to consider the
extension of the function themselves to C. We say that z = oo is a pole of order m
(resp. removable or essential singularity) if z = 0 is a pole of order m (resp. removable
or essential singularity) for the function

fz) = f(1/2).

Similarly we can also define a zero of order m at infinity. We then say that a meromorphic
function on C is meromorphic on the extended plane, if it does not have an essential
singularity at z = oco. It turns out that meromorphic functions on C can be classified.
Recall that a rational function on C is a function of the form

where both P(z) and Q(z) are polynomials.

Example 16.3.3. 1. A polynomial P(z) = anz™ + - -+ + ap with a, # 0 has a pole
of order n at infinity. In fact, conversely, ever entire function p(z) with a pole
of order n at infinity is a polynomial of degree n. This follows from the Cacuhy
estimates.

2. The function €* has an essential singularity at infinity.

3. A rational function has a pole or removable singularity at infinity. In fact a rational
function R(z) = P(z)/Q(z) as above has

e a pole of order deg P — deg Q at infinity if deg(P) > deg(Q),



128 LECTURE 16. MEROMORPHIC FUNCTIONS

e a removable singularity at infinity if deg(P) < deg(Q),
e a zero of order deg(Q) — deg(P) if deg(P) < deg(Q).

Theorem 16.3.4. The only meromorphic functions on C are rational functions.

Proof. Let F : C—Chea meromorphic function.

Claim-1. F has only finitely many poles {p1,- - ,p,} in the complex plane C.

To see this, note that F(1/z) has either a pole or zero at z = 0. In either case there
is a small neighborhood |z| < e which has no other pole. Which is the same as saying
that F" has no finite pole in |z| > 1/e. But |z| < 1/e is compact, and since all poles are
isolated, this shows that there are only finitely many poles. Now, corresponding to each
of the poles pi € C there exists a polynomial @ (see Remark 0.2 in Lecture-20) such

that
1

Z — Pk

F(z) = Qi

where G}, is holomorphic on a whole neighborhood around pj (including at the point
pr). Similarly if |z| > R, we can write

> + Hy(z),

F(2) = Qu(2) + Hoo 1),

where as before, Hy (%) is holomorphic in a neighborhood of z = 0.

Claim-2. The function

n

G(z) = F(2) —Qoo(z)—ZQk< : >

Z [e—
k=1 Pk

is an entire and bounded function.

Assuming the claim, by Liouville’s theorem, G(z) is a constant, and hence F'(z) must
be rational, and the theorem is proved. To prove the claim, first note that clearly, G(z)
is holomorphic away from {pi,--- ,pn}. At some z = p;, Q;(1/z — p;) is holomorphic
for all j # k. On the other hand, near py,

F(Z)—Qk( !

Z — Pk

) = Hy(z)

which is holomorphic. This shows that G(z) is entire. As a consequence, to show
boundedness, we only need to show boundedness on |z| > R for some large R. To see,
first observe that since Q)i are polynomials,

1
lim Qk< ) —0.
Z—00 z — pk
Hence it is enough to show that F'(z) — Qx(2) is bounded near infinity. But this follows
immediately from noting that

et = () - ex()

z
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is holomorphic near z = 0 and hence is bounded on |z| < € for some € > 0. In particular
F(2) — Qoo(2) is bounded on |z| > 1/e. This proves the claim, and hence completes the
proof of the theorem.

O

Remark 16.3.5. A meromorphic function f € M(C) gives rise to a holomorphic map
F :P' — P!, Conversely, given any map F : P! — P!, one gets a meromorphic map from
C — C with poles at F~1(]0,1]). So the theorem can be reformulated in the following
way - all holomorphic maps from F : P! — P! are given by rational functions of two
variables, where the numerator and denominator are homogenous polynomials.

A simple consequence of the proof is the following theorem on partial fraction de-
composition that we take for granted as an important tool in integration theory, but
never see the proof of.

Corollary 16.3.6. For any rational function R(z) = P(z2)/Q(z) has a partial fraction
decomposition of the form

n

R(2) = Qu(2) + 3 Qu( =),

z —_—
el Pk

where py is a root of Q(z) of order my, Qg is a polynomial of degree my, and deg Qoo =
deg P — deg Q if this number is non-negative. Else we have that Qs = 0.
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Lecture 17

The theorems of Mittag LefHer
and Weierstrass

17.1 Proof of the Mittag-Leffler theorem.

Recall that the Mittag-Leffler theorem was as follows.

Theorem 17.1.1 (Mittag-Leffler). Let {py} be a discrete set of points in 2, and for each
k, let Qr(z) be a polynomial without a constant term. There there exists a f € M(Q)
with poles at py and holomorphic everywhere else, with principle part at py given by
Qr(1/(z — pr)). Moreover, all such meromorphic functions are of the form

16 =Y (@) ~a(2) + HE).
k

2= Pk

where each qi(z) and H(z) are holomorphic functions on Q, and qx depends only on Q.
Furthermore:

1. If {px} is a finite sequence, then one could take q = 0.
2. If Q =C, and |px| — oo, then one could each qi to be a polynomial.

Proof. The proof of the theorem in case (1) is trivial, and we leave it as an exercise.
We prove the theorem only in the case (2) above. For a general Q with possibly infinite
sequence {py}, the proof relies on Runge’s theorem and is out of the scope of the present
course.

So from now, suppose 2 = C. Without loss of generality, we can assume that no pj
is equal to 0. Suppose we order them such that 0 < |p;| < ---. By the first part, we
can assume that the number of poles is infinite, and hence that limy_,, [px| = 0o. Since
each Qx(1/(z — px)) is holomorphic on |z| < |pk|, it can be expanded as a Taylor series
around z = 0 for the form

hi(z) = Zak’jzj.
j=1

131
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Since the Taylor series expansion converges uniformly on compact sets, there exists an
integer di, such that if we let

di
a(2) = ap 2,
§=0

then for all |z| < |pk|/2 we have

1
2 — Pk

‘Qk( ) - Qk(z)‘ <27k

Now, consider the series

1) =3 (@) ~a().

Z— Pk

For any compact set K CcC C\ {p1,---,}, there exists a N such that for & > N,
K C Dy, /2(0). By the claim and our choice of dj, for all k > N, each term of the

infinite series -
> <Qk( : ) - Qk(2)>

Z J—
k=N+1 Pk

is dominated by 2%, and hence by Weierstarss test the tail, represents a holomorphic
function. On the other hand

S (@) ~uto)

k=1

is a meromorphic function on K with poles at pi,---,py with prescribed principal
parts. In particular, f(z) is meromorphic on C with poles at p; with principal part
Qr((z — pr)~1). To finish the proof, if f is another such function, then clearly f — f
extends to an entire function.

O]

Example 17.1.2. In the previous lecture, we illustrated the theorem by obtaining an
expansion for w2 /sin® 7z. We now obtain an expansion for mcot wz which is meromor-
phic on C with only simple poles at z = n € Z. In fact, the principal part is precisely
(z —n)~L. Unfortunately, the series >.(z —n)~! is divergent, and hence one has to
subtract off a polynomial, which in this case turns out to be a constant. Consider the

series ) 1 .
Zz—n—i_ﬁzz(z—n)n’
n#0 n#0
which is compactly convergent on C\ Z as can be seen by comparing with the series

S n~2. Hence the series represents a meromorphic function on C with simple poles at
z=mn. Then clearly

1

zZ—N

1 1

H(z) = ) -

(z) = mcotmz . —i—n
n#0
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is an entire function. Moreover, by direct calculation, one can see that for z ¢ 7 (and

hence everywhere),
2

H=— -3 L g

sinmz L~ (z —n)

by our expansion from previous lecture. Hence H(z) is a constant. Now, rewriting the
function as

I & 1 1 1 = 22
H(z) =mcotmz — li (7+ ) +7>—_7r trz— - =
(Z) CO z mlIIl o > n n CO z o 2’2 n2

The right hand side is an odd function, and hence H(z) must be zero. Thus we obtain

the identity
1 1 1
7rcot7rz:;+z< —I——). (17.1)

zZ—MN n
n#0

17.2 Infinite products

A infinite product of non-zero complex numbers II2° ; p,, is said to converge if
P := lim II}_ pg
n—oo

exists. If some of the terms are allowed to be zero, then we say that the infinite product
converges if the following two conditions hold

1. At most a finite number of terms are zero.

2. If N > 0 such that p, # 0 for all k > N, then 112\, pn converges in the above
sense.

If we denote the n'" partial product by P, = I} _,pk, then it is clear that it any
convergent product p, = P,/P,_1 converges to 1. Denoting p, = 1 + b, we say that
the product converges absolutely if TI(1 + |b,|) converges. We then have the following
basic fact.

Proposition 17.2.1. Let {b,} be a sequence of complex functions, none of which is
zero. Then the infinite product II(1 + by,) (absolutely) converges if and only the series
> log(1 + by) (absolutely) converges, where log is the principal branch of the logarithm.

One can similarly talk about uniform convergence and compact convergence of infi-
nite products. We then have the following counterpart of the above theorem.

Proposition 17.2.2. Let {f,} be a sequence of entire. Suppose that for every compact
set K, all but finitely many fns are zero free in K. Then 1152, (1 4 fn(2)) converges
compactly (resp. absolutely) on C if and only if > log fn(z) converges compactly (resp.
absolutely) on C. In such a case the infinite product converges to an entire function.

Note that absolutely convergent products also satisfy the “rearrangement property”.
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17.3 Weierstrass factorisation theorem

Theorem 17.3.1. Let {a,} be an arbitrary sequence of non-zero complex numbers or-
dered such that lim,_, |an| = 00, if the sequence is infinite. Then there exists an entire
function with zeroes at precisely the points a,. Moreover, every entire function with
these and no other zeroes (except possibly at z = 0) is given by

f(z) = 2", (1 - i)eqn(z), (17.2)

Qn
where q, is a polynomial given by

o) = i+l(i)2+...+i<i>m’ﬂ

a, 2\ap, My, \Qp,

The convergence here is absolute, and uniform on compact sets. Furthermore, if there
exists some integer h > 0, such that

1

then we can take my, = h for all n.

The expression (17.2) above is called the canonical product associated with {a, }, and
the smallest integer h satisfying (17.3) (if it exists) is called the genus of the canonical
product. Else the genus is said to be infinite. If g(z) above reduces to a polynomial, then
we say that f(z) is of finite genus, and the genus of f(z) is defined to be the maximum
of the degree of g(z) and h.

Proof. We only prove the second part, and leave the more general statement as an
exercise. So from now on assume that our sequence satisfies (17.3). We need to prove
the existence of polynomials g, (z) such that the infinite product

e, (1 _ i) edn(2)

Qn

converges to an entire function. By Proposition 17.2.2, this holds if and only if the series
with the general term

rn(2) = log (1 - i) + qn(2)

converges compactly. Let R > 1 be arbitrary. We only consider those a, such that
lan| > 2R. Then on |z| < R, since |z/ay| < 1, the first term in 7,(2) has a power series

expansion:
z z 1/ 2\2
o= 2) =2 HE)
an an 2 \ay

For the h as in the hypothesis, we let
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so that

ra2) = 1 <z)h+1 1 <z)h+27”'

“1+h\a, " 2+%h\a,

By comparison with a geometric series, we obtain the estimate that

|7“n(z)|§1_|1_h(|a]i|)1+h<1—m}i|)1<1_|2_h(|f;‘)1+h-

By hypothesis, > r,(z) converges absolutely and compactly on |z| < R, and hence so
must the product. Note that even though the proof required us to work with |a,| > 2R,
just multiplying in the terms on the product with |a,| < 2R does not affect convergence
of the product, since such a,’s are only finite in number. This shows that the product
with our choice of ¢, converges to an entire function with the required properties. Now
suppose f(z) is any other such entire function with a zero of order m at z = 0. Then
consider the entire function

f(z)
ZMIISC (1 — é)eqn(z) ‘

F(z) =

Since the zeroes of the numerator and denominator match up, F(z) clearly extends as
an entire function which is no-where zero. But then by simple connectivity of C, this
implies that one can take a holomorphic branch g(z) = log F'(z). Then clearly f(z) has
the expression above. O

Example 17.3.2. Consider the function sinmz. This is an entire function with zeroes

at z = £n. Since
1
>

n

converges for h =2 (and 2 is the smallest such integer), we can apply the above propo-
sition to obtain

sinmz = zeg(z)HnGZ\{O} (1 — i)ez/".
n

Claim. ¢9©) = 1.

To see this, we take a logarithmic derivative. Then

1 1 1
trz=—-+g ) ( —7>.
otz Z-f—g(z)—}— -

zZ—MNn
n#0

Comparing with the expansion of wcotwz, we see that ¢'(z) has to vanish, and hence
g(z) is a constant. On the other hand,
sin Tz _ ¢9(0)

7 = lim
z—0 z
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and so e9%) = 1. It follows that f(z) is an entire function of genus 1. Because of
absolute convergence, we can rewrite

2

z
=162, (1= 5),

sinmz

T2
Expanding, and comparing the coefficients of 22, we once again see that
2 1
P
This was the original approach of Euler.
We finish with the following elementary corollary, whose proof we leave as an exercise.

Corollary 17.3.3. Any meromorphic function in C is the quotient of two entire func-
tions.



Lecture 18

The Residue theorem

Let f be a holomorphic function in D.(p) \ {p} with a Laurent series expansion

[e.o]

f) = S an(z—p)m

The residue of f(z) at z = p is then defined by
Res.—pf(2) = a_1.

Then by Theorem 2 in Lecture 16, for any r < ¢,

Res.—,f(2) = ! /| ‘ f(2)dz.
z—p|=r

T 2mi
More generally, we have the following fundamental result.

Theorem 18.0.1 (Residue Theorem). Let Q be open, {pr} € Q a sequence of isolated
points, and f € O(Q*), where Q* := Q\ {p1,---}. Then for any cycle v ~q 0 in Q such
that no py lies on Supp(vy), we have

/ f(z)dz = 2mi Zn(’y,pk)Respkf(z).
7 k
Moreover, for any given v as above, n(vy,px) = 0 for all but finitely many k, and hence

the summation above has only a finite number of non-zero terms.

Proof. First let us assume that there are only a finite number of singular points. Let
C} be a small circle around p; enclosing a disc Dy, such that Dy C 2 and such that Cj
does not intersect Supp(y). We now claim that

v ~a- ) n(y,pk)Cr. (18.1)
K

137
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Assuming this, we are then done by the generalised Cauchy theorem, since

/y fle)dz =D ntr.p /. S

=270 Z n(y, pr)Res—p, f(2).

k

To prove (18.1) let a ¢ Q*. We need to show that

n(v,a) =Y n(v,pi)n(Cy, a). (18.2)
K

If a ¢ Q, then by construction a ¢ Dy, and since a disc is simply connected, n(Cj, a) = 0.
On the other hand, since v ~q 0, we also have that n(y,a) = 0, and hence (18.2) is
trivially satisfied. If a € €2, then a = p; for some j. Once again, as above, n(Cy,a) =0
for all k£ # j. On the other hand, n(Cj,a) = 1. This verifies (18.2) and completes the
proof of (18.1).

Finally, suppose the number of singularities is infinite in number. It is enough to
prove that n(~,pg) = 0 for all but finitely many k. Note that

Up :={a € C | n(y,a) =0}

is an open set (since the index is locally constant). Moreover it contains the annulus
AR.oo(0) for R large enough. As a consequence, the set U¢ = C \ Up is a compact set
and must contain only finitely many pj (since the singularities are isolated). ]

An important corollary is the following.

Corollary 18.0.2. Let f be holomorphic in 2 except possibly at isolate points {p1,p2, - , }
i Q, and let v be a positively oriented, simple, closed curve in €2 not passing through
any of the singularities. Then

/ f(z)dz = 2mi Z Res.—p, f(2).
v prEINt(y)
Proof. This follows from the residue theorem and the fact that

1, z € Int(y)
0, z € Ext(y).

n(’)/vpk) = {

Our next result helps in computing the residue at poles.
Proposition 18.0.3. Let f have a pole of order m at p. Then

1 dm_l

Res.—pf(2) = (m— 1) dzm"1l=p

(z=p)"f(2).
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Proof. If f has a pole of order m, then (z—p)™ f(z) has a removable singularity at z = p.
Moreover, if the Laurent series expansion for f at p is given by

f)= Y an(z—p)",
then N
=p)"f(2) =3 apom(z—p)F,
k=0
and hence
1 am—1 "
(m— 1) dzm—1 Z:p(z —p)"f(2) = am—1—m = a—1 = Res.—, f(2).

Example 18.0.4. Let us evaluate

/22
/ 672d27
Sk 1+ 2z

where Sg is a square of side length 2R centred at the origin and oriented in an anti-
clockwise direction. Let f(z) be the integrand. Then it has three isolated singularities,
namely an essential one at 0 and poles of order one at +i. Let us compute the residue
at each of the singularities.

e Residue at z = 0. The Laurent series expanston is given by
€(7r/2z) n

2241 - <i 27’:71!'[”) < i(_1)2m22m)7

n=0 m=0

hence the residue, which is the coefficient of z~—' is given by
(o.9)
et = 35 (U (017 < (3) =1
esz=0/(2) n;) 2m+1)I\2 S

e Residue at z = i. By Proposition 18.0.3, the residue is given by

e7r/2z 671'/21' 1
esemif(2) =lm(z —0) 505 = 2
e Residue at z = —i. Once again by Proposition 18.0.53, the residue is given by
w/2z —7/2i 1
e e
semnif (2) = Jim e+ = 5 =3

Then by the residue theorem, we have

e/ 1, R<1,
[
sp 142 0, R>1.
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18.1 The argument principle

Theorem 18.1.1 (The argument principle). Let Q be a domain and f € M(SQ) zeroes
at {a;} or orders {m;} and poles at {by} of orders {ny}. Then for every cycle v ~q 0
which does not pass through any zeroes or poles, we have that

i ), o) % = 2 ami = 3 ontn b

Furthermore the two summations are finite summations.
As a simple corollary we have the following,.

Corollary 18.1.2. Let Q be a simply connected domain and f € O(Q) with zeroes at
{a;} or orders {m;}. Then for any simple, closed, positively oriented curve v no passing
through any of the roots, we have

f’z
27m/7 z Z m]

ajelnt(y

Proof of the argument principle. Note that f’/f has poles precisely at the zeroes and
poles of f(z), and is holomorphic everywhere else. So the integral can be computed by
using the residue theorem. To do so, we need to compute the residues of f’/f. There
are two cases.

1. Residue of f'/f at z = a;. Near aj, say on D, (a;), we can write f(z) =
(z —aj)™ gj(z), where g;(z) is holomorphic and zero free on D, (a;). Then

fz) - my  g(2)
o) " ma )

Since g /g; is holomorphic, we have that

Res,— aj ‘;((j)) =m;.

2. Residue of f'/f at z = b;. Near by, say on D, (by), we can write f(z) =
(z — bk) ™ g(z), where gi(z) is holomorphic and zero free on Dy, (b;). Then

/

PG __m | 0h(e)

f(z)  z—a;  gr(z)

Once again, since g /g is holomorphic, we have that

Resz by ;éj; —MNg.
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The theorem then follows by an application of the residue theorem. ]

Remark 18.1.3. More generally, if f is holomorphic, and we take f(z) — w, then for
any simple closed curve « such that w ¢ f(Supp(7)),

2ri / f(z Z i
ajelnt(y),f(aj)=w

where m; is the order of the zero of f(z) —w at a;.

18.1.1 Argument principle as an index calculation

If v is a short curve such that |y(0)] = |y(1)|, and not passing through the origin, then
the index n(v,0) computes the change in the argument of v(¢) (upto a factor of 27). To
see this, note that is - is short enough, then one can define a holomorphic branch of the
logarithm log z in a neighborhood of Supp(y). Then

1 dz log~vy(1) —log~(0 argy(1) —arg(0
n(’y,O):ZQ./: g7(1) ~log1(0) _ argy(1) — arg(0)
i)y 2 27 21
Now, let v : [0,1] — Q be a curve and f € O(R2). Then I'(t) = f(y(t)) defines a

curve in C with I’ (775) = f'(v(¢))¥'(t). Then

A [FE L [TPO0) g LT 1 [ dw
2m'/7 o = 27ri/0 Fivy) Y Wt = 27m'/0 ) T o e

and hence we conclude that

_ 1 (=)
n(T,0) = 2m/7 5 dz.

So the integral of f’/f along v essentially measures the change in argument of f(z).
More generally, together with the remark above, we see that for any w ¢ f(Supp(7)),

_ 1 f'(2)
n(F’w)_M/Wf(z)—wdz
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Lecture 19

Applications of the argument
principle

19.1 Local mapping properties of holomorphic functions

Theorem 19.1.1. Let 2 be connected, and f € O(Q2) be a non-constant holomorphic
function. Suppose f(zp) = wg, and that f(z) —wg has a zero of order m at zy. Then
there exists an g9 > 0 such that for any € < g, there exists a 6 = d(e) > 0 such that
whenever w with 0 < |{w—wy| < 0, the equation f(z) = w has exactly m distinct solutions
in B:(z0) each of multiplicity one.

Proof. First we choose g > 0 such that

1. f(z) — wo has no other root in D, (29), and
2. For all z € D.,(20), f'(2) #0.

The first condition can be achieved since f(z) — wg is not constant, and zeroes are
isolated. For the second condition, if m = 1, then f’(z9) # 0, and hence an gy > 0
as above can be picked by continuity of f’(z). If m > 1, then f’(z9) = 0. But f/(z)
is also holomorphic, and hence it’s zeroes must also be isolated. Let ~ be the circle
|z — 29| = € oriented in the positive sense, and let I' = f o~. Now wy ¢ Supp(I") by
propert (1) above, and hence there exists a § > 0 such that Ds(wg) C C\ Supp(I).
For any w € Ds(wp), since the index is locally constant, n(I',w) = n(I',wp). By our
discussion in the previous lecture, n(I',wy) counts the number of zeroes of f(z) — wy
(with multiplicity) in the interior of 7, which in this case is m. Hence n(I',w) = m, and
so f(z) —w also has exactly m solutions in D.(zp) counted with multiplicity. Now, look
at g(z) = f(z) —w. Since ¢'(z) # 0 for all z € D.(29), none of the roots of g(z) can have
multiplicity more than one. Hence f(z) = w has exactly m distinct solutions in D, (zp),
each with multiplicity one. O

Remark 19.1.2. The theorem essentially says that locally, holomorphic functions are
“branched” or “ramified” covers. That is if f(z9) = wo with multiplicity m, and with

143
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£,0 as above, the map f : D.(z0) \ {20} = Ds(wo) \ {wo} is m : 1 covering map, and
the m branches come together at zg. If m > 1, we say that zy is a branch point, and
that m is the branching order. The prototypical example that one should keep in mind
is f(z) = z™. Then in any small neighbourhood of z = 0 (excluding at zero), then
function is m : 1. Namely, for any w # 0, then if w = re®, f(rl/mCﬁlew/m) = w for
k=0,1,--- ,m— 1, where G, = €2™/™ is the primitive m*" root of unity.

Corollary 19.1.3 (Open mapping theorem). Let U be and open set, and f : U — C be
any non-constant holomorphic function. Then f(U) is an open subset of C.

Proof. Let wy € f(U). Then there exists a zg € U such that f(z9) = wp. By the above
theorem, there exists a ¢ > 0 and § > 0 such that D.(z9) C U and f(z) = w has at least
one solution in D.(z) for each w € Dgs(wp). In particular, Ds(wy) C U, and since wy
was arbitrary, f(U) is open. O

Remark 19.1.4. This is of course not true in the real setting, even for polynomials,
much less real analytic functions. For instance, consider f(z) = 2% on (—1,1). Then

f((=1,1)) = [0,1) which is not open.

Given two open sets U and V, we say that f : U — V is a biholomorphism if f is
bijective, holomorphic, and it’s inverse f~' : V — U is also holomorphic.

Corollary 19.1.5 (Inverse function theorem). Let f € O(Q), and zy € Q such that
f(20) # 0, and put wo = f(z0). Then there existe,d > 0 such that for every w € Ds(wp)
there exists a unique z,, € D(z) such that f(zy) = w. Moreover we have the following
explicit formula for zy:

1 _IG)

- dz, 19.1
2mi |z—z0|=r f(Z) —w ( )

Zw

where |z, — 20| < v < e. In particular, if we set U = f~Y(Ds(wo)) N De(20), then
f:U — Ds(wo) is a biholomorphism with f~1(w) = z, and (f~1) (w) = 1/f'(zy).

Proof. Since f'(29) # 0, the multiplicity of f(z) = wy is exactly one at z = z5. By
Theorem 19.1.1, there exists £, > 0 such that for all w € Dg(wy), there is a unique z,,
such that f(z,) = w in the disc D.(zp). Also note that f'(z) # 0 for all z € D.(z).
locally To prove the formula for z,,, we use the residue theorem. Consider the function

Hy(z) = M

f(z) —w
Then since f(z) = w has a unique solution in |z — 29| < &, Hy(2z) has a pole exactly
order one at z = z,, and is holomorphic everywhere else. Also note that f’(z,) # 0.
This follows since f(z) — w has a zero of multiplicity one at z,,. We then compute the
residue
2f'(2)

ReSZ:ZwHw(Z) = le}l'?w(z — Zw)m
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, , Z — Zy

ol o) B 5 = 1)
Then (19.1) is proved by an application of the residue theorem. In particular, as in the
statement of the theorem, if we set U = f~1(Ds(wo)) N De(20), then f : U — Dg(wp)
is an injective function with a well defined inverse function f~! : Ds(wg) — U. By
the open mapping theorem this inverse function is continuous. In fact since in the
formula for f~!, the integrand depends holomorphically on w, an argument similar to
the proof of the CIF for derivative, shows that f~! is holomorphic. By the chain rule

then (f~1)(w) = 1/f"(zw).

= 2Zy-

O]

Remark 19.1.6. Another proof can be obtained by using the inverse function theorem
from multivariable calculus. Recall that if J(zp) is the Jacobian (determinant) of f
when thought of as a map from subset of R? to R?, then J¢(z0) = |f'(20)|? # 0. Hence
from the inverse function theorem in calculus, there exists a local inverse f~! on an open
neighbourhood V' of wy with continuous partial derivatives. Possibly by shrinking V' one
can assume that that f/(z) # 0 on U. All one needs to do is to show that f~1:V — U
is holomorphic. It is enough to prove that f~! satisfies CR equations. By chain rule,

_ 0 o ofof! ﬂaﬁ_, of1
0=gafel =5, %0 Taz 00 ~ 1 Wz

since f is holomorphic. But then since f’(z) # 0, we see that df /0w = 0 at each
point.

An elementary but important consequence of the proof is the following.

Corollary 19.1.7. A holomorphic function is locally injective on an open set U if and
only if for all z € U, f'(z) # 0.

Proof. Suppose f’(z) is never zero, then the inverse function theorem implies that the
function is locally injective. Conversely, suppose the function is injective on some D, (zp),
but f/(z9) = 0. Then by Theorem 19.1.1 there exists a § > 0, and w € Dg(f(20)) such
that f(z) = w has at least two distinct solutions in D, (zp) contradicting injectivity. [

Once again, the counterpart in real variable theory is false, as can be seen by con-

sidering the function f(z) = 2%. This is globablly (and hence locally) injective, but

#(0) = 0.

19.2 The maximum modulus principle

The next theorem says that for non-constant holomorphic functions f(z), |f| cannot
have local maximums.

Theorem 19.2.1 (Max modulus principle). Let Q be connected and f € O(R2). If there
exists a zg € Q and a neighbourhood U such that |f(z)| < |f(z0)| for all z € U, then
f(2) is a constant.
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Proof. By assumption |f(z0)| = sup.¢ry | f(2)]- If f(2) is non-constant on U, then by the
open mapping theorem f(U) is an open set. In particular, there exists a § > 0 such that
for any w € Ds(f(20)), there exists z € U such that f(z) = w. Now simply pick w; such
that |wi| > |f(20)]. Then there exists a z; € U such that |f(z9)| < |f(z1)| which is a
contradiction. Hence f(z) must be a constant on U. But then by analytic continuation,
f(z) must be a constant on all of Q. O

As a consequence we have the following estimate.

Corollary 19.2.2. Let Q be a bounded set and f € O(Q) such that f extends continu-
ously to the boundary 02. Then

sup | f(2)] < sup [f(2)].

z€Q 2€00
Proof. 1t is enough to assume that € is connected (or else one could work with each
connected component). Since € is compact, there exists a 29 € Q such that |f(z0)| =
sup,.q |f(2)]. If 20 € 09, there is nothing to prove. If not, then by the above theorem,
2o is an interior local maximum for |f| and hence f(z) must be a constant. But in that
case the above inequality is trivial. O

Note that a minimum principle does not hold, as can be seen easily by considering
the function f(z) = z on any neighbourhood of the origin. It turns out that this is only
way in which a minimum principle can fail. Recall that O*(Q2) stands for holomorphic
functions that are nowhere vanishing on 2.

Corollary 19.2.3 (Minimum principle). Let Q be connected and f € O*(Q). If there
exists a zg € 0 and a neighbourhood U such that |f(z)| > |f(20)| for all z € U, then
f(2) is a constant.

Proof. Simply apply the maximum modulus principle to the holomorphic function g(z) =

1/f(2). O

Remark 19.2.4. A function u is said to be subharmonic if Au > 0 and superharmonic
if Au < 0. It is a general fact that subharmonic functions satisfy a maximum principle
while super harmonic functions satisfy a minimum principle. In particular, harmonic
functions satisfy both a minimum and a maximum principle. If f(z) is holomorphic, we
can compute that

1 9?2

2 _ 2
AIFP = G 5a2l£(2)]

1o

= 15 I OFE =1 )P 20

Hence |f(2)[? is subharmonic, and must satisfy a maximum principle. Hence |f(2)]
satisfies a maximum principle. On the other hand if |f(z)| is nowhere vanishing, then
log | f(2)|? is smooth function, and in fact is harmonic as can be seen from the following
computation

2 2

1
log £ (2)[* = 5

(log f(2) +log f(2)) = 0.

1 0
Alog|f[ = 10207
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Note that since f(z) is no-where vanishing at least locally near z one can define a
holomorphic branch of log. The upshot is that log|f(z)|?> must satisfy a minimum
principle, and hence must |f(z)| (since log is increasing).

19.3 Rouche’s theorem

Theorem 19.3.1. Let vy be a simple closed curve in Q and f,g € O(Q) such that for all
z € Supp(v),
1f(z) = 9(2)| <lg(2)].

Then f(z) and g(z) have the same number of zeroes in Int(7y).

Proof. Firstly, note that f(z) and g(z) have no zero on v (the strictness of the inequality
above is crucial precisely for this purpose). Moreover, for all z € Supp(vy), we have

‘f(z) ~1 <1

9(2)

Put F(z) = f(2)/g(z). Then F(z) € M(2). Moreover, at the points where f(z) and
g(z) are non-zero (in particular on Supp(7y)), one can easily see that

Fiz) _f'(z) _d(2)

F(z)  f(z)  g(2)

A quick way to see this is that in the nieghbourhood of such points, log F'(z) is well
defined and holomorphic, and moreover, log F/(z) = log f(z) — log g(z). Now consider
I' := F o, then T is a close curve in Dy(1). Since D;(1) is simply connected, and
0¢ Dy(1), n(T",0) = 0. By the argument principle,

_ L[PG 1 (), 1[4
0=n00) = 5 [ T e = o [ g e L 5

Once again by argument principle, we see that f(z) and g(z) must have the same number
of zeroes in Int(7). O

Typically, as can be seen in the example below, the theorem is applied to count the
number of zeroes of f(z). The heart of the matter is to come up with a suitable g(z),
whose zeroes can be counted easily, and such that the above (strict) inequality can be
satisfied.

Example 19.3.2. Consider the polynomial p(z) = z* — 6z + 3. We claim that all it’s
roots are contained in the disc D2(0), and three of them are contained in the annulus
A12(0). We divide the proof into the following two cases.

e The disc |z| < 2. On the circle |z| = 2 we have the following estimate

p(2) = 2 = [62 — 3|
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<6zl +3=12+3=15< |z|.

By Rouche’s theorem, p(z) has the same number of roots as z* in |z| < 2, and
hence has four roots in that disc. But p(z) is also a polynomial of degree four, and
hence these four roots must include all the possible roots of p(z).

e The disc |z| < 1+¢€ for e << 1. Lets take ¢ < 1/10. On the circle |z| = 1+¢ we
have the following estimate

[p(2) — (=62)| = |2 + 3]
<Pt 43=01+e)*+3<45<6(14¢)=]|— 62|

Once again by Rouche’s theorem, p(z) has exactly one root in |z| < 1+ ¢, and
hence has exactly three roots in 1 4+¢ < |z| < 2. Since this is true for all e << 1,
in particular, it has exactly three roots in Aj2(0).

Remark 19.3.3. Rouche’s theorem can be used to give another proof of the fundamental
theorem of algebra. Let p(z) = an2"™ + an_12""1 + -+ + ag be a general degree n
polynomial (so a, # 0). It is easy to see that for R >> 1, if |z| = R, then

p(2) — anz"| <lan|[z"]-

This is essentially because p(z) — a,2" is a polynomial of a strictly lower degree. Now
by Rouche’s theorem p(z) and a,z" have the same number of roots on |z| < R. In
particular, p(z) must have exactly n roots on |z| < R. In fact it can be shown easily (by
induction for instance) that it cannot have any further zeroes.

19.4 Appendix : details left out in the proof of Corollary
19.1.5

To spell out the details on the holomorphicity of f~! and that the derivative is 1/ f/(z),
we first note that

fHw+h) = fHw) 1 : 1 1
h = 2rih /|Z_zor 2f (z)<f(z) —w—h  f(z) - w) dz
1 2'(2) .

C2mi Jj = (F(2) —w — B)(f(2) — w)

Now the integrand is continuous and bounded for |h| << 1, and hence we can take
compute the limit by swapping the integral and the limit. That is,

o Mwah) - fw) 1 A
) h = i /|: TCE
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Another application of the residue theorem shows that the second integral is precisely
1/f'(zw). To see this, we observe that

2f'(2) (z — 2w) f'(2) f'(2)
2

T —w? (@) —w? ) —w?

From the geometric series expansion, one can see that the second term is of the form

f/(Z) — Rw (
(f(z) - w)2 f/(zw)2

where g(z) is holomorphic near z,. This relies on the fact that f/(z,) # 0, and hence
the numerator has a non-zero constant term in it’s Taylor expansion. The upshot is that
the second term does not contribute to the residue. The advantage now is that the first
term has a simple pole at z = z,,, and hence we can compute the residue as

Zw z—zw)_2+g(z),

) w1

(f(z) —w)* ==z (f(2) —w)*  f'(2w)

Res,=2,
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Lecture 20

Contour Integration - I

In the next two lectures, we’ll systematically study applications of the residue theorem
to the computation of real variables integrals. We will follow the exposition in Ahlfor’s
book [1] very closely. For instance the classification of the integrals into Types is taken
directly from [1].

20.1 Type-I: Integrals of rational functions

In this section we study integrals of the form

/ R(z) dx,
where R(x) is a rational function.
Assumption. R(z) = P(z)/Q(z) with deg(Q) > deg(P)+2 and Q(z) has no real root.
Recall that by definition,

00 R
/ R(z)dr = lim R(z) dx.
—00 Rl,RQA)OO _Rl

By the hypothesis on degree and no real root of Q(z), the integral is absolutely convergent
and it follows that in fact,

e R
/ R(z)dz = lim R(z) dx.
—00 R—oc0 —R

The method. We consider the contour ygr consisting of a semi-circle of radius R
centred at the origin and traversed in the anti-clockwise direction. We can decompose
vr = lr + Cg, where [g is the interval (=R, R) and Cp is the semi-circular part, and

hence
/]; R(z)dx = [YR R(z)dz — /CR R(z)dz.

151
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Yr=lg + Cg

G

5

(-R,O) IR (Rlo)

If R >> 1, then all roots of Q(z) in the upper half plane lie in the interior of yr. By
the residue theorem,

/ R(z)dz = 2mi Z Res,—oR(z).
TR

Q(a)=0
Im(a)>0

On the other hand, since deg ) > deg P + 2, when R >> 1,

M

RE)| < -

for some M > 0. Hence,

2rM R—oo
-

R(z) dz‘ < 7

‘ 0.
Cr

Putting it all together we have

/OO R(z) dx = 2mi Z Res,—qR(2).

e Q(a)=0
Im(a)>0

Example 20.1.1. Consider the integral

0 :U2 1 e’} $2
/ erd"f‘zf Tras W= D ResaR(e),
0 o0 14+a5=0

Im(a)>0
where R(z) = 22/(1 + 2%). The roots of the denominator are given by oy, = e™/6+2mik/6
for k=0,1,--- 5. Of these only ag = e™/0 o = ™2 = i and ag = €"™/6 are in the
upper half region. Each of these is a simple pole, and hence we can compute that

) ) —i/6, k=0
T _ z 2 . =0 _ ) .
Res,—q, R(z) = Zlggk(z ak)il—i—zﬁ = qj, Zlg(rllk T35 = 76042 i/6, k=1
—i/6, k=2

Finally we get that

oo g2 7
n=si(-})-
/0 T3 20 T = Tt G

S
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20.1.1 A variation

One also often encounters integrals (as in the above example) of the form

/0 " R(z) da.

If R(x) is an even function as in the example above, then one can simply convert it into
an integral on all of R at the cost of an additional factor. But this trick will not work
in general, so one might have to get more creative.

Example 20.1.2. Consider the integral

00 R
I:/ — L 4z = lim S
o 1+t R—oo Jo 1+ a*

As usual, we let Ir denote the integral on the right (inside the limit), and we let f(z) =
z/(142z%). We take the contour yp = Y1,R+CRr+"72,rR, where y1 g consists of the straight
line from (0.0) to (R,0), Cg is the quadrant of the circle from (R,0) to (0, R), and y2.r
is the straight line from (0, R) to (0,0). By the residue theorem, since the only pole of
f(2) in the interior of yr is a simple pole at z = e™/* we have

(2) dz = 2miRes,_ in/a f(2)

YR
_ im/4
o i 22
z—eim/4 1424
_ 2miein/4 o
T gedin/d T Q”

Next, we observe that

/ f(z)dz = I,
Y1,R

lim f(z)dz=0.

R—o0 Cr

and by the discussion above,

To compute the integral over v p we parametrize vo g(t) = —it, where t € (—R,0).
Then v, g(t) = —i, and so

o it
RELS / i = In
Hence if R > 1, by the residue computation above,
21 + Cp = g
Taking the limit as R — oo we see that

="
4
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Remark 20.1.3. This example was merely for illustration, since the integral can of
course be computed in a more elementary way by a change of variables 22> = u. The
reader can challenge himself/herself with the following:

[e'e) 1,3
/0 1425

20.2 Type-II: Rational functions of sine and cosine

The type 2 integrals are of the following kind:
2w
/ R(cos6,sin0) do,
0

where R(x) is again a rational function.
Assumption. No pole for 6 € [0, 27).
The method. Consider z = z(f) = ¢’. Then

_ 2tz _ 2tl/z
{0089 = =

2
o

sinf = 5 =

W
I
|
| =
~~
w

Moreover, dz = 2'(0)0 = ie?0, and hence

df = —i—.
z

One can then transform the integral to

2 1 —1/2\d
/ R(cosa,sina)dez—z’/ R<Z+ [z 2 ,/Z)i.
0 |z]=1

2 21 z

Example 20.2.1. Consider the integral

Y A S
" Jo atcos®  2), a+4cosb’ ’

Using the above transformations we can re-write the second integral as

/2“ do / 1 dz 2_/ dz
%Y - % 9 %
o a-+cosf 2]=1 a 4+ 212 2 z]=1 22 + 14 2a2’

2

and so our required integral is

7 / dz
=—3 _
|2|=1 224+ 2az+1

Now the denominator has two real roots, « = —a + Va?—1 and 8 = —a — Va? — 1.
Since a > 1, it is easy to see that |a] < 1 while || > 1. So

R 1 . Z— 2T T
CS,—n 7 — 4T 11In = = .
TU2 414 2az zsaz2+2az24+1 a—f a2 — 1

I = (—i)(2mi)
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Type-111: Products of rational functions and triganometric
functions

These are integrals of the kind
/ R(z) cosx dx, / R(z)sinz, dx.

These can be combined into the analysis of one single integral
Sy .
/ R(z)e" du.
—0oQ

Assumptions. These come in two sub-types where the analysis substantially differs.
As before, we let R(x) = P(x)/Q(x).

e Type-ITI(a). We assume that deg @ > deg P + 2, and no root of @ is real.
e Type-111(b). Here we assume that deg @Q = deg P + 1, and no root of @ is real.

The method. For Type-1II(a), one proceeds exactly as in Type-I, and we do not
spend additional time on this. For Type-III(b), it is not clear at all if the integral
converges. It certainly will not absolutely converge, and hence we cannot use the semi-
circle contour. But in many cases, the oscillating factor e®® might make the integral
converge conditionally. By definition, if the integral converges, then

0o ) Ro2 )
/ R(z)e" dx = " lim R(z)e* dux.
PN 1,

R2—>oo 7R1

Now let T" be the rectangle with vertices (—Rj1,0), (R2,0), (Re, H) and (— Ry, H). with
sides given by straight-line curves 71, v2,v3 and 74 (see figure below). If Ry, Ry and H

M=y, +Y,+Yy;+y,

(-Ry,H) Y3 (Ry,H)
< .
Y. Y MY,
(-R;,0) Y1 (R,,0)

are big enough, the rectangle will contain all the roots of () with positive imaginary part.
Hence

4
Z R(z)dz = 2mi Z Res.—o R(2)e®.
i=1 "7

Q(a)=0
Im(a)>0



156 LECTURE 20. CONTOUR INTEGRATION -1

The idea is to first fix Ry, Ro and let h — oco. And then let R, Ry — oo. We illustrate
with an example.

Example 20.2.2. Consider the integral

® rsinz 1 [ ze®
I = PR = - T 9 d.ﬁlﬁ',
oo L+ 2 1) o1+
since zcosx/(1 + x2) is an odd function and hence the integral will be zero. We let
f(z) = 2% /(14 22). If H > 1, then the rectangle will contain the only pole of f(z) with
positive tmaginary part, namely z = 1. Hence

. L2
Ze’LZ

/Ff(z) dz = 2miRes.—if (2) = 2milim(z ) = zm(;i Z) - %

Now let us analyze each smooth curve in I'.

e The curve ~;. This is the integral we are interested in

Ro 2
(z)dz = / 2.
gél Ry 1t x?

e The curve . On 79, |z| > Ra, and hence if Ry >> 1, then

z 2
‘7 <=
14221~ Ry
Then parametrizing the curve by v2(t) = Ro + it, and noting that |e*| = e, we

see that
2

2 (H
2)dz| < — e tdt < —.
‘Wf() ‘_RQ/O ~ Rs

e The curve ~s3. Again if H >> 1, we will have the estimate

z 2
el w
1+22l— H
Also |e*| = e on 3. Hence |f(2)| < 2e " /H, and we have
€_H(R2 +R1)

‘ . f(z)dz‘ < 2 7 :

e The curve 4. As for the second curve, we once again have the bound

2
dz| < —.
|t < g

Together, if we first let H — oo, and then let Ri, Ro — oo the integrals on the last three
curves converge to 0, and hence

% it )
— —dx = dz = —.
/w1+ﬂ v Af@)z :

Our original integral is then
/OO rsinz w
o L+ 2?2 e



Lecture 21

Contour Integration - II

This is a continuation of our previous lecture on computing real variable integrals using
the residue theorem. In the present lecture, we’ll focus on integrations involving branch
cuts. But first we refine a method introduced in the previous lecture.

21.1 Type-III(b): Principal values

Now suppose that Q(z) has a simple zero on the real line. In this case even though
the integral of R(z)e™ will not converge, the integrals of R(z)sinz or R(z)cosx might
converge if the simple zero happens to coincide with a zero of sin x and cos x respectively.
To illustrate the work-around in this case, suppose we wish to evaluate the integral

/ " R(z)sinz.

—00

Assumption. deg Q(x) = deg P(x) + 1 and Q(x) has a simple zero at x = 0.
The method. Consider the contour I' in the figure below. Using the analysis from the

Fr=y, -C.+y ., +Y,+Y3+Y,

(-Ry,H) Y3 (Ry,H)
Y. Y NY,
-CE
(R,0) Y- Yiu (R,,0)

157
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final section of the previous lecture, we can see that

—€ . oo . . .
R(z)e" dx + / R(x)e'* dx — / R(2)e¥ dz = 2mi Z Res,—q R(z)e*.
3 €

Q(a)=0
Im(a)>0

—00

To compute the third integral, note that near z = 0,

A
R(z)e"* = = + Ro(2),

where Ry(z) is holomorphic near z = 0 (and hence bounded) and A = Res,—oR(2)e®.
Then by an explicit calculation it is easy to see that

lim R(2)e” dz = miA,

e—=0t Jo.
and hence
lim (/E R(x)e™ d:l:+/oo R(z)e™ dm) = 2m’<1ReszfoR(z)eiz+ Z ReszfaR(z)eiz).
07 Moo : 2 Qo=

Im(a)>0
(21.1)
The principal value of the integral of R(x)e™ on R is defined to be

p.v. ( / Z R(z)e™ dx) = lim ( / : R(z)e™® dz + /E " R(a)e® dx),

if the limit exists. Note that if Q(x) has a simple pole at x = 0, then the above limit will
exist, as the analysis above shows. Moreover, under these assumptions, clearly R(z)sin z
is integrable near zero and infinity, and so

o0

/OO R(z)sinzdz = Im (p.v.(/_

—0o0

R(x)e™ dl’) ) ,

[e.9]

and the latter principal value can be computed by the analysis above. Let us illustrate
this via a famous integral.

Example 21.1.1. Consider the integral of
I /°° sin .
o T

¥

I=1Im (mResz:O—)
zZ

o -
sin
/ dr = .
o T

Then by the above analysis,

and so
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Remark 21.1.2. This is the standard example of a function whose improper integral
is finite, and yet the Lebesgue integral does not converge. I cannot resist the tempta-
tion to include another method of computing the integral, using the so called “Feynman
technique”. This is essentially just differentiation under the integral sign, but was popu-
larised by Feynman as his way of handling integrals that others needed residue calculus
for! Let I be the integral above. We introduce a parameter ‘e > 0’ and consider the the

family of integrals
o ol —ax
I(a) = / sin(z)e™
0 X

One can check that I(a) is a differentiable function of a, and that differentiation under
the integral works. Then,

oo
I'(a) = —/ e “sinx dx.
0

We can compute the integral on the right, by applying integration by parts twice. Indeed

oo 1 o0
J(a) = / e “sinzdr = —/ sinx de”**
0 0

a

1 [ee]
= e “dsinzx
aJo

1 o
—/ e “cosxdx

0
1 o
— cosx de”
a” Jo
oo

=— +/ e “dcoszx
a 0
1 J(a)

a? a?

a
1

Solving for J(a) we get that
1

I'(a)= ———
@ =17

and hence
I(a) = —arctan(a) + C.

Since lim, 00 I(a) = 0, clearly C' = w/2. But then taking a — 0% we see that
I= lim I(a)=C="_.

a—07t 2

21.2 Type-1V: Products of rational functions and powers
of x.

In this section we study integrals of the form

/00 2*R(x)dz,

—0o0
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where R(x) = P(x)/Q(z) is a rational function and o € (0, 1).

Assumption. deg@ > deg P + 2, and Q(x) has a simple zero at x = 0 and no positive
real zero.

The method. Note that the assumption implies that the integral is absolutely conver-
gent, and so

00 R
/ z*R(x)dr = lim z*R(z) dz.
R—o0 R

—00

Consider the contour in the figure below. We integrate the function z*R(z) on the

Fr=y,s+Cr+y 5-C,

contour. Since we are dealing with fractional powers, we have to make a choice of a
branch cut and a a corresponding branch of the power. Given the geometry of the
contour, it is clear that we have to use the branch cut (0,00). Recall that z& = elogz
where log z = log |z| + i arg(z), and arg(z) € (0, 2m).

We first have the following observations:

Lemma 21.2.1. With the orientations as in the figure,

R
lim 2*R(2) dz:/ 2 R(x) dz,
3

-0 Y+.,6

R

lim 2%R(z)dz = 62”“/ 2 R(x) dx.
0—0 s c

The proof relies on the fact that continuous functions on compact sets are uniformly
continuous. For a fixed € and R, and for small § > 0, the function z*R(z) is continuous,
and hence uniformly continuous, on the rectangle with vertices (—d,¢), (=4, R), (6, R)
and (8,¢). The e2™ factor in the second integral is due to the fact that there is a jump
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of €2 in the value of 2% across the branch cut z > 0. We leave the details to the
reader.

By the residue theorem,

/ 2*R(z) dz+/ 2*R(z) dz—/ 2*R(2) dz—/ 2*R(z) dz = 2mi Z Res,—32" R(%).
V+,8 Cr V-5

c Q(B)=0
B7#0

Letting § — 0, by the Lemma above,

R
(1 — 2™ / 2*R(x)dz =2mi Y Res,_3z"R(z) — /
c Q(B)=0 Cr
B0

zaR(z)dz—i—/ 2R(z)dz.
Ce

Finally, letting ¢ — 0™ and R — oo one proves that the integrals on the right converge
to zero under the given assumptions. We illustrate with an example.

Example 21.2.2. Consider the integral

oo x*(l
I ::/ dz, a € (0,1).
o l1+=z

To get it into the above form, we re-write this as

o] xl—a
1= ——dx,
/0 z(l+ )
and let I. p be the corresponding integral from € to R. Let f(z) = 217%/(2(1 + 2)).
Recall that we are using the branch z1=% = e(1=@)1ogz ypere log(re') = logr 4 i0 and
0 € (0,2m). Now f(z) has simple poles at z =0 and z = —1. By the above discussion,

—a

l1—a 1-a
1— 2mi(l—a) I. p = 2mi . c _/ Zid / Zid 21.2
(I1—e Ve r = 2miRes,— 11 o 214 2) z+ 0. 201+ 2) z  (21.2)

We first estimate the two remaining integrals on the right.

e The integral on Cr. When |z| = R >> 1, we have |1 + z| > |z| — 1 > R/2, and

S0
a

R~ 2R™¢ 2
1+2 — R Rlta

-
1+z2
The integral then satisfies

l1—a
[ ] < e = e S0
o 21+ 2) Ri+a ~ Ra

e The integral on C.. When |z| = ¢ << 1, we have |1 +z| > 1—|z| > 1/2, and so

5—(1
= < 2e7 7,
IEE

Z—a
‘1—|—z
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The integral then satisfies

1—a
‘/ Zidz < 4rel=? f—o—lo.
c. 2(1+2)

Finally we compute the residue at z = —1,

RGSZ:_lf(Z) = lim Zﬁa — 6*(110g(*1) _ efiwa,'
z——1

Putting all of this together, taking e — 0T and R — oo in (21.2) we see that

I 2mie”tma _ 2mie T B 21 o
- (1 _ 627ri(1—a)) - (1 _ e—27ria)) - (eﬂ'ia _ e—ﬂia)) T dinma

21.3 A bonus integral

As a final integral, let us compute

o (] 2
o [Tl
0 1 +x
We denote the corresponding integral over (e, R) by I. r. As an exercise, the reader

should attempt to use the contour above too evaluate this integral. We will instead use
a semicircular contour I' in the figure below. We use the branch cut {iy | y € (—00,0)},

r=y,+Cg+y;-C

(-R,0) i | % v (RO

and the branch of the logarithm defined by log(re?) = logr 446, with § € (—n/2,37/2).

Let
(log 2)*
14227

/ (logz)? /R (logz)?
; +22 — i 1+$2 — E,R?

1
/ (log 2)? _/E (log [t] + im)? i@t
» 1422 g 1422 '

f(z) =

Then clearly,
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The limits follow from the fact that the integral is absolutely convergent. For the second
integral above we parametrize y2(z) =t = |t|e’™ with t € (—R, —¢). Putting z = —t int
he second integral, we see that

/ (log 2)? /_E (log |t| + im)? s
vy 122 r 1412
R 1 i \2
:/ (ogz+im)”
c 1+z

R R
, log x 2/ dx
= 2 dr — —_—.
&R T m/a 1122 T —T 112

Notice that the third integral is arctan(R/e), and so letting ¢ — 0 and R — oo,

1 2 1 2 3 Rl
lim (/ (log =) +/ (ngl):ﬂ—ﬂ—l—Qm’/ %L da.
e—0+ " 1+ 2 " 1+ 2 2 e 1+a

R—o0

By the exact analysis as the previous section, one can prove that

2 2
lim / L R A / (log 2) dz = 0,
C

R—oo Jo, 1+ 22 e=0t Jo. 1422

and so by the residue theorem,

(log 2)°

3 [ logx ‘
2] — 5 + 27r7,/5 422 dx = QWZRGSZ:Z'W (21.3)
1 2
= 2milim(z — z)M
Z—1 1+ 22
log i)?
_ g 1089
27
=T

Note that in the penultimate line, we used the fact that for our chosen branch of the
logarithm, we have logi = im/2. Equating the real parts, and solving for I, we get that

/‘X’ (log x)? dr — 3
0

1+ 22 8
Remark 21.3.1. Notice that since 27i times the residue above was completely real, the
imaginary part in equation (21.3) above has to be zero. This yields a curious integral

identity
[e.e]
1
/ dogz
0 1 + .fz
A simple change of variables yields an explanation. Namely, denoting the integral by J,
if we let t = 1/x, we have
0 _42
—t*logt /—dt
- -
L+t \ ¢2

[e.e]

and hence J = 0.
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Part 111

Geometry of holomorphic maps
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Lecture 22

Conformality

In this lecture, we will begin our study of some geometric properties of holomorphic
maps.

22.1 Conformal maps

Loosely speaking, a conformal map is a map that preserves angles. We now try to make
this concept more rigorous, and give a precise definition of conformal maps. Throughout
this introductory part, we’ll work with either R? or C, as is convenient, always remem-
bering the natural identification. Let f : Q — R? be a C! map ie. the partial deriva-
tives 0f /Ox, Of /Oy exist and are continuous. Given two curves vi(t) = (z1(t),y1(t)) :
(—e,e) = C and o(t) = (x2(t),y2(t)) : (—e,e) = C with 71(0) = 72(0) = p, we define
the angle between them as
£71(0),72(0)

Recall that if ¥ and 5 are non-zero vectors in R?, then the angle between them is
defined to be

(vi,03) )

A1, V5 = arccos < —
|01 [[v3]

where (-,-) is the usual dot product on R? and |- | is the usual norm (given by the
square-root of the dot-product of the vector with itself). Motivate by this, we say that
a linear map T : R? — R? preserves angles or is conformal if det(T) > 0 !, and for any

pair of non-zero vectors ¥, @ € R?\ {0},

(0, @) _ (T, Tw)
ol [T Tw|

More generally, we sat that a C! mapping f : Q C R? — R? is conformal at (xo,%0) € Q
if the total derivative D VE R? — R? is conformal. We say that f is conformal if it

z0,Y0

!This condition is equivalent to the map being orientation preserving. Some authors choose to not
impose this extra condition on conformal maps
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is conformal at all points in €. Recall that in the standard basis the matrix representing
D (49,40 f 1s given by the Jacobian matrix

D f= %(wo,yo) %(xo,yo)
(:ro,yo) %(Jio,yo) %(mo,yo)

where (u,v) are the components of f ie. in complex notation f = u + iv.

A slightly more geometric insight is obtained by looking at curves. Consider a pair
of curves 1 (t),72(t) : (—e,e) — C intersecting at 71(0) = 72(0) = z9. We say that they
intersect at an angle 6 at zg if the angle between the tangent vectors 74(0) and ~5(0)
is 8. The a mapping is conformal at zg if and only if for any two curves v; and 2 as
above, the angle between them is equal to the angle between their images f(v1(t)) and
f(72(t)) at f(z0). To see this, it is enough to note that if y(t) : (—e,e) — Q is a curve
with v(0) = zo = (20, 40) and +/(0) = ¥, then

d

D(xo.yo)f(g) = % t:Of(’Y(t)).

We are now ready to prove our main observation.

Proposition 22.1.1. Let f : Q — C be a C* map. Then f is conformal at zy if and
only if [ is complex differentiable at zy and f'(z9) # 0. In particular, f is conformal if
and only if it is holomorphic with nowhere vanishing complex derivative. °.

We first need two elementary lemmas from linear algebra.

Lemma 22.1.2. A linear map C : R?> = R? is conformal if and only if C = A\Q, where
Q is an orientation preserving orthogonal transformation and A > 0.

Recall that @ is orthogonal if and only if |Q] = |v/] for all ¥ or equivalently Q7Q = I,
where Q7 is the transpose of @, and I is the identity matrix.

Proof. Let €1 and €3 denote the standard basis vectors in the  and y directions, and let
CTC = (a;j) be the matrix representation of CTC in this basis. By conformality, Then

0=(el,é3) = 0=(Ceéi,Cé) = e‘iT(CTC’)e_ﬁ = aja.

By the symmetry of CTC, we also have that as; = 0, and hence CTC is diagonal. On
the other hand,
0= (€1 —érél+é) — 0=(C(e1 —é3),C(e1 + €3))
= (Céi,Cé1) — (Céy, Céy)

= a11 — a22-

2If we drop orientation preserving from the definition of conformality, then a conformal map is either
a holomorphic or anti-holomorphic map
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That is, the diagonal terms in CTC are equal, and hence CTC = pl for some p € R.
Since det C' > 0 and the diagonal terms of CT'C have to be non-negative, we have that
p > 0 Now, let Q = ~1/2C. Then

CTeo=pl = QTQ =1,

and this proves the claim with A = ,/u. The converse, that a matrix C' = AQ is conformal
if @ is orthogonal is trivial. O

Lemma 22.1.3. Any orientation preserving orthogonal 2 X 2 matrix Q) is a rotation
matriz, that s, it is given by

O=Ry: <cost9 —sin9>
= g = s

sinf cos6

for some 6 € [0, 2m).

Proof. Since QTQ = I and det Q > 0, we have that det ) = 1. Suppose

o-(0)

Then the combination of QTQ = I and det Q = 1 gives us the three equations

a2+c2=1
b +d?=1
ad —bc=1.

In particular, (a — d)? 4+ (b+¢)? = 0, and hence a = d and ¢ = —b. Since a® + ¢? = 1,
we can set a = cosf and ¢ = sinf. The result then follows. O

Proof. e Suppose [ is conformal at zp. Then C := D, f is a conformal linear map,
and by the above two lemmas, C = ARy for some 6. In particular, the partial
derivatives of f satisfy the Cauchy-Riemann equations, and since f is a C! map (in
particular the total derivative exists), this implies that f is complex differentiable
at zg. Moreover, 0 < det C' = |f'(20)|?, and hence f’(zg) # 0.

e Conversely, suppose f is complex differentiable at zp and f’(z9) # 0. Then
C := D, f satisfies det C = |f’(20)|> > 0. Moreover, it can be checked by di-
rect calculation (using the fact that the Cauchy-Riemann equations are satisfied)
that @ = |f'(20)|~'C is orthogonal. Then by Lemma 22.1.2, C is a conformal
linear map, and hence by definition, f is a conformal map.

O

Corollary 22.1.4. Any holomorphic, injective function is conformal.



170 LECTURE 22. CONFORMALITY

Proof. Let f € O(2) and injective, but not conformal. By Proposition 22.1.1 there exists
a point zg € Q such that f'(29) # 0. If wy = f(z0), then the equation f(z) = wg has a
root of multiplicity m > 1 at z = z5. By our fundamental theorem on the local mapping
properties of holomorphic functions (Theorem 1 in Lecture-19), there exists €, > 0 such
that for each w such that 0 < |w — wp| < J, there exists at least m distinct points in
B:(20) such that f(z) = w. In particular f is not injective, which is a contradiction. [J

Remark 22.1.5. Of course, there are plenty of conformal maps which are not injective.
For example f(z) = 2" on C* is conformal, but not injective if n > 1. Other examples
include e?, sin z, cos z etc.

22.2 A survey of elementary mappings

Given two regions 1 and s, we wish to construct a conformal map one to the other.
A reasonable strategy is to first try to map €2y into the unit disc, and then to map the
unit disc into 9. A priori, t his strategy might seem limiting. After all why would
there exist such a conformal map from €2; into the unit disc. In a couple of lectures
time, we’ll prove a deep fact - The Riemann mapping theorem - that for a large class
of regions, namely simply connected strict subsets of C, such a mapping always exists.
In view of this it is important to build up a toolkit of familiar mappings, so that more
complicated mapping can be constructed by taking products, compositions etc. So in
this section we’ll familiarise ourselves with the mapping properties of complex powers,
exponentials and logarithms. A good strategy in finding the image of a certain region
under a conformal mapping is to find the image of the boundary. Our convention is to
use z = x + 1y as the complex coordinate in the domain, and w = v + ¢v as the complex
coordinate on the image.

22.2.1 Rotations and dilations

Clearly rotations Ry(z) = ¢z, dilations and T)(z) = Az are examples of conformal
maps. In fact these form a subgroup of the full group of Mobius transformations.

22.2.2 Complex powers

Complex powers are useful in mapping sectors and half planes to each each other. We
illustrate this using two examples.

e Case-1: f(z) = 2", n € N. An example of such a mapping is in Figure 22.1

e Case-1: f(z) = 2", n € N. An example of such a mapping is in Figure 22.2
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Im(w)>0
0<arg(z) <m/n
w=z"

Figure 22.1: integer powers turn a sector into a half plane
Im(z)>0
w=z¢

na

™

Figure 22.2: fractional powers can turn a half plane into a sector

22.2.3 The logarithm

If L(z) = log z is a branch of the logarithm, then L'(z) = 1/z # 0 on it’s domain of
definition. Hence it defines a conformal map. As an illustration, in the Figures 22.3 and
22.4, we consider the branch of the logarithm

log z = log |z| + i arg(z),
where arg(z) € (—m/2,3m/2). That is, our branch cut is the line {z =iy | y < 0} or the

—ve y axis.

Im(z)>0 w=u+iv
O<v<nm

w= log z

Figure 22.3: The logarithm mapping the H into an infinite horizontal strip

In the Figure 22.3, the boundary of the domain H contained in the domain of defi-
nition of log z consists of two components, namely the negative and positive = (or real)
axis. The negative axis consists of points with arg(z) = 7, and hence is mapped via the
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log to the line v = 7. Similarly the positive z-axis has arg(z) = 0, and hence is mapped
to v = 0. Hence H is mapped by the above branch of logarithm to the infinite strip
{0 < v < 7}. The reader should similarly work out the mapping in Figure 22.4.

W =u +iv, u<0

|z]<1
0<v<T [

O<arg(z)< n w=log z
£

Figure 22.4: The logarithm mapping a semi-circular region into a half infinite strip

22.2.4 The exponential map

The map f(z) = e* is clearly a conformal map by Proposition 22.1.1 since it’s derivative
never vanishes. Figures 22.5 and 22.6 illustrate some of the mapping properties of the
exponential. The reader should try to work out why the images of the two mappings
below are given by the figures on the left. As in the discussion above, the trick is to
work out the images of the various boundary components.

z=X+iy, x<0
0<y<m n w= e? lwi<1
—_— O<arg(w)< m

Figure 22.5: The exponential mapping a half infinite strip to a semi-circular region.
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-n/2

/2

w= el

|w]<1
-nt/2 < arg(w) < 1/2

Figure 22.6: ¢ mapping a half infinite strip to a semi-circle.
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Lecture 23

Mobius transformations

23.1 Mobius transformations

A fractional linear transformation or a Mobius transformation is a map of the form

az+b

w="T(2) = cz+d

with ad — bc # 0. Clearly if each of a, b, c and d are scaled by the same complex number,
then T'(z) remains invariant. Hence it is often convenient to normalize so that ad—bc = 1.
The set of Mobius transformations is denoted by Mob(C). Note that the map is defined

and holomorphic for all z except z = —d/c. Moreover,
lim T'(z) = a
Z—00 C

In view of this, it is sometimes more convenient to define T'(—d/c) = oo and T'(o0) = a/c
and think of T'(z) as a map from the extended complex plane C := CU o to itself. We
say that a map T : C — C is holomorphic, and write T’ € O(C) if the following three
conditions hold:

1. If R . is a meromorphic function and

2. F(z) =T(1/z) is holomorphic in a neighbourhood of z = 0.

Lemma 23.1.1. C’)(@) can be identified with the set of rational functions on C.
This is essentially Theorem 0.2 in Lecture 16.

Theorem 23.1.2. 1. A Mobius transformation T is a holomorphic, bijective map
from C onto C, and it’s inverse is also a Mobius transformation.

2. In particular if T'(z9) = oo for some zy € C, then T O\ — C\ C is a conformal
20
map.
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3. Moreover, if T and S are Mobius transformations, then so is SoT'. In other words,
Mob(C) forms a group under the law of composition with the identity element given
by the transformation I1(z) = z.

Proof. Since T is a rational function, it is clearly in O(C). The second point follows from
the first easily. Let T'(z) be as above.

e T is injective. Suppose T'(z1) = T(z2) and neither of z; or 2 is infinity or
—d/c. Then rearranging, it is easy to see that (ad — bc)z; = (ad — bc)ze, and since
ad —bc # 0, we have z1 = z2. Now, suppose 21 = 0o then T'(21) = ¢ = T'(22). This
forces z9 to be infinity and hence z; = z9. On the other hand, if 21 = —d/c, then
T(z1) = 00 = T(22). Again, this means that zo = —d/c = 2.

e T is surjective. To prove this, we can simply solve the equation w = T'(z). That
is, w = T'(2), if and only
_dw—b

z =

a—we'

Combining this with the injectivity, we then have a well defined map 7! : C—=C

defined by
T (w) = dw—1>b

a — wce

which is again a Mobius transformation.

e SoT is a Mobius transformation. Suppose T is as above, and S is another
Mobius transformation

S(w) = 224,
W+ S
Then a simply computation gives
(pa+ cq)z + pb+ qd

SoT(z) =

(ra+cs)z+rb+ds
Moreover,
(pa + cq)(rb+ ds) — (ra + ¢s)(pb + qd) = (ad — be)(pr — gqs) # 0,

and so S o T is again a Mobius transformation.

23.1.1 The group PSL(2,C).
For a Mobius transformation, if we write the coefficients as a matrix, we get what we

call the coeflicient matrix
a b
M(T) = (c d) .
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Since ad — bc # 0, the matrix M (T') is an invertible matrix, that is M (T) € GL(2,C),
the group of all invertible 2 x 2 complex valued matrices. If we normalize so that
ad —bec =1, then M(T) € SL(2,C), the so-called special linear group of 2 x 2 complex
valued matrices. Even with this normalization, a particular Mobius transformation
actually corresponds to 2 matrices, namely M(T) and —M (T'), and hence a Mobius
transformation actually corresponds to an equivalence class of matrices. To make this
more precise we define the projective special linear group as

PSL(2,C) := SL(2,C)/A ~ +A.

We denote any element of PSL(2,C) as [A] where A is a matrix in SL(2,C). One can
prove that PSL(2,C) forms a group with the multiplication

[A]-[B] = [4B],

where AB is the usual matrix multiplication. One has to of course check that if you pick
different representatives in [A] (ie. -A instead of A) and/or [B], then the multiplication
gives the same element in PSL(2,C). With this definition in place, we then obtain a
map ¢ : Mob(C) — PSL(2,C), given by

(T) = [M(T))].
By Theorem 23.1.2, part(3), it is clear that
[M(SoT)] =[M(S)M(T)].

where the multiplication on the right is simply the usual matrix multiplication. In
fancier language, this says that the map ® is a group homomorphism. In fact we have
the following.

Theorem 23.1.3. The map ® is an isomorphism between the groups Mob(C) and
PSL(2,C).

Remark 23.1.4. One can also define PGL(2,C) as GL(2,C)/ ~ where A ~ AA where
A € C*. It is then easy to see that PGL(2,C) is isomorphic as a group to PSL(2,C).

Remark 23.1.5. A convenient way to represent Mobius transformations is using ho-
mogenous coordinates, and this makes the role of PSL(2,C) much more transparent.
The extended complex plane C can be identified with the set P! of complex lines passing
through the origin in C2. The identification is given by the complex slope. A line L in C?
passing through the origin is determined by a point (£1,&2) # (0,0), and any other point
on the line is given by (¢£1,t&2) for t € C. Hence we represent points in P! as equivalence
classes of these points [{1 : &2]. The complex slope is then given by z = £; /&2, and is a
well defined number in C. For instance the points [0 : 1] and [1 : 0] correspond to the
points 0 and oo respectively in C. We say that [£1 : &] are the homogenous coordinates
of z. Note that homogenous coordinates are unique, only up to scaling ie. both (&1, &2)
and t&;, &) for t # 0, represent the same point z in C.
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With this identification, if w = (/s and z = &1 /&2, we can rewrite w = Tz as

()= 2 @)

G c d)\&/)

So the action of the Mobius transformation on C is exactly the linear action of a 2 x 2
matrix on C? \ {(0,0)} = {set of homogenous coordinates}.

23.1.2 The cross ratio

Given any four numbers 21, 29, 23, 24 in the extended complex plane C, the cross ratio is

defined to be
Z3 — 21 R4 — 22

(211221237'24) — .
23 — 22 24— 21

Note that if one of the points is infinity, then the cross ratio is defined by taking a limit.
For instance, if z; = oo, then

Z4 — %9

(00722,23,24) = .
zZ3 — 29

The importance of the cross ratio comes form the following theorem.

Theorem 23.1.6. 1. Given any three points za, z3, z4, there exists a unique Mobius
transformation mapping these points to 1,0 and oo respectively. In fact we can
take

S(Z) = (Za 22,23, 24)'
2. If T is any Mobius transformation, then
(TZl, TZQ, TZg, TZ4) = (zly 22,23, 24)-

Proof. 1. Clearly, S(z) = (z, 22, 23, 24) is a Mobius transformation that takes (22, 23, 24)
to (1,0,00). Let T be another such Mobius transformation. Then S o T~ takes
(1,0,00) to itself. Then it is not hard to prove that S o T7!(z) = z, and hence
S(z) =T(z).

2. Let S(z) = (2, 22, 23, 24). Then ST~ carries (T'z2, T23,T24) to (1,0,00). Then by
part (1), ST=(2) = (2, T29, Tz3,T24). Applying this to T'z1, we see that

(21,29,23,24) = Sz = ST 1Tz = (Tz1,Tz2,Tz3,Tzy).

As a consequence we have the following.

Corollary 23.1.7. Given any pair of three points (21, 22, 23) and (wy,we,ws), there
exists a unique Mobius transformation that takes the first triple to the second.
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Proof. Let S and T be the Mobius transformations that take (21, 22, 23) and (w;, w2, w3)
to (1,0,00) respectively. Then T o S~! is the Mobius transformation that we need.
Uniqueness follows from the fact that there is unique transofrmation (namely the iden-
tity) that takes (1,0, 00) to itself. O

There is another, more geometric, application of the cross ratio. A generalised circle
in C is either a circle (given by an equation |z — zg| = r or a straight line (given by the
equation az + az + b = 0, where b € R). In principle, a straight line is being thought of
as a circle with infinite radius. An additional justification for this terminology is that
both circles and straight lines in C correspond to circles on the Riemann sphere via
the stereographic projection (or rather via it’s inverse). A key observation is that three
points determine a unique generalised circle (in the case of a line, one of the points will
be at infinity).

Theorem 23.1.8. The cross ratio of of (21, 22, 23, 24) 1s real if and only if the four points
lie on a generalised circle. Consequently, a Mobius transformation maps generalised
circles to generalised circles.

Proof. The second part follows from the first part, and the fact that the cross ratio is
invariant under Mobius transformations. So we focus on proving the first part. The key
is the following claim.
Claim. If T is a Mobius transformation, then 77! maps the (extended) real axis R to
a generalised circle.

Assuming this we complex the proof. There are two directions.

e — . Suppose the cross ratio (z1, 22, 23, 24) is real. Consider Tz = (z, 22, 23, 24).
Then T'z; € R. Moreover, (Tz2,T23,T24) = (1,0,00) and hence they already lie
on the real line. Since 77! maps R to a generalised circle, z1, 22, 23 and 24 lie on
a generalised circle.

e < . Suppose z1, 22, 23, 24 lie on a generalised circle. Once again consider Tz =
(z,29,23,24). Once again, (T'z9,T23,Tz4) = (1,0,00) and hence they already lie
on the real line. So z9, 23, 24 lie on the generalised circle Tfl(R). Hence z; also
lies on T~'(R), and so T'z; € R. In particular the cross ratio is real.

Proof of the claim: Let z = T~ !(w). If w is real, then Tz = Tz. If T = gzzis, then
this condition translates to

az+b az+b
cz+d z+d
Cross multiplying and simplifying, we get

(ac — ca)|z|* + (ad — ¢b)z + (bé — da)z + bd — db = 0.
There are two cases:

e Case-1: a¢— ca = 0. Then since ad — bc # 0 we have that ad — cb # 0. Hence the
equation above represents a straight line.
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e Case-2: a¢ — ca =# 0. Completing the square, we can rewrite the equation as
ad — ¢b

ac — ca

ad — be

ac — ca

’z-i—

)

which clearly defines a circle.

23.1.3 The Cayley transform

Perhaps the most important Mobius transformation is the the Cayley transform. This
is a bi-holomorphism 8 : H — ID. Let us try to construct at least one such Mobius
transformation from H — D. It will certainly injective, and if we are lucky, it will
also turn out to be surjective. In fact it is easier to construct first a map S : D — H.
Intuitively, any such map, if it were a bi-holomorphism, would map the boundary 0D
to R. We already know one such map that takes 0D to R namely the stereographic
projection. This maps the points {1, —i,i} to {1,0,00}. So let

—i—w 1—1 14w
=7 .

S(w):(wvla_i’i):_i_l'i_w i—w

Clearly S € O(D), and an easy computation shows that
2
5 > 0 if Jw| < 1,

i — wl

and so ¢ : D — H. This map is also surjective. Indeed, if z € H, we can show that the
inverse is given by

1wl

3(¢(2)) =

zZ—1

-1 .
1) (Z)_Zz+i'

For historical reasons we want to consider a rotated version, namely we change w to tw
and instead consider

d14+w
1 .
1—w

Finally, we define the Cayley transform by 3(z) = ¢~1(2). Explicitly,

p(w) = S(iw) =

zZ—1
Bz) = z41
It is then easy to see that
14w
-1 .
B (w) =i

The discussion above implies the following.

Proposition 23.1.9. The Cayley transform is a biholomorphism from the upper half
plane H onto the unit disc D. Moreover, it maps the boundary OH bijectively to OD.
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Im(z)>0

Figure 23.1: The Cayley transform
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Lecture 24

Some automorphism groups

In this lecture, we compute the automorphism groups of the disc and the complex plane.

24.1 Biholomorphisms and automorphisms

A holomorphic function f : Q — € is said to be a bi-holomorphism if it is a bijective
function, and f~! is also holomorphic.

Lemma 24.1.1. A holomorphic function f : Q — Q' is a bi-holomorphism if and only
if it is bijective.

Proof. If f is a bi-holomorphism, then it is automatically bijective from the definition.
Conversely suppose f : 2 — ' is a bijective, holomorphic function. Injectivity implies
that f/(z) # 0 for all z € Q. Then the holomorphic inverse function theorem implies
that the inverse is holomorphic. O

For any domain 2 C C, a bi-holomorphic function f : 2 — Q is called an automor-
phism of €.

Lemma 24.1.2. The set of automorphisms of a domain )
Aut(Q) :={f:Q — Q| f is holomorphic and bijective},
forms a group under the law of composition.

We call Aut(2) the automorphism group of Q. Note that if Q and ' are bi-
holomorphic, then Aut(2) and Aut(£)’) are isomorphic as groups. In fact, if ¢ : Q —
is a biholomorphism, then ® : Aut(Q) — Aut(’) defined by

O(f) =pofop™,

is the required group isomorphism.
The aim of this note is to compute the automorphism groups of the complex plane,
the punctured plane and the disc (and hence the upper half plane).

183
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24.2 Automorphism groups of C and C*
Theorem 24.2.1. Let f: C — C be an injective holomorphic map. Then
f(z)=az+b

for some a,b € C with a # 0.Since any such map is automatically surjective, we have
that
Aut(C) ={az+b | a,b e C,a # 0}.

Theorem 24.2.2. Any injective holomorphic map f : C* — C* is given by either
a
f(z) =az or f(z) = —,
z
for some a € C and a # 0. Since any such map is automatically surjective, we have that
Aut(C*) = {az, 4 | a € C,a # 0}.
z

The key lemma needed to compute both the automorphism groups is the following.

Lemma 24.2.3. Let g : C* — C be holomorphic and injective. Then g cannot have an
essential singularity at z = 0.

Proof. Suppose, for the sake of contradiction, g has an essential singularity at z = 0.
Consider the disc D;(2) of radius 1 around the point z = 2, and the unit disc D. Note
that both these discs are disjoint from each other. By the open mapping theorem,
V = ¢g(D1(2)) is an open neighborhood of ¢g(2). By the Casorati-Weierstrass theorem,
g(D) is dense in C. That means there is some w € ¢g(D;(2)) and some z; € D such that

9(z1) = w.
But since w € g(D1(2)), there is already a 22 € D1(2) such that
9(z2) = w.

Since the open discs D1(2) and D are disjoint sets, z1 # 22, but g(z1) = w = g(22). This
contradicts the injectivity of g. Hence z = 0 cannot be an essential singularity. 0

We also need an elementary generalization of Liouville’s theorem, which was a home-
work problem sometime back. We provide a proof for the sake of completeness.

Lemma 24.2.4. Let f: C — C be an entire function such that
[f(2)] < M(1+ 2"

for some M > 0 and all z € C. Then f is a polynomial of degree less than or equal to n.
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Proof. By the Cauchy estimates (Corollary 3 in Lecture-8), if R > 1, we have that,

| n
< k.M(l:R )

< 2ME\R"F,
7 <

LF*(0)]

But this holds no matter what R is chosen. So letting R — oo, if & > n, the right hand
side goes to zero. Hence

P =0
forallk=n+1,n4+2,---. But since f is entire, it has a power series expansion whose
coefficients are given by
F®(0)
ag = k! =0,
for kK > n. Hence the power series terminates, and f is a polynomial of degree less than
or equal to n. O

We are now ready to compute the automorphism groups of C and C*.

Proof of Theorem 24.2.1. Let f : C — C be an injective, holomorphic map. The
key idea is to study the function at infinity. That is, define a holomorphic function

g:C*—= C by
o) = £(3).

Then it is easy to see that ¢ is also injective. Applying lemma 24.2.3, g either has a
zero or a pole at z = 0. In any case, this means that there exists a constant M > 0 and
integer n > 0 such that |2["|g(z)| < 77 on |2| < 1. Transferring the estimates to f, we
see that

[f ()] < M[2[",

for |z| > 1. On the other hand, since |z| < 1 is compact, we actually get that (possibly
by choosing a bigger M), that

[f(2)] < M(1+[2]"),

for all z € C. Then by lemma 24.2.4, f(z) is a polynomial. By the fundamental theorem
of algebra, f(z) has at most n roots. We claim that n = 1. To see this, note that by
injectivity, all the roots have to be identical, or equivalently, f(z) = a(z — «)™ for some
a,a € C with ¢ # 0. If n > 1, then f/(a) = 0, and hence f(z) cannot even be locally
injective (see Theorem 1 or Corollary 0.3 in Lecture 19), and hence we must have n = 1.
But then clearly f(z) = az + b, where we put b = —a«. This proves the first part of the
theorem. For the second part, notice that any linear polynomial is surjective, and hence
the f above will automatically be surjective, and hence give an automorphism. O

Proof of Theorem 24.2.2. Let f : C* — C* be an injective map. Then by lemma
24.2.3, z = 0 is either a removable singularity or a pole.
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Case 1. Suppose z = 0 is a removable singularity. Continuing to denote the extension
by f, we claim that f is also injective. Suppose not, then since f is injective, the only
possibility is that there are zg, wg € C with zy # 0 such that

wo = f(z0) = f(0).

By the argument principle there is a neighborhood U of wy and disjoint discs D, (2p),
D,(0) around zy and 0 respectively such that for any w € U, w # wg there are solutions
21 € Dy(20) and 23 € D,(0) to

f(z) =w.

. But 29 # 0 since w # wg.This contradicts the injectivity of f. This proves that the
extension f : C — C is an injective holomorphic map. But then by Theorem 24.2.1,
f(2) = az+b for some a,b € C and a # 0. All that is needed now is to show that b = 0.
If not, then 0 = f(—b/a) = f(—b/a) which is a contradiction since f takes non-zero
values being a map from C* into C*. To sum up, in this case f(z) = az.

Case-2: Suppose z = 0 is a pole. Then if we define

then h extends to an holomorphic function & : C — C. Then by the proof in the first

case, we can see that
h(z) = ez,

for some ¢ # 0. But then this shows that f(z) = z/¢, and proves the theorem with
a=1/c. O
24.3 Automorphism group of the extended complex plane
. Recall that a map F : C — C is called holomorphic if

1. If F c is a meromorphic function and

2. G(z) = F(1/z) is holomorphic in a neighbourhood of z = 0.

Theorem 24.3.1. The automorphism group of the extended complex plane is given by

az+b
cz+d

Aut(C) = {T(z) -

\ad—bc:l},

and hence Aut(C) = PSL(2,C) = SL(2,C)/ £ 1.

Proof. From our discussion in the previous lecture, it is clear that any T'(z) defined as
above is an automorphism of C, and hence the set on the right is contained in Aut(C).
To show the reverse containment, let T' € Aut(@). Then there is a unique point zy € C
such that T'(z9) = 0o, and a unique point wg such that T'(co0) = wy.
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e Case-1: zp = oo. In this case, wy = o0, and so F(z) =T . is a bi-holomorphism

of C, and by Theorem 24.2.1, F(z) = az + b for some a,b and a # 0. But then
extending this to infinity, 7'(2) = az + b and hence we are done.

e Case-2: zy # oo. In this case, since T is one-one, wy # oo (else it will map both
2o and 0o to 0o, contradicting the one-one property). Now consider the function
F : C* — C defined by

F(z) =T(2+ 2z0) — wo.

It is easy to check that F' maps C* to C*, and is infact an automorphism of C*
is (this follows essentially from the fact that F' has a zero at infinity). Moreover,
since z = 0 is a pole for F', by Theorem 24.2.2; there exists an a € C* such that
F(z) = a/z. But then solving for z,

a
T(z) = + wo,
z— 20

and is a Mobius transformation.

24.4 Automorphism group of the disc

In this section, we compute Aut(ID).Recall that in Problem-5 from Assignment-1, you
were asked to prove that for any |af < 1,

is a biholomorphism from the disc to itself. Our main theorem is that upto rotation these
are the only automorphisms. En route, we’ll also provide a short proof that v, is indeed
an element in the automorphism group, using some of the tools we have developed over
the past few months, but which were of course unavailable when you were asked to solve
the problem!

Theorem 24.4.1. The automorphism group of the disc is given by

o —z

Aut(D) = {thap(z) = € |aeD, 6e€[0,2m)}.

1—za
Moreover, the automorphism 1o 1s precisely the automorphism that takes z = 0 to
z = a. In particular, the automorphisms of the disc fixing the origin are all given by
2z — €% for some fized 6.

The key tool in the proof is the Schwarz lemma, whose utility extends well beyond
the computation of the automorphism groups of the disc.

Lemma 24.4.2 (Schwarz lemma). Let f : D — D be a holomorphic map such that
f(0) =0. Then
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o |f(2)| < |z| for all z € D.
o [F0) <1

Moreover, if |f(2)| = |z| for some non-zero z or |f'(0)| =1, then f(z) = az for some
a € C with |a] =1

Proof. Since f(0) = 0, there exists a holomorphic function

g:D—D
such that
f(z) = 29(2).
For any fixed z € D, let 1 > r > |z|. Then by the maximum modulus principle,
1
19(2)] < max L@ 1
lw|=r T T

Letting r — 1~ we see that |g(z)| < 1 for all z € D, and hence

[f(2)] <[]

for all z € D. This directly implies that |f'(0)] < 1. Now, suppose that |f(z9)| = |20|
for some zp € D\ {0}. Then |g(z0)| = 1, and hence by the maximum modulus principle,
g(z) must be a constant, and hence f(z) = az for some a with |a| = 1.

Finally, suppose |f’(0)| = 1. Then there exists a sequence z,, — 0, z, # 0 such that

By the definition of g, we then have that 1 —1/n <|g(zy,)| < 1, and hence by continuity,
|g(0)] = 1. Then 0 is an interior maximum point for |g(z)|, and hence again by maximum
modulus principle, g(z) is a constant. That is, g(z) = a, where a = ¢(0) satisfies |a| = 1,
and once again f(z) = az.

O

Proof of the theorem. There are two steps in the proof. We let 1, := 140 as above
(ie. ¥4 is the map with rotation by zero angle). Note that 1, exchanges 0 and «. That

is, ¥o(0) = o and ¥, (a) = 0.

o We'll first prove that each v, ¢ is actually an automorphism. To see this, first we
observe that

a4 |2 - za - za

‘wa,0(2)|2 = %,e(z)”‘ﬂTﬂ(Z) -

1+ |af —za—za ’

and so [Ya0(2)] = 11if |z2| = 1. But then by the maximum principle, since 1, .
is clearly non-constant, [¢n¢(2)| < 1 for all z € D. Hence 9,9 maps D into
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itself. Next, consider ¢, = 1 0 Y. Clearly, vq,6(0) = 0 and ¢o(a) = «, and
©o maps D into itself. By equality in Schwarz lemma, ¢, (z) = z for all z € D.
In particular, 1, is surjective and injective, and hence a biholomorphism, with
inverse function given by itself ie. ¥ I = 4),. But then Va,p = e, is also clearly
a biholomorphism.

e It remains to show that these are the only automorphisms. Let F' € Aut(D) such
that F'(0) = 0. By the Schwarz lemma, |F(z)| < |z|. But the same also holds true
for F~1(z), and so

|2 = [F7H(F ()| < |F(2)] < |z],

and hence all inequalities must be equalities. That is, |F'(z)| = |z]| for all z € D. By
the equality part of Schwarz lemma, we have that F(z) = ez for some 6 € [0, 27).
Now suppose F' € Aut(D) such that F(o) = 0. Consider the automorphism
Fy(2) := F(¢a(2)). Then F,(0) = 0, and hence by the above argument, F,(z) =
¢z for some @. But then, since 1! = 9, we have that

F(2) = Fa(t3 ' (2) = €¢a(2) = Ya(2).

This completes the proof of the theorem. O
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Lecture 25

The Riemann mapping theorem

Recall that two domains are called conformally equivalent or biholomorphic if there
exists a holomorphic bijection from one to the other. This automatically implies that
there is an inverse holomorphic function. The aim of this lecture is to prove the following
deep theorem due to Riemann. Denote by D the unit disc centered at the origin.

Theorem 25.0.1. Let Q C C be a simply connected set that is not all of C. Then for
any zo € €1, there exists a unique biholomorphism F : Q0 — D such that

F(20) =0, and F'(2) > 0.

Here F’'(z9) > 0 stands for F’(zp) being real and positive, and can be thought of
as a normalization, to ensure that the above map is unique. The precise normalization
by itself is not very important. The reader should try to test her/his understanding of
the proof by coming up with other normalizations that work, and also some that do not
work (for instance, you might not be able to impose that F'(zy) = 1). Note that by
Liouville’s theorem, such a statement is patently false if Q = C, and so the hypothesis
that €2 is a proper subset is a necessary condition. As a consequence of the Theorem, we
have the following corollary.

Corollary 25.0.1. Any two proper, simply connected subsets for C are conformally
equivalent.

Proof of uniqueness in Theorem 25.0.1. Let Fy : Q@ — D and F5 : Q — D be two such
mappings. Then f = Fyo F|” ! satisfies the following properties

e f:ID — D is injective and onto.

e f(0)=0.

e f(0) > 0.

e f~1 also satisfies both these properties.

191
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By Schwarz lemma, |f(z)| < |z| for all z € D and |f~!(w)| < |w| for all w € D. Let
w = f(z), then second inequality gives |z| < |f(z)], and hence |z| = |f(2)|. But then by
the equality part of Schwarz lemma, we see that f(z) = az for some a € C with |a| = 1.
But then f’(0) = a, which forces a = 1 (since f/(0) > 0). Hence f(z) = z for all z € D
or equivalently Fy(w) = Fj(w) for all w € Q. O

25.1 Montel’s and Hurwitz’s theorems

The proof relies on two theorems on sequences of holomorphic functions. Recall that
we say that a sequence of functions f, converges compactly on 2 to f if it converges
uniformly on any compact subset K C ). More precisely, for every compact set K C 2
and € > 0, there exists an N = N (e, K) such that

sup | fn(2) — f(2)| <e

zeK
whenever n > N. In Lecture 9 we proved the following theorem:

Theorem 25.1.1. If {f,}22 is a sequence of holomorphic functions on € that converge
compactly to f : Q — C, then f(z) is holomorphic. Moreover

59— 19
compactly on Q for all k € N.

We say that family of continuous functions F on an open set {2 is normal if every
sequence of functions in F has a subsequence that converges compactly on 2. Note that
the definition does not require the limiting function to be contained in F. On the other
hand, by Theorem 25.1.1 above, the limiting function will certainly be holomorphic. The
family is said to be locally uniformly bounded if for any K C €2 compact, there exists a
constant My such that

sup | f(z)] < Mgk
zeK

for all f € F.

Theorem 25.1.2 (Montel’s theorem). A family F of holomorphic functions on § is
normal if and only if it is locally uniformly bounded.

To prove this, we first recall the Arzela-Ascoli theorem. Recall that family F of
continuous functions on €2 is said to locally equicontinuous if for all a € 2 and all € > 0
there exists a 0 = d(a, €) such that

zw € Ds(a) = |f(2) = f(w)] <&,

for all f € F. Then we have the following basic theorem, which we state without proof.
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Theorem 25.1.3 (Arzela-Ascoli). If a family of functions is locally equicontinuous and
locally uniformly bounded, then for every sequence of functions {fn,} € F, there exists a
continuous function f and a subsequence { fn,} which converges to f compactly on SQ.

Remark 25.1.1. Generally, Arzela-Ascoli is stated for compact sets assuming equicon-
tinuity. One can prove the above theorem by taking an exhaustion of {2 by compact sets
ie. K1 C Ky--- C Ky, -+ such that Q = UK,,. Local equicontinuity will then imply that
the family is genuinely equicontinuous on each compact set K,,. Then apply the standard
Arzela-Ascoli to F restricted to each K,, and use Cantor diagonalization argument.

Proof of Montel’s theorem. First, suppose that F is a locally uniformly bounded
family of holomorphic functions. By the Arzela-Ascoli theorem, if we show that F is
automatically locally equicontinuous, then for every sequence, there will exist a subse-
quence which converges compactly on €2 to a continuous function f. By Theorem 25.1.1,
the limit function will then be holomorphic, and hence F would be a normal family.

Hence it is enough to show that the family F is locally equicontinuous. To do this,
we use the Cauchy integral formula. Fix an a € 2 and € > 0. We need to choose a delta
that works. Let > 0 be such that Dy,(a) C €2, and let M, such that

(O < M,

for all ( € Dy,(a) and all f € F. By the Cauchy estimates (see Corollary 3 from Lecture
8), we have that for any ¢ € D,(a),

Then by the fundamental theorem for complex integrals, for any z,w € D,(a),

2M,
"z — wl.

16— swl=| [ r@af<
Given an € > 0, let us pick § < 2M,e/r. Then whenever |z — w| < d, we have |f(z) —
f(w)| < e. This proves local equicontinuity.

Conversely, suppose F is a normal family, but not locally uniformly bounded. Then
there exists a compact set K C €2, and a sequence of functions f,, € F such that

sup | fu(2)| = n.

zEK
Since the family is normal, there exists a subsequence f,,, which converges uniformly on
K. But then sup,cx | fn,| would be a bounded sequence which is a contradiction. O

We also need the following theorem due to Hurwitz on the limit of injective holo-
morphic functions.

Theorem 25.1.4 (Hurwitz). Let f, : Q@ — C be a sequence of holomorphic, injective
functions on an open connected subset, which converge uniformly on compact subsets to
F :Q — C. Then either F is injective, or is a constant.
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Proof. We argue by contradiction. So suppose F' is non constant and not injective. Then
for some w € C, there exists a,b € Q such that F(a) = F(b) = w. Let f,(a) = w,, then
wy, — w. Choose an r > 0 small enough so that there does not exist any z € D, (b) such
that F(z) = w. This is possible by the principle of analytic continuation since we are
assuming that F' is non-constant. In particular a ¢ D, (b). Since f, is injective for any
n, there exists no solution to

fn(z) = wn
in the closure of the disc D, (b), and so by the argument principle applied to fy,(2) — wn,
we see that )
1 Ja(Q)

— IS e =o.
2mi [=b|=r fn(C)_wn C 0

But since f,, — F uniformly on compact sets, in particular, on the compact set D,(a)
we have f/(¢) = F'(¢) and f,({) — w, — F(¢) — w uniformly. Hence the integral also
converges uniformly, and from this we conclude that

1 F'(¢)
— ——d¢ = 0.
21 Ji¢—p=r F(¢) —w <=0

This integral calculates the number of zeroes of F({) —w = 0 in D, (b) which we know is
at least one (counting multiplicity) since F'(b) = w. This is a contradiction, and hence
if F'is non-constant, it has to be injective. O

25.2 Proof of Riemann mapping theorem

25.2.1 Some further preparation

For a fixed zy € €2, we define a family F of holomorphic function functions by
F={f:9Q—D| f holomorphic and injective, f(zp) = 0}.

The required biholomorphic map will be obtained by maximizing the modulus of the
derivative at zg, amongst all functions in this family. We first show that this family is
non-empty.

Lemma 25.2.1. There is an injective holomorphic function f : Q — D such f(z9) = 0.
That is, F # ¢.

Proof. Since Q # C, there is an a € C\ Q. Then z — a is never zero on ). Since {2 is
simply connected, we can choose a holomorphic branch of log (z — a), or in other words,
there is a holomorphic function { : 2 — C such that

el =2 —q

for all z € Q. Clearly I(z) is injective. Moreover, if 21,29 € Q and 2z; # 2o then [(z3) —
l(z1) ¢ 2miZ, i.e their difference cannot be an integral multiple of 27i. In particular,
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[(z) # U(20) + 2mi. We in fact claim that |f(2) — (f(z0) + 274)| is bounded strictly away
from zero. That is,

Claim. There exists an € > 0 such that |I(z) — (I(z0) + 27i)| > € for all z € Q.

To see this, assume the claim is false. Then there is a sequence {z,} € Q such that
l(zn) — l(20) + 2mi. But then exponentiating, since the exponential function is con-
tinuous, we see that z, — z9. But then, since I(z) is continuous, this implies that
[(zn) — l(20) contradicting the assumption that I(z,) — [(29) + 2mi. This proves the
claim.

Now consider the function

~ 1
1) = 1 i) —omi

By the claim, this is a bounded, injective and holomorphic function on 2, and hence
f @ — Dg(0), where R can be taken to be R = 1/e where ¢ is from the claim above.
Suppose f(zp) = a, then

f(z) —a

1(z) = R+ d

is the required function. O

Next, let

A= sup | (z0)].
ferF
We claim that A > 0. To see this, consider the f € F constructed above. Since f(z) is
injective, by Corollary 0.3 from Lecture 19, |f’(20)| > 0 and hence A > 0.

Lemma 25.2.2. There is a function F € F such that |F'(z0)| = X\. In particular, X is
also finite.

Proof. Let f, € F be a sequence of functions that maximize |f’(z9)|; that is

lim | (0] = A

n—oo

Since |fn(2)| < 1, by Montel’s theorem there is a subsequence that converges uniformly
on compact sets to a holomorphic function F satisfying |F(z)| < 1, and F(z9) = 0.
Moreover since the derivatives also converge, we must have |F’'(zp)] = A # 0. In partic-
ular, F' cannot be a constant. Then by the maximum modulus principle, |F(z)| < 1 for
all z € Q, since otherwise, there will be a point z €  with |F'(z)| = 1, and hence will be
an interior maximum point for |F|. Finally to show that F' € F, we need to show that
F is injective. But this follows from Hurwitz’s theorem since F' is non-constant and all
fn € F are injective. O
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25.2.2 Completion of the proof of Riemann mapping

Since F’(z9) # 0, by composing with a suitable rotation, we can assume that F’(z) is
real and positive. We claim that this F' is the required bi-holomorphism. We already
know that F': Q@ — D, F(z9) = 0 and F is injective. To complete the proof, we need
to show that F' is surjective. If not, then there exists a a € D such that F(z) = « has
no solution in Q. We then exhibit a G € F with |G'(z9)| > |F'(20)| contradicting the
choice of F'. To do this, consider v, : D — D defined by

and let
9(2) = Va0 F(2).
Since 1, (2z) = 0 if and only if z = a, we see that 1, o F' is always zero free, and so a

holomorphic branch of log, o F' can be defined since € is simply connected. We can
then choose a holomorphic branch for g(z) by letting

g(z) _ e% logwaoF(z)'

Note that g(z9) = v/a. To construct a member of the family, we need to bring this back
to the origin, and hence we define

G(2) =¥z 09(2).

Then G(z9) = 0. Moreover, G(z) is also injective since ¥ 7 and g(z) are injective, and
so G € F.

Claim. |G'(z0)| > |F'(20)]-

To see this, observe that

F(2) =g o so ko G(z) = B0 Gl2),

where s(w) = w? is the squaring function and ® = ;! o s o0 z/;\;% :D —- D. We

compute that ®(0) = @b;l(s(@b:/é(())) = ;1 (s(y/@)) = 5 (a) = 0. By Schwarz lemma,
(2)] < |2], and so
|®'(0)] < 1.

We claim that |®’(0)| < 1. Suppose, |®'(0)] = 1, then by the second part of Schwarz
lemma, ®(z) = az for some unit complex number a. In particular, ®(z) is injective.
But ® cannot be injective since s(z) is a 2 — 1 function ie. sends two points to a
single point, and ¥, and v s are injective. This shows that |®'(0)] < 1. But then
F'(z0) = ®'(G(20)) - G'(20) = ®'(0) - G'(20), and hence |F’(z9)| < |G'(z0)| which proves
the claim, and completes the proof of the theorem.

O
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25.3 Green’s functions and a generalization of the Rie-
mann mapping theorem

For the purposes of this section, we assume that €2 is bounded and has a sufficiently nice
boundary 9 (for concreteness, assume that d€2 is a union of piecewise regular curves).
Often one is interested in solving the Dirichlet problem on 2: Namely, given any smooth
(real valued) function f on Q and a continuous function ug on 0%, to find a smooth
function u such that

Au=f

u 80 = Up.-
This problem arises in many (seemingly) different areas in mathematics and physics.
For instance, one interpretation of solutions of the above problem, is that u represents
the voltage distribution on a conductor €2 with charge distribution given by f(z) and
the boundary being held at voltage ug.

A Green’s function for € based at zp € €1 is a function G, : 2 — R such that

1. G4 (2z) is a harmonic function on Q \ {z}.

2. G| =0,

Q

3. Gy (2) — 5= log |z — 29| is bounded in a neighbourhood of z.

Note that log |z — zp| is a harmonic function in a punctured neighbourhood of zy. By an
analog of the Riemann removable singularity theorem for harmonic functions, condition
(3) is equivalent to G.,(z) — 5= log |z — 2| extending as a harmonic function in a disc
D, (zp). It is often useful to think of the Green’s function as a function of two variables
G:Q x Q— R, where we set

G(z,w) := Gy(2).

It turns out that the function G is actually symmetric in the two variables. The reason
why Green’s function is important is that it is a fundamental solution to the Dirichlet
problem on 2. That is, with f and ug as above, a solution to the Dirichlet poblem is
given by
_ dG
u(z) = / G(z,w)f(w) dwdw —/ —(z,w)g(w) do,
Q o dv
where dG/dv is the outward normal derivative of G on the boundary (where differen-
tiation is with respect to the variable w), dwdw is the usual Lebesgue (or Euclidean)
measure on {2, and do is the surface measure on 0f).
Conversely, if one can Dirichlet problems with continuous data, then one can con-
struct a Green’s function. The idea is to simply find a harmonic function H, (z) with
boundary data ug = —log |z — 2p|. The Green’s function G,(z), will then be

1 1
G, (2) = o log |z — zo| + %HZO(z)
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Now suppose that 2 is simply connected. Fix a zp € 2, and as above, let H,,(z) :=
271G, (2) — log |z — 2|, which is harmonic by property (3) above. Since 2 is simply
connected, H,,(z) has a harmonic conjugate, that is a function H} (2) : @ — R which
is harmonic, and such that f(z) = H, z) + iH (2) is a holomorphic function on €2
(The proof is essentially the same as that for a disc, and this was an exam problem on
the midterm). We let F(z) = (2 — z0)ef/®). For any z € 99, G,,(2) = 0, H,,(z) =
—log |z — zp|, and so |F(z)| = 1. By the maximum principle, |F(z)| < 1 for all z € Q.
Hence F' is a map from €2 to the unit disc D. Furthermore, F(z) has only one zero in {2,
and that too a simple one, namely at z = zp. Next, let wy € D such that |wy| < 1—e < 1,
and let v be the curve given by [F(z)| =1 —¢ and I' = F o. Then I is of course the
circle jw| = 1 — ¢ (but possibly traversed multiple times). Since F(z) = 0 has only one
solution in €2, by the argument principle (rather the index version of it), we see that

_ o _ F'(2) _
Lwdz— (I';wo) = n(T', 0) 27Ti/v F(z) -

This shows that F'(z) = wg has a unique solution for any wy € D, and hence shows both
surjectivity and injectivity of F'(z). Finally, we can compose F' with a rotation to ensure
that F'(zp) is real and positive.

The reader is encouraged to read a detailed and complete account of a proof of the
Riemann mapping theorem along the lines of Riemann’s original “proof” from https:
//link.springer.com/article/10.1186/s40627-016-0009-7.

We end with a vastly more general Riemann mapping theorem. Recall that a domain
Q is said to be n-connected, if C \ € has n connected components. For instance, (2 is
1-connected if and only if it is simply connected.

Theorem 25.3.1. Let Q0 be an n-connected domain in C such that no component of
C\ Q consists of a single point. Then there exists a biholomorphism F : Q — D, where

L. D=Difn=1,
2. D is an annulus A, gr(0) ={z € C | r <|z| <R} ifn =2,

3. D is Ay r(0) \ u;‘;fsupp(%) if n > 2, where ; are concentric arcs lying on circles
IC| = rs, withr <7r; < R.

A historical note. One of the first pushes towards making Dirichlet’s problem and
harmonic functions a part of mainstream mathematics arose out of Riemann’s (faulty)
proof of his theorem on conformal mappings into the disc. In fact the first systematic and
rigorous study of the Dirichlet problem was to fix the error in Riemann’s original proof.
By the turn of the twentieth century, the vastly more general uniformization theorem had
also been proved using similar methods, and elliptic partial differential equations and
calculus of variations (of which the above problem is the simplest example) had become
a part of mainstream mathematics. So much so that, they were the subject of two of
Hilbert’s problems in his 1900 address to the Congress of mathematicians. Finally, this


https://link.springer.com/article/10.1186/s40627-016-0009-7
https://link.springer.com/article/10.1186/s40627-016-0009-7
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whole circle of ideas of using solutions of partial differential equations to say something
about the topology continues to be a fruitful area of mathematical research. Some
of the spectacular successes include Hodge theory (characterizing cohomology groups
via harmonic forms) and Donaldson theory (characterising smooth structures on four
manifolds via solving Yang-Mills equations, which are a non-linear generalization of
Dirichlet’s problem).
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Lecture 26

Gamma and Zeta functions

In this lecture, we study two important functions, namely the Gamma function and the
Zeta function. Each function is initially defined in a certain region in the complex plain;
the Gamma function by an integral and the Zeta function by an infinite series. Both
the functions are then extended to obtain meromorphic functions on the entire complex
plain. The key techinical tool is the principal of analytic continuation.

26.1 Revisiting the principle of analytic continuation

Recall that the principal of analytic continuation says that if two functions agree on some
open set, then they must agree on the entire connected component containing the open
set. Given a holomorphic function f : 2 — C it is natural to ask for the biggest possible
open set ' containing Q on which f has a holomorphic extension. It is in fact much
more natural to ask for meromorphic extensions. So we pose the following question.

Question 26.1.1. Given f : Q — C holomorphic, what is the biggest ' containing Q
such that there exists a meromorphic function F : Q' — C such that

Fo=1
Is the extension unique.

The uniqueness part is answered in the affirmative by the following extension of the
principle of analytic continuation to meromorphic functions.

Lemma 26.1.2. Let Q be a connected open set, and f,g : @ — C be meromorphic
functions with poles at isolated sets Sy and Sy respectively. Let S = Sy U Sy. Suppose
there is a sequence of pairwise distinct points z, € Q\ S such that z, — zy € Q and
f(zn) = g(zn) for all n, then Sy = Sy = S, the poles of f and g are of the same order
and the Laurent series expansions match up, and f = g as meromorphic functions.

Proof. Since f,g € O(Q2\ S), by the usual principle of analytic continuation,

f

Q\S :g‘ﬂ\s'

203
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To complete the proof, we need to show that Sy = S, = 5. Let p € Sy. Then there
is an ¢ > 0 such that D.(p) does not contain any point of S apart from p. That is,
D.(p) \ {p} € 2\ S, and hence f(z) = g(z) for all z € D.(p) \ {p}. Since p is a pole of
[, f(z) = o0 as z — p, and hence g(z) — oo as z — p. This shows that Sy C S,. By
symmetry we get the reverse inclusion and this proves that Sy = S;. Since f and g are
equal in the complement, it is also clear that the poles will be of the same order, and
the Laurent series expansions match up. Hence f = ¢ as meromorphic functions. O

Example 26.1.3. Consider the function defined by the power series

flz)=>" 2"
n=0

This defines a holomorphic function on the unit disc D. Moreover, by the summation
formula for geometric series, the function is precisely f(z) = (1 — z)~L. On the other
hand, the function F(z) = (1 — 2)~! is meromorphic on the entire complex plane with
a single pole of order one at z = 1. So F(z) defines a meromorphic extension of f(z)
to C and an analytic continuation to C\ {1}. Note that F(—1) = 1/2, since F(z) is an
analytic continuation of f(z), naively (and rather thoughtlessly) one might be tempted
to plug in z = —1 in the power series and write

1
L=l l =14 =70 (26.1)

Of course as stated the above equality is meaningless since the series on the left is a
divergent series. The correct way to make sense out of this is by analytic continuation.
There are other ways to make sense out of the series, for instance by using Cesaro
summability. G.H Hardy wrote an entire book on divergent series, and this was quite a
hot topic for research in Britain in the early 20th century.

26.2 Analytic continuation of the Mellin transform

In this section we answer the above question completely in the following model case,
for the (truncated) Mellin transform. Recall that a function ¢ : [-1,1] — R is called
smooth, if derivatives of all orders exist on (—1,1), and are continuous on [—1, 1].

Theorem 26.2.1. Let ¢(t) be a smooth function on the unit interval [—1,1], and con-
sider the function

1
1) = [ wote) da,
0
where we use the principal branch, namely x* = e*'™*. Then

1. f(2) defines a holomorphic function on Re(z) > —1.
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2. f(z) admits a unique extension as a meromorphic function on C with at most
simple poles at the negative integers with

~ D(0)
Res.— nf(2) = (n—1)"

where p*)(0) as usual denotes the k™ derivative.

Note that the usual Mellin transform involves the integral over all of (0, c0), and hence
we call the above a truncated Mellin transform (possibly non standard terminology).

Proof. To prove this, we first show that the integral is absolutely convergent for Re(z) >
—1. We only need to worry about convergence near x = 0. It is easy to see that
|27 = |e*"®| = zRe(2) and so if |p(z)| < M on [0,1], then |z%p(x)| < MzR() which,
by the p-test, is integrable near z = 0 if Re(z) > —1. So by the comparison theorem,
f(2) is well defined for Re(z) > —1. To show that it is holomorphic, we look at the
difference quotient. Note that 2* is holomorphic for all x € (0,1) with derivative

dz?

dz

=z°lnz.

We claim

1
f'(2) :/ ¥p(x) Inx dx.
0
To prove this, it is enough to show the following.

Claim. For all € > 0, there exists a § > 0 such that

flz+h) = f(2)
h

1
—/ r*p(x)Inxdr| < e,
0

whenever |h| < 0.

Note that
_ 1 1 z+h _ .z
flz+h) = J(z) / x*p(x) lnxdm‘ = ‘/ (u —z®lnx)p(x) da:‘
h 0 0 h
1 ehlngc -1
< / |ng0(m)|‘7 - lnaz‘ dr.  (26.2)
0 h
By the power series expansion of e?, we have that
hlnz X 1n n
e -1 9 h™(In x)

n=0
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Now the infinite series on the right is convergent. In fact we have that

lna; lna;
|h||Inz| _ .—I[h|
\Z 1) Z! E| < llnst — g1

where we used the fact that |Inxz| = In(1/x) since z € (0,1). From the power series
expansion above, we then have the estimate

ehln$ -1
h

— lnx’ < h(lna:)Qx*W < C’nhaf'h‘*",

for any n > 0 and |h| small. Here (), is a constant that possibly depends on 7 but is
independent of h. This estimate holds because lim,_, 2" (log x)? for any n > 0.

Now suppose M = sup,co1] [¢(z)|, then going back to the integral estimate in (26.2)
we see that if |h| < Re(z), then

hlnm _ 1 1
/ |z% lnaj‘d:r < hCnM/ pRe)=lhl=n g,
0

We choose 1 > 0 small enough Re(z) — 2n > —1. Suppose |h| < 1, then

1 1
/ ghRe@)=lhl=n g2 < / e =21 go .= A,
0 0

Note that A, of course depends on z, but z is fixed throughout this argument, and hence
we hide the dependence of A, on z. So putting all of this together with (26.2)

f(z+h)—
h

1
/(z) —/ x*p(x) lnxdx‘ < MA,Cylh| <k,
0
if |h| < e/MCyA,. So the claim is proved by choosing

0 = min (m,n).

Next, we show that a meromorphic extension exists on all of C. For any given integer
N > 0, we can write the Taylor expansion of ¢ around z = 0 as

N—

—_

©7(0)
1
=0

where Ey(z) is a smooth function on [—1,1] such that |Ey(z)| < Clz|Y for some
constant C' > 0. So for Re(z) > —1,
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= ¥ (0)

1 1
- : Ex(z)z* d
2o gl z+k—|—1+/0 n(w)e® d

Since |En(z)| < Clz|V, fol En(z)xz® dz is convergent for Re(z + N) > —1, and hence
defines a holomorphic function on Re(z) > —(N + 1) by the first part. On the other
hand, putting & + 1 = j, the first term on the right defines a meromorphic function on
all of C with simple poles at z = —j, j = 1,2,--- , N with residue ©/~1(0)/(j — 1)!. So
the right hand side defines a meromorphic function fy(z) on Re(z) > —(N + 1), which
restricts to f(z) on Re(z) > —1. By uniqueness of meromorphic extensions, for M > N,
the restriction of fy and fas to Re(z) > —(N + 1) are equal, and hence letting N — oo,
fn converges to a meromorphic function on all of C with simple poles at z = —n with
residue ¢™=1(0)/(n — 1)!. O

Remark 26.2.1. Note that if (=1 (0) = 0 for some n, then the residue of f(z) at
z = —n would be zero. And since z = —n can at most be a simple pole, this would
imply that z = —n is in fact not a pole at all, but is a removable singularity.

26.3 The Gamma function

The Gamma function I'(s) is defined on Re(s) > 0 as the Mellin transform of e~*. That
is,

o0
I'(s) :/ e x5 da.
0

It is easy to see (exercise!) that the integral is convergent on Re(s) > 0 and hence is
well defined and finite on this region. Note also that I'(1) = 1.

Theorem 26.3.1. With I'(s) defined as above for Re(s) > 0, we have the following.

1. There exists a meromorphic extension of I'(s) on C with simple poles at s =
0,—1,-2,--- with residue

(-1

n!

Ress=—_nI'(s) =

2. (Functional equation) For s # —n, n =0,1,2,---,
I'(s+1) = sI'(s),
and hence for integers n, I'(n + 1) = nl.

Proof. For Re(s) > 0, we can write

1 o]
I'(s) = / e e da 4 / e Tz da.
0 1
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The second integral is convergent for all s, and hence defines an entire function by
similar arguments as in the proof of the first part of Theorem 26.2.1. The first integral,
by Theorem 26.2.1 (applied to s — 1 = z), can be extended to a meromorphic function
with simple poles at s = —n, for n = 0,1,2,---. The residue also comes from the first
term. Applying theorem 26.2.1 with ¢ = e™*, and s — 1 = z, we see that the residue at
s=—n (or z=—(n+1)) is given by
n
Ress=—_pI'(s) = S

n! dz™

e
=0 n!

We first prove part (2) when Re(s) > 0. In this range we can use the integral formula,
o
I(s+1)= / e Yxfdx
0 [ee]
= —/ 25 de ™
0
—x,.S

=00 oo B
T + e *dx’®
=0 0

= s/ e "2l dr = sT(s).
0

=€

To prove the equality over the entire complex plane, consider F'(s) =I'(s 4+ 1) — sI'(s).
Claim. F(s) extends to an entire function.

Assuming this, since F'(s) = 0 on Re(s) > 0, by the principle of analytic continuation,
F(s) is identically zero, and we are done.
Proof of the Claim. Clearly F'(s) is holomorphic everywhere except possibly at the
negative integers and s = 0. Moreover, F' can only have simple poles at these points. At
s =0, I'(s + 1) is holomorphic, and so is sI'(s) since I" has a simple pole at s = 0. So
F' can have pole at only negative integers. To rule this out, let us calculate the residue.
For n € N,
(_l)nfl

Ress=nl'(s +1) = Res.—n-)1(2) = (.~

On the other hand,

Resg——psI'(s) = SEIEHS(S +n)I'(s) = —nRess=—nI'(s) = _(7(1__1):)!’

and hence Ress—_,, F'(s) = 0. Since s = —n is a simple pole, this implies that s = —n is
a removable singularity. O

Theorem 26.3.2 (Euler reflection formula). The Gamma function satisfies the identity

s

T(s)D(1 - s) =

sinws’
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Proof. By analytic continuation, it enough to prove the identity for s € RN (0, 1). Recall
that in Example-2 in Lecture-21, we proved the following identity: For 0 < a < 1,

o —S
v 7r
dv = — .
o 1+wv sinms

We now rewrite
(o] o0
r-s)= / e Tx dx = t/ e "t (vt)~* d,
0 0

where we made the change of variables x = vt. Note that the above formula for I'(1 — s)
is valid for all ¢ > 0. Now we compute

(s)[(1—s) = /OOO e ' TID(1 — s) dt

:/ ett51<t15/ e vty dv) dt
0 0
:/ / et V)75 gt do

o Jo

oo ,U_S

= d
/Ol—i—vv

s

sinms

26.4 The Riemann Zeta function

For Re(s) > 1, we define the zeta function by the infinite series
1
C(S) = Z %7
n=1

where as before, n® = e$(") This time by comparison test for series, since |nf| =

nRe(®) | this is a convergent series for Re(s) > 1, and by the Weierstrass M-test defines a
holomorphic function on Re(s) > 1.

Theorem 26.4.1. The zeta function above satisfies the following properties

1. For Re(s) > 1, we have the identity,

B 1 1 s—1
C(S)_r(s)/o et

That is, the zeta function (upto a factor of T'(s)) is the Mellin transform of (e! —
1)~t.
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2. ((s) can be extended to a meromorphic function on C with a simple pole at z = 1
and holomorphic on C\ {1}. Moreover, we have

Res,=1((s) = 1.
3. ((s) = 0 whenever s = —2n for some n € N. These are the so called trivial zeroes
of the zeta function.

The Riemann hypothesis conjectures that in fact all other zeroes (the so called non-
trivial zeroes) lie on the line Re(s) = 1/2.

Proof. For the first identity, we observe that

1—‘ 1 o0 (o]
() = / e % (z/n)" tdr = / e "ML g,
0 0

ns n

where we changed variables z = nt in the second equality. Summing up we obtain

> = —n S— _ > 1 S— _ o 1 S—
C(S)F(s):/o (;e t)t ldt_/o (1_e_t—1)t 1dt_/0 St

Now let f(s) = [;° =-5t*" dt. We can write

et—1

f(s) = /0 oy,

where ¢(t) = t/(e!—1). From the Tayor expansion of e’ we can see that ¢(t) is smooth on
[—1,1], and so by Theorem 26.2.1 with z = s —2, f(s) is holomorphic on Re(s —2) > —1
or equivalently on Re(s) > 1, and admits a meromorphic extension with simple poles
at Re(s) = 1,0,—1,—2,---. But I'(s) itself has simple poles at s = 0,—1,—2,---, and
hence the meromorphic extension ((s) = f(s)/I'(s) will have a pole only at s = 1. When
s=1,s—2=—1, and so from Theorem 26.2.1, Ress=1 f(s) = ¢(0). But

t t B 1
eb—1 t+t22+  1+t/2+-

and so ¢(0) = 1, and hence Ress=1f(s) = 1. But since I'(1) = 1, we then have that
Ress—1((s) = 1. It follows from Problem-7 in Assignment-4 that

t=—"—=1-14 io:(—l)”—1 Bn_on
[ R @2n)!”

where B, is the n® Bernoulli number. In particular, go(Z”H)(O) =0,foralln=1,2,.--,
and hence

P(2n+1)
Ress——onf(s) = Res,——on—of(2) = m = 0.
So f(s) has a removable singularity at s = —2n. But since I'(s) has a simple pole at

s = —2n, it follows that {(—2n) =0 for all n € N. O
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Example 26.4.1. Let us calculate ((0). First, note that if two functions f(z) and
g9(2) have a simple pole at z = 0, then h(z) = f(z)/g(z) has a removable singular-
ity at z = 0. Moreover the extension, which we also denote by h(z), satisfies h(0) =
Res,—of(z)/Res.—og(z). We apply this to the meromorphic extension of

00 1 L
= — " dt
fo) = [ e

and g(s) =I'(s). For Re(s) > 1, we re-write

Loy ) © 1 )
= 572 dt —— 5Lt
1) /oet—l */1 1

The second part, by the argument above is an entire function. So the residue comes
from the meromorphic extension of the first integral. We apply Theorem 26.2.1 with
o) =t/(e! = 1) and z = s — 2. To find the residue at s = 0 we apply the second part
of Theorem 26.2.1 (with n =2, since z = —2 is the same as s =0)

¢'(0)
1

Ress—of(s) =

But we can write down the Taylor expansion of

t t 1 t .
= = =1 — — + higher order terms,
et — 1 t—{—t2/2—|—-~- 1_|_t/2_|_... 2

p(t) =
and so ¢'(0) = —1/2. On the other hand the residue of the Gamma function is given by
Theorem 26.3.1, and we see that Ress—ol'(s) = 1, and putting everything together, we
obtain that

1
0)=—=.
)=
Example 26.4.2. By working a bit harder, we can compute ((—1). Once again applying
Theorem 26.2.1, this time with n = 3 (since s = —1 is z = —3) we have
@0
Ress——1f(s) = Ld 2'( )

Computing the next term in the Taylor expansion,

= ! —1—f—ﬁ+ﬁ+0(t3)—1—3+ﬁ+0(t3)
C1+t/24+2/6+0(3) 0 2 6 4 212 ’

o(t)

and so Ress—_1f(s) = 1/12. On the other hand, Ress—_1I'(s) = (=1)}/1 = —1, and

hence

(1) = TR
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Remark 26.4.3. Recall that for Re(s) > 1,

((s)=> n"
n=0

We can then formally (and formally is the key word here) “plug in” s = —1, and write

£ 2= r¢(—1) = — (26.3)
12

Of course this does not make any “real” sense since 14+2+3--- is a divergent series and
¢(—1) is a finite number since ((s) is holomorphic at s = —1. The equation (26.3) is
found in one of Ramanujan’s notebooks. Apparently Ramanujan had stumbled upon a
way of summing up certain divergent series, and being unaware of analytic continuation,
used the rather crude notation that seems to suggest that the sum of all natural numbers
is not only a finite number but also negative!

There is a particularly misleading video posted by numpherphile, an otherwise de-
cent youtube math channel, on this “astounding” identity - https://www.youtube.
com/watch?v=w-16XTVZXww, which gives a “derivation” of the above “identity” using
other misleading identities such as (26.1). Following the barrage of criticism that this
video received, other channels made better videos. For instance this video - https:
//www .youtube.com/watch?v=jcKRGpMiVTw by mathlogger clarifies the identity using
Cesaro summability. There is also a very beautiful video on the analytic continuation of
the zeta function by 3BluelBrown - https://www.youtube.com/watch?v=sDONjbwqlYw.

We end this lecture, with the beautiful functional equation of Riemann’s which we
state without proof.

Theorem 26.4.2. [Functional equation]

¢(s) = 2°7° 1 sin (%S)F(l —$)¢(1 —s).
Example 26.4.4. As an application we can calculate ((2). Namely,

¢(2) = 47¢(—1) lim sin (%)m —3).

s—2

We can compute the limit directly by using the Residue of I'(1 —s) at s = 2. Alternately,
by Theorem 26.5.2

sin (?)F(l —9) = 2cos(ws/2)r(1 —9) = 2I'(s) cos s /2’

and so

()= = T


https://www.youtube.com/watch?v=w-I6XTVZXww
https://www.youtube.com/watch?v=w-I6XTVZXww
https://www.youtube.com/watch?v=jcKRGpMiVTw
https://www.youtube.com/watch?v=jcKRGpMiVTw
https://www.youtube.com/watch?v=sD0NjbwqlYw
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This gives a third derivation of the famous Basel-FEuler identity:

2T Tao
=n 6

and is a good place to end.
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Lecture 27

Prime numbers and the Riemann
hypothesis

The Riemann hypothesis is one of the most famous unsolved problems in all of math-
ematics. In the previous chapter we saw that the zeta function has zeroes at all the
negative even integers s = 0, —2, —4,---. Any zero that is not one of these, is called the
a non-trivial zero of the Riemann zeta function. The following is Riemann’s conjecture:

Conjecture 27.0.1 (The Riemann Hypothesis (RH)). All the non-trivial zeroes of the
zeta function lie on the line

1

To explain the significance of the Riemann hypothesis, we need to introduce the
prime counting function. Recall that a positive integer p is called a prime if it’s only
positive factors are 1 and p. We then let

7(x) := number of primes less than or equal to x.

For x > 1, we also let

T 1—¢
Li(x) =p.v. =i
i) pv/o logt a—1>I(IJ1+ /+5 logt’

Theorem 27.0.2. Riemann hypothesis is equivalent on the following estimate on m(x):

7(z) = Li(z) + O(v/zlog x). (27.1)
Here, and throughout the rest of the lecture, we follow the following notations as

xr — OQ:

f(z) = O(g(x)) <= There exist constants M, C > 0 such that |f(z)| < Cg(x) for all z > M
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In the first case if we want to specify the dependence on the constant C, we will use the
notion O¢(g(z)).

What does the zeta function have to do with the primes? The following observations
goes back to Euler. Indeed, what we call the Riemann zeta function, was first studied
in detail by Euler himself.

Proposition 27.0.3. For R(s) > 1,

=TI ==

p prime

The proof is an elementary consequence of the unique factorisation theorem, and is
left as an exercise. A much weaker form of RH is the prime number theorem, conjectured
by Gauss, and proved by Hadamard and de la Poussin.

Theorem 27.0.4 (Prime Number Theorem (PNT)).

()

X

- logz’

If RH were true, then this would follow almost trivially. Indeed,

27.1 Some related functions

It turns out that it is more convenient to use the following function

bla) = 3 An),

n<x

where A(n) is the von Mangoldt function defined by

A(n) {log p, n = pF for some prime p and natural number k,
n) =

0, otherwise

Lemma 27.1.1. The functions w(x) and ¥ (x) are related in the following way:
vlz) = wla)log(o) = | 7)Y + Oz log(o)
v d
(o) = 2 4 [ w2+ 0.

- log x ylog?y

Corollary 27.1.2. The estimate (27.1) is equivalent to the following estimate:

Y(z) =z + O(Vrlog? z). (27.2)
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The von Mangoldt function arises naturally when one considers the logarithmic
derivative of the zeta function.

Lemma 27.1.3. For all s with R(s) > 1 we have

C(s) _ A
&) - = w

n=1

Proof. 1t is more convenient to use the Euler product formula.

¢'(s)
¢(s)

= —(log ((s))’

Remark 27.1.4. Note that since ( is a

27.2 Generalities on Dirichlet series

A Dirichlet series is a series of the form

“a
F(s) = n—z
n=1
Suppose there exists a oy € R such that
o0
Qn
n=1 nee

converges absolutely, then F' denotes a holomorphic function in the region {R(z) > o¢}.
The main problem we wish to address is to get estimates on A(z) := > _ a, from the
behaviour of F'(s). The key point is the following observation.

n<x
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Lemma 27.2.1. For any y,c,T > 0 we have

1 [t ds 1 +O<ycmin(1,m)), y>1

- Yy
21y Je_ir S O(yc min(l,m)), y<1

Here, the constant in O (big “oh”) is independent of y,c and T'.
Integrating x°F(s)/s we then have
1 c+iT 0 1

ds T\¢
e [ S () )
Za 2700 J it T (s) s +;a n min( T loga:—logn|)

n<x

Applying this to a,, = A(n) we have

W(z) = — /C+iTC/(S)$sds+§:/\(n)0((i)cmin( ! ).
n=1

- 1
2mi Jo_ir  C(s) s "T|logx — log n|

Let us focus on the error term. Since A(n) < logn, the error term is bounded by

> T\¢ 1
Zlogn(—) min <1, >
—= n T'|log x — logn|

After some work, one can show that this is

C

O (108" + =)
provided 0 < T' < z.

If we now take ¢ = 14+ A/ log x, then we have the following integral formula for ¢ (z):

P(z) = (27.3)

T 2mi

28
i () s

1 /1+101g4z+iT C'(s) .ds xclog2x>
1

+OA< 7

27.3 Zero free regions and estimates for n(z)

We prove Theorem 27.0.2 in this section. More precisely, we will prove the following:

Proposition 27.3.1. Let 1/2 < 0 < 1. Suppose ((s) is zero free in the region R(s) > 6.
Then

P(z) = x4+ O(2"log? z),

or equivalently
m(z) = Li(z) + O(2% log z).
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Before we prove the proposition we need the following lemma that we state without
proving.

Lemma 27.3.2. Let
N(t) = # of zeroes in the box By :=={s =0+ it | o € [-1,1], t € [0,t]}.
Then we have the following:
1. N(1)=0.

2. (Riemann-Mangoldt formula)

Proof of the Proposition. We take A = 1 in the formula 27.3. The trick is to push the
contour leftwards all the way to $(z) = —1. Note that the integrand in 27.3, which we
denote by f(s), has poles at s = 0,1 and at the zeroes p of ((s). Moreover we have that

Ress—of(s) = _Cg(((?))
Ress=1f(s) ==

P
Ress—,f(s) = o

Note that we used the fact that ¢(0) is not zero. Now by Cauchy’s theorem we can write

zf ¢(0)

p €0

W(@) =7+ Z xlong)’

S(p)<T, ¢(p)=0

+h+h+0( (27.4)

where Ij, and I, are the integrals respectively over the horizontal and vertical edges given

by

1
{o+it | —1§a§1+17, t=xT}and {-1+it| —T <t<T}
og T

respectively. After some work one can estimate that

10g2T>’ I, = O(xlong)

Iv:O( Tlogx

Recall that the only restriction on 7' is that T' < x. In fact if we take T ~ x then both
are at least O(logx) and in particular dominated by log? z. In particular by choosing
T ~ x we get that

o
Y(x) =z + Z r + O(log? z).
S(p)<T, {(p)=0
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We now focus on the summation term. First,
2P| = 2R < 20
if there are no zeroes in R(s) > #. On the other hand,
Ll L L
’su;)g,:c(p):o p= %(mg,:«p):o Sl = 2 o1
where we used the fact that (cf Lemma below) ((s) is zero free in the region
{s=0+it|oe|[-1,1], te[-1,1]}.

and that p is a root if and only if p is a root.
We now claim that if 7' = O(z), then

1
g —— =0 log®z). (27.5)
(@Y%
1<S(p)<T, ¢(p)=0 Sl ( )

This completes the proof of the proposition. To prove the claim, we note that

where

an = # of zeroes p = o + it with —1 <o <1 withn <t <n+1.

Recall that for any continuously differentiable function ¢(t) we have the following sum-
mation formula due to Abel:

T
S ang(n) = N(T)o(T) — N()g(1) - /1 N0 (1) dt.

1<n<T

Applying this with ¢(t) = 1/t, we have that

1<S(p)<T, ¢(p)=0 <

- N(T>+/T Nt(Qt) "
1

The claim now follows easily from the Riemann-Mangoldt formula. O
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27.4 Proof of the prime number theorem

Lemma 27.4.1. There exists ¢ > 0 such that if [t| > 2 and ((o +it) = 0, then

C

<1l——.
7 log [t|

Proof of the Prime number theorem. The choice of T is different this time. Bt by the
analysis above we have

2
vy =at Y Tro(TED)

3(p)<T, ¢(p)=0 ©

As before we can estimate Once again, we only have to estimate the summation involving
the zeroes. So we have,

log )

Moreover, as above
Z 1‘ = O(log?T).
3(o)<T, C(p)=0 "
Putting it all together, if T' < x, we have

P 1= o[ rew (o) ot )

We choose T so that both the terms inside O() are roughly equal. That is T ~ exp v/log z.
Then both the terms together are O(exp(—c; log'/? z)) for some ¢; > 0. But then

. log? =
lim ———— =
z—0 exp(ciy/log x)

and the prime number theorem follows.

0,
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Appendix A

Homework Problems

1. Find all possible solutions to the following equations:

(a) 2* =i+ 1.
(b) 2" =1.

2. Determine all values of 2¢, i¢ and (—1)%.

3. For what values of z is e* equal to 2, i/27

4. Show that there are complex numbers z satisfying
|z —al+ |z +af = 2|¢|

if and only if |a| < |c|. If this condition is satisfied, what are the smallest and
largest values of |z|.

5. (a) Let z,w € C such that zw # 1. Then prove that if |z|, |w| < 1, then

w— z
<1
1—zw
Moreover
w— Z
| =1
1—zw

if and only if either |z| =1 or |w| = 1.

(b) Now, fixaw € D:={z € C | |2| < 1}, and consider the mapping ¢,, : D — C,

w—z

Ouw(z) ==

C1—zw’
Prove that ¢,, has the following properties:

i. ¢y is a holomorphic map of I into itself.
ii. ¢, interchanges 0 and w. That is, ¢,,(0) = w and ¢, (w) = 0.
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6.

APPENDIX A. HOMEWORK PROBLEMS

iii. ¢y is a biholomorphism. Hint. Compute ¢y, o ¢y, .

Prove that f(z) is holomorphic if and only if f(Z) is holomorphic. How are the
two complex derivatives related?

7. Find the radius of convergence of the following power series.

10.

11.

(a) 3252, (logn)*z
oo (nh3
(b) o2 ™
(¢) The Bessel function:

n=0
For what values of z € C is the series
> ()
= 1+ 2

convergent. In the regions that the series does converge, is it absolutely and/or
uniformly convergent?

Prove that the function f(x+iy) = +/|z||y| satisfies the Cauchy-Riemann equations
at the origin, and yet, using only the definition, prove that the function is not
complex differentiable at 0.

Suppose f is holomorphic on a region ). If any one of the following holds:

(a) Re(f) is a constant,
(b) Im(z) is a constant,

(¢) |f] is a constant,
prove that f is a constant function.
Let © C C be open and f =u + v : 0 — C be a smooth map.

(a) If h is a smooth map in a neighborhood of f(p), then prove that

oL = ) o)+ o pw)- 2L o)
dho f oh of of

L) = S S W)+ ) L)

(b) If f is holomorphic, prove that det J¢(z) = |f'(2)|? for all z € Q.



225

(c) Using the usual inverse function theorem from multivariable calculus, prove
the following holomorphic inverse function theorem: If f is holomorphic at p
with f’(p) # 0, then there there exists open sets U and V around p and f(p)
respectively, such that f : U — V has a holomorphic inverse f~1: V — U.

12. Let Q € C be aregion and f : Q — C a holomorphic function satisfying | f(z)—1| <
1 in Q. Prove that for any closed regular curve « in {2,

/7 J;;éj)) dz = 0.

13. If P(z) is a polynomial and R > 0 prove that

/ P(z)dz = —2miR*P'(a).
|z—a|=R

14. (a) Let f(z) be an entire function such that Re(f(z)) > —a for all z € C. Prove
that f is a constant.

(b) Let f(2) be an entire function such that f(z) is real whenever |z| = 1. Prove
that f is a constant.

(c¢) Let f(z) be an entire function such that |f(z)| < |z|™. Prove that f(z) = cz"
for some constant ¢ € D.

(d) Let f be an entire function, and «, C' > 0 be constants. Suppose
f(2)| < C(1+12]%)

for all z € C. Prove that f(z) is a polynomial of degree at most |a], where
|] denotes the greatest integer less than or equal to a.

(e) Find all entire functions such that |f(z)| > 1 whenever |z| > 1.

15. Compute the following integrals. The circles are traversed once in the anti-clockwise
direction.

(a) f\z|=1 e“z " dz.

(b) f\z|:2 %

(c) f‘ 4z where la| # r. Hint. First prove that |dz| = —irdz/z on the

z|=r |z—al?’
circle |z| = r.

16. Is there a holomorphic function f on a domain 2 such that there exists and integer
N € N and a complex number z € Q such that [f™(2)| > nln" for all n > N?
Can you formulate a sharper theorem of the same kind?



226

17.

18.

19.

20.

21.

22.

APPENDIX A. HOMEWORK PROBLEMS

Let €2 C C be open, and let f : 2 — € be a holomorphic function. Suppose there
exists a point zg € ) such that

f(z0) = 20, f'(20) = 1.

Prove that f is linear, that is, there exists a,b € € such that f(z) = az + b. Hint.
First prove that one can assume without loss of generality that zg = 0. If f is not
linear, then f(2) = z + anz"™ + O(z"1) for some a,, # 0 and n > 1. If f;, denote
f composed with itself k-times, prove that fy(z) = 2z + ka,z™ + O(z"*!). Now,
apply Cauchy inequalities and let £ — oo to conclude the desired result.

Suppose f : D := D;(0) — C is holomorphic. Prove that the diameter of the image
d :=sup, ,ep | f(2) — f(w)] satisfies the estimate

d > 2|f'(0)],
and that equality holds if and only if the function is linear.

Let v be a simple closed curve, and a ¢ Supp(7y). The prove that

(v,a) +1, a € int(7y)
n(y,a) =
K 0, a € ext(y).

Are there holomorphic functions f(z) and g(z) in a neighbourhood of 0 such that
forn=1,2--- we have

(a) f(1/n) = f(=1/n) =1/n?
(b) g(1/n) = g(=1/n) =1/n*?

Determine all holomorphic functions on the unit disc D := D;(0) such that
1 1
)G =0
n n
forallm=2,3,---.

For any open set  C C and any complex valued function, the L?-norm on U is
defined to be

1 lzziar = ( [ 17 n)Pdody) ™

if it is finite. We then define the space H(2) by

H(Q) :=A{f € O) | [[fllL2(0) < oo}

We equip it with the norm || - [|72(q) defined above.
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(a) Let zg € 2 and D,(z9) C Q. For any 0 < s < r, prove that

1
sup )|f(2)| < meHL?(DT(ZO))-

2€Ds(z0
Hint. Write f(z) in terms of an integral on 0D, (z9) by the Cauchy integral
formula and use polar coordinates.

(b) Prove that if {f,} is a sequence in H(2) that is Cauchy with respect to the
L?(2) norm, then f, — f compactly on Q.

(c) Hence prove that H () with the metric
d(f,9) = If = gllr2(a)

is a complete metric space.

23. Suppose that f and g are holomorphic in a region containing D;(0). Suppose f
has a simple zero at 0 (ie. the order is one), and has no other zero in D;(0). Let

fe(z) = f(2) +eg(2).
Show that if ¢ is sufficiently small, then

(a) f- has a unique zero (counted with multiplicity) in D;(0).

(b) Moreover, if that unique zero is p., then £ — p. is a continuous function.

24. Find the branch points (including infinity) for the following functions. Also give
a branch cut that will make the function a single valued holomorphic function on
the complement of the cut.

(a) Vz—1
(b) log (22 +z +1)

25. (a) Let f : D — C such that the functions g = f? and h = f3 are holomorphic
on . Prove that f is holomorphic. Is the statement true if either g is
not holomorphic or h is not holomorphic? If so, give a proof. Else give
counterexamples.

(b) Either prove or provide a counter-example to the following statement: If
f is a continuous function on a connected open subset Q such that f2 is
holomorphic. Then so is f.

26. (a) Let Qgr be the rectangle with vertices (—R,0), (R,0), (R,R) and (—R, R).

Compute the integral
dz

90R (1 + 22)n+1’

where Qi has the anti-clockwise orientation.
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(b) Use this to prove that

/OO de___ ()

e (1 + x2)n+1 4"(71!)2

27. In each of the cases below, classify the isolated singularities, and in case of poles,
compute the order.

(a) s
(b) ‘oe==.
(c) ﬁ - 27127”"
(d) cos(ll/z)'

28. If f and g are entire functions such that |f(z)| < |g(z)| for |z| > 1, then show that
f(2)/g(z) is a rational function.

29. Let R(z) be a rational function such that |R(z)| =1 for |z| = 1.

(a) Show that « is a zero or a pole of order m, if and only if 1/& is a pole or zero
of order m respectively. Hint. First show that

is a rational function such that M(z) =1 on |z| = 1.

(b) Let {aj}é\/:l be zeroes and poles of R(z) of order m; in the unit disc |z| < 1.
Here m; > 0 is a; is a zero and m; < 0 is it is a pole. Define

B (ZoLm(Zoaym | (aax

1—zoq 1—zao 1—zan

Show that R(z) = AB(z) for some A € C with |[\| =1

30. Recall that a function is said to have a removable singularity (resp. pole or essential
singularity) at infinity if the function f(1/z) has a removable singularity (resp. pole
or essential singularity) at z = 0.

(a) Show that an isolated singularity (including at infinity) of f(z) cannot be a
pole for exp(f(z)).

(b) In particular, if f is a non-constant entire function, then exp(f(z)) has an
essential singularity at infinity.

31. Let f and g be entire functions such that h(z) = f(g(z)) is a non-constant poly-
nomial. Prove that both f(z) and g(z) are polynomials.
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32. Show that when 0 < |z| < 4,

n

1 _],+§i z
4z — 22 42 qn+2°

n=0

Using the Laurent series, evaluate

1
—d
/z|=2 4z -2

where the circle is given positive orientation.

33. Show that the Laurent series for (e* — 1)~! at the origin takes the form

o

1 1 k—1 Bk 2k—1
- -1
SRR 2r)!°

n=1

where the numbers By are the called the Bernoulli numbers. Calculate Bi, B,
Bs.

34. Find a Laurent series that converges in the annulus 1 < |z| < 2 to a branch of the

function 2 )
2(2—2z
- 1 (7) ’
f(z) =log (——
35. Recall that we proved the identity

1 1 1
7TCOt7TZ=;+ Z <z—n+ﬁ>'
nez\{0}

Recall also, the definition of Bernoulli numbers from the previous assignment

z z ad B
=15 (—1)n Ry,

Finally, for any complex number Re(s) > 1, we define ((s) =Y >, m™*.
(a) Prove that
[o.¢]
mzcotmz =1— Z ¢(2n)2".

n=1

(b) Prove that
Bn 2n

Cn)”
In particular, from your answers in the previous assignment, you should be
able to calculate ((2), ¢(4) and ((6). Hint. First observe that

((2n) = 221

2miz

mzcotmz = miz + m.
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36.

37.

38.

39.

40.

41.

APPENDIX A. HOMEWORK PROBLEMS

Let Q C C be an open set containing the closure D,.(0) of the disc of radius r
centred at the origin. Suppose f : 2 — C be is a holomorphic function with zeroes
a1, qg,- -,y in D, (0) with multiplicities myq,--- ,m, respectively, and no zero
on 0D, (0). For any entire function ¢ : C — C, show that

1 TGRS
277”. ‘z|:r(’p(z> f(Z) dz—jglmjso(aj)‘

Let f be a function that is holomorphic on the annulus Ag +(0). The residue of
f(2) at infinity is defined to be

1

21 |z|=r

Res.—o f(2) = f(z)dz,

where 7 > R. Note that by Cauchy’s theorem, the definition is independent of
r. The reason for the negative sign is that morally, one would like to define the
residue at infinity, in the same way as for a point in C, namely via an integral on
a small circle around the point with positive orientation. But a small circle with
positive orientation around the point at infinity is a large circle in C with negative
orientation, and hence the negative sign in the above expression.

(a) Prove that
1 1
Res.,—o f(2) = —ReSz:0?f<;)'

(b) If f is holomorphic in C\ {p1,- - ,pn}. Then prove that

Res,—o0 f(2) + i Res,—p, f(z) = 0.

k=1

Show that if f is an injective entire function, then it must be linear. That is,
f(2) = az + b, for some a,b € C with a # 0. Hint. First show that f(z) cannot
have an essential singularity at infinity.

Let f be a non-constant holomorphic map defined in an open set §2 containing the
unit disc D centred at the origin.

(a) Suppose |f(z)| = 1 whenever |z| = 1, then show that f(2) contains the unit
disc.

(b) Show that if | f(2z)| > 1 whenever |z| = 1, and there exists a point zy € D such
that |f(z0)| < 1, the prove that f(£2) contains the unit disc.

Show that there is no holomorphic function on D that extends continuously to O
such that f(z) =1/z for all z € ID.

In each of the cases below, calculate the total number of solutions (with multiplic-
ity) in the regions indicated.



42.

43.

44.

45.

46.

47.
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(a) 27 —22°+622 —2+1=01in |2| < 1.

(b) cz" =¢€*, |¢| >ein |z < 1.
Compute the following real-variable integrals using the residue theorem.
(a fO f d.ﬁU a € R.

(b f0°° ;”;f‘g dz, a € R.

)
)
c) [ Al
)
)
)

( z2+1
1
(d . l(fxx2 dz.

(e fo log(1 +2?)-#,0 < o < 2.
(a) Find a fractional linear transformation that takes the points z; = 2, 20 = i
and z3 = —2tow; =1, wy =1 and wy = —1.

a

(b) Find the fractional linear transformation that maps z; = —i, 22 = 0 and
z3 =1 tow; = —1, wo =7 and wz = 1. What curve does the z-axis transform
into?

Find a conformal map from the wedge
W={zeC| —%gargzgg}

onto the unit disc D = {z | |z] < 1}.

(a) Show that f(z) = —1(2 4 1/2) is a conformal map from the half disc {z =
re | r < 1, 0 < 6 < 7} to the upper half plane. Hint. The equation
w = f(z) reduces to the quadratic 22 + 2wz + 1 = 0 which has two distinct
roots if w # +1, which is certainly the case when w lies in the upper half
plane.

(b) Use this to show that g(z) = sin z maps the infinite strip {z = z+iy | —7/2 <
x < m/2, y > 0} conformally onto the upper half plane.

If a Mobius transformation takes two concentric circles of radii r < R to two other
concentric circles with radii s < S. Prove that r/R = s/S. Hint. First argue
that by pre-composing and post-composing, one can assume that both the pairs of
concentric circles have centres at 0 and s = r = 1, and that the inner circle is sent
to the inner circle. After this has been arranged, argue that 0 and oo will have to
be fixed points.

(Schwarz-Pick theorem) If f : D — D is a holomorphic map from the unit disc to
itself, prove the following.

(a) For any 21 # 29,

f(zl);f(ZQ) ‘< 21 — 2o ‘
1= f(z1)f(22)! — 11 =212
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(b) For any z € D,
/(=) 1

=]z 7 1= [2]*

(c¢) In either of the two inequalities, when (and only when) can equality occur?

48. Let H := {z = x + iy | y > 0} be the upper half plane, and let PSL(2,R) :=
SL(2,R)/ £ I be the set of 2 x 2 real matrices modded out by the equivalence
relation A ~ —A. Then prove that Aut(H) is isomorphic to PSL(2,R)

49. (a) Let f, : © — C be a sequence of holomorphic functions which converge
compactly to f : £ — C which is not identically zero. If 2z is a root of f(z)
of multiplicity ‘m’, then show that for all sufficiently small € > 0, there exists
an N = N(e) such that f,, has exactly ‘m’ roots (counting multiplicity) in
D.(zp) for all n > N.

(b) From this conclude that if f,, : @ — C is injective, and the sequence converges
compactly to a non constant function f : 2 — C, then f is injective.

(c) Let f,, : D — D be a sequence of holomorphic functions such that f,(0) — 1.
Then show that f,, — 1 compactly on . Hint. First show that you get
convergence after passing to a subsequence.

50. For Re(s) > 0, consider the function

1 s
f(s) :/0 mdt,

A(s) = ;08

and let

(a) Show that f(s) is holomorphic on Re(s) > 0 and can be extended to a mero-
morphic function on all of C with simple poles at s =0,—1,—2,---.
Hint. What is the behavior of 1 — cosv/t near t = 0. Use this to compare
with the model case discussed in the lecture.

(b) Find
Ress——_1f(s).

(c) Use the identity

I(s)P(1—s) =

sinms

to show that the Gamma function has no zeroes in C. Caution: If I' has a
root at s, I'(1 — s) might have a pole at 1 — s. So you need to rule out this
case.

(d) Show that A(s) is an entire function, and evaluate A(—1).
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