Complex Analysis: Assignment-3
(due February 25, 2020)

Note. Please submit solutions to 2, 4, 5(a), 6 and 8.

1. Let v be a simple closed curve, and a ¢ Supp(y). The prove that

(7. ) +1, a € int(7)
n(y,a) =
7 0, a € ext(7).

2. Are there holomorphic functions f(z) and g(z) in a neighbourhood of 0 such that forn =1,2---
we have

(a) f(1/n) = f(=1/n)=1/n?
(b) g(1/n) = g(~1/n) = 1/n*?

3. Determine all holomorphic functions on the unit disc D := D;(0) such that

oo
foralln=2,3,---.

4. For any open set 2 C C and any complex valued function, the L?-norm on U is defined to be

1/2
fllrziq) == / f(z,y)|? dzdy
fllzzey = ([ 1£Ges)P dody)

if it is finite. We then define the space H(2) by

H(Q) :=={f € OQ) | [[fllL2(0) < oo}

We equip it with the norm || - [|2(q) defined above.

(a) Let zp € Q and D, (z9) C Q. For any 0 < s < r, prove that

1
sup |f(2)] £ —=—=|Ifll2D, (20))-
WS Sl o
Hint. Write f(z) in terms of an integral on 0D, (zy) by the Cauchy integral formula and
use polar coordinates.

(b) Prove that if {f,,} is a sequence in H(Q) that is Cauchy with respect to the L?(£2) norm,
then f, — f compactly on €.



(c) Hence prove that H(Q2) with the metric

d(f,9) = If — gllr2(a)

is a complete metric space.

5. Suppose that f and g are holomorphic in a region containing D;(0). Suppose f has a simple
zero at 0 (ie. the order is one), and has no other zero in D1(0). Let

fe(2) = f(2) +eg(2).

Show that if ¢ is sufficiently small, then
(a) f- has a unique zero (counted with multiplicity) in D;(0).
(b) Moreover, if that unique zero is pe, then € — p. is a continuous function.
6. Find the branch points (including infinity) for the following functions. Also give a branch cut
that will make the function a single valued holomorphic function on the complement of the cut.

(a) vVz—1
(b) log (22 + 2 +1)
7. (a) Let f: D — C such that the functions g = f? and h = f2 are holomorphic on D. Prove

that f is holomorphic. Is the statement true if either g is not holomorphic or A is not
holomorphic? If so, give a proof. Else give counterexamples.

(b) Either prove or provide a counter-example to the following statement: If f is a continuous
function on a connected open subset § such that f? is holomorphic. Then so is f.

8. (a) Let Qg be the rectangle with vertices (—R,0), (R,0), (R, R) and (—R, R). Compute the
integral

/ dz
AQr (1 + 2’2>n+1 ’
where (Qr has the anti-clockwise orientation.

(b) Use this to prove that
/OO dx _ (2n)! -

o T+ (a2
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