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Complex differentiable functions






Lecture 1

Introduction

1.1 Roadmap for the course

Complex analysis is one of the most beautiful branches of mathematics; a subject that lies at the heart of
several other subjects, such as topology, algebraic geometry, differential geometry, harmonic analysis, and
number theory.

The main objects in calculus are real (scalar or vector) valued functions defined on domains in R™. The
starting point in complex analysis is to consider complex valued functions

f:Q—=C

defined on subsets 2 C C of complex numbers. Recall that complex numbers can be added, subtracted,
multiplied and divided (if non-zero) just like real numbers. Every complex number can be written in the
form

z=x+ 1y

where z and y are real numbers. So complex numbers can be identified as a set with Euclidean plane R?.
The addition of complex numbers is also equivalent to addition of vectors in R2. So it might appear as if
we are not adding much, and that nothing is lost by simply treating the complex valued function as a two
variable vector field. In fact this is true, as we will see later, when talking about limits and continuity.

But there is one key difference between R? and C, that of multiplication and division. Indeed things
change dramatically when we restrict our attention to complex differentiable or holomorphic functions, that
is, functions for which

L S+ = 1)

h—0 h

exists and is finite. The important point being that h could be a complex number. Formally this definition is
identical to that of a differentiable function in one-variable calculus. But quite surprisingly the mere change
of perspective, the fact that h is allowed to take complex values as it goes to zero, produces beautiful new
phenomenon that have no counterparts in one-variable calculus, or indeed even multivariable calculus.
We now summarize some of these remarkable consequences of holomorphicity.

« Analyticity. As we remarked above, complex valued functions can be thought as mapping between
sets in R2, We will prove later in the course that for a holomorphic function, partial derivatives
of all orders exist. And moreover, one also has that the Taylor series at ever point converges to the
function value, that is holomorphic functions are analytic. Recall that this is not true for one-variable
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functions. For instance if

(o) = {B_W’ oo

0, x <0,

then it is easy to see that at z = 0, derivative of any order is zero. So the Taylor series of the function
at x = 0 is zero, but the function is clearly not zero.

« Analytic continuation. Two holomorphic functions defined on an open connected domain are
equal in a small open neighbourhood of a point, no matter how small the neighbourhood is, have to
be identically equal.

« Good convergence properties. If a sequence of holomorphic functions converges uniformly, the
limit function is again holomorphic. This is not true for differentiable one-variable functions. For
instance, if f,, : [-1,1] — R is defined by

fn(x) - \/ % +$2,

then one can show that f,, — |z| uniformly, but |z| is not differentiable.

« Liouville property. A bounded holomorphic function defined on all of C is forced to be a constant.
As a consequence, one can prove the fundamental theorem of algebra.

Part of the richness of the theory of holomorphic functions comes from the variety in the methods used to
study the subject. We next summarize the approaches that we will touch upon in this course.

« Partial differential equations. It turns out that real and imaginary parts of holomorphic functions,
thought of as real valued two-variable functions, satisfy a system of first-order partial differential
functions, called the Cauchy-Riemann equations. As a consequence of this, the real and imaginary
parts are harmonic functions. The theory of harmonic functions is rather well developed, and could be
potentially exploited to study holomorphic functions. We will only touch upon the Cauchy-Riemann
equations, but will not pursue this approach further. We will instead focus on integral methods.

+ Integral methods. The viewpoint that we will adopt is centered on a remarkable formula called
the Cauchy’s integral formula. We will develop a notion of integration of complex valued functions
along curves, a generalization of the notion of line integrals in multi-variable calculus. The funda-
mental fact, which will be the theoretical basis for the rest of the course, is that the complex integral
of a holomorphic function around a closed curve is zero. If the real and imaginary parts of the
holomorphic function are assumed to have continuous partial derivatives, this result follows from
Green’s theorem. We will give an independent proof, not because we wish to be clever, but because
remarkably this theorem will imply that the real and imaginary parts of the holomorphic function
indeed have not only continuous partial derivatives but have partial derivatives of all orders, and are
in fact analytic.

« Power series methods. As remarked above, every holomorphic function is represented by a power
series. Since power series are algebraic objects, for the most part they can also be manipulated as if
they were polynomials. Thus algebraic methods can be used to study holomorphic functions.

+ Geometric mathods. An elementary but beautiful fact is that holomorphic functions, thought of
as mappings (or transformations) between sets in R? are conformal maps. That is, holomorphic
mappings preserve angles between curves, and stretch the distances. We will study some standard
examples of conformal maps. Towards the end of the course we will prove the following deep fact,
first discovered by Riemann - Any domain in the complex plain which does not have a ‘hole’ and
which is not the entire complex plane, can be mapped conformally to a disc centered at the origin of
radius one. Our proof will be due to Koebe.



1.2. COMPLEX NUMBERS 5

1.2 Complex numbers

It is known that certain polynomial equations with real coefficients need not have real roots. Complex
numbers are obtained from the reals by formally adjoining a number i that solves the equation

i?=—1.
More formally, we define the set of complex numbers by
C :=R[i] = R[z]/(1 + z?).

So a general complex number takes the form z = = + iy, where x and y are real numbers, and are called
the real and imaginary part of z respectively. We use the notations

x = R(z) and y = ().

Clearly the real numbers can be identified as a subset of the complex numbers in a natural way as numbers
with §(z) = 0. We define addition and subtraction to be component-wise i.e. if 27 = 21 + iy; and
Z9 = T + iYyo, then we define

21+ 20 = (21 + 22) £i(y1 + y2)-

Using this, we can identify C with R? as vector spaces. With this interpretation, a complex number rep-
resents a point in the zy-plane; with the z-coordinate given by R(z) and the y-coordinate given by ().
This more geometric interpretation will be very useful to us.

But the complex numbers are much more than just 2-dimensional vectors. They also have a multiplicative
structure, induced from the multiplicative structure of R[x]. That is we can multiply two complex numbers
to obtain another complex number. Indeed, if z; and 25 are as above, we define

21 - 29 = (T122 — Y1Y2) + i(z1Y2 + T291).

More simply, we define 2 = —1, and then extend the product to satisfy the distributive property. It is not
hard to verify that addition and multiplication satisfy the following properties:

P1 (Additive and Multiplicative identity.) For any complex number z,

z240=2,2-1==2.

P2 (Commutativity.) For any 21, 22 € C,

21+ 29 =29+ 21, 2129 = 29 2].

P3 (Associativity.) For any complex numbers z1, 29, 23,
(Zl + 22) + 23 =21+ (2:2 + 2’3), (2’1 . 22) s 23 = 21" (2:2 . 2:3).
P4 (Distribution) For any z1, 29, 23 € C,

21 (22+23) =21 - 20 + 21 - 23.

P5 (Additive inverse.) For any z € C, —z = (—1) - 2 satisfies

z+(—2z)=0.
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For notational convenience, we sometimes drop the dot when multiplying complex numbers. As remarked
above, geometrically, addition of complex numbers corresponds to addition of vectors. What is the inter-
pretation for multiplication? This is clearer if we use polar coordinates. Recall that any point (x, y) in the
plane that is not the origin, can be represented uniquely by a pair (r, #), where r > 0 and 6 € (—, 7] via
the following transformation law:

x=rcosf, y=rsinf.

Then r is the geometric distance from the origin, and @ is the angle made by the line joining (x,y) to
the origin with the positive z-axis. For instance the complex number 4 corresponds to (1,7/2) in polar
coordinates. So, any complex number can be represented as

z=r(cosf + isinb).

If w = p(cos a+i sin «) is another complex number, then it follows from the definition of the multiplication
formula that

zw = rp[(cos f cos o — sin @ sin o) + i(cos O sin v + sin G cos )]
= rp(cos(f + ) + isin(d + a)),

where we used the sum-angle formulas in the last equation. So geometrically multiplication simply corre-
sponds to a dilation (i.e. scaling) and a rotation. For instance multiplication by 4 corresponds to rotating
the vector representing the complex number by 7 /2. To form a good number system we will also need to
be be able to divide by complex numbers. For any zo # 0, we say that w = 21 /29 if 21 = wzy. We call
w, the quotient obtained by dividing 21 by zs. Clearly, if 2o = 0, then by property P1, the quotient cannot
be well defined. We next see that the quotient is in fact well defined when dividing by non-zero complex
numbers.

1.2.1 Conjugate, Absolute value, Argument.

To prove that a quotient always exists on dividing by a non-zero complex number, it is enough to have a
formula for 1/z, where z # 0. Let z = = + iy. Multiplying the numerator and denominator of 1/z by
x — 1y (this is similar to rationalizing irrational denominators) we obtain

1 1 T — 1y _r—y

2z xz+iy  (z+iay)(z—idy) 22 +y?

Note that in the last equation, the denominator is now a real number, and we already know how to divide
by real non-zero numbers. The numerator, is called the conjugate of z and is denoted by

zZ=x—1y.

Geometrically this amounts to reflection of the point representing z about the z-axis. Readers will notice
that the denominator is the square of the distance of the point (z,y) from the origin. So we define the
absolute value or the length of the complex number, denote by |z| as

|z| = Va2 + 2.

This is of course the ‘r’ in the polar coordinate representation. Some basic properties of these operations
are the following.
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o ZW = Zw, |zw| = |z||w].
e ztw=2z+wWw.

Note that contrary to the conjugate function, the modulus function is not additive. Instead we have an
inequality; see Theorem 1.2.1. With these notations in place, we can re-write the above statement as

1z
R

for any z # 0. So we in summary we shown that multiplication has another property, that every no-zero
number has multiplicative inverse. That is we have

P6 (multiplicative inverse.) For every z € C, z # 0 there exists a complex number 1/z = z/|z|? such
that

z- 1 =1
z
With the two operations of addition and multiplication satisfying these six axioms, the set of complex
numbers become what is called as field by algebraists. In fact, the complex numbers form an algebraically
closed field, which means that any polynomial with complex coefficients can be completely factorized using
complex roots. Later in the course, somewhat remarkably, we will prove this statement in algebra using
our complex analysis techniques. We will in fact give multiple proofs, not just one!

The ‘0’ in the polar coordinates also has a name, and is called the argument of z, and denote by arg(z).
Using the new notation, it is also easy to see that

z+z z—Z
§R = R =
()= 222 s = 2
We can now define division by
z _zZW
w o fwf?

Integer Powers. Given any natural number n € N, we define 2™ to be z multiplied to itself ‘n’ times. We
also define 2" := 1. For negative integers —n, we then define z~" to be 1/2" or the multiplicative inverse
to 2™,

We end with an important inequality that will be crucial in most of the estimates.
Theorem 1.2.1 (Triangle inequality). Let z,w € C. Then we have the following inequalities

1.
|2+ w| < [2] + [wl,

with equality if and only if z = aw where a € R i.e. z and w lie on the same line through the origin.

|2 —w| = [lw] = |2]],
with equality again if z and w lie on the same line through the origin.
Proof. 1. We first note that if x, y, u, v € R, then
(zu+yv)? < (2 +y*)(u® +07),

with equality if and only there exists some a € R such that x = au and y = av. This follows
from the elementary observation that the difference of the two sides in the above inequality equals
(rv — yu)?. Next, we have

|z +w]? = (2 + w)(z + w) = |2]® + |w|* + 2R(zw).
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So if we let z = x + iy and w = u + iv, then

2R(2w) = (@ + iy)(u — i) + (x — iy)(u + v) = 2(zu + yv) < 2v/22 + 2 V/u2 + 02 = 2|2||w|,
which completes the proof of the inequality. We have equality if and only if there exists a a € R
such that z = au and y = av, or equivalently, z = aw.

. For the second inequality, without loss off generality we may assume that |z| < |w|. Then by the
first part we have
lw] =|z4+w— 2z <|z| + |w—z|

Again we have equality if and only if there exists a real number b such that w — z = bz, or w =
(1+0)z.

O



Lecture 2

Lecture-2: Limits, continuity and
holomorphicity

2.1 Topology of the complex plane
A consequence of the triangle inequality discussed in the previous lecture is that the function
d(z,w) := |z — w|

defines a distance function on C, and for simplicity, we denote the corresponding metric space by (C, | - |).
Given a zg € C, the open disc of radius R around zj is given by

Dr(20) ={z € C ||z — 2| < R}.

We now review a few standard definitions from topology. The complement of a set S, denoted by S° is the
set of all complex numbers NOT in .S. Given any set S C C, a point p € C is a limit or an accumulation
point if for any r > 0, the disc D,-(p) has at least one point in common with S other than possibly p itself.
A point p € S is said to be isolated if p is not a limit point of S. The closure of a set S, denoted by S is the
union of S with all it’s accumulation points. The interior of S, denoted by S, is the set of all pointsp € S
such that D, (p) C S for some r > 0. The boundary of a set S is the set of points p € C such that for all
r > 0, the disc D,.(p) contains at least one point from .S and S°. For instance the boundary of the open
disc D, (p) is the circle of radius r centered at p.

A set S is called open is for any point p € S, there exists a disc D,(p) C S. That is each point has a
neighborhood that is completely contained in the set. A set is called closed is it’s complement is open. An
equivalent definition (why are they equivalent?) is that a set is closed if and only if it completely contains
it’s boundary. So for any set .S, the interior S is the largest open set contained in S and the closure S is
the smallest closed set containing S. A basic property of open and closed sets is the following.

Proposition 2.1.1. « Arbitrary union (possibly infinite) of open sets is again open. Finite intersection of
open sets is open.

« Arbitrary intersection of closed sets is close. Finite union of closed sets is closed.

Given a sequence {z, } we say that it converges to p € C if for all € > 0, there exists an IV such that

|z, — p| < e.
Proposition 2.1.2. z, — p if and only if R(z,) — R(p) and S(z,) — S(p).

9
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This is a consequence of the fact that for any z € C,

max(|R(2)], [3(2)]) < |2 < V2max(1R(2)], [3(2)]).

A disadvantage of the above definition of convergence is that one needs to know the limit a priori, to even
decide if a sequence is converging. A convenient alternative is of course the notion of a Cauchy sequence.
Recall that a sequence z, is said to be Cauchy if for all ¢ > 0, there exists an N > 0 such that for all
n,m > N we have

|2 — zm| < €.

It is easy to see (prove it!) that every convergent sequence is Cauchy. Conversely, we have the following
fundamental fact.

Theorem 2.1.3. Every Cauchy sequence in C converges. That is, (C, | - |) is a complete metric space.

. The theorem follows from the proposition above and the fact that real numbers from a complete metric
space. Recall that a set is called compact if every open cover has a finite sub-cover. A consequence of
completeness is the following useful characterization of compact sets in C.

Theorem 2.1.4. The following are equivalent for a subset K C C.
1. K is compact.
2. K is closed and bounded.
3. K issequentially compact. That is, any infinite sequence {z, } C K has an accumulation pointp € K.

The last notion we need is that of a connected set. A subset S C C is called connected, if
S={UnNS)u(Vns)

for some disjoint open sets U and V. If S itself is open, this reduces to saying that S' cannot be written as
the union of two disjoint open sets. An open, connected subset is called a region. We have the following
elementary characterization of regions.

2.2 Functions on the complex plane

Let S C C be a subset. A function f : S — C is a rule that assigns unique complex number, denoted by
f(2) to every number z € S. The set S is called the domain of the function, and

f(9):={f(2) |z €5},
is called the range. The pre-image of a set T' C C, denoted by f~!(T') is the subset of S defined by

fUT) ={z€ S| f(x) eT}.

A function is called injective or one-one if the pre-image of every point in the range consists of exactly one
point, i.e
f(2) =fw) = z=w.

It is said to surjective or onto if the range is all of C.

We say that the limit of f(z) as z tends towards p is L, and denote it by

lim f(z) = L,

zZ—p

if the following holds - For any € > 0, there exists a § > 0 such that

|z —p| <6, z€ S, = |f(z) —L|<e.
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We say that f is continuousatp € S if

lim f(2) = f(p).

zZ—p
f is simply called continuous if it is continuous at all points in its domain. We then have the basic fact.

Theorem 2.2.1. f : S — C is continuous if and only if Re(f) and Im(f) a continuous as real valued
functions of two variables.

So as far as topology, which is the study of continuous functions, is concerned, there is no difference
between C and R?. With this remark, the following properties follow easily from what is already known
about multivariable functions.

Theorem 2.2.2. Consider a function f : Q2 — C, where ) is open.
1. It is continuous if and only if f~1(U) is open for any open set U C C.
2. It is continuous if and only if f~*(K) is closed for every closed set K C C.

3. It is continuous at p € Q) if and only if for any sequence {z, } such that z, — p, we have

lim f(z,) = f(p).

Zn =P

4. If f is continuous, then for any compact subset K C ), f(K) is compact.

5 If f and g : Q — C are continuous at p then so are f + g and fg. If g(p) # O, then f/g is also
continuous at p.

6. if f is continuous at p, and g : f(Q) — C is continuous at f(p), then the composition g o f is also
continuous at p.

Example 2.2.3. The function f(z) = 2™, where n is an integer, is continuous. To see this, note that
2P pt=(z—p) (" 2" T

A polynomial is a function p : C — C of the form
p(2) = anz" +an 12"+ -+ a1z + ao,

whereay, € C fork = 0,1,--- ,n. Then by the fact that sums of contiuous functions are continuous, it follows
that polynomials are continuous at all points. A rational function is a quotient of two polynomials

R(z) = p(z)

q(2)’

wherever q is non-zero. At all such points, by the quotient rule above, a rational function is also continuous.

Example 2.2.4. The function f(z) = Z is continuous. Similarly, the function g(z) = |z| is also continuous.

Example 2.2.5. Arg(z) in not continuous on C. Recall that if z = x + iy, then arg(z) is defined as the
unique angle between (—m, 7| that the line joining the origin to (x,y) makes with the positive x-axis. Now
consider any point on the the negative x-axis, say z = —1. Then the function is not continuous. The reason
being that if z,, — —1 with 3(z,,) > 0, then arg(z, ) — 7, while if 3(z,,) < 0, then arg(z,) — —.

2.2.1 Path connected sets in C.

As a special case, we could take S to be an interval in R thought of as a subset of the x-axis in C. A path is
defined to be a continuous function v : I — R, where [ is an interval. We then have the following useful
characterization of regions in C.
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Proposition 2.2.6. Let§) C C be an open subset. Then ) C C is a region if and only if Q) is path connected,
ie. for any zo, z1 € €, there exists a continuous map vy : [0, 1] — Q such that v(0) = zg and v(1) = z;.

Proof. Suppose € is a region. Fix zg € €, and let
A = {z € Q| there exists a path in Q connecting z to 2 }.

Note that zy € A, and hence A is non-empty. Since €2 is open, and clearly every disc is path connected,
A is open. Now we claim that A := Q\ A is also open. To see this, if A° is non-empty we have some
w € A°. Then since ) is open, there is disc D,-(w) C Q. Clearly, D, (w) N A = ®, forif, z; € D, (w) N A,
then one could simply connect 2 to zp, by connecting z to z1, and 27 to 2o, contradicting our assumption
that w € A°. This shows that D, (w) C A€, and hence A is open. But since € is connected and A is
non-empty, this forces A = ®. Conversely, suppose 2 is path connected, but is disconnected. Then we
can write ) = A U A€, where both A and A are open and non-empty. O

2.2.2 Convergence of functions
There are two notions of convergence, that of point-wise, and uniform convergence. We say that

« the sequence of functions f,, : 2 — C converges point-wiseto f : Q@ — C, if for every z € (2, the
sequence f,(z) — f(z). Or equivalently, given any £ > 0, and any z € (), there exists an N > 0,
possibly depending both on ¢ and z, such that

n>N = |fu(z) — f(2)] <e.

« the sequence of functions is said to converge uniformly if given any € > 0, there exists an N > 0
depending only on ¢ such that for all z € {2 and n > N we have that

[fn(2) = ()] <e.

Theorem 2.2.7. If f,, : Q0 — C is a sequence of continuous functions which converge uniformly to f : Q@ — C,
then f itself is continuous.

2.3 Holomorphic functions

Let 2 C C be an open subset. We say that a function f : Q — C is complex differentiable at z = p € Q, if

the limit d F - 1) . fla+h) - 5@
. f()—flp) .. fla+h)— f(a
dzlz=p (2) z=p  Z—D 7}1&% h

3

exists and is finite. The limit, denoted by f’(p), is then called the derivative (or the complex derivative if the
context is not clear) of f at p. The function is called holomorphic, if it is complex differentiable at all points
in the domain. We will denote the set of holomorphic functions on €2 by O(2). Note that formally this
definition is identical to the one for real valued functions of one variable. We have also seen that functions
of a complex variable can be thought of as vector fields in two variables. In multivariable calculus, there
is already a notion of derivatives of such functions. A natural question is to ask for the relation between
these two notions. We will return to this question shortly. But first we collect some basic properties of
holomorphic functions, the proofs of which are identical to those in for differentiable functions of one real
variable.

Theorem 2.3.1. Let f,g : 2 — C be differentiable at z, and a,b € C

1. Iffis constant in a neighbourhood of z, then f'(z) = 0.
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2. (Linearity) af + by is complex differentiable at z, and
laf +bgl'(2) = af'(2) + bg'(2)
3. (Product rule) fg is complex differentiable at = and
(f9)'(2) = f'(2)9(2) + f(2)d'(2)
4. (Quotient rule) If g'(2) # 0, then f /g is complex differentiable at z and
([)’(z) _ ['(2)g(2) — f(2)d'(2)

g 9%(2)

5. (Chain rule) If h is complex differentiable at f(z), then h o f is complex differentiable at z and
[ho f1'(2) = W (f(2)) - ['(2).
The main theme of the course is that holomorphicity imposes severe restrictions on the functions under
consideration. Just to get our feet wet, we start with the following elementary observation.
Proposition 2.3.2. If a function f is complex differentiable at z = a then it is automatically continuous at

zZ = Q.

Proof. We proceed by contradiction. So suppose f is not continuous at a. Then there exists an € > 0 and
a sequence z, — a such that |f(z,) — f(a)| > €. By holomorphicity, there exists an N such that

Zn —Q

- f,(a) < ]-7
whenever n > N. Or equivalently, that
[f(zn) — f(a) = (20 — @) f(a)| < |2, — al.
By the triangle inequality
e <|f(zn) = fla)| = [f(zn) — f(a)
<|f(zn) = fla) = (zn
<lzn —al(1+f'(a)])

Suppose now N is chosen large enough so that

Zn —

)f'(a) + (20 — a) f'(a))
) (@) + |(zn — a) f'(a)]

—(
—(

SRS

5
|zn—a|<2

1+ (@)’

then the above chain of inequality yields

e <[f(zn) = fla)] <

?

N ™

which is absurd. O

Example 2.3.3. As a first example, we compute the derivative of f(z) = 2", where n is an integer. We first
assume thatn > 1. Then it is easy to see (try to prove it!) that

2M—a" = (z—a)Z" P 2" Za 4 F 2" a .
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So then . .
. 2"—a . B - B B
f/<a):hm7:hm2n 1+z" 2CL+"'+ZCLTL 2+an L ha®
z—a Z—a z—a

-1

For negative integers n we can apply quotient rule to again obtain the same formula. So for integers n we have
that

Example 2.3.4. Polynomials and Rational functions. Recall that polynomials are functions of the type
p(2) = 2" + an_12" 1+ -+ ap.

Then by the above theorem, such functions are holomorphic. Moreover, by the above calculation the derivative

of a degree n polynomial is again a polynomial, but of degree n. — 1. Recall also that rational functions are

quotients of two polynomials. By the quotient rule, these are holomorphic at all points where the denominator
does not vanish. That is, if

z

R(z) = p(z)

q(2)’
then R(z) is holomorphic at z = a if and only if g(a) # 0.

Example 2.3.5. The function f(z) = Z is not holomorphic. To see this, consider the difference quotient

fth) ~f(z) _h

h h

Then if h — 0 along the real axis i.e. h € R, this difference quotient is 1. On the other hand if h — 0 along
the imaginary axis, i.e. h = ik where k € R, then this quotient is always -1. So the limit cannot exist.

Example 2.3.6. The function f(z) = |z| is not holomorphic. By the product rule, it is enough to show that
g(2) = |2|? is not holomorphic. The difference quotient is

lz+h?—|2> (z+h)(z+h)—22 zh+zh+|h> h _
- = - = - =zp+2+h

The limit of the last two terms as h — 0 is Z, but, as we saw in the previous example, the limit of the first term
does not exist. So |z|?, and hence |z|, is not differentiable.




Lecture 3

Power series

A power series centered at zp € C is an expansion of the form

o0
Z an(z — 20)",
n=0

where a,, z € C. If a,, and z are restricted to be real numbers, this is the usual power series that you are
already familiar with. A priori it is only a formal expression. But for certain values of z, lying in the so
called disc of convergence, this series actually converges, and the power series represents a function of z.
Before we discuss this fundamental theorem of power series, let us review some basic facts about complex
series, and series of complex valued functions.

3.1 Infinite series of complex numbers: A recap
A series is an infinite sum of the form
oo
D an,
n=0

where a,, € C for all n. We say that the series converges to S, and write

o0
>
n=0

if the sequence of partial sums

N
SN = E Qp,
n=0

converges to S. We need the following basic fact.

Proposition 3.1.1. If> " . |a,| converges then > a,, converges.

Proof. We will show that Sy forms a Cauchy sequence if - |a,| converges. Then the theorem will

follow from the completeness of C. If we let Ty = Zg:o |an
hypothesis. Then by triangle inequality

, then {T'v} is a Cauchy sequence by the

M M
|sN—sM\:) S an < Y Janl = |Ta - Tnl.

n=N+1 n=N+1

15
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Now, given € > 0, there exists a K > 0 such that for all N;M > K, |Tyy — Tn| < €. But then
|Sar — Sn| < e, and so {Sn} is also Cauchy. O

We say that ) a,, converges absolutely if > |a,| converges. Next suppose f, : 8 — C are complex
functions, we say that Y~ f,,(z) converges uniformly if the corresponding sequence of partial sums

N
Sn(z) = fal2)
n=0

converges uniformly.

Proposition 3.1.2 (Weierstrass’ M-Test). Suppose f,, : Q@ — C is a sequence of complex functions, and
{M,} is a sequence of positive real numbers such that

o |fn(2)| £ M, foralln and all z € Q.
o >0 o M, converges.
Then >~ fn(z) converges uniformly.

Proof. Like before, this time we show that the sequence of partial sums {Sy(2)} is uniformly Cauchy. But
again by triangle inequality if Ty denotes the N*" partial sum of > M,,, then

M M
Sn(2) = Su(2)] < D a2 <Y My =|Ta — T,
n=N+1 n=N+1

for all z € Q. Since the right side does no depend on z, given € > 0, one can make |Sy(2) — Sp(2)| < €
by choosing N, M > K where K can be chosen independent of z. O

3.2 Convergence of power series

By convergence of the power series, we mean the following. Consider the truncations of the power series
at the N*" term, also called the N*" partial sum -

N
sn(z) = Z an(z — 2z0)".
n=0

We say that the power series converges (unifomrly) if the sequence of functions {sy(z)} converges (uni-
formly). We say that the series converges absolutely if the sequence of functions

N
> lanllzl"
n=0

converges. It is well known, and not difficult to see, that absolute convergence implies convergence. The
fundamental fact is the following.

Theorem 3.2.1 (Fundamental theorem of power series). There exists a0 < R < oo such that

« If|z — 20| < R, the series

Z an(z — 20)"

n=0

converges absolutely.
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« For any compact set K C Dg(20), the absolute convergence is actually uniform.
o If|z — z0| > R, then the series diverges.
Moreover, R can be computed using the Cauchy-Hadamard formula:

1
~ limsup |a,|'/"’

The number R is called the radius of convergence, and the domain Dg = {z | |z — 20| < R} is called the
disc of convergence. Recall that for a sequence {b,, } of real numbers,

L =limsupb,

if the following two conditions hold

e Foralle > 0, and all N > 0, there exists n > N such that

b, > L —¢.

« For all € > 0, there exists an NV such that for alln > N,
b, < L—+e.

Remark 3.2.2. It is not difficult to show that if

anJrl
(27

lim

n—oQ

exists, then it is equal to 1/R. On many occasions the limiting ratio is easier to calculate.

Remark 3.2.3. Suppose 0 < R < oo is the radius of convergence of the above power series. The by
the theorem, the series converges on the open disc |z — 29| < R. The behavior of the series at points on
boundary however is subtle as the examples below indicate.

Example 3.2.4. The power series

o0
>
n=0

has radius of convergence 1. In fact it easy to see that on |z| < 1,
Loy
= Z".
1—=2
n=0

Observe that on the unit disc |2"| = |z|" = 1, and so by the divergence test, the series cannot converge at any
boundary point. On the other hand, the left hand side is defined and holomorphic at all points z # 1 even
though the power series is only defined inside the unit disc. We then say that the holomorphic function 1/1 — z
is an analytic continuation of the power series to the domain C \ {z = 1}. We will say more about analytic
continuation towards the end of the course. We remark that the following misleading formula often appears
in popular culture (most notably in a video on the youtube channel - Numberphile, an otherwise decent math
channel), many times accompanied with a quote with the effect that “Oh look - math is magical!":

The formula as stated is of course junk since the left hand side is clearly a divergent series. But there are
ways of interpreting the left hand side. For instance, the left hand side is in fact Cesaro summable, which is a
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generalization of usual infinite summation in that a convergent series is also Cesaro summable and the Cesaro
sum equals the sum of the series. In this case, the Cesaro sum does turn out to be 1/2. A more fundamental way
(at least in my opinion) of interpreting the left hand side, as precisely the analytic continuation of Y -, 2" to
z = —1. Then as remarked above, this analytic continuation is given by 1/(1 — z) which of course equals 1/2
at z = —1. Another example of such misleading propogation of math, especially in India, is that Ramanujan
proved the “miraculous” identity that

-1

12°

We’ll see later in the course that the left hand side should in fact be replaced by the analytic continuation of
the series Y ., n~* to s = —1. The infinite seres is a priori only defined on the region Re(s) > 1, but can
be analytically continued to C \ {1}, and this if of course the famous ((s) of Riemann.. We’ll then compute
that {(—1) = —1/12!

1+243+ =

Example 3.2.5. Consider the power series

[eS)
prg
E o
n=0

Again, it is easy to see that the radius of convergence is 1. At z = 1 this is the usual harmonic series, and is
divergent. It turns out in fact, that this series converges for all other points on |z| = 1, z # 1. This follows
from the following test due to Abel, which we state without proof.

Lemma 3.2.6 (Abel’s test). Consider the power series

oo
E apz”.
n=0

Suppose

e ay €R,a, >0.

« {a,} is a decreasing sequence such that lim,, o a, = 0.
Then the power series converges on |z| = 1 except possibly at z = 1.

Clearly the series in the example above satisfies all the hypothesis, and hence is convergent at all points on
|z| =1 except at z = 1.

Example 3.2.7 . Next, ConSldt’l the pOWEI series
Z :
2°
n=0 n

Again, the radius of convergence is 1, and again by Abel’s test the power series is convergent on |z| = 1 except
possibly at z = 1. But at z = 1, the series is clearly convergent, for instance by the integral test. So in this
example the power series is convergent on the entire boundary.

Example 3.2.8. Finally consider the power series
o0 Zn
DT
n=0

To find the radius of convergence, we use the ratio test. Denoting a,, = 1/n!, we see that

= lim —— = lim =0

lim

n—oo | Qp

(a1 ‘ . n! . 1
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So R = oco. Notice that if z is a real number then this is the usual Taylor expansion of the exponential function.
Inspired by this, we define the complex exponential function, exp(z) : C — C by

n

exp(z) =€ = Z %

n=0

We will study this function in more detail in the next lecture.

3.3 Holomorphicity of power series

From the previous theorem, since the convergence is uniform on comapct subsets of the disc of conver-
gence, it is clear that a power series represents a continuous function. In fact, much more is true.

Theorem 3.3.1. Consider the function defined by

o0
z) = Z an(z — 20)",
n=0

on the disc of convergence Dp = {z | |z — 20| < R} where0 < R < oo. Then f(z) is holomorphic on Dg,
with -
'"(2) = Z nay(z — z0)"
n=1

Proof. Without loss of generality we can assume zg = 0. Firstly, observe that since lim,,_,o, 7 n — q,
the power series Y~ | na,(z — 29)" also has radius of convergence R. To prove the theorem, we need to
show that for any p € Dg(0),

lim f(pL Z nanp”.

h—0
n=1

Or equivalently, given any € > 0, we need to find a 6 > 0 such that

h)
h <5 — ]fp‘L— (3.1)
Let us denote by
N 00
= Z anz", En(z) = Z an, 2",
n=0 n=N+1
the N*" partial sum, and the N*" error term respectively, so that
f(z) =Sn(2) + En(2).
Then since the partial sums are polynomials, they are holomorphic, and in fact
li 2
A S ( Z na,z", (3:2)

where the convergence is uniform on compact subsets of Dr(0) Now suppose |p| < r < R, then for any
N, we can break the difference that we need to estimate into three parts -

f@+h
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- En(p+h) — En(p)
SI _ " (a3 ’
+ 1S () ;naler -
Since Sy, being a polynomial, is holomorphic, there exists a & > 0 so that for |h| < J, the first term is
smaller than /3. Similarly, by equation (3.2), the second term can be made smaller than £/3 by choosing
N big enough. So all that remains is to control the error term. Using the factorization a™ — b" = (a —

b)(a" ' +a"2b+ -+ "), we have

EN(p+h)_EN(p)‘ < i |an|

(p + h)n _ p7l
h h

n=N+1
oo

< Y lanll(p+m)" 4+ p" )
n=N+1

But if |h| < § for sufficiently small ¢ (in particular if 6 < r — |p|), then |p + h| < |p| + |h| < r, and so

En(p+h) — En(p) N n—1
< .
A ‘ < E |an|nr

n=N+1

But this is the tail of the series _ n|a,|r"~! which converges for » < R, so we can also make this term
smaller than £/3 by choosing N big enough. This shows that we can find ¢ small enough so that (3.1) is
satisfied.

O

Notice that the derivative is again a power series with the same radius of convergence. So applying the
above theorem inductively we obtain -

Corollary 3.3.2. A power series f(z) = > " a,(z — 29)" is infinitely complex differentiable in it’s disc of
convergence. Moreover, the derivatives can be computed by successive term-wise differentiation:

oo

f®(z) = Z nn—1)---(n—k+ Dap(z — 20)" "

n==k

In particular, the coefficients of the power series are given by

_ ™ (20)

Ay |
n:

We say that a function f : Q — C is analytic if for every p € ), there exists an 7 = r(p) > 0 and a
sequence of numbers {a,, = a,(p)} such that

for every z € D,(p). A priori, it is not quite clear that if a function is represented by a power series
expansion on a disc of convergence Dg(p) then it is automatically analytic. For instance, it is not clear
if there should be a power series expansion around any other point ¢ € Dgr(p). The next proposition
answers this question in the afirmative.

Proposition 3.3.3. Let f(z) = >~ jan(z — 20)" be a power series with radius of convergence R. Then f
is analytic on Dg(z¢). In fact, for everyp € Dg(z), and every z € D,.(p) wherer := R — |p — 2|, we have

> £(n)
=3 8y
n=0 !
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Proof. We use the binomial expansion. As before, without loss of generality, we assume that zp = 0.
Writing z = z — p + p, and applying the binomial theorem, we see that on |z — p| < R — |p| (since
|z] < R), we have

f(2)

Il
3
I{ngk
2
s
~
\
s}
+
=
]

n=0
=> b(z—p)",

k=0
where

— (n n—k f* ()

b= (k) b=

n=k

by Corollary 3.3.2. O

Remark 3.3.4. In some cases the power series on the right in the conclusion of Proposition 3.3.3 might
have a larger radius of convergence than R — |¢ — p|. In such cases, the new power will define an analytic
continuation of f. For instance, let us consider the power series

on|z| < 1withp =0.Letq = —1/2. Thenif |z +1/2| <1 —1/2 =1/2, we have
1 1 2 1 2 o= 2" 1\"
1—2_3/2—(z+1/2)_§.1—2(z+1/2)/3_§z37(z+§) '

n=0

On the other hand, it can be easily seen that the power series on the right has a radius of convergence
R = 3/2, and hence defines an extension of the original power series in the new region |z + 1/2| < 3/2.
This was Weierstrass’ method of analytically continuing holomorphic functions.

Corollary 3.3.5. [Principle of analytic continuation for power series] Let f be an analytic function on a

connected open set . If there exists a point p € 2 such that f(™)(p) = 0 foralln € N, f = 0 on all of Q. In

particular, the conclusion is true if there is an open set U C ) such that f| = 0.
U

Proof Let S = {z € Q| f(")(2) = 0foralln = 0,1,2,--- }. Then by the continuity of f, S is closed in
Q (ie. all limit points of S in €}, are also contained in S). Also, S is non-empty by the hypothesis. Now
suppose ¢ € S. Since the function is analytic, there is an open disc D,-(¢) on which

< ¢(n)
f(2) = f n!(Q)

(Z - q)n = 07
=0

since ¢ € S. But then D,.(¢) C S, and so S is open in ). But then since €2 is connected, this forces S = €,
and in particular, f = 0 on €. O
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Appendix: Multiplication and composition of power series
Given two power series
oo
D anz" D baz",
n=0 n=0

their product can be defined, at least formally, in the following way-

o0
Zanz" . anz" = (ag+ a1z +agz® +--)(bg + b1z +baz® +---)
n=0 n=0
= apby + (aobl =+ albo)z =+ (a0b2 +a1by + a2b0)22 4+
n=0
where ¢, is given by

n
Cp = E akbn,k.
k=0

This product goes by the name of Cauchy product. The main theorem, which we state without proof, is the
following.

Theorem 3.3.6. If the radius of convergence of two series centered at zg is Ry and Ro respectively, then their
product power series has a radius of convergence that is at least min (Ry, Ra).

Proof of a slightly general version, applicable for any infinite series, can be found on the wiki article
https://en.wikipedia.org/wiki/Cauchy_product#Convergence_and_Mertens.
27 theorem.


https://en.wikipedia.org/wiki/Cauchy_product#Convergence_and_Mertens.27_theorem
https://en.wikipedia.org/wiki/Cauchy_product#Convergence_and_Mertens.27_theorem

Lecture 4

The exponential functions

4.1 The exponential functional

Last lecture, we defined the complex exponential function by the power series

n

exp(z) := Z %

n=0

We saw that the power series has infinite radius of convergence, and hence defines a function on the entire
complex plain. In fact by the theorem from last lecture, we now know that the exponential function is
holomorphic on the entire plane. Such functions, that are holomorphic on the entire complex plane, are
called entire functions. As we saw in the previous lecture, to find the complex derivative, it is enough to
differentiate term-wise:

d = 1d n N 2 2"
=P = = 2 T

To see the last equality just replace n — 1 by n in the penultimate term. So we see that

dilz exp(z) = exp(z).

In fact we’ll see later that this property characterizes the exponential function. But first, we collect some
important properties of the exponential function.

Theorem 4.1.1. 1. exp(0) = 1.
2. For any complex numbers z, w we have that
exp(z +w) = exp(z) exp(w),

and in particular exp(—z) = [exp(z)] 1.
3. exp(z) # 0 forall z € C.

4. The restriction of exp(z) to R is a positive strictly increasing function. Forz € R, e® = 1 if and only if
x = 0. Moreover, lim,_,  exp(z) = 00 and lim,_, _, exp(z) = 0. In particular,e® : R — R, isa
bijective function.

Proof. 1. This is trivial from the definition.

23
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2. This follows from the product formula for power series and the binomial theorem. The left hand side
of the equation is

= (24 w)”
exp(z + w) = Z%
— ol
But then . .
(z+w)" 1< n! P L 11
nl _n!kgok!(n—k)!zw _kzzok! (n— k)l

This is exactly the n'" coefficient of the Cauchy product, and the result follows.

3. Suppose exp(p) = 0 for some p € C. Since f(z) = exp(z) is an analytic function with an infinite
radius of convergence at 0, we also have the following representation formula on all of C:

O £(n)
exp(z) = 3 L@y
n=0

n:

But since f(™(p) = exp(p) = 0 for all n, this would mean that exp(z) = 0 for all 2, clearly
contradicting (1).

4. Since exp(z) # 0 and exp(0) = 1, by the intermediate value theorem the function f(z) = exp(x)
defined on R is strictly positive. Moreover, since f(0) = 1 and f'(z) = e® > 0, the function
f(x) is strictly increasing, and hence f(z) > 1 for all z > 0. Then by the mean value theorem
f(z) =1 > x for all z > 0. From this it follows that lim,_,~ f(x) = co. Then property (2) implies
that lim,_, _ f(z) = 0. By the intermediate value theorem e® : R — R, is then a surjective map,
and hence a bijection.

O
Remark 4.1.2. Due to property (2) and our familiarity with working with exponents from high-school,
from now one we adopt the more suggestive notation exp(z) = e*.
Theorem 4.1.3. There is a unique holomorphic function f : C — C satisfying

f'(z) = f(2)
F(0) = 1.

Proof. The proof uses the fact that if a holomorphic function has complex derivative identically zero, then
the function has to be a constant. We will prove this fact later in the course. Assuming this, consider the
function

9(2) = e 7 f(2).
Then by the Chain rule, since f'(z) = f(z) we see that

g'(2) =e*(=f(2) + f'(z) = 0.

Hence ¢(#) is a constant. But by the initial condition we see that g(0) = 1. On the other hand by the first
property in Theorem 4.1.1, e~ * = 1/ exp(z), and so f(z) = exp(z). O

4.2 Trigonometric functions

We can now analogously define the functions sine and cosine using power series:
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[e'S)
Z2m+1

sinz = Z (—1)mm

m=0

It is easy to check that the radius of convergence of both the power series is infinity, and hence they define
entire functions, just like the exponential function. In fact an easy computation also shows that

— cos z = —sin z, dfsinzzcosz.
z

dz
The same computation then gives the following generalized Euler identity.
Proposition 4.2.1 (Generalized Euler identity). For any z € C,
e* = cosz + isin z.
Proof. This follows trivially from the following observations:

i (=)™, n=2m
)l (=D)™i, n=2m+1.

So then by definition

) 0 §n o0 Z2m 0 Z2m+1
¢ :z% n! :Zo(_l) (zm)!ﬂzo(_l) @m+ 1)

Euler’s identity then follows from the observation that the two series on the right are simply the Maclaurin
series for sine and cosine respectively. O

Remark 4.2.2. Polar coordinates. The Euler identity can be used to give a third representation of com-
plex numbers in terms of the exponential function. Namely, for z € C, let r = |z| and § = arg z. Then we
have seen that

z=rcosf + irsinf.

So by the Euler identity, we have the representation
z=re

This is sometimes very useful in computations.

Next, we collect some properties of the sine and cosine functions. These can be proved using the generalized
Euler identity, and the analogous properties of the exponential function.

Theorem 4.2.3. The sine and cosine function satisfy the following.
1. sin(0) = 0, cos(0) = 1, and for all z € C we have

sin(—z) = —sin z and cos(—z) = cos(z).
2. Forz,w € C,

sin (z + w) = sin z cos w = cos z sin w

cos (z £ w) = cos z cos w F sin z sin w.

3. Forall z € C,
sin 2z + cos® z = 1.
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Proof. 1. This follows easily from the definitions.
2. Tt follows from the definition and property (1) above that

eiz _ efiz eiz + e*iz
sinz=————, and cosz = ——
21 2

The sum-angle fomrulae then follow from this and property (2) in Theorem 4.1.1.

3. This follows from the sum angle properties and property (1) above. An independent proof can be
given by observing that the derivative of f(z) = sin® z + cos? z is identically zero, hence f(z) is a
constant function, and hence equal to f(0) = 1.

O
One can also define the other trigonmetric functions tan z, cot z, sec z and csc z in the usual way.
4.3 Periodicity and the definition of 7.
Theorem 4.3.1. There exists a smallest positive real number which we denote by 7 such that e*™ = 1.

Moreover, ¢* = 1 if and only if z = 2n for somen € Z.

The above theorem can be taken as the definition of the number 7. As an immediate consequence of the
above theorem and Euler’s identity, we have the following.

Corollary 4.3.2. Forallz € Cand alln € Z,

prtanmi _ exp(z), sin(z + 2n7) = sin(z), and cos(z + 2nw) = cos z.

In particular,

2 1
sin(2nm) = cos ( n2+ 77) =0

for alln.

Proof of Theorem 4.3.1. We first prove that there exists a real number 7 such that ¢” = 1. To see this, note
that by property (3) above, —1 < sin(z), cos(z) < 1 for all z € R. Then by the mean value theorem, it is

easy to see that for all z > 0,
2
x

sinx < x, and cosxz > 1 — -5

Once again by an application of the mean value theorem, since (sinz)’ = cos(z) > 1 — 2% /2, we see that

3
_ x
>r— —.
sin(z) > x 5

Finally, by yet another application of the mean value theorem we obtain

2 ot

9 1 . -
cosz < 5 + o1’
forall z > 0. Putting z = V/3, we see that cos v/3 < 0, and hence by the intermediate value theorem, there
exists a 7 € (0,/3) such that cos(z¢) = 0. Let 7 = 4z¢. Then by the sum, angle formulae, cos(7) = 1
and sin(7) = 0, and hence by the Euler identity, '™ = 1.

Next, we argue that any period of ¢’# has to be a real number. For, note that if p € C is a period, that is if
e+ = ¢* for all z € C, then €’? = 1. But then, if p = a + ib, then 1 = |e??| = ¢, and so by part(4) in
Theorem 4.1.1, we see that b = 0, or that p has to be real.



4.4. THE LOGARITHM FUNCTION AND COMPLEX POWERS 27

Finally, we show that any period is an integral multiple of 7. We first show that 7 is the smallest positive
period. To see this, note that if 0 < = < 2¢(< /3), then

2

T T
sinx>x(1——) > —>0.
6 2
Since (cosx)’ = —sinx, this shows that cosz is strictly decreasing in [0, zo]. Then from the identity
sin?x + cos?z = 1, since sinz > 0, we see that sinz is strictly increasing in [0, z¢]. In particular,

0 <sinz < 1, and e?® # 41 or +i. Hence e**® # 1, and 7 is indeed the smallest positive period. Now, if p
is any other period of ¢*%, then we can write p/7 = n+c, wheren € Zand ¢ € [0,1). Then 1 = ¢? = €'
By our discussion above, if ¢ > 0, then 7¢ > 7, which is a contradiction. Hence ¢ = 0, and p is an integral
multiple of 7. The proof of the theorem is complete with 7 := 7/2. O

4.4 The logarithm function and complex powers

For functions of one real variable, the logarithm is the inverse function of the exponential function. Indeed
by Theorem 4.1.1, ¢* : R — R is a bijective map, and so we can define

Inz:R;y - R

to be the inverse function. We would like to generalize this to the complex plane. In particular, we would
like to have a definition for logarithm that makes it a holomorphic function. An immediate difficulty is
that while on real line, the exponential function is strictly increasing, and hence one-one, on the complex
plane, we have already seen that the exponential function is not one-one. For instance ¢ = €27 = 1 for
all n € Z. So to define an inverse function, one has to make a choice of the pre-image. For instance, we
can choose to log 1 = 0 or indeed any of 2min, forn =1,2,3,---.

In fact, writing in polar coordinates z = re?, f(z) satisfies e/(*) = f(exp(z)) = z on any open connected
set if and only if

f(z) =lnr+i0 + 2win, n=0,1,—-1,2,-2,- -,
where In r is the logarithm on positive real numbers defined above. That is, we can at best define logarithm
as multivalued function. A choice of n corresponds to defining a single valued logarithm, the corresponding
function is called a branch of the logarithm. For instance, choosing n = 0, and defining

log z = logr + 16,

picks out what is called as the principal branch of the logarithm. This might seem like a good definition
until we realize that the logarithm so defined is not even continuous. To see this, suppose z — —1 from
the 2nd quadrant. Then log z will tend to i7. But on the other hand, as z — —1 from the third quadrant,
log z will tend to —=. This is not only a minor irritant that can be fixed by some trick, but as we will see
later in the course, is a fundamental issue. In fact, we will see that there is actually no way to define a
holomorphic logarithm on which is defined on all of C \ {0}. The best we can do is to define it outside of
aray. In fact we have the following.

Theorem 4.4.1. The function
logz :=log |z| + iargz

defines a holomorphic function on C \ Re(z) < 0 satisfying e!°* = 2. Moreover, applying chain rule, we see
that

A oes = L
dz gz-z.

We will see a proof of this later in the course. The logarithm function then has the property that log1 = 0
and
log zw = log z + log w,

assuming it is defined at all those points.
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4.4.1 Logarithm as power series.

Since €” = 1, and definition of logarithm must satisfy log 1 = 0. Let’s see if we can have a definition of
logarithm using power series centered at zp = 1. By the chain rule, if have a holomorphic function log 2
near zg = 1, then

d 1 1
—logz = —.
dz & z
Iteratively, we must have
dTL 1
ot I logz=(-1)"""(n—1)L
If log z has a power series expansion around zy = 1, then the coefficients must be given by
1 an 1
=—— 1 = (-1 t=,
O =l den ogz =(=1) n

Turning this around, we consider the power series

>  1\yn—1
L(z) =) %(z — 1)

We then have the following
Proposition 4.4.2. The holomorphic function L(z) : D1(1) — C satisfies

L(z) = log z,
where log z is the principal branch of the logarithm on C \ Re(z) < 0 defined above.

Proof. We already know that dlog z/dz = 1/z for the principal branch of the logarithm. Also, L(1) =
log1 = 0. So, similar to the above proof, all we need to show (modulo the theorem on identically zero
derivatives to be covered later) is that L'(z) = 1/z. Since F'(z) is a power series, by term-wise differenti-
ation,

V=) (D" E-)" = (-)"(=- 1"
n=1 n=0

From the geometric series expansion, we know that for |w| < 1,
(o)
>ut i
wh=
n=0 w

Putting w = 1 — z (we can do this since |z — 1| < 1) in the above expansion

L= =) ) =),
n=0 n=0

4.4.2 Complex powers

Once logarithm is defined, one can also define the powers of complex to other complex numbers by the
simple formula

LW — W log z
Example 4.4.3. The n'" roots. If n is an integer, then e"'°8% = (e!°82)" = 2" and hence the new
definition of complex powers agrees with our usual definition of integer powers of complex numbers.



Lecture 5

Cauchy Riemann equations

5.1 A review of multivariable calculus

Let Q C R? be an open set, and p = (a,b) € €. Then a function f : Q@ — R? is said to be (totally)
differentiable at p, if there exists a linear map D f, : R? — R? such that

o @)~ fp) — Dfy(h)

|R|—0 |h]

=0.

The linear map D f), is called the (total) derviative of f at p. If f is differentiable at p, then f is also
continuous, and moreover the partial derivatives 9 f/0x and 0 f /Oy exist at p. In fact, if

are the standard basis vectors for R?, then

0]
L) = Dafei). and L) = Dsy ()

In particular if f = (u,v), the matrix for the linear map D f, in terms of the standard basis, called the
Jacobian matrix, is given by
Telp) = 55(p) Gup)
) 55
The determinant of the Jacobian matrix is called simply the Jacobian, and we will denote it by J¢(p).

Remark 5.1.1. Note that the mere existence of partial derivatives is not sufficient for the function to be
differentiable. On the other hand, if the partial derivatives exist and are continuous, then the function is
indeed differentiable.

5.2 Cauchy-Riemann equations
Recall that a function f : 2 — C is holomorphic if

£ = L 1) = i LEEN ZSC)

h—0

29



30 LECTURE 5. CAUCHY RIEMANN EQUATIONS

exists and is finite at all points z € Q. Putting z = x + iy and decomposing f into it’s real and imaginary
parts, we can write

f(z) = f(z,y) = u(z,y) + iv(z,y),
where u, v : 2 — R are real valued functions of two real variables.

Question 5.2.1. What restrictions does holomorphicity of f put on the functions u and v?

So suppose f is holomorphic. In the limit above, suppose h goes to zero along the the real axisie. h = h+i0
is a real number. Then one can re-write the difference quotient as

fz+h) - f(2) w(@ +h,y) = ulz,y) v(z+hy) —o(z,y)

Jimny h = pim h +i lim, h
ou ov

Notice that since the limit on the let exists, by definition of the limits of complex values functions, the
individual limits of the real and imaginary parts also exist, and hence the two limits on the right exist. In
other words, if f is holomorphic, then the partials of v and v with respect to x exist. On the other hand, if
h goes to zero along the imaginary axis ie. h = ik, where k € R goes to zero, then

flz+h) - f(z)

U(£C7y+k)—u(.’£,y) v(x,y+k)—v(x,y)

+ 7 lim

lim = lim

h—0 h k—0 ik k—0 ik
= lim v(x,y—i—k)—v(x,y) — i lim U(1'7y+k)—u(.’£,y)
k—0 k k—0 k

ov Ou
- aiy(xa y) - Z@(xvy)

Again, the fact that f is holomorphic implies that the partials of u and v with respect to y also exist. But of
course, if f is holomorphic, then these two limits must coincide. Setting the real and imaginary parts equal
to each other we obtain the so called Cauchy-Riemann equations. In fact we have the following fundamental
characterisation of holomorphicity. To state it, we first define “complex" multiplication of vectors in R? as

the map J : R? — R? given by
a =b
=1

This is of course, simply multiplication by i, once we identify R? with C. It is easy to check that this is a
linear isomorphism satisfying J2 = —id, and that the matrix with respect to the standard basis is

0 -1
=7 3)
Theorem 5.2.2. Let Q2 C C be an open set and f = w + iv : Q@ — C a function. Then the following are
equivalent.

1. f =wu+ v is complex differentiable at a point z € (.

2. Dfy exists and u and v satisfy the Cauchy-Riemann (CR) equations:

Su(r,y) = 5i(xy)
ox Oy CR

3. Df, exists and is C-linear in the sense that for any vector v € R?,

Dfp(J - 9) = J - D fp(0).
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Moreover, if f is complex differentiable at p = a + ib, then

1) =G at) =i @) 61

Proof. « Proof of (1) = (2). Firstly, the remarks above prove that if f is complex differentiable
at p = a + b, then the partial derivatives of u and v exist at (a, b) and satisfy the Cauchy-Riemann
equations. Moreover, f'(p) can be computed using the formula (5.1) above. All it is remains to
be shown is that f is in fact differentiable as a vector valued function of two variables. From the
definition of differentiability, given € > 0, there exists a § > 0 such that

’f(p+ h) — f(p) = f'(p)h
h

<
whenever |h| < §. By the Cauchy Riemann equations, the Jacobian matrix at p is given by
_ uz(a,b) uy(aa b)
Je(p) = <uy(a, b) wug(a,b))”

If D f, is the linear transformation associated to the Jacobian, then an easy computation shows that
for any complex number h = A + ip,

Dfy(h) = (Aug(a,b) + puy(a, b)) + i(=Auy(a, b) + pua(a, b)) = f'(p)h.

Here the left hand side is a vector in R2, while the right hand side is a complex number, and the
identification is the usual one. So give € > 0, for the § > 0 chosen above, we have that

fp+h) = flp) - Dfp(h)’ _ ‘f(er h) = f(p) = '(p)h
Al

h <eg,

whenever |h| < . Hence f is differentiable at p with derivative given by D f,,.

« Proof of (2) <= (3). Let €7 and €3 be the standard basis vectors for R? as above. Note that
J(é1) = é3 and J(€3) = —€7. Then

Dfy(J(é1)) = Dfy(éz) = l%ygiﬂ
ou _ov
sosian-o([E]) - [0

So the Cauchy-Riemann equations are satisfied if and only if D f,,(J(¥)) = J(D f,(7)).
« Proof of (2) = (1). Let p = a + ib € Q be a point, and let
A = 2(a,b) = 2(a,b)
B = %%(a,b) = —%%(a,b).
By the definition of differentiability,
u(la+ h,b+ k) =wu(a,b) + hA — kB +e1(h, k)
v(ia+ h,b+ k) =v(a,b) + hB + kA + ea(h, k),
where e1(h, k)/Vh? + k? — 0 and e2(h, k) /vVh? + k2 — 0 as (h, k) — 0. So
fla+ib+ (h+ik)) — fa+ib) h(A+iB)—k(B—1iA) e1(h, k) +ea(h, k)

h+ik h+ik h+ ik
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For the first term, multiplying and dividing by the conjugate h — ik and simplifying, we see that

(hA — kB) + i(hB + kA)

= A+iB.
h+ ik o
For the second term, using triangle inequality, we see that
e1(h, k) +€2(h,k)‘ < | lea(h k) ’ |e2(h, k) ’
h+ ik “IVRZ+ R VR + k2

as (h, k) — 0. And so we see that

. fla+ib+ (h+ik)) — f(a+ib)
lim -
h4ik—0 h + ik

exists, and is in fact equal to A + i B. This proves that f is holomorphic, with

o du Qv du v
f (p) - %(aﬂb) +Z%(aab) - Zay (a7b) 8y (avb)'

As a consequence, we have the following useful observation.

Corollary 5.2.3. Let f = u+ iv : @ — R be holomorphic at p € Q. Then, J¢(p) = |f'(2)|*. In particular,
the Jacobian of is always positive, and hence any holomorphic map is orientation preserving.

Proof. By the Cauchy Riemann equations and (5.1),

O

The Cauchy-Riemann equations help us compute complex derivatives, or rule out the possibilities of some
functions being holomorphic.

Example 5.2.4. The function f(z) = Z cannot be holomorphic. To see this, note that f(z) = x — iy.
Applying the above theorem with u(z,y) = x and v(x,y) = —y, we see that u, = 1 whilev, = —1, and
so the above equations are not satisfied. For this function f(z) = z is holomorphic. Functions such as these
whose conjugates are holomorphic, are called anti-holomorphic functions. It is easy to prove that the only
holomorphic and anti-holomorphic functions are the constants.

Example 5.2.5. We have already seen that f(z) = |z| is not holomorphic. Using the above theorem it is
easy to see that in fact, any function, defined on an open connected set, that takes only real values cannot be
holomorphic, unless it is a constant function. This is because from the above theorem (since v=0) we get that
uy = u, = 0. That is, the gradient of u is zero in an open connected set in R?. But then, by a standard fact
from multivariable calculus, u (and hence f) has to be a constant.

Example 5.2.6. The function f(x + iy) = +/|z||y| satisfies the Cauchy-Riemann equations at the origin.
On the other hand, one can show that the function is not holomorphic at z = 0. The problem is of course that
D fy does not exist.

We now discuss some important consequences of the Cauchy-Riemann equations.

Corollary 5.2.7. Let Q) C C be a connected, open subset, and f : Q@ — C be a holomorphic function. If
f'(2) =0, then f is a constant.
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Proof. If f'(2) = 0, then by the Cauchy Riemann equations, and (5.1), Df, = 0. By the mean value
theorem (applied to line segments in R?), we see that f has to be a constant. O

Corollary 5.2.8. Let §) be an open subset of C containing the origin. There does not exist a holomorphic
function f(z) on §) such that exp(f(z)) = z forall z € Q.

Proof. Since € is an open set containing the origin, there exists an 6 > 0 such that Ds(0) C 2. We proceed
by contradiction. Let f = u 4 v be such a function. Then necessarily

1 T .y
/ _t_ o )
fiz) = : B2ty 242

By the Cauchy Riemann equations we then have that

ov y v x

_— = = ::P _— = .
Ox x2 +y? "oy 2?4 y?

=Q,

—

thatis Vu = F' = (P, Q). Then by the fundamental theorem of line integrals

/ Vu - dr=0.
dD;(0)

On the other hand

which is a constradiction. O

5.2.1 New notation

A more compact way to write down the Cauchy-Riemann equations is to introduce the

9 9
0z 0%

operators. These are the analogs of the partial derivative operators 0/dx, d/0y in the complex setting. To
see how to define these operators, note that any point in the plane (z,y) can be described using the (z, 2)
variables via the formulas

24+ z zZ—Zz
T = , Y= -
y 21

2

Formally, using chain rule from multivariable calculus (any sensible definition of these operators should
satisfy chain rule after all!), and treating z and z as independent variables, we see that

of _of oz  0Of Oy

0z 0Ox 0z 0Oy 0z
_1cof 10f
_2(8x+i8y)

Similarly we see that
OF _ 1(20 _19%)
0z 2\0x io0y/’
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Motivated by these formulae, we define the two operators as

9 | 1(3 13)

o~ 2\az T iy
9 .fl(ﬂ,lﬁ)
0z 2\0z iy

Then for a holomorphic function f(z) the Cauchy-Riemann equations can be re-written as
or _, 01 _
0z 0z

So holomorphicity implies that the function is independent of the Z variable. Note that for any complex
valued two variable function, we then have

f'(2).

of _ar
0z 0z’

Remark 5.2.9. (Chain rule in the new notation). Let f and g be function from domains in R? to R2.
Suppose f is differentiable at p = (a,b), g is defined in a neighborhood of f(p) and is differentiable at
f(p), then g o f is differentiable at p. Then the chain rule from multivariable calculus is equivalent to

dg o 0 0 0 of
22 ) = 59 () - )+ 52 () - L o)
99°f \_ 99 of 4 99 or

82@—mﬁ®%%®+%ﬁ@%%®

Heuristically, this would be the “obvious” chain rule one might write down, if we consider (z, z) as two
independent variables of f (and resp. (w, w) two independent variables of g). The proof of course requires
an interpretation of the chain rule in terms of multiplication of Jacobian matrices, and the expression above
of the Jacobian matrix in terms of the holomorphic and anti-holomorphic derivatives. In particular, if f
and g are both holomorphic, then

dgo f

dgo f
5, (p)

=4'(f()- f(p), 57 (P)=0.




Lecture 6

Harmonic functions

6.1 Harmonic functions in the plane and holomorphic functions

For a function of two variables u(x, ) whose first two partials exist and are continuous, the Laplacian is
defined by

_ 0*u | 9%u

~ Ox2 * oy?’

The function is said to be harmonicif Au = 0 at all points. Harmonic functions show up almost everywhere
in physics, and most prominently in electrostatics. For instance the electric potential in a charge free region
is harmonic function! In two dimensions, the study of harmonic functions is equivalent to the study of
holomorphic functions via the following theorem.

Au

Proposition 6.1.1. Let f = u + v : @ — C be a holomorphic function, Suppose v and v have continuous
second partial derivatives, then u and v are both harmonic functions.

Proof. The proof is an easy consequence of the Cauchy-Riemann equations. By CR equations, u, = vy,
and u, = —v,. differentiating the first with respect to ‘z’ and the second equation with respect to ‘y’, and
recalling that since v has continuous second partials, the mixed partials commute, we see that

AU = Ugy + Uyy = Vyg — Vgy = 0.

Conversely we have the following.

Proposition 6.1.2. Let u be a harmonic function on the unit disc Dr(zo). Then there exists a harmonic
function v on Dg(zo) such that f := u + iv is a holomorphic function on Dg(zg). Moreover, if v' is another
such function, then v — v is constant on the disc.

Proof. Without loss of generality we may assume that zy = 0. The uniqueness follows from the Cauchy-

Riemann equations since
ov Ov 0v .0V

/ [ v _9v v
P& =5y o =y o
In particular, V(v — ) = 0, and hence v — © is a constant. Let F' = (P, Q) be the vector field obtained by
ou ou
pP=-2" ="
oy’ @ Ox

35
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Since u is harmonic, we automatically have that curlF = 0.
Claim. There exists a function v on D (0) with continuous second partials such that Vv = F
Assuming this the proposition follows since

_oP_0Q _

Ay = — =
v 8x+5‘y

0,
by Clairaut’s theorem on commuting mixed partials.

Proof of the Claim. We let

v(x,y) z/ F.di = /01 (P(tm,ty)a: + Q(tw,ty)y) dt.

(e, y)

Then

v ) 0Q
o A (t:c%(ta:,ty) + P(tx, ty) + ty%> dt

1 1
d
:/ t—P(tx,ty)dt—i—/ P(tx,ty)dt
o dt 0

= tP(tx,ty)’li - /01 P(tx, ty) dt + /01 P(tx,ty) dt
= P(z,y).
Similarly we can also prove that
% = Q(z,y)
O
O

6.2 Mean value property

6.3 The Poisson kernel
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Lecture 7

Complex Integration

7.1 Curves in the complex plane

A parametrized curve (or simply a curve) in a domain 2 C C is a continuous function z(¢) : [a,b] — Q.
Writing
2(t) = (t) + iy(b),

we say that z(t) is differentiable with derivative 2’ (t), if «’(¢) and ¢/ (¢) exist for all t € (a, b), and then we
set

Z(t) =a'(t) + iy ().
We call it regular if 2/ (t) exists and 2'(t) # 0 for all ¢ € (a, b). Geometrically, the vector

2 (Di+y/ (1))

gives the tangent vector to the curve at the point (2(t), y(t)), and so the complex number z’(¢) encodes
the information of the tangent vector. Moreover

') = Va' () +y'(1)?,

measures the speed at which the curve is traversed.

For a parametrised curve as above, the points z(a) and z(b) are called the initial and final points of the
curve respectively, and together they are referred to as the end points of the curve. The curve is said to be
closed if z(a) = z(b), and is called simple if z(t) is injective on the interval (a, b).

7.1.1 Orientation

The choice of a parametrization fixes the orientation of the curve. Given a parametrization z(t) : [a,b] — C
of the curve C, we say that w(s) : [¢,d] — C is an orientation preserving re-parametrization or that z(t)
and w(s) are equivalent parametrizations, if there exists a strictly increasing function « : [¢,d] — [a, b]
with a(¢) = a and a(d) = b, such that

Example 7.1.1. Consider the curve defined by z : [0, 2n] — C where
z(t) = R(cost + isint).

39
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The image of the curve is of course a circle of radius R. The tangent vector is given by
Z'(t) = R(—sint +icost),
and so the speed is |2’ (t)| = 1. A parametrization is given by w : [0, 7] — C,
w(t) = R(cos 2t + isin 2t),
which traverses the same circle, but with double the speed. On the other hand the parametrization
z(t) = R(cost —isint)

fort € (0,2m) also describes the same circle with the same speed, but traversed in a clock-wise direction. A
circle is said to be positively oriented if the parametrization traverses the circle in the anti-clockwise direction,
while negatively oriented otherwise.

We will need to consider slightly more general curves. A curve z(t) : [a, b] is said to be piecewise regular if
there is a partition
a=tog<ti <---<t,=0>

such that z(¢) restricted to each (¢;,_1, ;) is a regular curve.

7.1.2 Notation and conventions.

If the image of restriction of the curve z(t) to the interval (¢;,_1,t;) is denoted by C;, and the image of the
full curve is denoted by C, we then write

We denote by —C, the curve C' traced in the opposite direction. For instance, if z(¢) : [a,b] — Cisa
parametrization for C, a parametrization for —C'is given by 2~ (s) : [a,b] — C where

27 (s) =z(a+b—s).

For a positive integer a > 0, we denote by aC' to be the curve C traversed ‘a’ times. A circle Cr(p) or
|z — p| = R, unless otherwise specified, will always mean a circle of radius R centred at p traversed once
in the anti-clockwise direction.

7.2 Complex line integrals

For a continuous function f = w + v : [a,b] — C of one real variable, we can extend the definition of

integration by defining
b b b
/f(t)dt ::/ u(t)dt+i/ v(t) dt.

Now, suppose we are given a smooth curve as above, and a function f : 2 — C, we then define the complex
integral along the curve by

[ = | " fe) @ e,

where C denotes the image of the curve. Note that the multiplication above is the complex multiplication.
It is convenient to think of dz as a complex differential, representing an infinitesimal complex change, and
given by

dz = dx + idy.
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Soif f = u + v, then

/Cf(z)dz:/C(udx—vdy)—i—i/(udy—kvda:),

C
where the integrals on the right are now the usual line integrals from multivariable calculus.

Remark 7.2.1. Recall that the differential forms dx and dy are defined to be duals of the vector fields
0/90z and 0/0y in the xy-plane. That is,

m(i)_@(ij 1ch%)_@(£)=u

Then it is easy to compute that dz = dx + i¢dy and dz = dx — idy are dual complex valued differential
forms to the complex valued vector fields 0/0z and 0/90z vector fields defined in the previous lecture.

To make sure the integral is well defined, we need to show that it is independent of orientation preserving
parametrizations.

Lemma 7.2.2. Let C be a curve with parametrization z(t). Let w(s) = z(a(s)) be another orientation
preserving parametrization, where « : [a,b] — [c, d]. Then

e 1

Proof. By the chain rule, since w’(s) = z'(a(s))a/(s), we see that

/ f(w) dw = / flw)' (s = | " Flea()7 ()’ (s)ds.

Putting t = «(s), we see that o/(s)ds = dt, and hence

(/f m_/f @ﬁ:éﬂ@w

This shows that the definition of integration is independent of the parametrization chosen. O

We can now extend the definition of complex integrals to piecewise smooth curves by linearity. That is, if
C = Ci +---+C, is a piecewise smooth curve with C; smooth curve forall j = 1, --- ,n, then we define

/Cf(z)dz :é/c, f(z)dz

Similar to our definition of [, f o f(2) dz we can define the integral with respect to dz by

/Cf(z,i)dé ::/Cmdz

We can also define the integral with respect to arc-length. For a complex or real valued function f(z) and
acurve z = 2(t) : [a,b] — C we also define

b
/C F(2)|dz] == / F(2)]2'()dt.

We then define the length of the curve by

len(C):/C|dz\.

We next state, without proof, some basic properties of the complex line integral. The proofs follow from
the definition of the complex integral and corresponding properties of the Riemann integral.
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Proposition 7.2.3. Let C be a parametric piecewise regular curve in an open set 2 C C.

1. For any complex numbers a,b and any complex valued functions f and g we have that
/ [af + bgl(z)dz = a/ f(z)dz+ b/ g(z)dz.
c c c

2. For integers a; € Z and piecewise smooth curves Cj, if we denote by C' = a,C1 + - - - + a,Cy,, we have

/Cf(z) iz = iaj /Cj () dz.

/_C f(z)dz = —/Cf(z) dz.
3. (Triangle inequality)

| [ @] < [ 15 la2] < sup ) lengib(©).

In particular,

with all inequalities replaced with equality if and only if f is a constant real number.

4. If f, =5 £, then

7.3 A fundamental computation

/ 2" dz,
Cr

where Cr = {z | |2| = R} is the circle of radius R centered at the origin positively oriented and traversed
once. Itis not an overstatement to claim that this integral, although elementary, plays a fundamental role in
complex analysis. A parametrization of the circle is given by z(t) = Re'?, 6 € [0, 27]. Then dz = iRe'’ df),

and so
27 ) )
/ 2", dz :/ R"e™ (iRe') db
Cr 0

27
_ iRn+1/ 6i(n+1)0 46
0

We now compute the integrals

Now if n 4+ 1 # 0, then
2m 1 ) 0=27
/ 6z(n+1)9 do = .ez(n+1)0’ =0,
0 (n+1)i 0=0
since e* is periodic with period 2. On the other hand, if n = —1, then

27 27
/ 2", dz = iR"! / et gp = 4 do = 2ri.
Cr 0 0

So summarizing, we have the following:

1 0 -1
— 2"dz=<" n#
211 |z|=R 1, n=—1.

In particular, the integral is independent of the radius R. More generally, we have the following.
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Proposition 7.3.1. Let D be any disc in C, and let p be a point not lying on the boundary circle C = 0D. If
C' is traversed only once with positive orientation, then

1 1 1 D
n(Cip)i= o | ——dz=4 P2
2mi Jo z—p 0,p¢D.

Moreover, ifn # —1 andn € Z, then

/C(z—p)”dz:o.

The number n(C, p) is called the index or the winding number of the circle C around p.

Proof. Without loss of generality, we can assume that zg = 0. Now suppose p € D. Then for any z € C,
|z| > |p|. Then by the geometric series expansion, for z € C' we have

1 1 1 I =p!
z—p =z 1—-p/z =z = 2

Integrating both sides (this can be done since convergence is uniform), and using the above computation,
we see that n(C, p) = 1. On the other hand, if p ¢ D, then |z| < |p| for all z € C, and hence

oo

1 1 1 1 z
T T e
n=0

Again integrating both sides, we see that n(C,p) = 0, since there are only positive powers of z on the
right. For the second part, if n > 0, then the integrand is a polynomial and hence the integral is zero by
the above computations. If n = —m < 0, then we can write

(z—p)" = ( ! )m-

Z2=p

Once again using the geometric series expansions above, in both cases, there will no terms with exponent
—1. And hence by the computation above, the integral will be zero. O

Remark 7.3.2. Later in the course, we will define the index n(~, p) of a general curve 7 around a point
p by a similar formula, and we shall prove (rather indirectly) that the index of any closed curve is always
an integer. Assuming this, we can provide a more conceptual explanation of the above result. It is clear
that the n(C, p), as a function of p defined on the open set C \ C is a continuous function. But then being
integer valued, it must be locally constant. From our elementary observation, n(C,0) = 1, and hence
n(C,p) = 1 for all p € D. On the other hand, clearly as |p| — oo, n(C, p) approaches 0. Again by virtue
of being locally constant, this implies that n(C,p) = 0 for allp € C\ D.

7.4 Primitives

We then have the following theorem, which is a generalization of the fundamental theorem for line inte-
grals from multivariable calculus.

Proposition 7.4.1 (Fundamental theorem for complex integrals). If C' is any curve joining the point p to q,
then
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Proof. Let z(t) : [0,1] — C be a parametrization for C such that p = z(0) and ¢ = z(1). Then

1
/CF (2) = /0 F'(2(t))7'(¢) dt.
But by Chain rule, if we let g(t) = F(2(¢)), then ¢’(t) = F'(2(¢))2'(¢), and so

/ 2)dz f/ Y 1 = 9(1) ~ 900),

where we use the usual one variable fundamental theorem of calculus. But g(0) = F(2(0)) = F(p) and
g(1) = F(q), and this completes the proof. O

Recall that an open set is called connected is any two points can be joined by a continuous curve lying
completely inside the open set. An important and immediate consequence of the fundamental theorem is
the following.

Corollary 7.4.2. Let Q) C C be an open connected subset, and f : @ — C be holomorphic. Then f'(z) =0
forall z € Q if and only if f(z) is a constant.

For a domain Q C C,and F, f : Q — C complex valued functions, we say that F'(z) is a primitive of f(z)
if

F'(z) = f(2)
for all z € Q. Then another direct corollary of the above theorem is the following.

Corollary 7.4.3. Suppose f : Q@ — C has a primitive on ', then
[ ferdz =
C

Using the above corollary, we can explain the results of the calculation above. Recall that for any integer

n # —1, we have that
1 d
o n+1 _ ’rL.
(nJr 1) dzz ‘

Or in other words, for n # —1, 2™ has a primitive at least on C\ {0}. Hence the integral on any closed loop
not passing through z = 0, is always zero. In particular, the integrals around |z| = R are zero. That leaves
the case when n = —1. We have already seen (as a consequence of the chain rule) that if a holomorphic
logarithm log z can be defined, then it is a natural primitive for 1/z. But we saw some lectures back, we
saw that going around a circle centered at the origin, makes the logarithm function discontinuous, leave
alone non-holomorphic. In fact, combining the corollary with the calculations above, we have managed to
prove the following.

for every closed curve C' C (0.

Proposition 7.4.4. Let 2 C C\ {0} be an open set containing at least one circle |z| = r. Then there is no
holomorphic function F : Q@ — C such that
F(z) _
e =z
In particular, there cannot be a holomorphic logarithm defined on all of C*, or indeed on any punctured

neighbourhood D,-(0) \ {0} of 0.

In fact, the theorem can also be used to explain the fact that n(0D,p) = 0 when p ¢ D. Again without
loss of generality, we assume that D = Dg(0). Recall that log w can indeed be defined via a power series
in the region |w — 1| < 1, namely

logw = i %(w - 1",

n=1
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and it satisfies (logw)’ = w~!. Now putting w = z/p— 1, f(z) = log(z/p — 1) is a holomorphic function
in the region |z| < |p| with
1
() —
=

Since C' is completely contained in the region |z| < |p|, by Corollary 7.4.3, n(C,p) = 0.

7.4.1 A differential forms interpretation

Recall that (real) differential one forms on an open subset 2 C R? are formal C°° ({2, R)-linear combina-
tions of the symbols dx and dy. The space of one forms is usually denoted by .A*(£2). But one can just
as well consider the set AL () of complex valued differential forms where instead of smooth real valued
functions, one considers C'*°(£2, C)-linear combinations. Instead of using dx and dy as bases, it is more
convenient to use

dz = dzx +idy, dz = dx — idy

as bases elements, so that a general element of AL (£2) can then be written as
a= f(z,2)dz + g(z,z)dz.
The form « is real if and only if f = g. A form is said to be of type (1,0) if b = 0. Recall that one can

integrate (real) differential one-forms on curves. Indeed if & = adx + bdy, and v = z(t) = x(t) + iy(t) :
[0,1] — C is a C''-curve, then one defines

A ai= /0 1 (a(z(t))x'(t) n b(z(t))y'(t)) dt.

One can extend this definition to integrating complex one forms by simply using linearity. That is, if
7 = « + i3 is a complex valued one form then we simply define

fo-fo o

One can now easily check that if n = f(z) dz is a form on type (1, 0), then

1
/ f(2)dz = / S0 (¢ d,

and so our definition of complex integration is simply integration of complex valued forms of type (1, 0).
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Lecture 8

Cauchy’s theorem : Local versions

In the previous lecture, we saw that if f has a primitive in an open set, then

/fdzzO
.

for all closed curves  in the domain. This was a simple application of the fundamental theorem of calculus.
It is somewhat remarkable, that in many situations the converse also holds true. In the next few lectures
we will explore this theme, and prove theorems that will form the basis of all that we will accomplish in
the rest of the course. The simplest version is the following:

Theorem 8.0.1 (Cauchy’s theorem on a disc). Let D be a disc in the complex plane. If f : D — C is

holomorphic, then
/ fdz=20
.

We will prove Cauchy’s theorem on a disc by showing that all holomorphic functions in the disc have a
primitive. The key technical result we need is Goursat’s theorem.

for all closed curves v contained in D.

Theorem 8.0.2 (Goursat). Let 2 C C be an open subset, and T" C (2 be a triangle contained inside Q). If
f Q2 — C is holomorphic, then
/ f(z)dz=0.
T

From this we immediately obtain a Goursat theorem for rectangles. We leave the proof as an exercise.

Corollary 8.0.3. Let Q2 C C be an open subset, and R C (2 be a triangle contained inside Q. If f : Q@ — C
is holomorphic, then
/ f(z)dz=0.
R

Remark 8.0.4 (Relation to Green’s theorem.). If F = Pi + @Qj is a vector field, such that P and @ have
continuous first partials, then for any close curve

/R(szPy)d:vdy:/ Pdx+ Qdy.

OR

47
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Now, suppose that f = u + v and that u and v have continuous partials. Then

/fdz = /(udac—vdy) —l—i/(udy—i—vdac).
8! 2l ¥
Consider the vector fields (P;,Q1) = (u,—v) and (P2, Q2) = (v,u). Then for each j = 1,2, by the

Cauchy Riemann equations
0Q;  OF;

Ox oy’

Then by Green’s theorem, the line integral is zero and we recover Cauchy’s theorem (even for general
domains). The important point is our assumption that « and v have continuous partials, while in Cauchy’s
theorem we only assume holomorphicity which a priori only guarantees the existence of the partial deriva-
tives. Later in the course, we will in fact show that holomorphicity does imply that the first partials are
continuous partials (actually we will prove that partial derivatives of all orders exists and are continu-
ous), but that will be a consequence of Cauchy’s theorem. And hence we need a proof that avoids Green’s
theorem. In fact the methods we use also yield a proof of Green’s theorem.

8.1 Proof of Cauchy’s theorem assuming Goursat’s theorem

Cauchy’s theorem follows immediately from the theorem below, and the fundamental theorem for complex
integrals (cf. Proposition 7.4.1).

Theorem 8.1.1. Let f : D — C be a holomorphic function. Then f(z) has a primitive on D.

Proof. We first observe that By translation, we can assume without loss of generality that the disc D is
centered at the origin. For any points z, w € C, we denote by [ ,, the straight line segment from z to w.
For any z = (z,y) € D, let v, denote the path from the origin to z consisting of a horizontal segment
from 0 to (x, 0) followed by a vertical segment from (x, 0) to (z,y). We then define

F(z)= [ [f(w)dw,

V=

and claim that F'(z) is holomorphic with F’'(z) = f(z). To see this, first note that if z; = (z,0), then for
any small h € R,

[ s / ) = /l

21,21+h

fyavs [ gwydu= [ fw)dn

lzl+h,z+h, 21,2

On the other hand, by Theorem 8.0.2,

J

21,21 4h

fwydw+ [

lay+h,z2+h

fwyaos [ fydws [ fwyaw=o

lz+}L,z z,2]

and so we have the key identity:
F(z+h)—F(z) = / f(w) dw. (8.1)
Lz z4h

Intuitively, if || << 1, then f(w) ~ f(2) onl, .45, and so the integral is approximately f(z)h. To make
this rigorous, we write

[ twae= [ g@aes [ G- )

lz,z+h lz,z+h lz,z+h
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layztn
and so P B F )
(z + f)L— (2) _ f(z)+ h/lmﬁ(f(w) — f(2)) dw
Dividing by h and using triangle inequality,
F(z+h)— F(z) 1 1
e O R /lzm(f(w) ~ | < g [ 1) = )]l

By the continuity of f, given any € > 0 there exists a ¢ such that if |h| < §, thenforall w € I, .4,

[f(w) = f(2)| <&

Using this in the above estimate, and remembering that length(l, ,+5) = |h| we see that

F(z+h)—F(z)

L - f(Z) < &
so long as |h| < §. This shows that
or . F(z+h)—F(z)
55 ()= Jim ——————= = (2),

Next, consider a path o, consisting of a vertical line segment from 0 to ¢y followed by a horizontal segment
from iy to z. By Theorem 8.0.2,

F(z)= / fw) dw.
By an argument similar to the one above, we can prove that 0F/0y exists, and that

or . flz+ik)— f(z) .
5o 2) = Jim TS i),

The analog of the key identity is that

F(z+ik)—F(2) = / f(w) dw,

Lz zqik

which is approximately i f(z)k. (integrating in the vertical direction incurs an 7). In any case, this shows
that the partials of F exist and are continuous, and hence F is a (totally) differentiable map from D to R2.

On the other hand, since
o =i
oy ox

the partials also satisfy the Cauchy-Riemann equations. Hence F' is complex differentiable at z, and more-
over, F'(z) = f(2). O
8.2 Proof of Goursat’s theorem

The main idea of the proof is to localize the integral. We start by choosing a sequence of “nested" triangles
Ty
int(T11) C int(T},),
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with Ty = T'. Note that when we say triangle we mean the one-dimensional object, and we denote by
int(T) the region bounded by the triangle. Suppose we have already constructed the triangle T),_1. The
first step in the construction of T, is to bisect each side of T},_1. This results in four new triangles which

we label Tfll)l, T(Q) T(S) and T( )1 We also give them the an orientation consistent with the original

triangle (see ﬁgure) S0 that the 1ntegrals over the common boundaries cancel, and we have that

By triangle inequality,
4
<
)/ dz‘ Z‘/Tm 1) dz‘,
]:1 n—1

and so for at least one triangle Tflj )1,

‘/Tn_lf(z)dz’ §4’/T(j> f(z)dz

Choose any one such triangle, and label it 7;,. Inductively, we have

’/Tf(z) dz’ <4 /T f(z) dz’. (8.2)

Recall that the diameter of a subset of C is the maximum distance between any two points in that subset.
We then have the following elementary observation.

Lemma 8.2.1. Ifd,, and p,, denote the diameter and perimeter of the triangle T™) respectively, then
dn =27 "dy, and p, = 27 "pg.

Moreover, there exists a unique p € NS int(T5,).

Proof. The diameter of a triangle is the length of the longest side. Since TV, 7 TT(LSJI and T,(i)l

n—1> *n—1°
are all congruent triangles with side lengths that are half of the respective side lengths of 7("~1), clearly
d, =27 'd,,_1 and p,, = 27 'p,,_1, and we obtain the result by induction. Now, let x,, € T}, be any point.
Then since the sequence {x,, } is contained in Tp, a compact subset, there exists a limit point p € T' = T,
which will trivially lie inside all the triangles. So the intersection is non-empty. On the other hand since
lim,,_, oo d,, = 0 the intersection can contain at most one point. O]

Continuing with the proof of Goursat’s theorem, since f is holomorphic at z = p, we can write

f(z) = fp) + f'(p)(z = p) + ¥(2)(z - p),

where ¢(z) — 0 as z — p. Now the constant function f(p) and the linear function f’(p)(z — p) both have
primitives; f(p)z and f/(p)(z — p)?/2 respectively. So by the fundamental theorem, their line integrals on

T,, are zero. So
| r@dz= [ v p
Tn T,

Now since d,, — 0 as n — o0, given any € > 0 there exists a n such that

[¥(2) <e
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on 7;,. But then
‘ / f(z) dZ’ < esup |z — plpn = edypn, < 47 edopo.
T T,

Then by the inequality in (8.2)
| [ 1)z < edops
T

which can be made arbitrarily small. Hence

‘qumsz

and this proves the theorem in the case that f is holomorphic everywhere.

Remark 8.2.2. The reader should attempt to understand why a similar argument would fail if f is merely
assumed to be smooth (as opposed to holomorphic) as a function of two variables.

8.3 Extensions to punctured domains

For applications, we need a slightly stronger version of Cauchy’s theorem, which in turn relies on a slightly
stronger version of Goursat’s theorem. For any open set 2 C C, and any p € {2 we denote 2 := Q\ {p}.

Theorem 8.3.1. Let D be a disc, andp € D. Let f : D, — C be a holomorphic function such that
lim,_,,(z — p)f(z) = 0. Then for any closed curve y C D3,

[/f(z) dz = 0.

As before, the kye technical input is a version of Goursat’s theorem. This time we will state the version
only for rectangles.

Theorem 8.3.2. We only need to prove the theorem in the case that p € int(R). Let §) be any open subset of
C. For somep € Q, let f : Q23 — C be a holomorphic function satisfying lim__, (2 — p) f(2) = 0. Then for

any rectangle R C Q) withp ¢ R
/ f(z)dz=0.
R

Proof. Without loss of generality, we may assume that p lies in the interior of the region bounded by R.

Let € > 0, and let § > 0 such that
13

|z —p|’

IF(2)] <

whenever |z —p| < . Let R be a small square of side length § with p at it’s centre. Note that |z —p| > §/2
for all z € OR. By extending the sides of Ry, divide R into nine rectangles Ry, - - - , Rg. Clearly

/ij(z)dz()

for j = 1,2,.--,8 by Theorem 8.0.2. Since the integrals over the common boundaries cancel out if we
choose the correct (ie. anti-clockwise) orientations

/ f(z)dz = f(z)dz.
R Ro
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Next, we estimate the integral over Ry,

f(2) dz‘ < e/ 2| < 2—glen(aRo) = 8.

’ dRo ARy |z —pl 4

Since ¢ is arbitrary, this shows that [, , f(2) dz = 0.
O

Proof of Theorem 8.3.1. The idea of the proof is to again show that f(z) has a primitive on D, and we
proceed as in the proof of Theorem 8.1.1. Let p = (a,b). Pick a point zg = (¢, yo) such that xy # a
and yo # b. Let z + (z,y) € D;. If x # a, we let 7, . be the path consisting of the line segment
(0,Y0) to (z, o), followed by a vertical line from (x, yo) to (x,y). On the other hand, if x = a, then we
let 7, » consist of three segments - A vertical segment from (¢, yo) to (2o, y,) followed by a horizontal
segment from (g, y,) to (x,y,) followed by another vertical segment from (z,y,) to (z,y). We then
define F' : D; — Cby

F(z) = / S

First, we claim that 0F/0x = f(z) for every z € D;. Note that the key step in the proof of Theorem
8.1.1 is to obtain the identity (8.1). We obtain the same identity in this new situation. Let & € R be a small
number. If © # a, then the same argument as before will imply that OF/0x exists at (z,y) and equals
f(2). So suppose « = a. Let R be the rectangle with vertices zg, (a + h, yo), (a + h,y,) and (x¢, y,) and
let R’ be the rectangle with vertices (a, yy), (¢ + h,yy), z+h = (a+h,y) and z = (a, y). Note that p lies
either in the interior or the exterior of R (but not on the boundary), and so by Theorem 8.0.2 or Theorem
8.3.2,
f(w)dw = 0.
AR
On the other hand, p lies in the exterior of R’, and so by Theorem (8.0.2),

/3 fw)du =0

It is easy to check that

F(z—&-h)—F(z):/Z f(w) dw.

Now the argument proceeds exactly as in the proof of Theorem 8.1.1. Next, as before, one proves that
OF /0y exists everywhere on Dy and equals i f(z) using a suitable modification of the path o.

O
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Cauchy’s integral formula

9.1 Cauchy integral formula and Analyticity of holomorphic func-
tions
The main consequence of Cauchy’s theorem for the punctured disc is the following beautiful formula - a

fundamental mean value property or a localization property. It is not an exaggeration to say that all of
complex analysis is contained in this formula, if only a little bit of cleverness is added to the mix.

Theorem 9.1.1 (Cauchy integral formula (CIF)). Let f : Q@ — C be a holomorphic function. If D,.(zo) C €,

then for any z € D,.(z),
0= 5 . T g,

C 2w Jieay=r C— 2
Proof. For afixed z € Dr(zp), we define h, : D* := Dg(z) \ {z} — Cby

O - f(z)
(-2

Clearly h. is holomorphic in D*. Also lim¢_,,(¢ — 2)h.(¢) = 0, since f is holomorphic, and hence
continuous at z. Then by Cauchy’s theorem

R 1 £Q 1 1
el M U= ML 1) (55 /|<_ZO|—r<—de)
! 1O 4 12,

o 27TZ ‘C—Zo‘=7“ C— z

since the quantity in the bracket is simply n(C, z), where C = 9D,.(z), which is equal to 1 because
z € Dy(2p). O
An immediate consequence of the Cauchy integral formula is that holomorphic functions are analytic

Theorem 9.1.2. Let Q2 C C open, and f : Q2 — C a holomorphic function. Then f is analytic. Moreover, if
Dr(zo) is any disc whose closure is contained in €, then for all z € Dg(z9), f(z) = Y o an(z — 20)",
where
1 1)
"2 e sg=r (¢ — 20)" T

In particular, holomorphic functions are infinitely complex differentiable.

dc. (9.1)

53
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Proof. By CIF, if D is a of radius R centered at a with boundary circle C'g, then for any z € D,

fo) = Q.

- 211 [¢(—al=R C —Z

Writing ¢ — 2z = (¢ — z0) — (2 — 2p), we see that

giz:gjzo(l_z:jz)il'

z—z)l <R=|(— 2

For z € D and ¢ € Chg,
the geometric series

, or equivalently |(z — z9)/(¢ — 20)| < 1, and hence using

- (=)

— 2
On:O

Since power series converge uniformly, we can also integrate term-wise (see Appendix), we get that

omi f(2) :/CR Cf(cio i (zizg)ndg

n=0

- f(¢ n
:;LR (C—i’0§”+1 dC.(Z—Zo)

oo
= 2mi Z an(z — 20)",
n=0

where a,, is given by the formula (9.1), and this completes the proof of the theorem. Infinite complex
differentiability follows from analyticity by Corollary 1.1 from Lecture-3. O

As an immediate corollary, we have the following versions of the principle of analytic continuation for
holomorphic functions.

Corollary 9.1.3 (Principle of analytic continuation). Let f : Q@ — C be a holomorphic function, and suppose
Q is connected.

1. If there exists a p € Q such that f)(p) = 0 forn = 1,2,---, then f is a constant function.
2. If there exists a n open subset U such that f| =0, then f 0= 0.
U

This follows immediately from Theorem 9.1.2 above and Corollary 3.3.5 from Lecture-4. Another important
consequence of the analyticity is the following criteria for holomorphicity.

Corollary 9.1.4 (Morera). Any continuous function on an open set ) that satisfies
f(z)dz=0
AR

for all rectangular regions R C €, is holomorphic.

Proof. Letp € Qandr > 0such that D, (p) C Q. The given condition is equivalent to f having a primitive
F,(%) on D, (p), essentially by the proof of Theorem 2.1 in Lecture-7. Note that continuity of f is crucial
for this. But then by Theorem 9.1.2, F (2) = f(2) is also holomorphic on D,.(p). In particular, f is complex
differentiable at p. Since this is true for all p € Q, f € O(Q). O
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9.2 Cauchy integral formula for derivatives

Let f : © — C be holomorphic. Then by Theorem 9.1.2, the n'” complex derivative f(")(z) exists for all
z € Q2. Moreover, by equation (9.1), for any z € €2,

oy f(€)
I = 5 /lC—zo=r (€ — zo)*! .

where r > 0 such that D,.(zp) C €. More generally, just as for the Cauchy integral formula, one can obtain
a similar formula for f™(zo) where the integral is over a circle centred at possibly a point other than z.

Theorem 9.2.1 (Cauchy integral formula for derivatives). If D is a disc with boundary C whose closure is
contained in (2, then for any z € D, we have

£ (z) = /C (Cf(f))nﬂdc. (9.2)

21

Remark 9.2.2. Essentially what this theorem says is that one can differentiate the Cauchy integral for-
mula, and take the derivative inside the integral.

Proof. Since f(z) is analytic in the neighborhood of any point z € 2, it is automatically holomorphic in
Q. To prove the formula (9.2) we use induction. For n = 0, this is simply the Cauchy integral formula.

D) = f () (n= 1) 1
z— 2o 2m(z — Zp) / f(o((c -z ((— zo)”) d
_ Zo)n—l 4+t (C _ Z)n—l
St Lo S e«

4wn71> O &R (€ —20)*
= /c<< I

2mi —20)" = (¢ — 2)FH! ¢

Suppose D = Dg(p), and suppose |f(¢)] < M on C. By choosing z sufficiently close to zg, we can ensure
that forall ¢ € C,
€= 2> (R =120 — pl)/2 := A(20)-

Also, trivially, |¢ — z|,|¢ — 20| < 2R and |¢ — 29| > A(20). Then for any k < n,

(¢ — 20)" 1

=2k (=2

Hence, given any € > 0, there exists a § = d(n, R, M, zp) > 0 such that for any |z — 29| < ¢, and any
¢ € C, we have

_ == zl(¢ — 2l + - 1¢ — =)
¢ = 2FFIIC — 2l

<nls— Zo\( 2R))n+2

>\(ZO

0 C-=* Q) <e

)(C —20)" ((—=2)F* (C—z0)"*H!

uniformly in the sense that the rate of convergence is independent of ¢. So if |z — 2| < J, then for each £,

’(n—l)!/ f©) (€= dg—(”_l)!/ &) ac| < - 1)ire,
c C

21 (¢ — 20)" (¢ — 2)k+1 21 (¢ — zp)nt1

and hence

. (n=1)! Q) (€= 20" (n—1)! f(©)
lim - /C d¢ = - /C(C dg.

2oz 2mi (¢ —20)" (¢ — 2)kt1 2mi — 7)1
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Summing up over k, we see that

(¢ — zo) !
O

An extremely useful consequence is the following estimate on the derivatives of a holomorphic function.

Corollary 9.2.3. [Cauchy’s estimate] Let f be a holomorphic function in an open set containing the closure
of a disc Dr(zo). If we denote the boundary of the disc by C, then for any z € Dg(zo),

(n) nlR
s moE

=1l e
where || f||c = supcec | f(C)]. In particular,
n!
£ (z0) < ﬁHfHC,
Proof. By CIF for derivatives, we have that

n n! fC
ft )<Z):2m‘/c(((z))”+1d<'

Applying the triangle inequality, and remembering that on C, | — z| > R — |z — 29

>

ey < [ O
1@< 5 [ [
n!
= 27T(R — ‘z — ZO|)'IL+1 Sgp ‘f(<)| 1GH(C)

n!R
PR

9.3 Liouville Theorem

Recall that an entire function is a function that is holomorphic on the entire complex plane C. We then
have the following surprising fact.

Theorem 9.3.1 (Liouville). There are no bounded non-constant entire functions.

Proof of Theorem 24.3.4. Let f(z) be a bounded entire function. We show that it then has to be a constant.
Suppose | f(¢)| < M for all ¢ € C, and let z € C be an arbitrary point. Since f is entire, it is holomorphic
on any disc Dg(z). Denoting the boundary by Cg, by the estimate above,
M
/ < |f| |CR < =
) < e <
Letting R — oo the right hand side approaches zero, and hence f'(z) = 0 for all z € C. Since C is
connected, this forces f(z) to be a constant, completing the proof of Liouville’s theorem. O

Remark 9.3.2. More generally, we can show that an entire function f(z) satisfying
[f(2)] < M(1+ [2]%),

for some constants M, a > 0 and all z € C, has to be a polynomial of degree at most |« |, where |- | is the
usual floor function. We leave this as an exercise.



Lecture 10

Further applications of Cauchy
integral formula

In this lecture, we give three further applications of the Cauchy integral formula.

10.1 The fundamental Theorem of algebra

Recall that in the previous lecture we proved Liouville’s theorem, namely that there are no bounded, non-
constant, entire functions. As a simple and beautiful consequence of this, we can prove the fundamental
theorem of algebra, namely that any polynomial can be completely factored into linear factors over complex
numbers.

Theorem 10.1.1. Any non-constant polynomial p(z) has a complex root, that is there exists an o € C such
that p(a) = 0. As a consequence, any polynomial is completely factorable, that is we can find oy, - , ap,
(some of them might be equal to each other), and c € C such that

p(z) = clz —a1) -+ (z — an),

where n = deg(p(z)).

Proof. For concreteness, let
p(z) = apz" + -+ a1z + ao,

where a,, # 0. Then we claim that there exists an R such that
|an| n n
Lo < Ip(e)] < 2lanllal

whenever |z| > R. To see this, by the triangle inequality,

Ay 3
| |Z|1| +,..+W) < 7|an|‘z|n

Ip(2)] < lan[2|™ + -+ -Jaa]|2] = [ao| = |an||2|"(1 +
if|z] > R and R is sufficiently big. For the other inequality, we use the other side of the triangle inequality.
That is,

Gp—1

Ip(2)] = lan||2["|1 -

a
+...+.4%
z
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But
An—1 ao |an—1| |ao| 1
_— = e — < e < =
PR B || * +|z\" 2’
if |z| > R when R is as above. So when |z| > R,
anllz|"™
p(z)] > 122
Now suppose, that p(z) has no root in C. Then
1
fe) ==
=15

will be an entire function. Moreover, on |z| > R, by the lower bound above,
Ip(2)| > [an||z]"/2 > |an|R"/2,

that is | f(z)] < M for some M on |z| > R. On the other hand, we claim that there exists an ¢ > 0 such
that [p(z)| > € on |z| < R. If not, then there is a sequence of points z;, € Dg(0) such that |p(zx)| — O.
Since D (0) is compact, there exists a subsequence, which we continue to denote by zj, such that z;, —
a € Dgr(0). But then by continuity, p(a) = 0, contradicting our assumption that there is no root. This
proves the claim. The upshot is that on |z| < R, |f(z)| < 1/e. This shows that f(z) is a bounded, entire
function, and hence by Liouville, must be a constant, which in turn implies that p(z) must be a constant.
This proves the first part of the theorem.

The second part follows from induction. If p(z) is a non-constant polynomial, let oy be a root, which is
guaranteed to exist by the first part. Then by the remainder theorem, p(z) is divisible by (z — «;). For a
proof of the remainder theorem, see remark below. Then we define a new polynomial

p(2)
z—aq

pi(z) =

The crucial observation is that deg(p;) is strictly smaller than deg (p). In finitely many steps we should
reach a linear polynomial which is obviously factorable. O

Remark 10.1.2. We used the remainder theorem for the proof of the second part of the theorem which
basically says that for a polynomial p(z),

p(z) = pla) = (z — a)q(2)
for some polynomial ¢(z) of a strictly smaller degree. To see this, let
p(Z) =ap2" 4+ F+arz+ ap,

and so
p(z) —pla) = an(z" —a") + -+ ai(z — a).

Each term is of the form
arp(ZF —a®) =ap(z —a)(ZF P+ 2520+ 4 2zaPT2 4 0,

and this completes the proof. It is also easy to see that highest degree term in ¢(2) is a,,2" !, and hence
in particular, the degree of ¢(z) is strictly smaller.
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10.2 Zeroes of a holomorphic function

A complex number a is called a zero of a holomorphic function f : Q — Cif f(a) = 0. A basic fact is that
zeroes of holomorphic functions are isolated. This follows from the following theorem.

Theorem 10.2.1. Let f : Q0 — C be a holomorphic function that is not identically zero, and let o € ) be
a zero of f. Then there exists a disc D around a, a non vanishing holomorphic function g : D — C (that is,
9(z) # 0 forall z € D), and a unique positive integer n such that

f(z) = (2= a)"g(2).

Moreover, we have that
n=min{v € N| f*(a) # 0}.

The positive integer n is called the order or multiplicity of the zero at a.

Proof. By the principle of analytic continuation, if f is not identically zero, there exists an n such that
f®)(a) =0fork =0,1,--- ,n — 1but f™(a) # 0. Let D.(a) be a disc such that D_(a) C Q. Then f
has a power series expansion in the disc centered at z = a with the first n terms vanishing. So we write

f(Z) = an(z - a)n + an+1(z — a)"+1 + ...
with a,, # 0. The the theorem is proved with

g(z):an+an+1(z—a)+....

As an immediate corollary to the theorem we have the following.
Corollary 10.2.2. Let f : 2 — C holomorphic.

1. The set of zeroes of f is isolated. That is, for every zero a, there exists a small disc D.(a) centered at a

such that f(z) # 0 forall z € D.(a) \ {a}.

2. (strong principle of analytic continuation) If) is connected, and f, g : {0 — C are holomorphic functions
such that for some sequence of points p, € Q, f(pn) = g(pn). Then either f = g or {p,} does not
have a limit point in ).

Proof. By the theorem, if a € () is a root, then there exists a disc D around a, and integer m, and a
holomorphic function g : D — C such that g(a) # 0 and

f(z) = (z = a)"g(2).

Since g(a) # 0, by continuity, there is a small disc D.(a) C D such that g(z) # 0 for any z € D.(a).
But then on this disc (z — a) is also not zero anywhere except at a, and hence for any z € D.(a) \ {a},
f(2) # 0 exactly what we wished to prove. Part (2) is a trivial consequence of the Lemma. O

Example 10.2.3. Even though the zeroes are isolated, they could converge to the boundary. For instance,
consider the holomorphic function
f(z) =sin ()
z) =sin ( —
z
on C*. Clearly z = 1/n is a sequence of zeroes. They are isolated, but converge to z = 0 which is not in the
domain.
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Let f : © — C be a holomorphic function. Then by Corollary 10.2.2 any disc D such that D C § contains
only finitely many zeroes of the function in the interior. The next proposition allows one to calculate the
number of zeroes counted with multiplicity.

Corollary 10.2.4. Let f : Q — C be holomorphic, and let D C € be a disc such that D C Q, and C := 9D
contains no zeroes of f. Letpy.- - - , py, are the zeroes of f in D with multiplicityny.--- , ng.

1. There exists a no-where vanishing holomorphic function g : D — C such that
f(2) = (z=p)™ - (2 = pp)"* 9(2)-

2. The total number of roots (counted with multiplicity) is given by
k
f'(z)
dz = nj.
|2

Proof. 1. For each j € {1,--- ,k}, there exist a radius ; > 0 and a nowhere vanishing holomorphic
function g; : D, (p;) — C such that for all z € D, (p;),

f(z) = (z =pj)" 9;(2).

We can choose r; small enough so that the discs have mutually disjoint closures. Let U := D \
( U;?:l m) Define the function

L))n”ZeDrj(pj)wherejzl,“',k‘
g9(z) =

iz (2—ps
4
MGy # €U

Clearly g(z) satisfies all the required properties.

2. With g(z) as above, for any z # p;, a simple computation shows that

/ k ) /
FE) 5~ g6
o)~ 2i=p T o)
Since g(z) is nowhere vanishing, ¢’(z)/g(z) is holomorphic on D, and hence by Cauchy’s theorem
it’s integral on C vanishes. It then follows that

[ 5T

J

10.3 Sequences of holomorphic functions

Recall that if a sequence of differentiable functions f,, : I — R converges uniformly to f : I — R, for
some interval I C R, it does not necessarily imply that f is also differentiable. For instance, consider

fn : [-1,1] — R defined by
1
= 2 —_
fn(x) =1/ +

Then it is not difficult to see that f,, — |x| uniformly, but of course |z| is not differentiable at = 0. It turns
out that holomorphic function behave much better under uniform convergence. We say that a sequence of
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holomorphic functions f;, : 2 — C converges to f : Q — C compactly if the convergence is uniform over
compact subsets K C 2. That is, for all ¢ > 0 and K C 2 compact, there existsa N = N (e, K) such that

|fu(z) = f(2)| <e,
foralln > Nandallx € K.

Theorem 10.3.1. If {f,}52 is a sequence of holomorphic functions on ) that converge compactly to f :
Q — C, then f(z) is holomorphic. Moreover

£ = 0
compactly on () for allk € N.

Proof. Fix a a € €2, and let D be a disc around a such that it’s closure is also in €2. Then for any triangle
T C D, by Goursat’s theorem
/ fu(z)dz = 0.
T

Since D is compact, f,, — f converges uniformly on D, and hence

/ f(2)dz = lim [ f,(2)dz=0.

But this is true for all triangles in D, and hence by Morera’s theorem f is holomorphic in D and in particular
at a. Since a is arbitrary, this shows that f is holomorphic on .

We prove that f;, — f’ compactly. For k > 1, the result will follow from induction. There is no loss of
generality in assuming that £ C C is compact. First we define

Q. ={2€Q|D,(z) C Q}.

Geometrically, this is the set of all points in ) that are at least a distance r away from the boundary of
Q. Given any compact set K, there exists a » > 0 such that K C €2, and hence it suffices to show that
fI — f’ uniformly on €2,.. The key point is the following estimate.

Claim.Let F' : Q — C be holomorphic. Then for any r > 0,

2
sup [F'(Q)] < = sup [F(Q)].
2€0Q, r CEQ’I‘/2

First notice that if z € 2, then D, )5(2) C Q. To see this, let w € D, j5(z) i.e. |z —w| < r/2, and we need

w' —w| <r/2and
hence by the triangle inequality |w’ — z| < r, that is w’ € D, (z) which is contained in 2 by definition,
since z € €2,.. This shows that D,./>(w) C €2 and hence that D, /5(2) C €, /5. Now by Cauchy’s integral
formula, if we denote the boundary of D,.(z) by C,(%), then for any z € Qy,,

') = &
Fiz) = 2mi /<1,,/2(z) (¢—2)? e

to show that w € €2/, or equivalently that D, /»(w) C €. But for any w’ € D, j5(w),

By the above observation, if z € Q, then C,. /5(2) C €, /2, and hence by triangle inequality, for all z € €,
since | — z| = r/2 for ¢ € C, 2(z) we have

|F'(2)] <

1
sup  |F(¢)[len(C;/2(2))
2712 ¢eC, a(2) /
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2
< = sup |F(¢)
T ¢eq,

This proves the claim. Now given any € > 0, since {2, C () is compact (remember we are assuming
without any loss of generality that 2 is bounded), there exists an N = N (r, ) such that for all n > N and
all ¢ € Q, /o,

1O = FOI < 5
But then by the claim, for n > N and for all z € 2,., we have the estimate

2 er

HOENACIEEIE

proving that f,, — f uniformly on €2, and this completes the proof of the theorem.
O
Recall that Weiestrass’ theorem states that any continuous function on a compact interval is the uniform

limit of polynomials. On the other, by the above theorem, a continuous non-holomorphic function cannot
be the uniform limit of polynomials. Instead we have the following, which we state without a proof.

Theorem 10.3.2 (Runge’s thoerem). Let K C C and let f be a function that is holomorphic in a neighbour-
hood of K.

1. There exists a sequence of rational functions R, (z) such that R,, % f on K, and such that the
singularities of the rational functions all lie in K°.

2. If K¢ is connected, then one there exists a sequence of polynomials p,, (%) such that p, — f.



Lecture 11

Cauchy’s theorem : Homology
version

11.1 Index of a curve

For a piecewise smooth (not necessarily close) curve, we defined the index or winding number around a
point p ¢ ~ by
1 1

— dz.
2mi J,z—Dp

n(y,p) =
We have already seen that if v is a circle traversed n number of times, then

n, p is inside the disc bounded by
n(y,p) =

0, otherwise

We now argue that this number is a measure of the change in the argument along the curve. For simplicity,
lets suppose that p = 0, and that the curve + joins u = re'’ to v = re’? (note that  need not be a circular
arc), where 0, ¢ € (—m, ). In particular, the curve lies in C\ {z < 0}. On this domain, 1/z has a primitive,
which we take to be the principal branch of the logarithm. Then by the fundamental theorem

p—10
or

1 1
n(v,0) = —/ —dz =logv —logu =
2 Jy 2
and so up to a factor of 27, the index measures the change in the argument. The following theorem contains
the basic properties of the index.
Theorem 11.1.1. Let v be any closed curve. Then
1. n(v,p) is an integer for anyp € C \ ~.
2. n(7y,p) is a continuous function on C \ -, and hence is locally constant.
3. Ify is any curve lying in the interior of a disc D, then n(~y,p) = 0 forallp € C\ D.

Proof. 1. If we could take holomorphic logarithms freely, and argument as above would suffice. Instead
we will give a computational proof. Let 7 : [0, 1] — C be parametrization. Then

1y
n(7,p) / Ot

- 2mi t)—p

63
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_ 1O
=55 ), 50 5

This is a continuous function on [0, 1], and is differentiable wherever ~/(¢) is continuous (and hence
at all but finitely many points) with derivative

Consider a function

’ L 4()
9= o —p
Then, letting

G(s) = exp(—2mig(s))(v(s) — p),
at all but finitely many points, G’(s) = 0. This shows that G(s) is locally constant, which together
with continuity, forces it to be a constant. In particular, G(1) = G(0), from which it follows (since
g(0) = 1 and v(0) = (1)) that
e2mig(1) _ Y(0)—p -1
(1) —p

So g(1) = n(~, p) has to be an integer.

2. Continuity is easy to check since p ¢ ~. Since the index is integer valued it has to be then locally
constant.

3. If [p| >> 1, then clearly n(, p) can be made really small. But then since the index is locally constant,
and C \ D is connected, it ought to be zero for all p € C\ D.

O

Remark 11.1.2. There is a deeper reason that the index is always an integer, and a full explanation requires
some knowledge of covering space theory. If @ € C does not lie on v : [0,1] — C, we can think of v as a
curve in C* := C\ {a}. Then it follows from standard covering space theory that  has a “lift" to a curve
7 :[0,1] — C such that e2™7(*) = ~(t) — a. The relevant jargon is that exp : C — C* is a covering space
map. Now additionally if v is closed, then (1) = v(0), and hence 7(1) — 5(0) is an integer. On the other
hand, by chain rule, 7/ (t) = 2mie?™*7(Y)5/(t), and hence

- 1 ~'(t
F(t) = — - ¢

2wt () —a
Integrating both sides we see that

1 / -
Za&(l%fy(ori/o ’y’Y(t)dt/ o n(y,a),

- 2mi (t)—a yZ—a

and hence n(v, a) is an integer.

11.2 The homology version of Cauchy’s theorem

A chain is a formal linear combination of curves v = a17y; + + - - + apYn, where a; € Z and each ~; is a
regular curve. We interpret a<y as -y traversed a times if ¢ > 0 and +y traversed in the the reverse direction
—a times if @ < 0. Chains can be then added in an obvious way. The union of the set theoretic images of
~y; is called the support of v and denoted by Supp(~y). A chain is called a cycle if each of it’s components
~; is a closed curve. We can extend the definition of the index n(v, p) for a cycle y and a point p that does
not lie on any of the components of . Then it has the same properties as in Theorem 11.1.1. Additionally,
we have the linearity property that

n(y1 +v2,p) = n(v1,p) + n(y2,p)-
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We say that a chain ~y is homologous to zero in {2, and write v ~q 0 (or v ~ 0(mod?)), if for any point
a € Q° n(v,p) = 0. We also say that 7, is homologous to v in Q and write y1 ~q y2 if 71 — 72 ~q 0, or
equivalently if n(y1,p) = n(vs, p) for all p € Q°. Note that if Q C ' then v ~¢ 0 implies that v ~¢q/ 0,
but the converse need not be true as can be seen in the example below.

Example 11.2.1. Consider the disc D3(0) and the annulus A; 2(0) := {z € C| 1 < |z| < 3}. By Cauchy’s
theorem for discs, any curvey in D3(0) is homologous to zero. On the other hand the curvey(t) = 2e*™% t €
[0,1] is NOT homologous to zero in A1 2(0). This is because n(7,0) = 1 # 0.

Now we are ready to state the most general form of Cauchy’s theorem.

Theorem 11.2.2 (Generalised Cauchy’s theorem). If f : @ — C is holomorphic and vy ~q 0, then

Lf(z)dz =0.

More generally, if y1,v2 are curves in §) such that v ~q 2, then

(2)dz= | f(2)dz.
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In other words, Cauchy’s theorem says that if the integrals of the holomorphic functions 1/(z — a) is zero
on a closed curve in €2, then the integral of any holomorphic function on 7 is zero.

Proof. This beautiful proof is taken from [1]. We first assume that €2 is bounded. For a small § > 0, we
cover the plane with a net consisting of squares with sides parallel to the axes, and length §. Since 2 is

bounded, and if § > 0 is chosen sufficiently small, there exists a finite set of number of cubes @1, - ,Qxn
such that
1. The collection of squares {Q1, - - - ,Q;} are all the squares in the net which lie completely inside 2.

That is, if @ is a square in the net, then ) = @Q); for some j if and only if @ C Q.

2. 7y C Qs = (uj.v:l Qj) .
Consider the cycle

L5 =Y 0Q;,
J

where the boundary of each @); is oriented in the anti-clockwise direction. Then I's is equivalent to 95
in the sense that for any function

f(z2)dz = f(z)dz,
s

s

since the integrals over the common boundaries cancel.

Now, let v be a cycle homologous to zero in Q. Let ¢ € Q \ 5, and let Q be a square in the net such that
¢ € Q. By definition of Qs, @ # Q; for any j. Again, by our choice of the squares that make up 2, there
exists a point (p € @ N Q€. Since (p ¢ Q2 and v ~q 0, we have that n(v, (o) = 0. But then by continuity,
since (p and ¢ can be joined by a straight in () and hence not intersecting -y, we have n(y,¢) = 0. In
particular, n(v, ¢) = 0 for all ¢ € 995.

Suppose now that f(z) is holomorphic on Q2. For any z € ono, we have

2mi 0g; C— % 0, otherwise,

1 fﬂDdC_{f@szjm
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e

and hence

1 f(©)
f(z) = 27Ti/1;5 = d¢. (11.1)

Since jo was arbitrary, (11.1) holds for all z € U; Q5. But since both sides are continuous in 2, clearly (11.1)
must hold on all of €2s. As a consequence,

/f ) dz _/(Qm/régf(o dc)

By Fubini’s theorem (which can be applied since the integrand is continuous in both z and (),

[ 1= [ 10(5 [ 755) 4= [ s0ntn0ac=o

Finally, if € is not bounded, consider a large disc Dr(0) which contains supp(7y) in the interior, and let
V' = QN Dg(0). Then since ¥ ~p,, (o) 0, one can easily see that v ~q/ 0, and the previous argument
then applies to Q' completing the proof. O

Using the generalised Cauchy theorem, we can prove the following generalisation of the CIF.

Theorem 11.2.3 (Generalised Cauchy integral formula (GCIF)). Let f € O(Q2), andy C Q a cycle. If
v ~q 0, then for any z € Q \ Supp(y),

n(v,2) 2772 C — z

Proof. Fixa z € 0\ Supp(7y), and let g > 0 such that D.,(z) N Supp(y) = ¢. For € € (0,¢p), let C; be
the circle centred at z with radius e.

Claim. For every € € (0,€0), ¥ ~ax n(7, 2)Ce, where as usual Q} = Q \ {z}.
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Proof of the Claim. We need to prove that for any ¢ € C \ Q,

n(7,¢) = n(v, 2)n(Cx, €). (11.2)

First suppose ¢ € C \ Q. Then in particular, ¢ lies outside D.(z) and hence n(C;,{) = 0. On the other
hand since v ~q 0, we also have n(v, () = 0, and hence (11.2) is verified. The only other possibility is that
¢ = z. But then n(C,, ¢) = 1, and hence again (11.2) is verified.

O
Now, applying Cauchy’s theorem to the holomorphic function f({)/(¢ — z) on QF, we see that for all
e € (0,¢0),
L[ 1 n(v,2) / f(©)
- = . 11.
27ri/yg—zdC 271 CSC—de (11.3)

The integral on the right is n(7, z) f(z) by the CIF for discs, and we are done. But it is in fact possible to
avoid the CIF altogether, and in the process provide a second proof for the CIF on discs. The argument is
as follows. Given any 7 > 0, by choosing ¢ << 1, we can make sure that

1F(Q) = (=) <n
for all ( € C¢. Then
1 f(©) |2 f(O-[f()
o [, ot 0] = o [, P <
Hence from (11.3),

L[ 29 dc =i o [ I ac=niaisca)

27i (—=z e=027i Jo (— 2

11.3 Simply connected domains

There are many equivalent ways of defining simply connected domains. Following Ahlfors, we take a
slightly non-standard route. Consider the sphere

S? = {(z,y,2) € R® | 2?2 + 9> + 22 =1}.
We denote it’s north pole by N = (0,0, 1), and south pole by S = (0,0, —1). Then consider the stereo-
graphic projection @ : S? \ {N} — C defined by
T+ 1y
1—2z"
Then @ y is a bijection, and is in fact a homeomorphism. We can thus identify S? as a one-point compact-
ification of C, and call it the extended complex plane, and think of N as the “point at infinity".

D(x,y,2) =

We then say that a domain ) C C is simply connected if it is connected, and S? \ ) is also connected. We
note that this is not a commonly used definition since it does not work in higher dimensions. In the next
lecture, we will provide equivalent characterisations, one of which will be what is the modern “textbook"
definition.

Example 11.3.1. A disc, C itself, and half planes are simply connected. A parallel strip, say{z | a < Im({) <
b} is also simply connected. This shows the importance of taking the complement of ) in the extended plane,
rather than C itself. Similarly C\ {¢ < 0} is also simply connected. In this case the complement of the set in
the extended plane is the complement of half a great circle in S®. On the other hand the complement of a line
L passing through the origin in C in the extended plane is an entire great circle, and hence C\ L is not simply
connected. Similarly, C* is not simply connected, since S* \ C* = {N, S}



68

LECTURE 11. CAUCHY’S THEOREM : HOMOLOGY VERSION



Lecture 12

Cauchy’s theorem : Multiply
connected domains

12.1 Characterisations of simply connected sets

Recall that a connected subset {2 C Cis called simply connected if the complement in the extended complex
plane is also connected. We now provide several equivalent characterisations of being simply connected.
First we need to introduce two important notions.

Recall that a curve v : [a,b] — Q is a simple, closed curve if  is injective on (a,b) and y(a) = y(b). Such
curves are called Jordan curves, and their name stems from the following historically significant theorem.

Theorem 12.1.1 (Jordan curve theorem). Let~y be a Jordan curve and C' be it’s image. Then it’s complement
C\ C consists of exactly two open connected subsets. One of these components is bounded while the other is
unbounded.

The bounded component is called the interior and the unbounded component is called the exterior, denoted
respectively by int(+y) and ext(y). While intuitively obvious, the proof is extremely non-trivial. So much
so that the the theorem is notorious for numerous incorrect proofs from well known mathematicians. In
fact it will not be an exaggeration to say that attempts to prove this theorem led to the modern development
of algebraic topology.

We also need to introduce the notion of homotopy. We say that a closed piecewise regular curve v :
[0,1] — Q is contractible, or null homotopic in ) if there exists a point p € 2 and a continuous function
H :[0,1] x [0,1] — € such that

{H(O,t) =~(t), H(1,t) = p,vt € [0,1]

H(s,0) = H(s,1), Vs € [0,1].

We use the notation v, (t) := H(s,t).

Example 12.1.2. 1. Let D be a disc centred at p. Then for every curve vy, consider the homotopy
H(s,t) = (1=s)(v(t) —p) +p-

Then H(1,t) = p and hence -y is null homotopic. More generally any convex domain has the property
that every closed curve is null homotopic. To see this, let v be an aribitrary closed curve. Then

2. On the other hand, consider the curve y(t) = €' in the annulus Ao 2(0) := {z | 0 < |z| < 2}. Then~y
is not null-homotopic, as can for instance be seen using the theorem below.
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We then have the following fundamental result.

Theorem 12.1.3. Let Q) C C be a connected set. Then the following are equivalent.
1. Q is simply connected.
2. For every Jordan curve v in Q, int(y) C .
3. Forall cyclesy in ), v ~q 0.

4. (Cauchy theorem for simply connected domains) For all holomorphic functions f € O and all cycles ~y
in Q,
/ f(z)dz=0.
¥

5. Every closed piecewise regular curve is null homotopic.
We need to use the following crucial lemma which we state without proof.

Lemma 12.1.4. Let~y be a piecewise regular curve which is null homotopic. Then one can choose the homotopy
H such that each vy, is piecewise regular.

Proof. The implication (2) <= (3) is a consequence of the generalised Cauchy theorem. W

« (1) = (2). We can assume that Q2 # C for else the implication is trivial. Suppose a € int(y)NQe.
Then since (2 is simply connected, S? \ {2 is connected, and hence there exists a p € Q° N ext(y),
and a path o lying in Q¢ and connecting a to p. But since int(-y) is connected this is a contradiction.

« (1) = (3). Letybeacyclein Q and p ¢ Q. Since S? \ Q is connected, there is a sequence of
points p,, such that |p,,| — oo and there is a path ¢,, from p to p,,. Since lim,, o, (v, pn) = 0 and
index is locally constant, this implies that n(v, p) = 0.

« (3) = (1). Suppose (2 is not simply connected. Then S?\ 2 = AU B, where B is the component
at infinity, and A is a compact (possibly disconnected) set. Let

§:=inf{|z —w||z,€ A, we B}.

Then § > 0. Now we cover the entire plane with a net A/ of squares of a fixed side length 6 /4 (any
side length strictly smaller than ¢ /1/2 will do). We choose the net so that a certain square, say Q1
has the point @ € A atit’s centre. Let @1, - - - , @ be the squares whose interiors have a non-empty
intersection with A, and let

N
oriented in an anticlockwise direction. Note that

Lj=1
n(0Q;,a) =
@) {073' > 1,
and hence n(9T', a) = 1, since the integrals over the common boundaries vanish. But then since T’
clearly does not meet B, we have found a cycle in Q such that n(T',a) # 0 but a € Q°. Thisis a
contradiction.

« (2) = (1). Suppose (2 is not simply connected, then the I" produced above gives a Jordan curve
whose interior is not completely contained inside 2.
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« (4) = (2). It is enough to prove that every closed smooth curve that index zero. Let + be one
such curve, and let p € Q°. There exists a homotopy H : [0, 1] x [0, 1] — €2 contracting ~ to a point
a € Q. For s € [0, 1], consider the function

Y AR AG)
1) 2 J, ’Ys(t)*Pdt.

Note that the definition makes sense because of the Lemma above. Now, since p € Q°, clearly f(s)
is a continuous function. Moreover, f(1) = 0, and hence f(0) = n(y,p) = 0.

« (2) = (4). Since this implication will not play any further role in the course, we simply direct
the reader to the argument on page 252 of Complex Analysis by Theodore Gamelin.

O

An important consequence of this is the following.

Theorem 12.1.5. Let ) be a simply connected domain and f € O. Then f has a primitive on (.

Proof. The proofis along the lines of the proof for existence of primitives on disc that was used in the proof
of Cauchy’s theorem. So we fix a p € (), and define

F(z)= [ f(w)dw,
Vs
where the integral is along some path +, joining p to z. If we choose another path 7, joining the two
points, then v, — 7, will form a cycle. Since the domain is simply connected, 7, ~q 7., and hence the
integral of f along both would be the same. Hence our definition is actually independent of the path. By
openness of €2, for any h small, the straight line joining z to z + h will lie entirely in 2, and we call this
path as . Then 7,4 — [ and +, are both piecewise smooth paths joining p to z, so once again by simple
connectedness of (2 and Theorem 12.1.3

[ sy [fwaw= [ s

z

or equivalently
F(z+h)—F(z) = /f(w) dw.
l
Then the same argument as in the proof of Theorem 2.1 in Lecture-7 implies that F'(z) is holomorphic
with F'(z) = f(z).
O

12.2 Cauchy’s theorem for multiply connected domain

A connected domain §2 C C is said to be n-connected if it’s complement in the extended complex plane has
n-connected components. So for instance, a simply connected set is 1-connected, and an n-connected set
has n — 1 number of “holes". Our convention will be to label the components as Ay, --- , A,, where A,
is component containing the north pole (or the point at “infinity"). Using the argument in the proof of the
implication (2) = (1) in Theorem 12.1.3 we obtain the following.

Theorem 12.2.1. Foreveryi =1,--- ,n — 1, there exists a cycle y; such that
1, p e A;
n(vi,p) = 12.1
Vi, p) {prGQC\Ai. (12.1)

Moreover we have the following observations.
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1. The set {71, ,Vn} is alinearly independent set, in the sense that Y ., ¢;v; ~q 0 if and only if
¢; =0 foralli.

2. Theset {71, - ,7Vn} is a spanning set, in the sense that if y is any other cycle in Q, then
Y~ vt Ce1Yn—1,

where ¢; = n(vy,p;) foranyp; € A;.
3. Forany f € O(Q), we have

n—1

L f2)dz = n(rp) / RCLS

i=1
where (p1,p2, -+ ,Pn—1) is any collection of points in Ay X -+ A, _1.
4. If{o1, - ,om} is a linearly independent spanning set, then m = n.

We call the collection {7;. -+ ,7,} the homology basis for Q. In general there will be multiple choices of
homology bases, but by an elementary theorem in linear algebra, all of these must be 7 in number. In fact,
if

Example 12.2.2. Consider the domain ) :== D5(0) \ {—1, 4, 1}. Then clearly the domain is 4-connected. In
fact if we label the points by py = —1,py =i, p3 = 1, then A; = {p;} fori = 1,2,3 and Ay = S* \ D5(0).
Let ~y; be given by

ieit.

Clearlyn(v;,pi) = 1. On the other hand if p € Q°\{p;}, then p lies outside D1 j5(p;) and hencen(v;,p) = 0.
Hence by the above theorem, {1, V2, V3 } forms a homology basis for ().

7i(t) = pi +

As a consequence of the above result, we have the following. We say that a Jordan curve 7 is positively
oriented if while the curve is traversed, int(y) remains to the left.

Corollary 12.2.3. LetI',I'y,--- , ', be positively oriented, pairwise non intersecting, piecewise smooth Jor-
dan curves such thatI'; C int(I") forallj = 1,--- ,n. Let Q = int(I') N ( N7y ezt(Fj)). Let f be a
function that is holomorphic in a neighbourhood of (). Then

/rf(Z)dZ:Z/rj f(z)d=.

Proof. Firstly, one can construct Jordan curves C, C, - - - , C,, such that int(T") C int(C) and int(C) C
int(T") for all ¢, and such that f is holomorphic in Q' := int(C) N ( N7y ext(C’j)) which of course
contains 2. Let p; € int(C;). It is then easy to check that I'y, - -- ,T',, forms a homology basis for 2’ and

the result then follows from Theorem 12.2.1. Note that constructing the Jordan curves C; is non-trivial. If
T'; is smooth, then one can construct C; by perturbing slightly in the direction of the inner normal (and
similarly C' be perturbing I' a little bit along the outer normal). But since our curves are only piecewise
smooth, extra care must be take to “round off"the “corners". O

12.3 A real variable integral

We will now apply Cauchy’s theorem to compute a real variable integral. Later in the course, once we
prove a further generalization of Cauchy’s theorem, namely the residue theorem, we will conduct a more
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systematic study of the applications of complex integration to real variable integration. For now, let us

compute
* cosx
[
o 1+

This is an improper integral which is convergent, so by definition

*° cosz , B 1 —cosx
5~ dr = lim —5 — dx,
—oo I R—o0 _R X
Consider now the function )
eZZ
z) = —.
)=
This is a holomorphic function on C \ {i}. Moreover, on the real line the real part of this function is
precisely the function that we are looking to integrate. Now consider a contour I'p := {2z € C| |z| =

R, Im(z) > 0}U{(,0) |z € (—R, R)} oriented in the anti-clockwise direction. Let C.; = {|z — i| = ¢}
be a small circle around i. Then for R >> ¢, we clearly have that I'r ~c: C., and hence by Theorem
12.2.1,

g f(z)dz:/c f(z)dz.

Now note that

(2) = 9(2)

)
zZ—1

where g(z) = €¥*/(z + i) is holomorphic in a neighbourhood of the disc D. (i), and hence by the Cauchy
integral formula (applied to g(z)),

/cg fed= /c 29 gz = 2mig(i) = =

Letting Sg be the semi-circle {z € C| |z| = R, Im(z) > 0}, we see that

R iz B cosx

FRf(z)dz=ARf<z)dz+/RW= mf(Z)d”/RHx?’

where we have used the fact that sin z is an odd function. On i we claim that

2
=2

1767;7:
B

z

To see this, for z € yg, we can write z = = + iy with y > 0. So |eiz| = e~ ¥ < 1, and hence by triangle
inequality |1 — e'*| < 2 which proves the claim since |z| = R on yg. Using this we can estimate that

1— e 2 o
d‘<—1 =250
‘/m 2 | < Rlenlm) = 3

as R — o0. So the contribution on yr goes to zero as R goes to infinity, and hence

/0Q CoS T T
— =
oo Lt e
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Lecture 13

Logarithm and roots revisited

13.1 Criteria for existence of holomorphic logarithms

The purpose of this lecture is twofold - first, to characterize domains on which a holomorphic logarithm can
be defined, and second, to show that the only obstruction to defining a holomorphic logarithm is in defining
a continuous logarithm. From henceforth, we let O*(2) be the set of nowhere vanishing holomorphic
functions on 2. For instance, e* € O*(C).

To set the stage, let us revisit the difficulties we had in defining a holomorphic logarithm. For z = re®,
consider the function

log z = log | 2| + i, (13.1)
where, for instance, we canlet § € [0y, 0y +27). If arg p = 6, and we traverse a circle of radius |p| centred
at 0 and return to the point p, the argument goes from 6y to 0y + 27, and hence the log z does not return
to the original value. In other words log z as defined is not continuous. On the other hand, if we return
to p along a small circle not containing 0 in the interior, then the argument does return to 6y, and log z
does not jump in value. The difference between the situations if of course that the first curve goes around
0 while the second does not. Thus logarithm is an example of a multivalued function, and zero in this case
is called a branch point.

In general, we can consider any holomorphic function f : Q@ — C*. Then, a holomorphic function g :
Q — C (if it exists) is called a branch of the logarithm of f, and denoted by log f(z), if

e’ = f(2)
for all z € Q. A natural question to ask is the following.

Question 13.1.1. Given a holomorphic function f : Q0 — C*, when can we define a holomorphic branch of
log f(2).

From the point of view of the Cauchy theory, the multivalued behaviour of the logarithm function is esen-
tially because 1/z, which would be the derivative of a holomorphic logarithm function, does not integrate
out to zero around curves that contain the origin in the interior. Keeping this in mind, we have the follow-
ing basic theorem.

Theorem 13.1.1 (Fundamental theorem on existence of holomorphic logarithms). Let 2 be a connected
domain, and f € O*(Q) such that

for all closed loops v C §2.
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« Then there exists a holomorphic function g : Q — C, denoted by g(z) = log f(z), such that

e9(2) — f(2).

« ¢ = f'/f, and hence for any fixedp € Q,

Moreover, if § is another function satisfying e9*) = f(z), then there exists ann € 7 such that

d(z) —g(z) = 2mn, Vz € Q.

Remark 13.1.2. Note that different choices of g(p) corresponding to the countable number of solutions to
e* = f(p) give different formulae for ¢(z), all of which differ by integral multiples of 27i. Conversely, if g1
and gy are two logarithms, then they have to differ by a multiple of 27¢. The various logarithm functions
are called branches.

Theorem 13.1.1 above combined with Cauchy’s theorem for simply connected domains gives the following.
Corollary 13.1.3. Let (2 be a simply connected domain.
1. Then for any f € O*(R), there exists a holomorphic log f(z) with (log f) = f'/f, and hence

£'(w)
Flw) ™

log f(2) = log /(p) + / z

w herelog f(p) is any solution to e* = f(p).

2. In particular, if 0 ¢ Q, then there is a holomorphic branch of log z on Q with (log z)’ = 1/z. Moreover,
foranyp € Q,

1
logz:logp+/ —dz,
p 2

where we integrate along any path from p to z, and log p is any solution to e* = p.

Proof of Theorem 13.1.1. Fix a point p € €2, and let g(p) be a solution to e9(P) = f(p). Since f(p) # 0, such
a solution always exists. We then define g(z) by

f'(w)
f(w)

where we integrate over any curve joining p and z. By the hypothesis, this is independent of the path
chosen. Then, by the same argument used before (as in the proof of Theorem ), g(z) is holomorphic with

f'(z)
fz)

9(z) = g(p) +/Z dw,

g'(z) =
Now, consider the function F/(z) = e~9(*) f(2). Then
F'(2) = =g/ (2)f(2) + e 9P f'(2) = 0.

Since (2 is connected, this implies that F'(z) is a constant, and hence F(z) = F(p) = 1. This completes
the proof. O
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Recall that the branch of log z defined by (13.1) is not even a continuous function over C*. This is not a
coincidence. Our next theorem, says that continuity in fact, is the only obstruction to define a holomorphic
logarithm.

Theorem 13.1.2. LetQ C C and g : Q — C be continuous. If e9%) is holomorphic, then so is g(2).
In other words if f(z) is holomorphic, and we can define a continuous log f(z), then log f(z) is automat-

ically holomorphic.

Proof. Let f(2) = e9(%), which by the hypothesis, is holomorphic, and fix a p € Q. Thereisa § > 0
such that D;s(p) C Q and a holomorphic function g, (z) on Ds(p) such that e%(*) = f(z). Then for all
z € Ds(p),

27
Now, since ¢(z) is continuous, % is a continuous function on Dg(p) which only takes integer

values, and hence has to be a constant. That is,
9(z) = gp(2) + 2min,

for some fixed n € Z. But then g(z) has to be holomorphic in Dj(p), since g,(z) is holomorphic, and
hence is in complex differentiable at p. Since p was arbitrary, this completes the proof of the theorem.

O

13.2 Some examples

Somewhat vaguely, for a (multi-valued) function g(z), the point z = a is defined to be a branch point
if g(z) is discontinuous while traversing an arbitrarily small circle around the point. We define infinity
to be a branch point if z = 0 is the branch point of g(1/z). An alternate way is to consider a curve
“enclosing” infinity. This is a large curve that contains all the other branch points in it’s interior. Then
infinity is a branch point if along this large curve, the function g(z) is discontinuous. A branch cut is a
union of curves such that g(z) defines a single valued holomorphic function on the complement. Branch
cuts should usually connect branch points to prevent the possibility of going around branch points and
making the function value jump.

13.2.1 Principal branch of the logarithm

Since C\ {Re(z) < 0} is simply connected, this immediately implies that there is a holomorphic logarithm
on that domain. The principal branch of the logarithm is defined to be the one with

log1 = 0.

By Theorem 13.1.1, for any z € C \ {Re(z) < 0}, we then have

1
logz:/ — dw,
1w

where we integrate over any piecewise smooth path from 1 to z. Suppose z = re'’, then one such path is
C = Cy + Cs where (1 is parametrized by z1(¢) : [0,1] — C with z1(¢t) = tr + (1 — ¢), and C5 is given
by 2(t) : [0,60] — C where z5(t) = r¢®" So C is simply the path going first from 1 to r along the z-axis,
and then the circular arc to z. Then

L f_r-l dt =1 Dl =1
/clw v ./0 tr—=1)+1 ogltlr = 1) + )t:O oen



78 LECTURE 13. LOGARITHM AND ROOTS REVISITED

where the log is the usual logarithm defined on real numbers. On the other hand,

1 0
/ —dw:i/ dt = 0.
c, W 0

So the principal branch of the logarithm is given by
log z = logr + 16,

where 0 € (—m, 7). We end with the following remark.

Remark 13.2.1. Unlike the real logarithm, in the complex case, in general

log 2120 # log z1 + log 25.
For example, let z; = 3™/ 2, = ¢™/2 and log 2 be the principal branch. Then logz; = 37i/4 and
log zo = 7i/2. But 2120 = €™/* = ¢737/4 (remember the range of arg is (—, 7], and so log 212y =
—3mi/4 # log 21 + log zo. Similarly, even though e!°8* = 2 for all 2, log e* # 2 generally, again due to
the periods of e*.

13.2.2 Branch cut for log (22 — 1).

The points where 22 — 1 = 0, namely z = =1 are certainly branch points. Any branch cuts should include
these two points. To see that infinity is also a branch point, note that the logarithm should be defined as a
primitive of
2z 1 1
22 -1 _2+1+z—1'

It is clear that as we integrate along a curve of radius R > 1 around the origin, both terms will make a
contribution with the same sign, and hence the integral will not be zero. In other words if we define log
as a primitive of Zf—fl, it will have a jump if we traverse a large curve. Hence oo is a also branch point.
Possible branch cuts, that will prevent going around z = £1 or z = oo are

(—00,1] or (—o0, 1] U [1,00) or [—1, 00).

Of course there are infintely many choices of branch cuts. Each of the above branch cuts renders the
domain simply connected, and hence a holomorphic branch does exist.

A convenient way to write down a formula for the branch is by using “double polar coordinates". That
is, we let _ ‘
2= —147ref =1+ rqe>.

If we restrict the “phases” 61, 05 to be in the usual range (—, 7), then using the principal branch of the
log we obtain

log (z + 1) =logry + i6y
log (z — 1) = log ro + 6.

Adding up these two we see that
g(z) =logry +logry + (61 + 02) (13.2)

does define a branch of log (22 — 1) since it is easy to see that e9(*) = 22 — 1.

Claim. g(z) defines a holomorphic branch of log (22 — 1) on C \ (—o0, 1].
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By Theorem 13.1.2 it is enough to check that it defines a continuous branch. But this is obvious since 6
is continuous everywhere except z < —1 and 65 is continuous everywhere except z < 1, and since these
points are removed in the branch cut, g(z) is continuous everywhere else.

If we instead, restrict 61 € (—m, 7] and 02 € (0, 27), then formula (13.2) defines a holomorphic branch on
the complement of the branch cut (—oo, 1] U [1, 00). The reader should work these out carefully.

13.2.3 Branch cuts for log (%) .

A holomorphic definition would have primitive

ilo (z—l—l)_ 1 1
dz z2—1) z41 z-1'

Clearly z = =1 are branch points. To analyze branching at infinity, consider a large disc Dr(0) with
R > 2. Then both the terms contribute an integral of 274 but with opposite signs, and hence the integral
vanishes. In other words the argument does not change as we traverse this big circle. Hence infinity is
NOT a branch point. Hence we can then choose the branch cut to be [—1, 1], even though C \ [-1, 1] is
not simply connected.

Again, lets analyze this using the double polar coordinates z = —1 4 1€t = 1 + roe?®2, This time let
01,05 € [—m, ), and define
g(z) =logry —logry + (01 — 03).

Clearly this defines a branch of log (Z +1 ) , and we need to check if it is a continuous branch. The function

z—1
so defined is surely continuous (and hence holomorphic by Theorem 13.1.2) everywhere on C \ [—1, 1]
except possibly the real axis to the left of z = —1. As you approach this part of the real axis from the

top, both 01,6 — m. On the other hand when you approach from the bottom, both 6;,602 — —m, and
so their difference cancels out. So the resulting function defines a continuous, and hence a holomorphic,

log (zf% ) Again if we change the domain for either 61 or 6 to (0, 27), we are forced ton consider other

branch cuts. Once again, the reader should work both these cases out carefully.

13.3 n'"-roots of holomorphic functions
Given a logarithm function, and a w € C, one can define a holomorphic complex power, by
2V = eWlosz, (13.3)

When w = 1/n is the reciprocal of a natural number, we call 21/7 the nt" root of 2.

Example 13.3.1. Roots of unity. Consider the polynomial 2" — 1. Clearly ¢,, = €*™/™, is a root. Moreover,

k fork =0,1,--- ,n—1isalso a root, and since the degree of the polynomial is n, these are all the possible
roots. We call C,, the primitive nt" root of unity.

We then have the following analogs of Corollary 13.1.3 and Theorem 13.1.2.

Theorem 13.3.1. 1. If Q) is simply connected and f(z) is holomorphic and zero free, then there exists a
holomorphic function g(z) such that g(2)™ = f(z). Moreover, if g1 (z) is any other such function, then
g1(2) = CFg(2) where ¢, = e*™/™ is the primitive n** root of unity and k = 0,1,--- ,n — 1.

2. If g : Q — C is continuous such that g(z)™ is holomorphic for some positive integer n, then g(z) itself
is holomorphic.
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Proof. 1. For the first part, by Corollary 13.1.3, there exists a holomorphic log f(z). We then simply
take log f(2)
g(z) =e
It is also clear that if g (2) is another such function, then (g1(2)/g(2))™ = 1, and hence there exists

2. We proceed as in the proof of Theorem 13.1.2. Let f(z) = g(z)". Then for any p € Qif r > 0
such that D, (p) C €, by the first part, there exists a holomorphic function g,(z) on D,(p) such
that g, (2)™ = f(). But then on the disc, (g/g,)™ = 1 and hence by continuity, there exists a fixed
integer 0 < k < n — 1 (independent of z) such that g(z) = g,(2)e?™**/", which in turn implies that
g(z) is holomorphic.

O

13.3.1 Principal, and other branches of the square root

We can define the principal branch of the square root so that v/1 = 1. Doing a similar computation as
above, we can then see that if z = re’® with 6 € (—m, ), then

Vz =re??,
On the other hand, if we want v/1 = —1, then
V7 = reimtior2,

13.3.2 Branch cuts for 22 — 1

Any of the branch cuts for log (22 — 1) will allow us to define v/22 — 1 on their complement by equation
(13.3). Each of those branch cuts extend out to infinity. But it turns out we can define a holomorphic branch
of v/22 — 1 on the complement of finite cut. This is possible because oo is not a branch point (even though
it is a branch point of log (22 — 1)).

To see this, we again make use of double polar coordinates. Let z = —1 + r; €01 = 1 + rqe'?2 as before,
where we let §; € (—m, 1), and we define

()
g(z) = ripe \ 7 /.
Clearly this defines a branch of /22 — 1 since
9(2)% = rire’ @t = (2 4 1) (2 —1) = 2% — 1.
All we need to now do, is to find a branch cut such that g(z) is continuous in the complement.

Clearly 6, is continuous everywhere except (—oo, —1] and 65 is continuous everywhere except (—oo, 1].
So g(z) is continuous everywhere except possibly for (—oo, 1]. Let us analyze the two intervals (—oo, —1)
and [—1, 1]. If z approaches [—1, 1] from above, §; — 0 but §; — , and so

g9(z) — Tirael™/? = i4/T172.
But if it approaches from below, then #; — 0 while 62 — —m. So
g(z) = Jfrirae ™2 = —i\/riTy,

and so g(z) is discontinuous on [—1, 1]. Next we analyse continuity along (—oo, —1). As z approaches
(=00, —1) from above, §; — 7 and 6 — 7, hence

g9(z) — e2/2 Jrirg = —\/T179.
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On the other hand when z approaches (—oo, —1) from below 61,02 — —, and so

9(z) = /rirae” T = —\/T17T2,

and hence ¢(z) defines a continuous branch on (—oo, —1). The upshot is that g(z) defines a continuous
(and hence holomorphic) branch of v22 — 1 on C \ [-1, 1].

Note that with above formula, we can also compute the value of v/22 — 1. For instance we demonstrate how
to calculate the value of v/i2 — 1 for our particular branch. Of course the answer has to be either +iv/2,
but the question is which one of these values? We can write (draw a picture to see what is happening

geometrically) _ '
i=—1+ \/567,71'/4 =14+ \/563772/47

sothat 7] = ro = /2 and §; = m/4 and 03 = 37 /4. Since 6, + 03 = 7 by the formula above

g(i) = \/V2V2 ™% = iV/2.
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Lecture 14

Isolated Singularities

A punctured domain is an open set with a point removed. For p € (), we use the notation

O, =9\ {p},

or simply * for 2\ {0}, if 0 € Q or when there is no confusion about the point removed. The aim of this
lecture is to study functions that are holomorphic on punctured domains. The puncture, that is the point
p in the above case, is called an isolated singularity. These come in three types -

« Removable singularities
« Poles

« Essential singularities

14.1 Removable singularities

A holomorphic function f € O(2y) is said to have a removable singularity at p if there exists a holomorphic
function f € O(Q) such that

o

Theorem 14.1.1. Let f € O(Q2y). Then the following are equivalent.
1. f has a removable singularity at p.
2. fcan be extended to a continuous function on ).

3. f is bounded in a neighborhood of p.

4 lim,,,(z —p)f(z) =0.

Proof. The implications (1) = (2) = (3) = (4) are trivial. To complete the proof, we need to
show that (4) = (1).

For convenience, suppose p = 0. So suppose f(z) satisfies

lim zf(z) =0,

z—0

83
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and define a new function

B 22f(2), 2#0
9lz) = {o, 2=0

Claim. g(z) is holomorphic on §2 and moreover, ¢’(0) = 0.

Clearly g(z) is holomorphic on Q*. So we only need to prove holomorphicity at z = 0. Let us compute
the difference quotient. Since g(0) = 0, ¢’(0) if it exists is equal to

. glh) . -~
fn 25 = i 6) =0

by hypothesis. This proves the claim. By analyticity, g(z) has power series expansion in a neighborhood
of z = 0. That is, there is a small disc D, (0) such that for all z € D.(0),

0 (n)
gz) =7 ,(O)Z”

n!

n=0

Now, since g(0) = ¢'(0) = 0,

g n—
g(z):22§ n'( )z 2,
n=2 ’

By comparing to the definition of g(z) we see that for z € D.(0) \ {0},

and so we define -
f(z) _ Z;L.Ozz QT!(O)Znia FAS DE(O)
f(z), z € Q*.

This is a well defined function, since on the intersection Q2* N D.(0), f(z) is equal to the infinite series. f
is clearly holomorphic on Q* since it equals f(z) in this region. Moreover, since it is a power series in a
neighborhood of z = 0, it is also holomorphic at z = 0. Hence f satisfies all the properties in (1), and this
completes the proof. O

Remark 14.1.1. Recall that in lecture-7 we proved that Goursat’s theorem was valid for functions that are
holomorphic at all but one point in a domain, so long as they are bounded near that point. In view of the
above theorem, such a result is not surprising, since the function does extend to a holomorphic function
on the entire domain, to which Goursat’s theorem applies.

Example 14.1.2. Consider the holomorphic function Si : C* — C defined by

Si(z) = 222

z

Then clearly

lim z - Si(z) = lim sinz = 0.

z—0 z—0
Hence by the theorem, Si(z) has a removable singularity at z = 0 and hence can be extended to an entire
function. It is instructive to look at the power series of sin z. Recall that

23 20

sinz:z—g—kﬁ—i—...,
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and so dividing by z, we see that for z # 0,

) 22 Z4 > 227’7,

The power series on the right clearly defines an entire function (an is in particular also defined at z = 0), and
hence Si(z) defines an entire function.

14.2 Poles
Let f € O(Q2;). We say that p is a pole if

lim |f(z)| = oo.

Z—p

Theorem 14.2.1. Let f € O(Qy). Then the following are equivalent.
1. f has a pole at p.

2. There exists a small disc D.(p) and a holomorphic function h : D.(p) — C such that h(p) = 0 and

h(z) # 0 for any other z € D.(p), and .
f(z) = w

forall z € D.(p) \ {p}.

3. There exists a holomorphic function g : Q@ — C such that g(p) # 0, and an integer m > 1 such that
forall z € 0,

o 9()
f( ) (Z_p)m'

4. There exists a M > 1 and integer m > 1 such that on some disc D.(p) around p, we have the estimates

1 M
< |f() £ —-
M|z — p| |z — pl

Note that the integer m in (3) and (4) above has to be the same, and is called the order of the pole at p, and
written as vy (p).

Proof. Again for convenience, lets assume p = 0, and we denote 25 = Q*. Suppose |f(z)| — oo as
z — 0. Then clearly there is a small disc D.(0) on which f does not have a zero. Then h(z) = 1/f(z) is
holomorphic in the punctured disc D, (0)*. Moreover,

lim [h(2)] !

= = 0’
20 lim. o |f(2)]

and hence in particular is bounded near z = 0. By Theorem 14.1.1, h(z) actually extends to a holomorphic
function to the entire disc D, (0), which we continue to call i(z), and from the limit it is clear that 2 (p) = 0.
So h(z) atisfies all the conditions in (2), and this proves that (1) = (2).

To show that (2) == (3), note that by the theorem on zeroes, since  is not identically zero, there exists
an integer m such that for all z € D.(0),

h(z) = 2"g1(2),
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where g1 (p) # 0. Moreover, since h(p) = 0, we must necessarily have m > 1. Now consider the function

9(z) = 2" f(2)

holomorphic on 2*. Then on D.(0) \ {0}, g(2) = 1/¢1(2). Since g1(p) # 0 and g; is holomorphic
on D.(0), we see that 1/¢; (%) is bounded on D, (0). Hence by the removable singularity theorem, g(z)
extends to a holomorphic function on all of ), and satisfies all the conditions in (3).

To show that (3) = (4), note that since g is holomorphic near z = 0, it will in particular be bounded
in a neighborhood. So there exists M > 0 such that for all z € D.(0),

lg(2)] < M.
On the other hand, since g(p) # 0, by continuity, for the € > 0 above, there exists a § such that
lg(2)] >0

for all z € D.(0). Take M large enough so that 1/M < 4, then we see that on D, (0),

1
and this proves (4).
(4) = (1) also holds trivially, thus completing the proof of the Theorem. O
Example 14.2.1. The function
cos z
cotz = — .
sin z

has poles at all the zeroes of sin z (since cos z and sin z do not share any zeroes, there is no “cancellation” of
the poles). Let us find the order of the zero at z = 0. Near z = 0, sin z ~ z. More precisely,
zCoSz  COSz

zcotz = —; =G
sinz  Si(z)’

~—

where Si(z) is the function from the last section. Then we saw from the power series expansion, that Si(0) = 1
and hence cos z/Si(z) — 1 as z — 0. In particular, for a smalle > 0,1/2 < | cos z/Si(z)| < 2, and hence

1 CcoS z
— < -
2z sin z

<

)

[SINN V)

and so z = 0 is a pole of order m = 1. It is once again instructive to look at an expansion near z = 0. For

z#0,

cosz 1—2%/2+4---

sinz  z—23/6+--

1 12224
oz 1-22/6+---
1 22 2
:7<1——+---)(1+f—i— )
z 2
1=,
z 3

From this it is clear that cot z has a pole of order z = 0.
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Remark 14.2.2. The idea of an expansion for a singular function near it’s pole can be generalized. Let p
be a pole for f : Q; — C. Then from the theorem, we can write

_9(»)
f(z) = G

for some holomorphic g : @ — C with g(p) # 0. By analyticity, in a neighborhood of p we can write

o0
g(Z) = Zan(’z _p)nv
n=0
with ag # 0. Hence for z # p, we have the expansion

f(z) =

ao + aq
(z—pm  (z=p)"!
Such an expansion is called a Laurent series expansion, which we will study in greater detail in the next

lecture. The part with the negative powers is called the principal part of f near p. In fact, if we denote
by

+ood am + amga(z = p) Hamia(z —p) 4

Qp(w) == agw™ + -+ + apm_1w,

then we can write 1

f(Z)=Qp(Z_p

where h,, extends to a holomorphic function across p.

) + hp(2),

14.3 Essential singularities

If f : QF — Cis holomorphic, then p is called an essential singularity if it is neither a removable singularity
nor a pole. Unlike in the case of removable singularities and poles, the function behaves rather erratically
in any neighborhood around an essential singularity.

Theorem 14.3.1 (Casorati-Weierstrass). The following are equivalent.
1. f has an essential singularity at p.

2. For any disc D (p), f(D<(p)) is dense in C, that is for any disc D.(p) and any a € C, there exists a
sequence {z, } € D.(p) such that
lim f(z,) = a.
n—oo
Proof. We first show that (2) == (1). If p is a removable singularity, then for some disc D, (p), f(D.(0))
is a bounded set in C, and so cannot be dense. On the other hand if p is a pole, then |f(2)| — co as z — p.
In particular, there is a disc D, (p) such that for all z € D.(p),

f(2) > 1,

and hence once again D, (p) cannot be dense in C. This forces p to be an essential singularity.

Conversely, suppose p is an essential singularity. We then have to show that (2) holds. If not, then there
is a disc D.,(p) such that f(D¢,(p) \ {p}) is not dense in C. Hence there existsan a € Candanr > 0
such that

[f(z) —al >r
forall z € D.(p) \ {p}. Then define g : D.(p) \ {p} — Cby
1

9(z) = m~
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Since f(z) # a on that punctured disc, g(z) is holomorphic. Moreover |g(z)| < 1/r in D.(p) \ {p}, and
hence by the removable singularity Theorem 14.1.1, there exists an extension § holomorphic on D, (p).
There are now two cases.

Case-1. §(p) # 0. Then by continuity, there is a smaller < € and a 6 > 0 such that |§(z)| > 0 on D, (p).
But away from p,

1
f6)= 5+
and so on D, (p) \ {p}, 1 1
7@ < oy *lal < 5+ lal

and so |f(z)| is bounded in a neighborhood of p. By the removable singularity theorem, f must have a
removable singularity at z = p which is a contradiction.

Case-2. §(p) = 0. Then for any £ > 0, there exists a 7 > 0 such that on D,.,

l9(2)] <.
So by triangle inequality, if € small enough so that |a| < 1/2¢, then on D,.(p) \ {p} we have

\f(Z)I=‘?lz)+a’2 \lew'“'\ > ol > 5

for all z € D,(p). This shows that lim,_,, | f(z)| = oo, which is a contradiction, completing the proof of
the theorem. O

Remark 14.3.1. Itis a theorem of Picard’s that in any neighbourhood of an essential singularity, the image
under f is not only dense in C but misses at most one point of C!

Example 14.3.2. The function f(z) = e'/*, which is holomorphic on C*, has an essential singularity at
z = 0. To see this, we need to rule out the possibilities of f having a removable singularity or a pole at z = 0.
Since

f(1/n) =e™ 2225 oo,

f(2) is not bounded in any neighborhood of z = 0, and hence cannot have a removable singularity. On the

other hand, .
2mwin
= =1.
f ( 2mni ) €

Hence the limit lim,_,o f(z) cannot be infinity, and hence f cannot have a pole at z = 0. This shows that
f(2) has to have an essential singularity at z = 0. Again looking at an expansion, we see that for z # 0,

1

1
e =1+-+
z
So the expansion has infinitely many terms with negative powers of z. As we will see when we discuss Laurent
series, this in fact characterizes essential singularities.
Remark 14.3.3. We finally remark that non-isolated singularities can exist. For instance the function
1
z) = tan (7>
f() = tan

has singularities at 0 and points p,, = 2/nm which converge to 0. The analysis in the present lecture does
not apply to such singularities.
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Laurent series

A Laurent series centered at 2z = a is an infinite series of the form

Z Gan —i—chz—a (15.1)

n=1 n=0

We can combine this into one infinite sum

o0
a_
Z an(z—a)" =+ ——Fag+ai(z—a)+ax(z—a)+--,
S z—a
by setting
bonym< —1 (15.2)

an = .
" cn, n > 0.

We say that the Laurent series in (15.1) is convergent at z if both the infinite series are convergent. The first
term above is an infinite series of the form

bl(z—a)_1+--- . (15.3)
Changing the variable to w = (z — a) !, we can re-write this as a usual power series -
bl’LU+bQ’LU2+"' .

Then by the fundamental theorem for power series, there exists an I?; such that the series converges on
the disc |w| < Ry " (or equivalently the annulus |z| > R;), where

Ry = limsup |b,|'/™
n—roo
Or equivalently, the series (15.3) converges for |z — a| > R;i. On the other hand the second series in (15.1)

is a regular power series, and hence setting

Ry = (limsup|e,| /™),

n—roo

the second series is convergent for |z — a| < Ry. Combining this, we have the following theorem.

Theorem 15.0.1. If Ry, Ry given by the formulae above satisfy R1 < Ro, then the Laurent series 15.1
converges for all z € C such that Ry < |z — a|] < Ra. Moreover, the convergence is uniform and absolute in
the regionry < |z — a|] < 7o for any ri, 79 satisfying Ry < r1 < ro < Rs. As a consequence, the limiting
function is holomorphic in the annulus Ry < |z — a| < Ra.

89
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Henceforth if R; < Ry we will denote the annulus of inner radius R; and outer radius Rs by

ARth(a) = {Z eC | Ry < |Z - Cl| < R2}

Our main result in this chapter is a converse.

Theorem 15.0.2. Let Ry < Ry, and f be holomorphic on a domain containing the closure of the annulus
AR, .r,(a). Then forall z € AR, r,(a),

where

1 f(©)

= om o, (¢ —a)rtl

dg,

for any r € [R1, Ra). Moreover, the series converges uniformly and absolutely on any compact subset of
ARl B2 (a)

First we need the following elementary observations.

Lemma 15.0.1. Let F' be holomorphic on any domain containing the closure of the annulus Ag, gr,(a). Then

/ F(z)dz
Cr(a)

is independent of r € [R1, Ra].

Proof. Let Ry < 11 < r2 < Ra. For simplicity let us denote C,., (a) = C;. We claim that Cy ~Ap, R, (a) Cs.
The lemma then follows from the generalized Cauchy theorem. To prove the claim, we need to compute
indices. Let w ¢ AR, r,(a). Then either |w| > Ry or |[w| < Ry. If it is the former, then w ¢ Int(C7) and
w ¢ Int(Cs). Hence n(Cy, w) = n(C1,w) = 0. On the other hand, if it is the latter, then w € Int(C}) C
Int(Cy), and so n(Cy,w) = n(C2,w) = 1. In either case, for all w ¢ Ag, r,(a), n(C1,w) = n(Cs,w),
and hence by definition C} ~ AR, R, (a) Cs. O

Lemma 15.0.2 (CIF for annuli). Let f be holomorphic on a domain containing the closure of the annulus
AR, R,(a). Then for all z € C such that R1 < |z — a| < Ry we have

_ ! f(©) 1 f(©)
f(Z)—zm/CRQC_ZdCM/CRlC_ZdC-

Proof. For convenience, we use the notation A = Ag, g,(a). Fix z € A, and consider the function

F(O-f()
—, C# 2
Y R
9(e) {f’(2)7 (==z

Clearly g(¢) is holomorphic on the punctured annulus A \ {z}. But it is continuous on the whole of the
annulus since f is holomorphic at z. Hence by the theorem on removable singularities, g({) is holomorphic
on all of A. Then by the above lemma

/ gQdc= [ go)dc.
Cr, Cr,
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Since z ¢ Cg, or Cg,, the above is equivalent to

AR (SR IO (O]
/CRQC—ZdC Cng—ZdC_ CRQC_de chC—ZdC
_ e dg

=16 [ 2% @XAMC—Z

= 277if(2)(n(03272’) + n(CRuz))

Since z € Int(Cg,) butliesin Ext(Cg, ), n(Cr,,z) = 1 and n(Cg,, z) = 0, and this completes the proof
of the Lemma. O

Proof of theorem 15.0.2

This is similar to the proof of analyticity, and the key tool as before is the geometric series expansion
1 — n
Tmw =2
n=0

which is valid in the region |w| < 1. By the Lemma above

Wflé*mﬂ—yéf@@ﬂfh

- 2mi (—z 2mi Rl(—z

To evaluate 1>, we write

I 1 1 ( 1 )
(=2 (-a—(z2—a) (-al\l—-(z-a)/((-a)
Since ‘@’ is the center of the annulus, if { € Cg,, and z € Int(Cg,), then

|z —al |z—al

= < 1.
|C — al Ry

Applying the geometric series expansion with w = (z — a)/(¢ — a) we see that

n=0
& /() e
72}(27{'2 /CR2 (C_a)n-‘rl dC) ( )
= Z an(z —a)",
n=0
where
o Qg

n = % CR2 (Cia)nJrl

To analyze I, we write
1 1

1
sz__zfa(lf(gfa)/(zfa))'

But now, if ¢ € Cp,, then for z € Ag, r,(a) we have that

|(—a|: Ry <1,
|z—al |z-a
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and so again from the geometric series expansion it follows that

2mi Jop, 2 —a = (z—a)
_ N (L Nk .
> (7 ), fOC-a)fdc)z—a)
Putting k£ + 1 = —n, we can write
I =— Z an(z —a)",
n=—1
where
1 f(©)

dc.

ap = % Cn, (C . a)n+1

This completes the proof of the theorem.

15.1 Application to study of isolated singularities

Corollary 15.1.1. Let f : €25 — C holomorphic. The for any disc Dr(p) such that Dr(p) C ,

fE= 3 anlz -,
where )
ayp = — L)H d<~
270 Jopp(p) (€ —p)"
Proof. Apply the theorem to the annulus A, r(p) and let r — 0. O

We then have the following characterization of isolated singularities based on the Laurent series expansion.
Theorem 15.1.1. Let f : ), holomorphic with Laurent series expansion

o0

&= % az—p)"

around p. Then
1. p is a removable singularity if and only if a,, = 0 for alln < 0.
2. p is a pole of order m if and only if a,, = 0 for alln < —m.

3. p is an essential singularity if and only if for any N > 0, there exists an n < —N such that a,, # 0.
That is, there are infinitely many non-zero negative exponent terms in the Laurent series expansion.

Proof. Note that if Dr(p) C €2, then the coefficients are given by the formula

1 f(©)

a,n = — PR A S A—
270 Jopp(p) (€ —p)"H

dc.

So if p is a removable singularity, then for integers n < 0, (( — p) ="~ f(¢) is holomorphic on the entire
disc Dr(p), and hence by Cauchy’s theorem for discs, a,, = 0 for all n < 0. Conversely, if a,, = 0 for
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n < 0, the Laurent series reduces to a power series, and we know that power series are holomorphic on
the entire disc of convergence.

To prove the characterization of poles, apply the same argument to the function (¢ — p)” f({). The char-
acterization of essential singularities then follows from the definition and the first two parts. O

Remark 15.1.2. Note that in the event the function has only poles, the Laurent series of the function
centered at some other points might have infinitely many negative exponent terms. The theorem only
states that the Laurent series centered at the isolated singularity can have only finitely many negative
exponent terms. For an illustration of this, see Example 15.1.4 below.

Example 15.1.3. Consider the function

1 1 1
—3242 2z-2 z-1"

It has two singularities at z = 1 and z = 2 which are clearly poles. We can expand the function as a Laurent
series centered at either of the poles. To illustrate this, let us find the Laurent series expansion centered at z = 1.
One approach is to use the formula for the coefficients in Theorem 15.0.2 and compute out all the integrals. An
easier approach is to use the geometric series expansion, namely that

1 o0
n
— = w
e =
n=0
whenever |w| < 1. Note that the function is holomorphic on the annulus 0 < |z — 1| < 1, and so we can hope

to have a Laurent series expansion on that domain. Writing

1 1 1

2—2 2-1-1 1-(z-1)

Since |z — 1| < 1, using the geometric series expansion (withw = z — 1) we see that

1 > N
72:_;}3_1)

and so

1 oo
S —q)n
22 —3z+2 z— gz

Example 15.1.4. Sticking with the function from the previous example, one can also try to find a Laurent series
expansion on other annuli. For instance the function is holomorphic on the annulus A1 2(0) = 1 < |z| < 2.
We consider each of the terms in the partial fraction decomposition separately. For z € A; 5(0), |z| > 1 and
so applying the geometric series expansion above to w = 1/z, we see that

1 1
2—1 (1—1/2) Zz"_n o
On the other hand, for z € A1 2(0),
w=z/2,
1 1 1 1 o= 2" e
=) = PP I

Putting it all together, we see thaton 1 < |z| < 2,

o0 Zn
e Z -2 g
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So even though the function only has poles, it Laurent series centred around z = 0 has infinitely many negative
exponent terms.



Lecture 16

Meromorphic functions

16.1 Definition and basic properties

A function on a domain {2 is called meromorphic, if there exists a sequence of points py, pa, - - - with no
limit point in € such that if we denote Q* = Q\ {py,---}

« f: Q" — Cis holomorphic.
« fhaspolesatpi,pa---.

We denote the collection of meromorphic functions on 2 by M(€2). We have the following observation,
whose proof we leave as an exercise.

Proposition 16.1.1. The class of meromorphic function forms a field over C. That is, given any meromorphic
functions f, g, h € M(Q), we have that

1 f+geM(Q),

2. fg e M(Q),

3. flg+h)=fg+ fh.
4. f£0=f, f-1=f,
5 1/f e M.

Recall that if a holomorphic function has finitely many roots, then it can be “factored" as a product of a
polynomial and a no-where vanishing holomorphic function. Something similar holds true for meromor-
phic functions.

Proposition 16.1.2. Let f € M() such that f has only finitely many poles {p1,- - ,pn} with orders
{mq,--- ,my}. Then there exist holomorphic functions g, h € O(Q) such that forall z € Q\ {p1,- -, pn},

fo) =29

~ h(2)

Moreover, we can choose g and h such that f(z) and g(z) have the exact same roots with same multiplicities,
while h(z) has zeroes precisely atpy, - - - , pn, with multiplicities exactly my, - ,my,.

Proof. We define g : Q\ {p1, - ,pm} by
9(2) = (s (2 = p)™ ) £(2).

95
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This is clearly a holomorphic function. Moreover, since f(z) has a pole of order my, at p, g(z) is bounded
in a neighbourhood of py. Thus, by the theorem on removable singularities, g(z) can be extended as a
holomorphic function on ). The theorem is then proved with

h(z) = (z = p)™ -+ (2 = pn)™.
O

Remark 16.1.3. The same is true even if the meromorphic function has infinite number of poles. This is
a consequence of Weierstrass’ factorization theorem. We will prove this theorem for the special case when
2 = C. For a general open set the proof requires the use of Runge’s approximation theorem.

16.2 Partial fraction decomposition of meromorphic functions on

C.

Recall that if f has a pole of order m at p, then the Laurent series expansion can be written as

F2) = Qpf (- ) + Hyf(2),

Z=p
where H,, f is holomorphic near p, and @, f (w) is a polynomial
Qpf(w) =a_pw™ +---a_qw,
where for eachn = 1,2,--- ,m and each ¢ << 1, we have
1 n—1
=g [ S

21

The difference f(z) — H, f(2) is called the principal part of f(z) at p. We then have the following funda-
mental theorem.

Theorem 16.2.1 (Mittag-Leffler). Let {py} be a discrete set of points in €, and for each k, let Qy(w) be
a polynomial without a constant term. There there exists a f € M(S2) with poles at p,, and holomorphic
everywhere else, with principle part at py, given by Qx(1/(z —p)). Moreover, all such meromorphic functions

are of the form .
1) =3 (Q(——) —a() + H(2),

”—
- Pk

where each qi(z) and H(z) are holomorphic functions on ). Furthermore:
1. If{px} is a finite sequence, then one could take q;, = 0.
2. IfQQ = C, and |pi,| — oo, then one could take each gy, to be a polynomial.

We will prove parts (1) and (2) in the next lecture. For a general {2 and infinitely many poles, the proof
require’s Runge’s theorem, and an outline will be provided in the appendix to the next lecture.

Remark 16.2.2. Note that if ), g is a compactly convergent series on 2 (for instance, take a power
series), then g, = qr + gi, and H = H + ), gi will give another representation for the function f(z),
and hence g, and H are by no means unique.

Remark 16.2.3. Note that given a meromorphic function, the theorem does not say whether that particular
function has a partial fraction decomposition (unlike say for rational functions, as we will see in the next
section, or more generally meromorphic functions with only a finite number of poles). In other words, we
are not claiming that the converse holds (even when €2 = C). It does turn out that the converse holds under
some additional conditions on the distribution of poles. But in particular examples, one can get away by a
more hands-on approach. We will see a beautiful illustration of this below.
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Example 16.2.4. Consider the meromorphic function f(z) = 72/ sin® nz which is a meromorphic function
with poles at integers. Near zero,

™ 2 B 1 1 <1+z N )2
) - 2 — 2~ 2 I
Sz <7TZ+O(ZS)> 22(1722/6+'~) : 0

and so the principal part of f(z) is given by 1/22. Using the identity sin®(m(z — n)) = sin® 7z, it is easy to

see that the principal parts at z = n are given by (z — n)~2. Now consider the series

> 1

2 G

n=—oo

This converges uniformly on all compact subsets of C \ Z, and hence represents a meromorphic function
on C with poles of order two at all integers. Moreover the principle parts at each pole z = n is given by
Qn((z —n)™1), where Q,(w) = w?. It is then easy to see that the difference

extends to an entire function.

Claim. H = 0.

Proof. Note that the series and the function on the left are both periodic with period 1, and hence so is
H(z). Thatis, H(z + 1) = H(z) for all z € C. Also by Euler’s identity, if z = x + iy, then
) ei7rz _ e—iﬂ'z ) ]
sinmz = ———— = sin(mx) cosh(my) + sinh(my) cos(wx),
i
and so
|sin7z|? = cosh?(my) — cos®(mz) > cosh?(my) — 1 — oo

uniformly as |y| — co. As a consequence 72/ sin® 7z converges uniformly to zero as |y| — co. But the
infinite series also shares this property. Indeed, since the series converges uniformly on |y| > 1, we can take
pointwise limit, and clearly each (z —n)~2 — 0 uniformly as |y| — oo. The upshot is that H (z) converges
uniformly to zero as |y| — 0. In particular, H(z) is bounded on the strip {z € C | 0 < Re(z) < 1}. But
then since H is periodic with period one, this means that H is a bounded entire function, and hence a
constant by Liouville. But since lim,,_,o H (iy) = 0, we can conclude that H = 0. O

Assuming this, we get the identity
2 el 1

7; = :Z_ (z —n)?

sin“ wz

forall z ¢ 7. Plugging in z = 1/2, we obtain the identity

2 o0

T o0
i 2. (2n—1 2::271—12'

n=—oo

Now let, S = Z::o m 2. Then we have

(oo}

> 1 1
5= ; @m—1)2 " 22 @ny

3
_
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2

R

Solving for S, we get the beautiful identity

>

Proving this identity was the so-called Basel problem, first “solved" by Euler. But his “proof” would not pass our
modern day standards of rigour. Euler used a “facotrization” for sine, but a rigorous development of the theory
of infinite product factorizations of entire functions had to wait till Weierstrass came along many decades later.
Nevertheless, Euler’s insights were of course crucial in all subsequent developments.

16.3 Holomorphic self maps on the extended complex plane

It is often useful to think of 2 = 0o on the same footing as other points in the complex plane, and to define
the extended complex plane

C=CUcc.
We can then think of meromorphic functions f : Q\ {p1,--- ,p;, --} = C, as functions f : Q — C, by
defining

f(p;) = o0
for all the poles pjs.

Definition 16.3.1. Let  C C. We say that a map f : Q — C is holomorphic if for any p € ), either
f(p) # oo and f is holomorphic near p, or f(p) = co and 1/ f(z) is holomorphic near p.

Proposition 16.3.2. A function f : Q — C is holomorphic if and only if f € M(Q) with poles precisely on
the polar set f ~*(c0).

Similarly, in studying meromorphic functions on C, it is also useful to consider the extension of the function
themselves to C. We say that 2 = oo is a pole of order m (resp. removable or essential singularity) if z = 0
is a pole of order m (resp. removable or essential singularity) for the function

fz) = 11/2).

Similarly we can also define a zero of order m at infinity. We then say that a meromorphic function on C
is meromorphic on the extended plane, if it does not have an essential singularity at z = co. It turns out
that meromorphic functions on C can be classified. Recall that a rational function on C is a function of the
form

where both P(z) and Q(z) are polynomials.

Example 16.3.3. 1. A polynomial P(z) = anz" +- - -+ ag witha,, # 0 has a pole of order n. at infinity.
In fact, conversely, ever entire function p(z) with a pole of order n at infinity is a polynomial of degree
n. This follows from the Cacuhy estimates.

2. The function €* has an essential singularity at infinity.

3. A rational function has a pole or removable singularity at infinity. In fact a rational function R(z) =
P(2)/Q(z) as above has

« a pole of order deg P — deg Q at infinity if deg(P) > deg(Q),
« a removable singularity at infinity if deg(P) < deg(Q),
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« a zero of order deg(Q)) — deg(P) ifdeg(P) < deg(Q).

Theorem 16.3.4. The only meromorphic functions on C are rational functions.

Proof. Let F : C — C be a meromorphic function.

Claim-1. F has only finitely many poles {p1,- - ,p,} in the complex plane C.

To see this, note that F'(1/z) has either a pole or zero at z = 0. In either case there is a small neighborhood
|z| < e which has no other pole. Which is the same as saying that F' has no finite pole in |z| > 1/e. But
|z| < 1/e is compact, and since all poles are isolated, this shows that there are only finitely many poles.
Now, corresponding to each of the poles p;, € C there exists a polynomial ()}, (see Remark 0.2 in Lecture-20)

such that )

2= Pk

F(2) = Qi (

where G, is holomorphic on a whole neighborhood around pj, (including at the point py). Similarly if
|z| > R, we can write

)+ Hil2),

F(2) = Quo(2) + Hoo (1),

where as before, H(2) is holomorphic in a neighborhood of z = 0.

Claim-2. The function

n

G(z):F(z)—ro(Z)_ZQk( : )

5 —
pt Pk

is an entire and bounded function.

Assuming the claim, by Liouville’s theorem, G(z) is a constant, and hence F'(z) must be rational, and the
theorem is proved. To prove the claim, first note that clearly, G(z) is holomorphic away from {py, - - - , pn }.
At some z = pg, Q;(1/z — p;) is holomorphic for all j # k. On the other hand, near py,

1
Z = Pk

F(Z)*Qk< ) = Hy(2)

which is holomorphic. This shows that G(z) is entire. As a consequence, to show boundedness, we only
need to show boundedness on |z| > R for some large R. To see, first observe that since @}, are polynomials,

zlggoQk(z—lpk) =0

Hence it is enough to show that F'(2) — Qoo(2) is bounded near infinity. But this follows immediately
from noting that

= r() - eu()

is holomorphic near z = 0 and hence is bounded on |z| < ¢ for some £ > 0. In particular F'(z) — Qo (2)
is bounded on |z| > 1/e. This proves the claim, and hence completes the proof of the theorem.

O

Remark 16.3.5. A meromorphic function f € M (C) gives rise to a holomorphic map F : P! — PL.
Conversely, given any map F' : P! — P!, one gets a meromorphic map from C — C with poles at
F~1(]0,1]). So the theorem can be reformulated in the following way - all holomorphic maps from F' :
P! — P! are given by rational functions of two variables, where the numerator and denominator are
homogenous polynomials.
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A simple consequence of the proof is the following theorem on partial fraction decomposition that we take

for granted as an important tool in integration theory, but never see the proof of.

Corollary 16.3.6. For any rational function R(z) = P(z)/Q(z) has a partial fraction decomposition of the

form

R = 0e) + Y 0(),
k=1

where py. is a root of Q(z) of order my, Qy, is a polynomial of degree my, and deg Q~, = deg P — deg Q if
this number is non-negative. Else we have that Qoo = 0.



Lecture 17

The theorems of Mittag Leffler and
Weierstrass

17.1 Proof of the Mittag-Leffler theorem.

Recall that the Mittag-Leffler theorem was as follows.

Theorem 17.1.1 (Mittag-Leffler). Let {p} be a discrete set of points in 2, and for each k, let Q. (z) be
a polynomial without a constant term. There there exists a f € M () with poles at py, and holomorphic
everywhere else, with principle part at py, given by Qi (1/(z—py)). Moreover, all such meromorphic functions
are of the form

Z — Pk

1
1) =Y (=) (=) + H(2),
k
where each qi.(z) and H(z) are holomorphic functions on €, and q;, depends only on Q. Furthermore:

1. If{pk} is a finite sequence, then one could take g, = 0.

2. If QY = C, and |pi| — oo, then one could each gy, to be a polynomial.

Proof. The proof of the theorem in case (1) is trivial, and we leave it as an exercise. We prove the theorem
only in the case (2) above. For a general {2 with possibly infinite sequence {p, }, the proof relies on Runge’s
theorem and is out of the scope of the present course.

So from now, suppose €2 = C. Without loss of generality, we can assume that no py, is equal to 0. Suppose
we order them such that 0 < |p;| < ---. By the first part, we can assume that the number of poles is
infinite, and hence that limy_, o |px| = oc. Since each Q(1/(z — px)) is holomorphic on |z| < |pg|, it
can be expanded as a Taylor series around z = 0. Let gj, be the partial sum of degree dj, of this Taylor

expansion. Let
1
My = sup ‘Qk( )‘
|z1<Ipx|/2 Z =Pk

Claim. For all z such that |z| < |pg|/4, we have the estimate

1 92| dit1
’Qk( ) qu(z)’ < 2Mk(—|z|) < o
Z—Di Dk

101
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We assume the claim for the moment. Now pick dj >> 1 such that 2% > M;.2% and consider the series

7@ =3 (@ () ~w().

”—
- Pk

For any compact set K CC C\ {py,--- , }, there exists a N such that for k > N, K C Dy, |,4(0). By the
claim and our choice of dj, for all kK > IV, each term of the infinite series

> (@) )

k=N+1

is dominated by 2=% and hence by Weierstarss test the tail, represents a holomorphic function. On the

other hand
(Qk (z —1pk> - Qk(z))

is a meromorphic function on K with poles at p1,- - , pnx with prescribed principal parts. In particular,
f(z) is meromorphic on C with poles at pj, with principal part Q((z — px) ). To finish the proof, if f is
another such function, then clearly f — f extends to an entire function.

M=

>
Il

1

Proof of the claim. Suppose

1 .
A(;=) —we)= 3 @
Z = Pk .-
Jj=dr+1
in the disc |z| < |px|/2. By the Cauchy estimate, we have that |a;| < %, and so

‘Qk( 1 )_Qk(z)‘SMk i 29| z|9

— J
Z = Dk P23
202\t = 1
<w ()" g
k| =
92|\ di+1
o (22)7
[Pk |
where we used the fact that |z| < |pg|/4 in the penultimate line. O

Example 17.1.2. In the previous lecture, we illustrated the theorem by obtaining an expansion forw?/ sin® 7.
We now obtain an expansion for  cot wz which is meromorphic on C with only simple polesat z =n € Z. In
fact, the principal part is precisely (z — n) L. Unfortunately, the series >_(z — n)~! is divergent, and hence
one has to subtract off a polynomial, which in this case turns out to be a constant. Consider the series

1 1 1
Zz—nJrﬁ:Z(z—n)n’

n#0 n#0

which is compactly convergent on C \ Z as can be seen by comparing with the series > n~2. Hence the series
represents a meromorphic function on C with simple poles at z = n. Then clearly

1 1 1
H(z) =mcotmz— = — )
(2) cotmz —

+ —
zZ—n n

is an entire function. Moreover, by direct calculation, one can see that for z ¢ 7 (and hence everywhere),
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by our expansion from previous lecture. Hence H (z) is a constant. Now, rewriting the function as
m 1

H(z) =mcotmz — li (7+ > +—)—_7r trz——— Y S
(Z) CO z mlm > . 7mZ " n CO z > 22 n2

The right hand side is an odd function, and hence H(z) must be zero. Thus we obtain the identity

momz:LrZ( L +l>. (17.1)

z zZ—Nn n
n#0

17.2 Infinite products
A infinite product of non-zero complex numbers II92 ; p,, is said to converge if

P = lim II}_,ps

n—oo

exists. If some of the terms are allowed to be zero, then we say that the infinite product converges if the
following two conditions hold

1. At most a finite number of terms are zero.
2. If N > 0 such that p, # 0 for all k > N, then II}2 | p, converges in the above sense.

. If we denote the n'" partial product by P, = II{_,ps, then it is clear that it any convergent product
Pn = P, /P,_1 converges to 1. Denoting p,, = 1 + b,,, we say that the product converges absolutely if
II(1 + |by|) converges. We then have the following basic fact.

Proposition 17.2.1. Let {b,} be a sequence of complex functions, none of which is zero. Then the infinite
product TI(1 + by,) (absolutely) converges if and only the series > _ log(1 + by,) (absolutely) converges, where
log is the principal branch of the logarithm.

One can similarly talk about uniform convergence and compact convergence of infinite products. We then
have the following counterpart of the above theorem.

Proposition 17.2.2. Let {f,} be a sequence of entire. Suppose that for every compact set K, all but finitely
many fys are zero free in K. Then 122, (1 + f,,(2)) converges compactly (resp. absolutely) on C if and only
if >~ log fn(z) converges compactly (resp. absolutely) on C. In such a case the infinite product converges to an
entire function.

Note that absolutely convergent products also satisfy the “rearrangement property".

17.3 Weierstrass factorisation theorem

Theorem 17.3.1. Let{a, } be an arbitrary sequence of non-zero complex numbers ordered such thatlim,,_, . |a,| =
00, if the sequence is infinite. Then there exists an entire function with zeroes at precisely the points a,,. More-
over, every entire function with these and no other zeroes (except possibly at z = 0) is given by

flz)= zmeg(z)Hzozl (1 — i)eq”(z), (17.2)

n

where qy, is a polynomial given by
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The convergence here is absolute, and uniform on compact sets. Furthermore, if there exists some integer h > 0,
such that

1
Z W < o0, (173)
n

then we can take m.,, = h for all n.

The expression (17.2) above is called the canonical product associated with {a,, }, and the smallest integer h
satisfying (17.3) (if it exists) is called the genus of the canonical product. Else the genus is said to be infinite.
If g(z) above reduces to a polynomial, then we say that f(z) is of finite genus, and the genus of f(z) is
defined to be the maximum of the degree of g(z) and h.

Proof. We only prove the second part, and leave the more general statement as an exercise. So from now
on assume that our sequence satisfies (17.3). We need to prove the existence of polynomials ¢, (z) such
that the infinite product

H(:LO:I (1 _ i)eqn(z)

an

converges to an entire function. By Proposition 17.2.2, this holds if and only if the series with the general
term

rn(2) = log (1 — i) + gn(2)

converges compactly. Let R > 1 be arbitrary. We only consider those a,, such that |a,| > 2R. Then on
|z| < R, since |z/ay| < 1, the first term in r,, (2) has a power series expansion:

1 2
e (1= 2 ) =2 LAY
anp Gnp 2\ay,

For the h as in the hypothesis, we let

R IS o8

Qn an

()_ L(i)hﬁkl L(i)hﬁ’Z
i) = 14+ h\a, 2+ h\a, ’

By comparison with a geometric series, we obtain the estimate that

Irn(2)] < 141_]1(|a}:|)1+h<1 — |a]i|)_1 < 1—'2—}1(51)1%.

By hypothesis, > () converges absolutely and compactly on |z| < R, and hence so must the product.
Note that even though the proof required us to work with |a,,| > 2R, just multiplying in the terms on
the product with |a,| < 2R does not affect convergence of the product, since such a,,’s are only finite
in number. This shows that the product with our choice of g,, converges to an entire function with the
required properties. Now suppose f(z) is any other such entire function with a zero of order m at z = 0.
Then consider the entire function

so that

f(2)
e (1= 2 e

F(z) =

Since the zeroes of the numerator and denominator match up, F'(z) clearly extends as an entire function
which is no-where zero. But then by simple connectivity of C, this implies that one can take a holomorphic
branch g(z) = log F'(z). Then clearly f(z) has the expression above. O
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Example 17.3.2. Consider the function sin wz. This is an entire function with zeroes at z = £n. Since

1
> o

converges for h = 2 (and 2 is the smallest such integer), we can apply the above proposition to obtain

sinmz = zeg(z)HnGZ\{o} (1 — E)ez/”.
n

Claim. 9(*) = 7.

To see this, we take a logarithmic derivative. Then

1 1 1
AP EESSEE |
7ot Tz Z—i—g(z)—i— -

zZ—N
n#0

Comparing with the expansion of T cot wz, we see that ¢’ (z) has to vanish, and hence g(z) is a constant. On

the other hand, '
sin 7z

7 = lim = 900,
z—0 z

and so ¢9) = 7. It follows that f(z) is an entire function of genus 1. Because of absolute convergence, we

can rewrite )

sinwz Wl(l—z—>
Tz n= n?

Expanding, and comparing the coefficients of 2%, we once again see that
2 oo
7r 1
Ty
n=1
This was the original approach of Euler.

We finish with the following elementary corollary, whose proof we leave as an exercise.

Corollary 17.3.3. Any meromorphic function in C is the quotient of two entire functions.
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Lecture 18

The Residue theorem

Let f be a holomorphic function in D.(p) \ {p} with a Laurent series expansion

oo

fE)= 3 an—p)"

The residue of f(z) at z = p is then defined by
Res.—pf(2) = a_1.

Then by Theorem 2 in Lecture 16, for any r < ¢,

Res,—pf(2) = ! /| _ f(2)dz.

T 2mi

More generally, we have the following fundamental result.

Theorem 18.0.1 (Residue Theorem). Let ) be open, {p} € Q a sequence of isolated points, and f € O(2*),
where 0* := Q\ {p1,---}. Then for any cycle vy ~q 0 in Q such that no py, lies on Supp(~y), we have

/ f(z)dz = 2mi Zn(%pk)Respkf(z).
v k

Moreover, for any given vy as above, n(vy, pr) = 0 for all but finitely many k, and hence the summation above
has only a finite number of non-zero terms.

Proof. First let us assume that there are only a finite number of singular points. Let C be a small circle
around py, enclosing a disc Dy, such that Dy, C € and such that C}, does not intersect Supp(7y). We now
claim that

v~ > (v, pk)Cr. (18.1)
K

Assuming this, we are then done by the generalised Cauchy theorem, since
/f(z) dz = Zn(%pk) f(z)dz
ot k Cy

= 23 Z n(y, pr)Resz=p, f(2).

k
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To prove (18.1) let a ¢ Q0*. We need to show that

n(y,a) =Y n(y,pr)n(C, a). (18.2)
k

If a ¢ €, then by construction a ¢ Dy, and since a disc is simply connected, n(C,a) = 0. On the other
hand, since v ~q 0, we also have that n(vy,a) = 0, and hence (18.2) is trivially satisfied. If a € €2, then
a = p; for some j. Once again, as above, n(Cy,a) = 0 for all & # j. On the other hand, n(C;,a) = 1.
This verifies (18.2) and completes the proof of (18.1).

Finally, suppose the number of singularities is infinite in number. It is enough to prove that n(vy,px) = 0
for all but finitely many k. Note that

Uy :={a € C|n(y,a) =0}

is an open set (since the index is locally constant). Moreover it contains the annulus A o (0) for R large
enough. As a consequence, the set U¢ = C \ Uy is a compact set and must contain only finitely many py,
(since the singularities are isolated). O

An important corollary is the following.

Corollary 18.0.2. Let f be holomorphic in € except possibly at isolate points {p1,p2,--- , } in 2, and let y
be a positively oriented, simple, closed curve in ) not passing through any of the singularities. Then

/ f(z)dz=2mi > Res.—p, f(2).

prEInt(y)
Proof. This follows from the residue theorem and the fact that

1, z € Int(v)
0, z € Ext(7).

n(y,pr) = {

Our next result helps in computing the residue at poles.

Proposition 18.0.3. Let f have a pole of order m at p. Then

1 dm— 1

Res.—p f(2) = WWL:p

(z—=p)"f(2).

Proof. If f has a pole of order m, then (z — p)™ f(z) has a removable singularity at z = p. Moreover, if the
Laurent series expansion for f at p is given by

)= Y anlz—p)",
then -
(=P () = 3 am(z — D),
k=0
and hence

1 dam!

D de 1|, P () = amoiom = ay = Resop [(2).
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/22
[
Sk 1 + z

where SR is a square of side length 2R centred at the origin and oriented in an anti-clockwise direction. Let
f(2) be the integrand. Then it has three isolated singularities, namely an essential one at 0 and poles of order
one at 1. Let us compute the residue at each of the singularities.

Example 18.0.4. Let us evaluate

+ Residue at z = 0. The Laurent series expansion is given by

e(7r/2z)

Fr1 = (T ) (S e,

n=0 m=0

hence the residue, which is the coefficient of 21 is given by

Res,—of(2) = Z %(g)gmﬂ = sin (g) =1.

m=0

« Residue at z = . By Proposition 18.0.3, the residue is given by

67r/2z 671'/21' 1

Rese—if(2) = lim(z —i) 55 = 5 = =3

+ Residue at z = —i. Once again by Proposition 18.0.3, the residue is given by

e™/22 e~ /21 1

R z=—1 == 1 ) — = - = ——,
o 1) zinil(z +9) 22+ —2i 2

Then by the residue theorem, we have
/ em/2z 1, R<1,
———dz=
Sk 142 0, R >1.
18.1 The argument principle

Theorem 18.1.1 (The argument principle). Let Q be a domain and f € M(Q) zeroes at {a;} or orders
{m;} and poles at {by} of orders {n}. Then for every cycle y ~q 0 which does not pass through any zeroes

or poles, we have that
L [ f(2)
dz =" n(v,a;)m; — > n(y,bx)ns.
LT T2

211
k

Furthermore the two summations are finite summations.
As a simple corollary we have the following.

Corollary 18.1.2. Let Q be a simply connected domain and f € O(SY) with zeroes at {a;} or orders {m;}.
Then for any simple, closed, positively oriented curve v no passing through any of the roots, we have
1 [ 1)
— dz = m;.
2mi J., f(2) Z ) ’

a;€Int(y

Proof of the argument principle. Note that f’/f has poles precisely at the zeroes and poles of f(z), and is
holomorphic everywhere else. So the integral can be computed by using the residue theorem. To do so,
we need to compute the residues of f’/f. There are two cases.
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1. Residue of f'/f at z = a;. Near a;, say on D, (a;), we can write f(z) = (z — a;)™ g;(2), where
g;(2) is holomorphic and zero free on D, (a;). Then

PG _ om0

f2)  z=a;  gi(2)

Since g} /g; is holomorphic, we have that

Res,—q; =m;.

2. Residue of [’/ f at z = by. Near by, say on D, (by), we can write f(z) = (z — by) " g(z), where
g% (2) is holomorphic and zero free on D, (by). Then

f'lz) _ e g(2)

7 zma g

Once again, since g}, /g is holomorphic, we have that

f'(2)
Resy=p, —— = —nk.
€S b f(Z) ni
The theorem then follows by an application of the residue theorem. O

Remark 18.1.3. More generally, if f is holomorphic, and we take f(z) — w, then for any simple closed
curve 7y such that w ¢ f(Supp(v)),

1 / f'(2)
— | L = Z s
27T7/ o f(z) —w ajEInt('Y)7f(aj):w

where m; is the order of the zero of f(z) — w at a;.

18.1.1 Argument principle as an index calculation

If 7y is a short curve such that |y(0)| = |y(1)], and not passing through the origin, then the index n(~, 0)
computes the change in the argument of v(¢) (upto a factor of 27). To see this, note that is «y is short
enough, then one can define a holomorphic branch of the logarithm log z in a neighborhood of Supp(7).

fhen L [ds logy(1) —log(0)  argy(1) — arg(0)
z o —lo ar, —ar
. 0) = o [ 42 loer(l) “logy(0) _ arey 8(0)
o), 2z 2w 2m
Now, let v : [0,1] — Q be a curve and f € O(Q). Then I'(t) = f(y(t)) defines a curve in C with
I'(t) = /(4(1))7/(t). Then

A G I T A G C0) BN B A () S S 7.1
[5G = ], Fom 005 ), 70 = e

2wy
and hence we conclude that ) 70
z
n(l',0) = — / dz
(T, 0) 2mi J., f(2)

So the integral of f’/f along - essentially measures the change in argument of f(z). More generally,
together with the remark above, we see that for any w ¢ f(Supp(7)).

_ 1 f'(z)
n(l,w) = 2772/7]((2)—de




Lecture 19

Applications of the argument
principle

19.1 Local mapping properties of holomorphic functions

Theorem 19.1.1. Let € be connected, and f € O(Q2) be a non-constant holomorphic function. Suppose
f(20) = wo, and that f(z) — wo has a zero of order m at zy. Then there exists an €g > 0 such that for any
e < gy, there exists a § = 6(¢) > 0 such that whenever w with 0 < |w — wo| < J, the equation f(z) = w
has exactly m distinct solutions in B.(z) each of multiplicity one.

Proof. First we choose €y > 0 such that
1. f(z) — wo has no other root in D, (2¢), and
2. Forall z € D, (20), f'(z) #0.

The first condition can be achieved since f(z) — wyq is not constant, and zeroes are isolated. For the second
condition, if m = 1, then f'(z0) # 0, and hence an ¢ > 0 as above can be picked by continuity of f/(z).
If m > 1, then f'(z9) = 0. But f/(z) is also holomorphic, and hence it’s zeroes must also be isolated. Let ¢
be the circle |z — zg| = € oriented in the positive sense, and let ' = f o . Now wg ¢ Supp(T") by propert
(1) above, and hence there exists a § > 0 such that Ds(wg) C C\ Supp(T'). Forany w € D;(wy), since the
index is locally constant, n(I', w) = n(T", wo). By our discussion in the previous lecture, n(I', wg) counts
the number of zeroes of f(z) — wp (with multiplicity) in the interior of 7, which in this case is m. Hence
n(T,w) = m, and so f(z) —w also has exactly m solutions in D, (zy) counted with multiplicity. Now, look
atg(z) = f(z)—w. Since ¢’(z) # Oforall z € D.(zp), none of the roots of g(z) can have multiplicity more
than one. Hence f(z) = w has exactly m distinct solutions in D, (z¢), each with multiplicity one. O

Remark 19.1.2. The theorem essentially says that locally, holomorphic functions are “branched" or “rami-
fied" covers. That isif f(z) = wo with multiplicity m, and with €, § as above, the map f : D-(20)\{z0} —
Ds(wo) \ {wo} is m : 1 covering map, and the m branches come together at zg. If m > 1, we say that
2o is a branch point, and that m is the branching order. The prototypical example that one should keep
in mind is f(z) = 2™. Then in any small neighbourhood of z = 0 (excluding at zero), then function is
m : 1. Namely, for any w # 0, then if w = re®?, f(rl/mdflew/m) =wfork =0,1,---,m — 1, where
Cm = €2/ is the primitive m*" root of unity.

Corollary 19.1.3 (Open mapping theorem). Let U be and open set, and f : U — C be any non-constant
holomorphic function. Then f(U) is an open subset of C.
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Proof. Let wy € f(U). Then there exists a z9 € U such that f(z9) = wo. By the above theorem, there
existsae > 0 and 0 > 0 such that D.(z9) C U and f(z) = w has at least one solution in D.(z) for each
w € Dg(wp). In particular, Ds(wq) C U, and since wq was arbitrary, f(U) is open. O

Remark 19.1.4. This is of course not true in the real setting, even for polynomials, much less real analytic
functions. For instance, consider f(z) = x2 on (—1,1). Then f((—1,1)) = [0, 1) which is not open.

Given two open sets U and V, we say that f : U — V is a biholomorphism if f is bijective, holomorphic,
and it’s inverse f~! : V' — U is also holomorphic.

Corollary 19.1.5 (Inverse function theorem). Let f € O(R), and zy € 2 such that f'(zy) # 0, and put
wg = f(20). Then there exist €,0 > 0 such that for every w € Ds(wq) there exists a unique z,, € D(z0)
such that f(z,) = w. Moreover we have the following explicit formula for z,,:

1 f'(z)

= — ————d 19.1
o 2mi |z—z0|=r Zf(z) —w - ( )

where |2, — 20| < 7 < e. In particular, if we set U = f~1(Ds(wo)) N De(20), then f : U — Ds(wp) is a
biholomorphism with f~*(w) = 2z, and (f 1) (w) = 1/ (2w).

Proof. Since f'(zg) # 0, the multiplicity of f(z) = wy is exactly one at z = 2. By Theorem 19.1.1, there
exists €,0 > 0 such that for all w € Djs(wy), there is a unique z,, such that f(z,,) = w in the disc D, (zp).
Also note that f/(z) # 0 for all z € D.(z). locally To prove the formula for z,, we use the residue
theorem. Consider the function ,
Hy(z) = L(z)
f(z) —w
Then since f(z) = w has a unique solution in |z — zg| < &, H,,(2) has a pole exactly order one at z = z,,,
and is holomorphic everywhere else. Also note that f’(z,,) # 0. This follows since f(z) — w has a zero of
multiplicity one at z,,. We then compute the residue
2f'(2)

Res.—., Hy(2) = Zlglew(z B Z‘”)m

/ . Z = Zw
el ) B2 TG~ 1)
Then (19.1) is proved by an application of the residue theorem. In particular, as in the statement of the
theorem, if we set U = f~1(Ds(wp)) N D<(20), then f : U — Ds(wp) is an injective function with a
well defined inverse function f~! : Ds(wg) — U. By the open mapping theorem this inverse function is
continuous. In fact since in the formula for f~*, the integrand depends holomorphically on w, an argument
similar to the proof of the CIF for derivative, shows that f~! is holomorphic. By the chain rule then

(f 1) (w) = 1/f'(2w)-

= Zy.

O

Remark 19.1.6. Another proof can be obtained by using the inverse function theorem from multivariable
calculus. Recall that if J¢(z) is the Jacobian (determinant) of f when thought of as a map from subset of
R? to R?, then Jf(z0) = | f/(20)|* # 0. Hence from the inverse function theorem in calculus, there exists
a local inverse f~! on an open neighbourhood V' of wq with continuous partial derivatives. Possibly by
shrinking V' one can assume that that f’(z) # 0 on U. All one needs to do is to show that f~1 : V — U
is holomorphic. It is enough to prove that f ! satisfies CR equations. By chain rule,

0, ., ofort ofoFT . of
=l T e Tz ow Yo
since f is holomorphic. But then since f’(z) # 0, we see that 9f ! /0w = 0 at each point.
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An elementary but important consequence of the proof is the following.

Corollary 19.1.7. A holomorphic function is locally injective on an open set U if and only if for all z € U,
f'(2) #0.

Proof. Suppose f'(z) is never zero, then the inverse function theorem implies that the function is locally
injective. Conversely, suppose the function is injective on some D,-(2g), but f’(z9) = 0. Then by Theorem
19.1.1 there exists a § > 0, and w € Ds(f(z0)) such that f(z) = w has at least two distinct solutions in
D,.(zo) contradicting injectivity. O

Once again, the counterpart in real variable theory is false, as can be seen by considering the function
f(z) = x3. This is globablly (and hence locally) injective, but f/(0) = 0.

19.2 The maximum modulus principle

The next theorem says that for non-constant holomorphic functions f(z), | f| cannot have local maximums.

Theorem 19.2.1 (Max modulus principle). Let Q) be connected and f € O(Q). If there exists a zy € §) and
a neighbourhood U such that |f(z)| < |f(z0)| for all z € U, then f(z) is a constant.

Proof. By assumption |f(29)| = sup,cy | f(2)]. If f(2) is non-constant on U, then by the open mapping
theorem f(U) is an open set. In particular, there exists a > 0 such that for any w € Ds(f(2¢)), there
exists z € U such that f(z) = w. Now simply pick w; such that |wq| > |f(20)|. Then there existsa z; € U
such that | f(zo)| < |f(z1)| which is a contradiction. Hence f(z) must be a constant on U. But then by
analytic continuation, f(z) must be a constant on all of 2. O

As a consequence we have the following estimate.

Corollary 19.2.2. Let 2 be a bounded set and f € O(Y) such that f extends continuously to the boundary
0N). Then

sup |f(2)] < sup |f(2)
zeQ z€00

Proof. It is enough to assume that {2 is connected (or else one could work with each connected component).
Since § is compact, there exists a zo € £ such that |f(z0)| = sup,.q |f(2)]. If 20 € 99, there is nothing
to prove. If not, then by the above theorem, zy is an interior local maximum for |f| and hence f(z) must
be a constant. But in that case the above inequality is trivial. O

Note that a minimum principle does not hold, as can be seen easily by considering the function f(z) = z
on any neighbourhood of the origin. It turns out that this is only way in which a minimum principle can
fail. Recall that O* () stands for holomorphic functions that are nowhere vanishing on .

Corollary 19.2.3 (Minimum principle). Let ) be connected and f € O* (). If there exists a zy € € and a
neighbourhood U such that |f(z)| > | f(z0)| forall z € U, then f(z) is a constant.

Proof. Simply apply the maximum modulus principle to the holomorphic function g(z) = 1/f(2). O

Remark 19.2.4. A function w is said to be subharmonic if Au > 0 and superharmonic if Au < 0. It is
a general fact that subharmonic functions satisfy a maximum principle while super harmonic functions
satisfy a minimum principle. In particular, harmonic functions satisfy both a minimum and a maximum
principle. If f(z) is holomorphic, we can compute that

1 92

AIFP = 5502 lF )P

_19
T 49z

(2)f'(2) = [f'(2)]* 2 0.
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Hence | f(2)|? is subharmonic, and must satisfy a maximum principle. Hence |f(z)] satisfies a maximum
principle. On the other hand if | f(z)| is nowhere vanishing, then log | f(z)|? is smooth function, and in
fact is harmonic as can be seen from the following computation

1 02 1 6
Al 2= —1 2 = —
oglfI" = ;5,55 08l f() = ;5 5:(
Note that since f(z) is no-where vanishing at least locally near z one can define a holomorphic branch of
log. The upshot is that log | f(2)|?> must satisfy a minimum principle, and hence must | f(2)| (since log is
increasing).

log f(2) + log f(2)) = 0.

19.3 Rouche’s theorem

Theorem 19.3.1. Let vy be a simple closed curve in Q and f, g € O(Q) such that for all z € Supp(~),
1f(z) —9(x)] < lg(2)]-
Then f(z) and g(z) have the same number of zeroes in Int(~).

Proof. Firstly, note that f(z) and g(z) have no zero on -y (the strictness of the inequality above is crucial
precisely for this purpose). Moreover, for all z € Supp(~y), we have

Put F(z) = f(z)/g(2). Then F(z) € M(Q). Moreover, at the points where f(z) and g(z) are non-zero
(in particular on Supp(y)), one can easily see that

F'(z) _ ['(2) _d(2)

fz)
) 1} <1

F(z)  f(z)  g(x)’
A quick way to see this is that in the nieghbourhood of such points, log F'(z2) is well defined and holomor-
phic, and moreover, log F'(z) = log f(z) — log g(z). Now consider I' := F o ~, then I" is a close curve in
Dy (1). Since D;(1) is simply connected, and 0 ¢ D1 (1), n(T",0) = 0. By the argument principle,

. _ LV (FE L [(fE,, 1 [dE
0=n(I',0) = /WF(Z)d 2mi vf(z)d 2m vg(z)d

2m
Once again by argument principle, we see that f(z) and g(z) must have the same number of zeroes in
Int(v). O

Typically, as can be seen in the example below, the theorem is applied to count the number of zeroes of
f(2). The heart of the matter is to come up with a suitable g(z), whose zeroes can be counted easily, and
such that the above (strict) inequality can be satisfied.

Example 19.3.2. Consider the polynomial p(z) = z* — 6z + 3. We claim that all it’s roots are contained in
the disc D2(0), and three of them are contained in the annulus A; 2(0). We divide the proof into the following
two cases.

« The disc |z| < 2. On the circle |z| = 2 we have the following estimate
Ip(2) — 2*| = |62 — 3|
<6lz|+3=12+3=15< |z|*.

By Rouche’s theorem, p(z) has the same number of roots as z* in |z| < 2, and hence has four roots in
that disc. But p(z) is also a polynomial of degree four, and hence these four roots must include all the
possible roots of p(z).
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« The disc |z| < 1+¢ fore << 1. Lets takee < 1/10. On the circle |z| = 1 + ¢ we have the following
estimate
[p(2) = (=62)| = [=* + 3|
<P 4+3=(1+e)*+3<45<6(1+¢)=]|—62|

Once again by Rouche’s theorem, p(z) has exactly one root in |z| < 1 + &, and hence has exactly three
roots in 1 + ¢ < |z| < 2. Since this is true for all ¢ << 1, in particular, it has exactly three roots in

A1,2(0).
Remark 19.3.3. Rouche’s theorem can be used to give another proof of the fundamental theorem of
algebra. Let p(2) = ap2™ + an_12" "1 + - - + ag be a general degree n polynomial (so a,, # 0). It is easy
to see that for R >> 1, if |z| = R, then

p(2) = anz"| < lan||z"]-

This is essentially because p(z) —a,, 2™ is a polynomial of a strictly lower degree. Now by Rouche’s theorem
p(z) and a,, 2™ have the same number of roots on |z| < R. In particular, p(z) must have exactly n roots on
|z| < R.In fact it can be shown easily (by induction for instance) that it cannot have any further zeroes.

19.4 Appendix : details left out in the proof of Corollary 19.1.5

To spell out the details on the holomorphicity of f~! and that the derivative is 1/ f/(2,,), we first note that

fTfw+h)—fHw) 1 / 1 1
h = omih /lzz(]'_r f (Z)<f(z) “w—h )= L)
1 21'(2) N

T2 e () — w0 = () — w)

Now the integrand is continuous and bounded for |h| << 1, and hence we can take compute the limit by
swapping the integral and the limit. That is,

M) ) S,
1 /Z—ZO_’I‘ (f =

h—0 h T omi (2) — w)?

Another application of the residue theorem shows that the second integral is precisely 1/f/(z,,). To see

this, we observe that
2f'(z) (2= z)f'(2) b f'(2)
(f(z) —w)2  (f(z) —w)? "V (f(z) —w)*

From the geometric series expansion, one can see that the second term is of the form

O
TG — 0P ~ Flew)?

where ¢(z) is holomorphic near z,,. This relies on the fact that f’(z,,) # 0, and hence the numerator has
a non-zero constant term in it’s Taylor expansion. The upshot is that the second term does not contribute
to the residue. The advantage now is that the first term has a simple pole at z = z,,, and hence we can
compute the residue as

2w (2 = 20) 7% + 9(2),

2f'(z (2 — 20)*f'(2) 1

7 4 C) . _
TG —wl 2 () —w)? - F(m)
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Lecture 20

Contour Integration - I

In the next two lectures, we’ll systematically study applications of the residue theorem to the computation
of real variables integrals. We will follow the exposition in Ahlfor’s book [1] very closely. For instance the
classification of the integrals into Types is taken directly from [1].

20.1 Type-I: Integrals of rational functions

/ R(zx) dz,
where R(z) is a rational function.

Assumption. R(z) = P(z)/Q(x) with deg(Q) > deg(P) + 2 and Q(x) has no real root. Recall that by
definition,

In this section we study integrals of the form

oo R2
/ R(r)dzr = lim R(z) dx.

R1,R2—00 —R;

—0o0

By the hypothesis on degree and no real root of Q)(x), the integral is absolutely convergent and it follows
that in fact,

00 R
/ R(z)dx = lim R(z)dx.
oo R—o0 R

The method. We consider the contour g consisting of a semi-circle of radius R centred at the origin
and traversed in the anti-clockwise direction. We can decompose vy = [ + CRr, where [ is the interval
(=R, R) and Cfp, is the semi-circular part, and hence

/I;R(x)dx—[/RR(z)dz—/CRR(z)dz.

If R >> 1, then all roots of Q(z) in the upper half plane lie in the interior of yx. By the residue theorem,

/ R(z)dz = 2mi Z Res,—o R(2).

Q(a)=0
Im(a)>0

117
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Yr=lg + Cg

5

(-R,O) IR (Rlo)

On the other hand, since deg @ > deg P + 2, when R >> 1,

M
|R(2)| < Rr2
for some M > 0. Hence, v
2 0
‘ R@m‘< TV B
Cr R

Putting it all together we have

/00 R(z) dx = 2mi Z Res,—oR(2).

- Q(a)=0
Im(a)>0

Example 20.1.1. Consider the integral

/Ooﬁdx—l/OO 2 dx = mi Z Res,—oR(%)
o 1428 T2 18T ermeh

14+a5=0
Im(co)>0

where R(z) = 2% /(1+2°). The roots of the denominator are given by cvj, = €™/6+27k/6 for — 0,1, 5.
Of these only ag = €™/, 0y = €™/? = i and a3 = €™/ are in the upper half region. Each of these is a
simple pole, and hence we can compute that

, —i/6, k=0
Res R(z) = lim (z — a)———— = aj lim coaw 1o i/6, k=1
=0k Zrag 1126 kaSa, 1+ 26 ife%4 oo
—i/6, k= 2.

Finally we get that

| rrmee=mi(-5)-

e

20.1.1 A variation

One also often encounters integrals (as in the above example) of the form

/OOO R(z) dx.

If R(x) is an even function as in the example above, then one can simply convert it into an integral on all
of R at the cost of an additional factor. But this trick will not work in general, so one might have to get
more creative.
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Example 20.1.2. Consider the integral

oo R
I:/ Y dr=lm [ —2 4.
o 1+at R—oo Jg 1+ %

As usual, we let I denote the integral on the right (inside the limit), and we let f(z) = z/(1 + z*). We take
the contour ygr = v1,r + Cr + Y2,r, Where y1 R consists of the straight line from (0.0) to (R, 0), Cg is the
quadrant of the circle from (R, 0) to (0, R), and 2, g is the straight line from (0, R) to (0, 0). By the residue
theorem, since the only pole of f(z) in the interior of yg is a simple pole at z = ¢"™/*, we have

/ f(z)dz = 2miRes,_ ix/a f(2)

(Z _ eiﬂ/4)2

=2 lim

T z—eim/4 1+ 24
_ 2mietT/4 o
T gedin/e T 97

Next, we observe that

/ f(z)dz = I,
T1,R

lim /CR f(z)dz=0.

R—o00

and by the discussion above,

To compute the integral over yo,r we parametrize Yo r(t) = —it, wheret € (—R,0). Then v z(t) = —i,
and so

(2)d /O ity =1
z)dz = ——(—idt) = Ip.
- _p14t4
Hence if R > 1, by the residue computation above,
Up+Cp=—.
2
Taking the limit as R — oo we see that
™
I=—.
4

Remark 20.1.3. This example was merely for illustration, since the integral can of course be computed
in a more elementary way by a change of variables 22 = u. The reader can challenge himself/herself with

the following:
[ee} xS
/0 14 ab

20.2 Type-II: Rational functions of sine and cosine

The type 2 integrals are of the following kind:
2m
R(cos 8, sinf) db,
0
where R(z) is again a rational function.

Assumption. No pole for § € [0, 27).
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The method. Consider z = z(#) = ¢'?. Then

_ 24z _ z2+1/z
{COSH— =5

. o z _ z—1/z
sinf = 5= = ==,

Moreover, dz = 2/(0)0 = ie??0, and hence
do = —i—.

One can then transform the integral to

2
1 —1 d
/ R(cos&,sin@)d&:_i/ R(ZJF /z z /Z)i
0 |z|=1

2 72 z

Example 20.2.1. Consider the integral

/’T df 1/2” df
I:= — = —,a>1.
o a+cosf 2 J, a+cosb

Using the above transformations we can re-write the second integral as

/2” do / 1 dz 2,/ dz
_w  _ Y o ez
o a-+cosf |z|:1a+L21/2 z 2j=1 224+ 14202

and so our required integral is

7 / dz
=—i _—
2|=1 2% +2az + 1

Now the denominator has two real roots, « = —a ++v/a? — 1 and 8 = —a — \/a? — 1. Sincea > 1, it is easy
to see that || < 1 while |3] > 1. So

R 1 o 1i Z—Q 2 ™
€Sy —————— = 27 lim = = .
“22 414 2az zmaz2+2az+1 a—fF VaZ-—1

I = (—i)(2mi)

Type-III: Products of rational functions and triganometric func-
tions

These are integrals of the kind

/ R(x)cosxdx, / R(z)sinz, dz.

These can be combined into the analysis of one single integral
0 .
/ R(z)e* dx.
— 00

Assumptions. These come in two sub-types where the analysis substantially differs. As before, we let
R(z) = P(x)/Q(x).

« Type-IlI(a). We assume that deg () > deg P + 2, and no root of () is real.

« Type-1II(b). Here we assume that deg () = deg P + 1, and no root of () is real.
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The method. For Type-IIl(a), one proceeds exactly as in Type-I, and we do not spend additional time on
this. For Type-III(b), it is not clear at all if the integral converges. It certainly will not absolutely converge,
and hence we cannot use the semi-circle contour. But in many cases, the oscillating factor ¢‘® might make
the integral converge conditionally. By definition, if the integral converges, then

/ R(x)e™ dx—R lim R(z)e* dx.

R2—>OO —Ry

Now let T" be the rectangle with vertices (—R1,0), (R2,0), (R2, H) and (—R;, H). with sides given by
straight-line curves 1, y2, 73 and 74 (see figure below). If Ry, R5 and H are big enough, the rectangle will

M=y, +Y,+Yy;+y,

(-Ry,H) Y3 (Ry,H)
< .
Y. Y MY,
(-R;,0) Y1 (R,,0)

contain all the roots of () with positive imaginary part. Hence

4
Z/ R(z2)dz = 2mi Z Res,—o R(2)e'.
= Q=0

Im(a)>0

The idea is to first fix R1, R2 and let h — co. And then let R;, Ry — co. We illustrate with an example.

Example 20.2.2. Consider the integral

I /°° rsinx 1/°° rel® d
fr— —_— T — S 1’
o L2 1422
since v cos z /(1 + x?2) is an odd function and hence the integral will be zero. We let f(z) = ze** /(1 + 22).

If H > 1, then the rectangle will contain the only pole of f(z) with positive imaginary part, namely z = 1.
Hence

/Ff(z) dz = 2niRes,_; f(2) = 2mi lim (2 — i)% = 27ri< 1 ) -

2> +z 1+ e
Now let us analyze each smooth curve in T
« The curve ;. This is the integral we are interested in

R> iz
f(z)dz = / 2.
71

_R, 1422

« The curve 5. On s, |z| > Rs, and hence if Ry >> 1, then

2
<=
‘1+Z2‘_R2
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Then parametrizing the curve by v (t) = Ry + it, and noting that |e%*| = e, we see that

[ ez <2/He—tdt<2
Y2 TRy 0 7R2.

+ The curve 3. Again if H >> 1, we will have the estimate

z 2
el
1+ 22 H
Also €| = e~ on 3. Hence | f(2)| < 2¢~ /H, and we have

2€_H(R2+R1)
<= v
‘ . f(z)dz‘ = H

« The curve 4. As for the second curve, we once again have the bound

’ 5 f(z)dz| < i

Together, if we first let H — 00, and then let Ry, Ry — oo the integrals on the last three curves converge to

0, and hence ‘
> ge'® e
——dx = dz = —.
| = [

Our original integral is then
/°° rsinx w
P R



Lecture 21

Contour Integration - II

This is a continuation of our previous lecture on computing real variable integrals using the residue theo-
rem. In the present lecture, we’ll focus on integrations involving branch cuts. But first we refine a method
introduced in the previous lecture.

21.1 Type-III(b): Principal values

Now suppose that () has a simple zero on the real line. In this case even though the integral of R(z)e®®
will not converge, the integrals of R(z)sinx or R(x) cos 2 might converge if the simple zero happens to
coincide with a zero of sin « and cos « respectively. To illustrate the work-around in this case, suppose we

wish to evaluate the integral
o0
/ R(z)sinz.
— 00

Assumption. deg Q(x) = deg P(z) + 1 and Q(z) has a simple zero at = 0.

The method. Consider the contour I in the figure below. Using the analysis from the final section of the

Fr=y, -C.+y ., +Y,+Y3+Y,

(-Ry,H) Y3 (Ry,H)
Y. Y NY,
-CE
(R,0) Y- Yiu (R,,0)

previous lecture, we can see that

—& o0
R(x)e™ dx + / R(z)e™ dx — / R(2)e"* dz = 2mi Z Res.—q R(2)e'.
S Cs

Q(a)=0
Im(a)>0

— 00

123
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To compute the third integral, note that near z = 0,
) A
R(2)e"* = = + Ro(2),

where Ry (z) is holomorphic near z = 0 (and hence bounded) and A = Res,—qR(z)e’*. Then by an explicit
calculation it is easy to see that

lim R(2)e* dz = miA,

e—0+ C.
and hence

—e , oo . 1 4 .
Ellr(r)l+ ( N R(z)e*” dx —1—/8 R(z)e™ dx) = 2m’(§ResZ:0R(z)e” + Z ResZ:aR(z)e”>.
Q(a)=0
Im(a)>0
(21.1)
The principal value of the integral of R(x)e’® on R is defined to be

pov.( [ o:o R(z)e™ dr) = tim ( [ OO R(z)e™ do + / " Rz dr).

if the limit exists. Note that if Q)(x) has a simple pole at = 0, then the above limit will exist, as the
analysis above shows. Moreover, under these assumptions, clearly R(z)sin z is integrable near zero and

infinity, and so - -
/_ R(z)sinzdx = Im(p.v.(/_ R(a:)e” dx)),

and the latter principal value can be computed by the analysis above. Let us illustrate this via a famous
integral.

Example 21.1.1. Consider the integral of

I:/ smxdm
oo T

iz

I=1Im (mResZ:o 67) ,

o .
sin x
/ dr = .
oo T

Remark 21.1.2. This is the standard example of a function whose improper integral is finite, and yet
the Lebesgue integral does not converge. I cannot resist the temptation to include another method of
computing the integral, using the so called “Feynman technique". This is essentially just differentiation
under the integral sign, but was popularised by Feynman as his way of handling integrals that others
needed residue calculus for! Let I be the integral above. We introduce a parameter ‘a > 0’ and consider

the the family of integrals
I(a) = / sin(w)e”* dx.
0

T

Then by the above analysis,

and so

One can check that I(a) is a differentiable function of a, and that differentiation under the integral works.
Then,

I'(a) = f/ e~ sinxdz.
0
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We can compute the integral on the right, by applying integration by parts twice. Indeed

o0 1 o0
J(a) := / e sinxdr = —f/ sinz de™**
0 0

a

1 o
= - e “dsinx
aJo

1 oo
= - e cosxdr
aJo

1 oo
= f—/ cosx de "
a2
0

1 oo
= / e ““dcosx
a2
0

1 J(a)

|
|
+

Solving for J(a) we get that
1

I'(a)= ———
@ =17

and hence
I(a) = — arctan(a) + C.

Since lim, o I(a) = 0, clearly C' = 7 /2. But then taking a — 0" we see that

I= lim I(a)=C = —.

a—0t 2

21.2 Type-IV: Products of rational functions and powers of .

In this section we study integrals of the form

/oo 2 R(z) dz,

where R(z) = P(x)/Q(z) is a rational function and o € (0, 1).
Assumption. deg Q > deg P + 2, and Q(«) has a simple zero at z = 0 and no other real zero.

The method. Note that the assumption implies that the integral is absolutely convergent, and so
oo R
/ z*R(z)dx = lim x*R(z) dx.
— 0o R— o0 —R

Consider the contour in the figure below. We integrate the function z* R(z) on the contour. Since we are
dealing with fractional powers, we have to make a choice of a branch cut and a a corresponding branch of
the power. Given the geometry of the contour, it is clear that we have to use the branch cut (0, 00). Recall
that 2% = e®1°8% where log z = log |z| + i arg(z), and arg(z) € (0, 27).

We first have the following observations:

Lemma 21.2.1. With the orientations as in the figure,

0=0 Y+,5

R
lim zO‘R(z)dz:/ z*R(z) dz,
€
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Fr=y,s+Cr+y 5-C,

The proof relies on the fact that continuous functions on compact sets are uniformly continuous. For a
fixed € and R, and for small § > 0, the function z%R(z) is continuous, and hence uniformly continuous,
on the rectangle with vertices (—6, ), (=6, R), (§, R) and (6, €). The €2™® factor in the second integral is
due to the fact that there is a jump of €2™ in the value of z* across the branch cut z > 0. We leave the
details to the reader.

By the residue theorem,

/ 2*R(z)dz + / 2*R(z)dz — / 2*R(z)dz — / 2*R(z) dz = 2mi Z Res,—pz“R(z).
Y+,6 Cr Y-8 C.

Q(8)=0
0

Letting 6 — 0, by the Lemma above,
R
(1-— 62”0‘)/ 2*R(z) dx = 2mi Z Res,—p2“R(z) — / z*R(z) dz +/ Z*R(z) dz.
: Q(B)=0 on e
B#0

Finally, letting ¢ — 0" and R — oo one proves that the integrals on the right converge to zero under the
given assumptions. We illustrate with an example.

Example 21.2.2. Consider the integral

o0 :L,—a,
I ::/ dz, a € (0,1).
o 14z

To get it into the above form, we re-write this as

e e} wl—a
1= [ e
o z(1+x)
and let I R be the corresponding integral from e to R. Let f(z) = 2= /(2(1 + 2)). Recall that we are using

the branch '~ = e(1=®)1982 \yherelog(re'®) = logr + i and 6 € (0,27). Now f(z) has simple poles at
z = 0 and z = —1. By the above discussion,

—a l1—a 1—a
1 = 2mil—ayr . — 9miR, e £ _/ Zid / Zid 21.2
( e e r miRes,— s on 2011 2) z + 0. 2(1+2) z (21.2)



21.3. A BONUS INTEGRAL 127

We first estimate the two remaining integrals on the right.

« The integral on Cr. When |z| = R >> 1, we have |1 + z| > |z| — 1 > R/2, and so
| _ R _2R 2
C[1+2z - R Rt

z
142

The integral then satisfies

[ ] < R b
cop 2(1+2) Rite  Re

« The integral on C.. When |z| = ¢ << 1, we have |1 + z| > 1 — |z| > 1/2, and so

—a —a
— < 2e7°.
1+ 2|

‘z
142

The integral then satisfies

l1—a
‘/ Zidz’ < 4rel—e ﬂ 0.
c. 2(1+2)

Finally we compute the residue at z = —1,

Resz:flf(z) = lim z7%= e—alog(—l) _ e—iﬂ'a.
z——1

Putting all of this together, taking ¢ — 07 and R — oo in (21.2) we see that

I— 2mie~ima _ 2mie~ima _ 2me o
- (1 _ 6271'2‘(170,)) - (1 _ 67271'1'(1)) - (eﬂ'ia _ effria)) " sinwa’

21.3 A bonus integral

As a final integral, let us compute
] 2
I:= / os2)”
0 1 + fE2
We denote the corresponding integral over (¢, R) by I. . As an exercise, the reader should attempt to
use the contour above too evaluate this integral. We will instead use a semicircular contour I' in the
figure below. We use the branch cut {iy | y € (—00,0)}, and the branch of the logarithm defined by

r=y,+C+y,-C
Cr
@ Z=i
-C,
g N
(-R,0) i | % v (RO

log(re®) = logr + i6, with § € (—m/2,37/2). Let

(log 2)°
1422

f(z) =
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Then clearly,

/ (log 2)? _/R (log )2 dp —
b 1+22 o 1+a? T e

1

1 2 ~¢ (log |t] + im)?
[ loms [ fogltin
Y2 -

1+ 22 R 1+1¢2

The limits follow from the fact that the integral is absolutely convergent. For the second integral above we

parametrize yo(x) = t = |t|e'™ with t € (—R, —¢). Putting # = —t int he second integral, we see that
/ (log 2)? /5 (log |t| + im)? i
ec) W) g
~a 1 + 22 R 1 + t2
R 2
_ (log x + i) de
R 1+ 22

R R
) log 2/ dz

=ILp+2 da — ———
R+ m/g 1122 T -7 i

Notice that the third integral is arctan(R/¢), and so letting e — 0™ and R — oo,

1 2 1 2 3 R 1
lim (/ (0gz)2 +/ (ng)2>:2171+2m'/ ng dx.
%10; W 1+z v 1+z 2 e 142
By the exact analysis as the previous section, one can prove that

1 2 1 2
lim / (log 2) dz = lim / (log 2) dz =0,
R—oo Jo + 22 =0t Jo. 14 22

and so by the residue theorem,

73 [ logz ) (log 2)?
21 — > + 27m/E T3 22 do = 27T’LR€SZ:Z'1+722 (21.3)
1 2
o tim(s — ) 1982)
i 1+ 22
(log i)
=2
™
.
=-7

Note that in the penultimate line, we used the fact that for our chosen branch of the logarithm, we have
log i = im/2. Equating the real parts, and solving for I, we get that

/oO (log o) dr = W—g
0

1+ 22 8

Remark 21.3.1. Notice that since 27¢ times the residue above was completely real, the imaginary part in
equation (21.3) above has to be zero. This yields a curious integral identity

* logx
et
/0 1+ 22

A simple change of variables yields an explanation. Namely, denoting the integral by J, if we lett = 1/,

we have 0 o
—t2logt [ —dt
J_/OO 1+ ¢2 (tT) =-J

and hence J = 0.
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Geometry of holomorphic maps
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Lecture 22

Conformality

In this lecture, we will begin our study of some geometric properties of holomorphic maps.

22.1 Conformal maps

Loosely speaking, a conformal map is a map that preserves angles. We now try to make this concept more
rigorous, and give a precise definition of conformal maps. Throughout this introductory part, we’ll work
with either R? or C, as is convenient, always remembering the natural identification. Let f :  — R? be
a C! map ie. the partial derivatives 0f /0x, Of /Oy exist and are continuous. Given two curves 7y (t) =
(21(t),51(¢)) : (—e,€) = Cand 2(t) = (w2(t),y2(t)) : (—€,€) = Cwith71(0) = 72(0) = p, we define
the angle between them as

4£71(0),72(0)

Recall that if ¥7 and 03 are non-zero vectors in R?, then the angle between them is defined to be

AV, Uy = arccos ((1)},1;3))’
|vi]|v3]

where (-, -) is the usual dot product on R? and | - | is the usual norm (given by the square-root of the dot-
product of the vector with itself). Motivate by this, we say that a linear map 7" : R? — R? preserves angles

or is conformal if det(T) > 0!, and for any pair of non-zero vectors %, @ € R? \ {0},

(,@)  (T7,Tw)

[oljw| — |To||Tw]”

More generally, we sat that a C' mapping f : Q@ C R? — R? is conformal at (x9,y0) € § if the total
derivative D ;) yo) f : R? — R? is conformal. We say that f is conformal if it is conformal at all points in
(). Recall that in the standard basis the matrix representing D, ) f is given by the Jacobian matrix

%(J?ovyo) %Z(wo,yo)
%(xo,yo) %Z(ffo»yo)

D(zo,yo)f = (

where (u,v) are the components of f ie. in complex notation f = u + iv.

I This condition is equivalent to the map being orientation preserving. Some authors choose to not impose this extra condition
on conformal maps

131
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A slightly more geometric insight is obtained by looking at curves. Consider a pair of curves v (t),v2(t) :
(—g,e) — C intersecting at 71 (0) = 72(0) = zo. We say that they intersect at an angle 6 at z if the
angle between the tangent vectors v (0) and 75(0) is . The a mapping is conformal at z if and only if
for any two curves 7, and 72 as above, the angle between them is equal to the angle between their images
f(y1(t)) and f(y2(t)) at f(20). To see this, it is enough to note that if v(¢) : (—¢,¢) — Q is a curve with
7(0) = 2o = (0, y0) and '(0) = ¥, then

L d
D(:Eo.yo)f(v) = % t:Of(’y(t>).
We are now ready to prove our main observation.

Proposition 22.1.1. Let f : Q — C be a C* map. Then f is conformal at zq if and only if f is complex
differentiable at zo and f'(zg) # 0. In particular, f is conformal if and only if it is holomorphic with nowhere
vanishing complex derivative. 2.

We first need two elementary lemmas from linear algebra.

Lemma 22.1.2. A linear map C : R? — R? is conformal if and only if C = \Q, where Q is an orientation
preserving orthogonal transformation and A > 0.

Recall that () is orthogonal if and only if |Q%] = || for all ¥ or equivalently QTQ = I, where Q7 is the
transpose of (), and [ is the identity matrix.

Proof. Let €] and €5 denote the standard basis vectors in the x and y directions, and let CTC = (a;;) be
the matrix representation of C7 C in this basis. By conformality, Then

0=(e1,6) = 0=(C&,Ce) =6 (CTC)é = ara.
By the symmetry of C7'C, we also have that az; = 0, and hence C7 C is diagonal. On the other hand,

0=(e1 —é3,61+e) = 0=(C(é1 —€3),C(e1 + €3))
= (Ce1,Ceé1) — (Cés, Céz)

= @11 — a22.

That is, the diagonal terms in CTC are equal, and hence cTC = I for some p € R. Since det C' > 0 and
the diagonal terms of C”'C have to be non-negative, we have that ;1 > 0 Now, let Q = p~/2C. Then

CTC=pl = QTQ =1,

and this proves the claim with A =, /zu. The converse, that a matrix C' = A(Q is conformal if Q) is orthogonal
is trivial. O

Lemma 22.1.3. Any orientation preserving orthogonal 2 X 2 matrix () is a rotation matrix, that is, it is given
by

sinf  cosf

O=Ry: <cos¢9 — sin@)
= 9 = s
for some 6§ € [0, 27).
Proof. Since QT Q = I and det Q > 0, we have that det Q = 1. Suppose
a b
(1 3)

21If we drop orientation preserving from the definition of conformality, then a conformal map is either a holomorphic or anti-
holomorphic map
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Then the combination of Q7' Q) = I and det (Q = 1 gives us the three equations

a?+ct=1

¥ +d*=1

ad —bc=1.
In particular, (a —d)? + (b+c)? = 0, and hence @ = d and ¢ = —b. Since a® +c? = 1, we can set a = cos
and ¢ = sin #. The result then follows. O
Proof. « Suppose f is conformal at zy. Then C' := D, f is a conformal linear map, and by the above

two lemmas, C' = ARy for some 6. In particular, the partial derivatives of f satisfy the Cauchy-
Riemann equations, and since f is a C'! map (in particular the total derivative exists), this implies
that f is complex differentiable at zo. Moreover, 0 < det C' = | f/(29)|?, and hence f'(zg) # 0.

« Conversely, suppose f is complex differentiable at zg and f’(z9) # 0. Then C := D, f satisfies
det C = |f’(20)|* > 0. Moreover, it can be checked by direct calculation (using the fact that the
Cauchy-Riemann equations are satisfied) that Q = |f’(29)| 'C is orthogonal. Then by Lemma
22.1.2, C'is a conformal linear map, and hence by definition, f is a conformal map.

O
Corollary 22.1.4. Any holomorphic, injective function is conformal.

Proof. Let f € O(Q)) and injective, but not conformal. By Proposition 22.1.1 there exists a point zg € €2
such that f/(z9) # 0. If wg = f(20), then the equation f(z) = wy has a root of multiplicity m > 1 at
z = 2¢. By our fundamental theorem on the local mapping properties of holomorphic functions (Theorem
1in Lecture-19), there exists £, § > 0 such that for each w such that 0 < |w—wy| < J, there exists at least m
distinct points in B.(zo) such that f(z) = w. In particular f is not injective, which is a contradiction. [

Remark 22.1.5. Of course, there are plenty of conformal maps which are not injective. For example
f(2) = 2™ on C* is conformal, but not injective if n > 1. Other examples include e?, sin z, cos z etc.

22.2 A survey of elementary mappings

Given two regions {21 and {22, we wish to construct a conformal map one to the other. A reasonable
strategy is to first try to map {2y into the unit disc, and then to map the unit disc into {25. A priori, t his
strategy might seem limiting. After all why would there exist such a conformal map from ; into the unit
disc. In a couple of lectures time, we’ll prove a deep fact - The Riemann mapping theorem - that for a large
class of regions, namely simply connected strict subsets of C, such a mapping always exists. In view of
this it is important to build up a toolkit of familiar mappings, so that more complicated mapping can be
constructed by taking products, compositions etc. So in this section we’ll familiarise ourselves with the
mapping properties of complex powers, exponentials and logarithms. A good strategy in finding the image
of a certain region under a conformal mapping is to find the image of the boundary. Our convention is to
use z = = + iy as the complex coordinate in the domain, and w = u + v as the complex coordinate on
the image.

22.2.1 Rotations and dilations

Clearly rotations Ry(z) = €z, dilations and T (z) = Az are examples of conformal maps. In fact these
form a subgroup of the full group of Mobius transformations.



134 LECTURE 22. CONFORMALITY

22.2.2 Complex powers

Complex powers are useful in mapping sectors and half planes to each each other. We illustrate this using
two examples.

« Case-1: f(z) = z", n € N. An example of such a mapping is in Figure 22.1
Im(w)>0

0<arg(z) sm/n
w=2z"

Figure 22.1: integer powers turn a sector into a half plane

« Case-1: f(z) = 2", n € N. An example of such a mapping is in Figure 22.2

Im(z)>0

w=z%

na

Figure 22.2: fractional powers can turn a half plane into a sector

22.2.3 The logarithm

If L(z) = log z is a branch of the logarithm, then L'(z) = 1/z # 0 on it’s domain of definition. Hence
it defines a conformal map. As an illustration, in the Figures 22.3 and 22.4, we consider the branch of the
logarithm

log z = log | z| + i arg(z),

where arg(z) € (—n/2,3m/2). That is, our branch cut is the line {z = iy | y < 0} or the —ve y axis.

In the Figure 22.3, the boundary of the domain H contained in the domain of definition of log z consists
of two components, namely the negative and positive x (or real) axis. The negative axis consists of points
with arg(z) = 7, and hence is mapped via the log to the line v = . Similarly the positive z-axis has
arg(z) = 0, and hence is mapped to v = 0. Hence H is mapped by the above branch of logarithm to the
infinite strip {0 < v < 7}. The reader should similarly work out the mapping in Figure 22.4.

22.2.4 The exponential map

The map f(z) = e? is clearly a conformal map by Proposition 22.1.1 since it’s derivative never vanishes.
Figures 22.5 and 22.6 illustrate some of the mapping properties of the exponential. The reader should try
to work out why the images of the two mappings below are given by the figures on the left. As in the
discussion above, the trick is to work out the images of the various boundary components.
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Im(z)>0

w= log z

135

wW=u+iv
o<v<nm

Figure 22.3: The logarithm mapping the H into an infinite horizontal strip

|z]<1
O<arg(z)< m

W =u+iv, u<0

0<v<T
w=logz

Figure 22.4: The logarithm mapping a semi-circular region into a half infinite strip

z=X+iy, x<0
O<y<nm

w= e?

|w|<1
O<arg(w)< m

Figure 22.5: The exponential mapping a half infinite strip to a semi-circular region.

w= el

-n/2

/2

Figure 22.6: ¢'* mapping a half infinite strip to a semi-circle.

|w]<1
-nt/2 < arg(w) < 1/2
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Lecture 23

Mobius transformations

23.1 Mobius transformations

A fractional linear transformation or a Mobius transformation is a map of the form

az+b
cz+d

w="T(z)=

with ad—bc # 0. Clearly if each of a, b, c and d are scaled by the same complex number, then T'(z) remains
invariant. Hence it is often convenient to normalize so that ad —bc = 1. The set of Mobius transformations
is denoted by Mob(C). Note that the map is defined and holomorphic for all z except z = —d/c. Moreover,

lim T(z) = 2
c

Z—00

In view of this, it is sometimes more convenient to define T'(—d/c) = oo and T'(c0) = a/c and think of
T(z) as a map from the extended complex plane C := C U cc to itself. We say thatamap 7 : C — C is

holomorphic, and write ' € O(C) if the following three conditions hold:
1. IfR - is a meromorphic function and

2. F(z) = T(1/z) is holomorphic in a neighbourhood of z = 0.

Lemma 23.1.1. O(C) can be identified with the set of rational functions on C.
This is essentially Theorem 0.2 in Lecture 16.

Theorem 23.1.2. 1. A Mobius transformation T is a holomorphic, bijective map from C onto C, and it’s
inverse is also a Mobius transformation.

2. In particular if T'(zy) = oo for some zg € C, then T o) — C\ C is a conformal map.

{zo

3. Moreover, if T and S are Mobius transformations, then so is S o T. In other words, Mob(C) forms a
group under the law of composition with the identity element given by the transformation I(z) = z.

Proof. Since T is a rational function, it is clearly in O(C). The second point follows from the first easily.
Let T'(z) be as above.
. T is injective. Suppose T'(z1) = T(22) and neither of 21 or 25 is infinity or —d/c. Then rearranging,

it is easy to see that (ad — bc)z; = (ad — bc)za, and since ad — be # 0, we have z; = z2. Now,

137



138 LECTURE 23. MOBIUS TRANSFORMATIONS

suppose z1 = oo then T'(z1) = % = T'(23). This forces 2 to be infinity and hence z; = z3. On the

other hand, if z; = —d/c, then T'(z1) = 0o = T'(22). Again, this means that zo = —d/c = 2.

« T is surjective. To prove this, we can simply solve the equation w = T'(z). That is, w = T'(2), if
and only

_dw—b

z .
a—we
Combining this with the injectivity, we then have a well defined map 7! : C' — C defined by

Tﬁl(w) _ dw —b

a — wc
which is again a Mobius transformation.
« SoT is a Mobius transformation. Suppose 7' is as above, and S is another Mobius transformation

pw+tg
T rw4+ s

S(w)

Then a simply computation gives

(pa+cq)z + pb+qd
(ra+cs)z+rb+ds’

SoT(z) =

Moreover,
(pa + cq)(rb + ds) — (ra + cs)(pb + qd) = (ad — be)(pr — gs) # 0,

and so S o T is again a Mobius transformation.

23.1.1 The group PSL(2,C).

For a Mobius transformation, if we write the coefficients as a matrix, we get what we call the coefficient

matrix
a b
M(T) = (c d) .

Since ad — bc # 0, the matrix M (T) is an invertible matrix, that is M (T') € GL(2,C), the group of all
invertible 2 X 2 complex valued matrices. If we normalize so that ad —bc = 1, then M (T') € SL(2,C), the
so-called special linear group of 2 x 2 complex valued matrices. Even with this normalization, a particular
Mobius transformation actually corresponds to 2 matrices, namely M (T') and — M (T"), and hence a Mobius
transformation actually corresponds to an equivalence class of matrices. To make this more precise we
define the projective special linear group as

PSL(2,C) := SL(2,C)/A ~ +A.

We denote any element of PSL(2,C) as [A] where A is a matrix in SL(2,C). One can prove that
PSL(2,C) forms a group with the multiplication

[A]- (B := [AB],

where AB is the usual matrix multiplication. One has to of course check that if you pick different represen-
tatives in [A] (ie. -A instead of A) and/or [B], then the multiplication gives the same element in PSL(2, C).
With this definition in place, we then obtain a map ¢ : Mob(C) — PSL(2,C), given by
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By Theorem 23.1.2, part(3), it is clear that
[M(S o T)] = [M(S)M(T)].
where the multiplication on the right is simply the usual matrix multiplication. In fancier language, this
says that the map ® is a group homomorphism. In fact we have the following.
Theorem 23.1.3. The map ® is an isomorphism between the groups M ob(C) and PSL(2,C).

Remark 23.1.4. One can also define PGL(2,C) as GL(2,C)/ ~ where A ~ AA where A € C*. Itis then
easy to see that PGL(2, C) is isomorphic as a group to PSL(2,C).

Remark 23.1.5. A convenient way to represent Mobius transformations is using homogenous coordinates,
and this makes the role of PSL(2,C) much more transparent. The extended complex plane C can be
identified with the set P! of complex lines passing through the origin in C2. The identification is given by
the complex slope. A line L in C? passing through the origin is determined by a point (1, &) # (0, 0), and
any other point on the line is given by ({1, t&) for t € C. Hence we represent points in P! as equivalence
classes of these points [¢ : &]. The complex slope is then given by z = £ /£, and is a well defined number
in C. For instance the points [0 : 1] and [1 : 0] correspond to the points 0 and oo respectively in C. We say
that [£; : &3] are the homogenous coordinates of z. Note that homogenous coordinates are unique, only
up to scaling ie. both (&1, &) and &y, t&s) for t # 0, represent the same point 2 in C.

With this identification, if w = (1 /(s and z = &; /&2, we can rewrite w = T'z as

Q) _ (a b\ (&

G2 c d)\&/)
So the action of the Mobius transformation on C is exactly the linear action of a 2 x 2 matrix on C? \
{(0,0)} = {set of homogenous coordinates}.

23.1.2 The cross ratio
Given any four numbers z1, 22, 23, 24 in the extended complex plane C, the cross ratio is defined to be

23 TRl R4 %2

(21,22,23,24) = .
23— 22 Z4— X1
Note that if one of the points is infinity, then the cross ratio is defined by taking a limit. For instance, if
z1 = 00, then

Z4 — 29

(OO, 22,23, Z4) B ———

Z3 — 29
The importance of the cross ratio comes form the following theorem.

Theorem 23.1.6. 1. Given any three points za, 23, 24, there exists a unique Mobius transformation map-
ping these points to 1,0 and oo respectively. In fact we can take

S(z) = (2, 22, 23, 24).

2. If T is any Mobius transformation, then
(TZI7 T2:27 T'ZS7 TZ4) = (Zl7 22,23, 24)‘
Proof. 1. Clearly, S(z) = (z, 22, 23, 24) is a Mobius transformation that takes (23, z3, 24) to (1,0, 00).

Let T be another such Mobius transformation. Then S o T~ ! takes (1,0, o0) to itself. Then it is not
hard to prove that S o T~!(2) = z, and hence S(z) = T'(2).
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2. Let S(z) = (z,22,23,24). Then ST~! carries (T'z2,T23,Tz4) to (1,0,00). Then by part (1),
ST=Y(2) = (2,T2a,Tz3,Tz,). Applying this to T'z1, we see that

(21,2’2,23,24) = 52’1 = ST_szl = (TZl,TZQ,T2’3,TZ4).

As a consequence we have the following.

Corollary 23.1.7. Given any pair of three points (21, 22, z3) and (w1, wa, ws), there exists a unique Mobius
transformation that takes the first triple to the second.

Proof. Let S and T be the Mobius transformations that take (z1, 22, 2z3) and (w1, w2, w3) to (1,0, 00) re-
spectively. Then T'o S~! is the Mobius transformation that we need. Uniqueness follows from the fact
that there is unique transofrmation (namely the identity) that takes (1, 0, 00) to itself. O

There is another, more geometric, application of the cross ratio. A generalised circle in C is either a circle
(given by an equation |z — 29| = r or a straight line (given by the equation az + az + b = 0, where b € R).
In principle, a straight line is being thought of as a circle with infinite radius. An additional justification for
this terminology is that both circles and straight lines in C correspond to circles on the Riemann sphere via
the stereographic projection (or rather via it’s inverse). A key observation is that three points determine a
unique generalised circle (in the case of a line, one of the points will be at infinity).

Theorem 23.1.8. The cross ratio of of (z1, 22, 23, 24) is real if and only if the four points lie on a generalised
circle. Consequently, a Mobius transformation maps generalised circles to generalised circles.

Proof. The second part follows from the first part, and the fact that the cross ratio is invariant under Mobius
transformations. So we focus on proving the first part. The key is the following claim.

Claim. If T is a Mobius transformation, then 7~ maps the (extended) real axis Rtoa generalised circle.
Assuming this we complex the proof. There are two directions.

« = . Suppose the cross ratio (21, 22, 23, 24) is real. Consider Tz = (z, 29, 23, 24). Then T'z; € R.
Moreover, (Tzz, Tz3,Tz4) = (1,0, 00) and hence they already lie on the real line. Since 7! maps
R to a generalised circle, 21, 22, 23 and z4 lie on a generalised circle.

« <= . Suppose 21, 29, 23, 24 lie on a generalised circle. Once again consider Tz = (z, 29, 23, 24)-
Once again, (T'ze, Tz3,T24) = (1,0, 00) and hence they already lie on the real line. So 22, 23, 24 lie
on the generalised circle 7~ ! (R). Hence z; also lies on 7~ (R), and so T'z; € R. In particular the
cross ratio is real.

Proof of the claim: Let z = T~ !(w). If w is real, then Tz = Tz. If T = fj_tdb then this condition
translates to

[woll

az—i—bi&
cz+d @

i)

+
+

S

I\

Cross multiplying and simplifying, we get
(ac — ca)|z|* + (ad — cb)z + (bé — da)Zz + bd — db = 0.
There are two cases:

. Case-1: ac — ca = 0. Then since ad — bc # 0 we have that ad — cb # 0. Hence the equation above
represents a straight line.
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« Case-2: ac — ca =# 0. Completing the square, we can rewrite the equation as

z+

ddféb’

ac — ca

‘adfbc’

ac — ca

which clearly defines a circle.

23.1.3 The Cayley transform

Perhaps the most important Mobius transformation is the the Cayley transform:

z—1
2414

B(z) =

To compute it’s inverse, we set w = ((z). and solve for z. It is easy to see that

_ d4w
B w) = it
1—w
Im(z)>0 //’ \\\
// \\
/ wl <1\
w= B(z) I/ \\
a L ]
> t :
\
\ 7
\ /
\ /
\ /
N 74
\\\ ///

Figure 23.1: The Cayley transform

Lemma 23.1.9. The Cayley transform is a biholomorphism from the upper half plane H onto the unit disc
D. Moreover, it maps the boundary OH bijectively to OD.

Proof. « 8(z) maps H into D and 0H to OD. To see this, we compute

2 14+ |zP+i(z—2) 142> —2Im(z)

= = 1
T+ 2P—i(z=2) 1+ ]2F+2Im(z) *

18(2)I

if Im(z) > O1ie.if z € H. On the other hand it is also clear from the computation that |5(z)| = 1 if
and only if Im(z) = 0.

« B(2) is surjective from H onto D. It is easy to see by direct computation that 3~!(w) given by
the above formula is an inverse. It is a nice exercise to check that indeed 3! (w) is in the upper half
plane if w € D.

O
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Lecture 24

Some automorphism groups

In this lecture, we compute the automorphism groups of the disc and the complex plane.

24.1 Biholomorphisms and automorphisms

A holomorphic function f :  — ' is said to be a bi-holomorphism if it is a bijective function, and f~* is
also holomorphic.

Lemma 24.1.1. A holomorphic function f : Q — Q' is a bi-holomorphism if and only if it is bijective.
Proof. If f is a bi-holomorphism, then it is automatically bijective from the definition. Conversely suppose
f:Q — € is a bijective, holomorphic function. Injectivity implies that f’(z) # 0 for all z € Q. Then the
holomorphic inverse function theorem implies that the inverse is holomorphic. O
For any domain Q2 C C, a bi-holomorphic function f : 0 — 2 is called an automorphism of €.

Lemma 24.1.2. The set of automorphisms of a domain 2
Aut(Q) :={f : Q@ — Q| f is holomorphic and bijective},

forms a group under the law of composition.

We call Aut(Q)) the automorphism group of . Note that if Q and Q' are bi-holomorphic, then Aut(2)
and Aut({’) are isomorphic as groups. In fact, if ¢ : Q@ — ' is a biholomorphism, then ® : Aut(Q) —
Aut(Y) defined by

O(f)=pofoyp,
is the required group isomorphism.

The aim of this note is to compute the automorphism groups of the complex plane, the punctured plane
and the disc (and hence the upper half plane).
24.2 Automorphism group of the disc

In this section, we compute Aut(D).Recall that in Problem-5 from Assignment-1, you were asked to prove
that for any || < 1,
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is a biholomorphism from the disc to itself. Our main theorem is that upto rotation these are the only au-
tomorphisms. En route, we’ll also provide a short proof that 1, is indeed an element in the automorphism
group, using some of the tools we have developed over the past few months, but which were of course
unavailable when you were asked to solve the problem!

Theorem 24.2.1. The automorphism group of the disc is given by

o —Zz

Aut(D) = {Pag(z) = e” |laeD, 0c|0,2r)}.

1—za

Moreover, the automorphism 1, ¢ is precisely the automorphism that takes z = 0 to z = «. In particular, the
automorphisms of the disc fixing the origin are all given by z — €' 2 for some fixed 0.

The key tool in the proof is the Schwarz lemma, whose utility extends well beyond the computation of the
automorphism groups of the disc.

Lemma 24.2.2 (Schwarz lemma). Let f : D — D be a holomorphic map such that f(0) = 0. Then
« |f(2)| < |z| forall z € D.
- 170 <1

Moreover, if | f(2)| = |z| for some non-zero z or | f'(0)| = 1, then f(z) = az for some a € C with |a| = 1

Proof. Since f(0) = 0, there exists a holomorphic function

g:D—D
such that
f(2) = 29(2).
For any fixed z € D, let 1 > r > |z|. Then by the maximum modulus principle,
1
lg(2)] < max Gl < -
|w|=r r T

Letting » — 1~ we see that |g(z)| < 1 for all z € D, and hence

[F(2)] <
forall z € D. This directly implies that | f'(0)| < 1. Now, suppose that | f(z0)| = |20 for some zo € D\ {0}.
Then |g(z9)| = 1, and hence by the maximum modulus principle, g(z) must be a constant, and hence

f(2) = az for some a with |a| = 1.
Finally, suppose | f'(0)| = 1. Then there exists a sequence z,, — 0, z,, # 0 such that

|/ (zn)|

- 1c
|2n]

<1

3

By the definition of g, we then have that 1 — 1/n < |g(z,)| < 1, and hence by continuity, |g(0)| = 1.
Then 0 is an interior maximum point for |g(z)|, and hence again by maximum modulus principle, g(z) is
a constant. That is, g(z) = a, where a = ¢(0) satisfies |a| = 1, and once again f(z) = az.

O

Proof of the theorem. There are two steps in the proof. We let ¢, := 1, ¢ as above (ie. ¢, is the map
with rotation by zero angle). Note that 1, exchanges 0 and a. That is, 1), (0) = « and ¥, (a) = 0.
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« We'll first prove that each v, ¢ is actually an automorphism. To see this, first we observe that

_al? +z]? —za — za

[%a,6(2)]* = Ya,0(2)¥a,0(2) =

1+ a2 —za—za ’

and so |¢4,0(2)] = 1if |z| = 1. But then by the maximum principle, since ¢, . is clearly non-
constant, |1, ¢(z)| < 1 for all z € D. Hence 1 ¢ maps D into itself. Next, consider ¢, 1= g © Yq.
Clearly, ©4,0(0) = 0 and ¢, (a) = «, and ¢, maps D into itself. By equality in Schwarz lemma,
va(z) = z for all z € D. In particular, 9, is surjective and injective, and hence a biholomorphism,
with inverse function given by itself ie. 1)1 = 1),. But then 1, g = €%}, is also clearly a biholo-
morphism.

« It remains to show that these are the only automorphisms. Let F' € Aut(ID) such that F'(0) = 0. By
the Schwarz lemma, |F'(2)| < |z|. But the same also holds true for F~!(z), and so

2] = [F7H(F(2))] < |[F(2)] < |z],
and hence all inequalities must be equalities. That is, | F'(z)| = |z| for all z € D. By the equality part
of Schwarz lemma, we have that F'(z) = €'z for some 6 € [0, 27). Now suppose F' € Aut(D) such

that F'(a) = 0. Consider the automorphism F, (z) := F'(t(2)). Then F,(0) = 0, and hence by
the above argument, F,,(z) = €9 > for some 6. But then, since w;l = 1, we have that

F(Z) = Fa(¢;1(z)) = ewwa(z) = ¢a,a(z)-

This completes the proof of the theorem. O

24.3 Automorphism groups of C and C*
Theorem 24.3.1. Let f : C — C be an injective holomorphic map. Then
fz)y=az+0b
for some a,b € C with a # 0.Since any such map is automatically surjective, we have that

Aut(C) ={az+b|a,be C,a#0}.
Theorem 24.3.2. Any injective holomorphic map f : C* — C* is given by either
f(z) = azor f(=) = =,
for some a € C and a # 0. Since any such map is automatically surjective, we have that
Aut(C*) = {az, g |a € C,a#0}.

The key lemma needed to compute both the automorphism groups is the following.

Lemma 24.3.3. Let g : C* — C be holomorphic and injective. Then g cannot have an essential singularity
atz = 0.

Proof. Suppose, for the sake of contradiction, g has an essential singularity at z = 0. Consider the disc
D1 (2) of radius 1 around the point z = 2, and the unit disc D. Note that both these discs are disjoint
from each other. By the open mapping theorem, V' = ¢(D;(2)) is an open neighborhood of g(2). By
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the Casorati-Weierstrass theorem, g(ID) is dense in C. That means there is some w € g(D1(2)) and some
z1 € I such that

g(z1) = w.
But since w € g(D1(2)), there is already a zo € D1(2) such that

g(z2) = w.
Since the open discs D1(2) and D are disjoint sets, 21 # 22, but g(z1) = w = g(z2). This contradicts the
injectivity of g. Hence z = 0 cannot be an essential singularity. O
We also need an elementary generalization of Liouville’s theorem, which was a homework problem some-
time back. We provide a proof for the sake of completeness.

Lemma 24.3.4. Let f : C — C be an entire function such that
If ()] < M(1+ [2]")
for some M > 0 and all z € C. Then f is a polynomial of degree less than or equal to n.

Proof. By the Cauchy estimates (Corollary 3 in Lecture-8), if R > 1, we have that,

| n
o RMQ+RY

i < 2MERTE,

1®(0)]

But this holds no matter what R is chosen. So letting R — oo, if £ > n, the right hand side goes to zero.
Hence

£9(0) = 0
forallk =n+ 1,n+ 2,---. But since f is entire, it has a power series expansion whose coefficients are
given by
_ W) _
ap = k! - Oa

for k > n. Hence the power series terminates, and f is a polynomial of degree less than or equal ton. [

We are now ready to compute the automorphism groups of C and C*.

Proof of Theorem 24.3.1. Let f : C — C be an injective, holomorphic map. The key idea is to study the
function at infinity. That is, define a holomorphic function g : C* — C by

o) =1(3)

Then it is easy to see that g is also injective. Applying lemma 24.3.3, g either has a zero or a pole at z = 0.
In any case, this means that there exists a constant M > 0 and integer n > 0 such that |2|"|g(z)| < £; on
|z| < 1. Transferring the estimates to f, we see that

[F(2)] < M|z,

for |z| > 1. On the other hand, since |z| < 1 is compact, we actually get that (possibly by choosing a
bigger M), that
[f () < M(1+[2]"),

for all z € C. Then by lemma 24.3.4, f(z) is a polynomial. By the fundamental theorem of algebra, f(z)
has at most n roots. We claim that n = 1. To see this, note that by injectivity, all the roots have to be
identical, or equivalently, f(z) = a(z — a)™ for some a,« € C with ¢ # 0. If n > 1, then f'(a)) = 0, and
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hence f(z) cannot even be locally injective (see Theorem 1 or Corollary 0.3 in Lecture 19), and hence we
must have n = 1. But then clearly f(z) = az + b, where we put b = —aq. This proves the first part of the
theorem. For the second part, notice that any linear polynomial is surjective, and hence the f above will
automatically be surjective, and hence give an automorphism. O

Proof of Theorem 24.3.2. Let f : C* — C* be an injective map. Then by lemma 24.3.3, z = 0 is either a
removable singularity or a pole.

Case 1. Suppose z = 0 is a removable singularity. Then f extends to f: C — C. We then claim that f is
also injective. Suppose not, then since f is injective, the only possibility is that there are 2y, wy € C with

zo # 0 such that

f(z0) = f(0) = wo.

By the argument principle there is a neighborhood U of wy and disjoint discs D, (z), D,(0) around z
and 0 respectively such that for any w € U, w # wy there are solutions z; € D,(zo) and 23 € D,(0) to

i) = w.

. But 29 # 0 since w # wyq. So the two distinct solutions are actually solutions to

f(z) = w,

contradicting the injectivity of f. This proves that the extension f : C — Cis an injective holomorphic
map. But then by Theorem 24.3.1, f(z) = az + b for some a,b € C and a # 0. All that is needed now is
to show that b = 0. If not, then 0 = f(—b/a) = f(—b/a) which is a contradiction since f takes non-zero
values being a map from C* into C*. To sum up, in this case f(z) = az.

Case-2: Suppose z = 0 is a pole. Then if we define

then h extends to an holomorphic function h:C — C. Then by the proof in the first case, we can see that
h(z) = ¢z,

for some ¢ # 0. But then this shows that f(z) = z/c, and proves the theorem witha = 1/c. O

24.4 Automorphism group of the extended complex plane

. Recall that a map F' : C — C is called holomorphic if
1. If F . is a meromorphic function and

2. G(z) = F(1/z) is holomorphic in a neighbourhood of z = 0.

Theorem 24.4.1. The automorphism group of the extended complex plane is given by

Au(@) = {T(z) = & o

cz+d

|ad—bc:1},

and hence Aut(C) = PSL(2,C) = SL(2,C)/ £ I.
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Proof. From our discussion in the previous lecture, it is clear that any 7'(z) defined as above is an auto-
morphism of C, and hence the set on the right is contained in Aut(C). To show the reverse containment,
let T € Aut(C). Then there is a unique point zy € C such that T'(z9) = oo, and a unique point wy such
that T'(c0) = wy.

« Case-1: zp = oco. In this case, wg = oo, and so F(z) = T| is a bi-holomorphism of C, and

C
by Theorem 24.3.1, F'(z2) = az + b for some a,b and a # 0. But then extending this to infinity,
T(z) = az + b and hence we are done.

« Case-2: zy # oo. In this case, since 7' is one-one, wy # oo (else it will map both zy and co to oo,
contradicting the one-one property). Now consider the function F' : C* — C defined by
F(z) =T(z + zp) — wo.

It is easy to check that /' maps C* to C*, and is infact an automorphism of C* is (this follows
essentially from the fact that F' has a zero at infinity). Moreover, since z = 0 is a pole for F, by
Theorem 24.3.2, there exists an a € C* such that F(z) = a/z. But then solving for z,

a
T(z) = + wo,
zZ— 20

and is a Mobius transformation.



Lecture 25

The Riemann mapping theorem

Recall that two domains are called conformally equivalent or biholomorphic if there exists a holomorphic
bijection from one to the other. This automatically implies that there is an inverse holomorphic function.
The aim of this lecture is to prove the following deep theorem due to Riemann. Denote by D the unit disc
centered at the origin.

Theorem 25.0.1. Let Q2 C C be a simply connected set that is not all of C. Then for any zo € €Q, there exists
a unique biholomorphism F' : Q) — D such that

F(z0) =0, and F'(z9) > 0.

Here F’'(z9) > 0 stands for F’(zy) being real and positive, and can be thought of as a normalization, to
ensure that the above map is unique. The precise normalization by itself is not very important. The reader
should try to test her/his understanding of the proof by coming up with other normalizations that work,
and also some that do not work (for instance, you might not be able to impose that F”’(zy) = 1). Note that
by Liouville’s theorem, such a statement is patently false if 2 = C, and so the hypothesis that 2 is a proper
subset is a necessary condition. As a consequence of the Theorem, we have the following corollary.

Corollary 25.0.1. Any two proper, simply connected subsets for C are conformally equivalent.
Proof of uniqueness in Theorem 25.0.1. Let F; : Q — D and F5 : Q — D be two such mappings. Then
f=Fyo0F, ! satisfies the following properties

« f: D — D is injective and onto.

. f(0)=0.

« f'(0) > 0.

« f~! also satisfies both these properties.

By Schwarz lemma, |f(z)| < || for all z € D and |f~(w)| < |w]| for all w € D. Let w = f(z), then
second inequality gives |z| < |f(z)], and hence |z| = |f(z)|. But then by the equality part of Schwarz
lemma, we see that f(z) = az for some a € C with |a| = 1. But then f/(0) = a, which forces a = 1 (since
£7(0) > 0). Hence f(z) = z for all z € D or equivalently F5(w) = F;(w) for all w € Q. O

25.1 Montel’s and Hurwitz’s theorems

The proof relies on two theorems on sequences of holomorphic functions. Recall that we say that a se-
quence of functions f,, converges compactly on € to f if it converges uniformly on any compact subset
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K C . More precisely, for every compact set K C Q and € > 0, there exists an N = N (e, K) such that
sup [ fn(z) — f(2)] <e
zeK

whenever n > N. In Lecture 9 we proved the following theorem:

Theorem 25.1.1. If {f,}52 is a sequence of holomorphic functions on ) that converge compactly to f :
Q — C, then f(z) is holomorphic. Moreover

799 = 9

compactly on ) forallk € N.

We say that family of continuous functions F on an open set € is normal if every sequence of functions in
F has a subsequence that converges compactly on (). Note that the definition does not require the limiting
function to be contained in F. On the other hand, by Theorem 25.1.1 above, the limiting function will
certainly be holomorphic. The family is said to be locally uniformly bounded if for any K C ) compact,
there exists a constant M such that

sup | f(2)] < Mg
zeK

forall f € F.

Theorem 25.1.2 (Montel’s theorem). A family F of holomorphic functions on €2 is normal if and only if it
is locally uniformly bounded.

To prove this, we first recall the Arzela-Ascoli theorem. Recall that family F of continuous functions on 2
is said to locally equicontinuous if for all @ € 2 and all £ > 0 there exists a § = (a, &) such that

zw € Ds(a) = [f(2) = f(w)| <e,

for all f € F. Then we have the following basic theorem, which we state without proof.

Theorem 25.1.3 (Arzela-Ascoli). If a family of functions is locally equicontinuous and locally uniformly
bounded, then for every sequence of functions {f,} € F, there exists a continuous function f and a subse-
quence { fp, } which converges to f compactly on ().

Remark 25.1.1. Generally, Arzela-Ascoli is stated for compact sets assuming equicontinuity. One can
prove the above theorem by taking an exhaustion of {2 by compact sets ie. K1 C Kao--- C K, --- such
that 2 = UK,,. Local equicontinuity will then imply that the family is genuinely equicontinuous on
each compact set K,,. Then apply the standard Arzela-Ascoli to F restricted to each K, and use Cantor
diagonalization argument.

Proof of Montel’s theorem. First, suppose that F is a locally uniformly bounded family of holomorphic
functions. By the Arzela-Ascoli theorem, if we show that F is automatically locally equicontinuous, then
for every sequence, there will exist a subsequence which converges compactly on {2 to a continuous func-
tion f. By Theorem 25.1.1, the limit function will then be holomorphic, and hence F would be a normal
family.

Hence it is enough to show that the family F is locally equicontinuous. To do this, we use the Cauchy
integral formula. Fix an ¢ € 2 and € > 0. We need to choose a delta that works. Let » > 0 be such that
Dy,.(a) C £, and let M, such that

[F(Ol < My,

forall ¢ € Ds,.(a) and all f € F. By the Cauchy estimates (see Corollary 3 from Lecture 8), we have that

for any ¢ € D, (a),
M,
IF Q< —.

r
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Then by the fundamental theorem for complex integrals, for any z,w € D,(a),

2M,
“lz —w).

e =swi=] [ <

r

Given an € > 0, let us pick § < 2M,.¢/r. Then whenever |z — w| < §, we have |f(z) — f(w)| < . This
proves local equicontinuity.

Conversely, suppose F is a normal family, but not locally uniformly bounded. Then there exists a compact
set K C 2, and a sequence of functions f,, € F such that

sup | fn(2)] = 7.
zeK

Since the family is normal, there exists a subsequence f,, which converges uniformly on K. But then
SUp,cx | fn,.| would be a bounded sequence which is a contradiction. O
We also need the following theorem due to Hurwitz on the limit of injective holomorphic functions.

Theorem 25.1.4 (Hurwitz). Let f,, : Q — C be a sequence of holomorphic, injective functions on an open
connected subset, which converge uniformly on compact subsets to F' : 0 — C. Then either F is injective, or
is a constant.

Proof. We argue by contradiction. So suppose F’ is non constant and not injective. Then for some w € C,
there exists a, b € 2 such that F'(a) = F'(b) = w. Let f,(a) = wy, then w, — w. Choose an r > 0 small
enough so that there does not exist any z € D,.(b) such that F(z) = w. This is possible by the principle
of analytic continuation since we are assuming that F’ is non-constant. In particular a ¢ D.,.(b). Since f,
is injective for any n, there exists no solution to

fn(z) = Wn

in the closure of the disc D,.(b), and so by the argument principle applied to f,,(z) — w,,, we see that

1 fn(Q) _
2mi /|(b—’r fn(C) — Wp d< =0

But since f,, — F uniformly on compact sets, in particular, on the compact set D,.(a) we have f/ () —
F'(¢) and f,,(¢) — w, — F(¢) — w uniformly. Hence the integral also converges uniformly, and from this

we conclude that ) o
— / A d¢ = 0.
27 Jicp)=r F(C) —w

This integral calculates the number of zeroes of F'(¢{) — w = 0 in D,.(b) which we know is at least one
(counting multiplicity) since F'(b) = w. This is a contradiction, and hence if F' is non-constant, it has to
be injective. O

25.2 Proof of Riemann mapping theorem
25.2.1 Some further preparation
For a fixed 2y € €2, we define a family F of holomorphic function functions by
F ={f:9Q — D| f holomorphic and injective, f(z9) = 0}.

The required biholomorphic map will be obtained by maximizing the modulus of the derivative at zo,
amongst all functions in this family. We first show that this family is non-empty.
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Lemma 25.2.1. There is an injective holomorphic function f : Q@ — I such f(z9) = 0. That is, F # ¢.

Proof. Since Q2 # C, thereis an a € C\ Q. Then z — a is never zero on (2. Since €2 is simply connected,
we can choose a holomorphic branch of log (z — a), or in other words, there is a holomorphic function
l: Q0 — C such that

@ =2 —a

for all z € Q. Clearly I(z) is injective. Moreover, if 21, 20 € Q and 21 # 23 then l(z2) — I(21) ¢ 27iZ, i.e
their difference cannot be an integral multiple of 27i. In particular, I(z) # I(z9) + 27i. We in fact claim
that | f(z) — (f(20) + 27i)| is bounded strictly away from zero. That is,

Claim. There exists an € > 0 such that |I(z) — (I(z0) + 27i)| > e forall z € Q.

To see this, assume the claim is false. Then there is a sequence {z,, } € Q such thati(z,) — I(2¢)+2mi. But
then exponentiating, since the exponential function is continuous, we see that z, — zo. But then, since
[(z) is continuous, this implies that [(z,,) — I(zo) contradicting the assumption that I(z,,) — I(zo) + 2.
This proves the claim.

Now consider the function
~ 1

1@ = 1 =i —2mi

By the claim, this is a bounded, injective and holomorphic function on €2, and ~hence f : Q — Dg(0),
where R can be taken to be R = 1/¢ where ¢ is from the claim above. Suppose f(z9) = a, then

fz)—a

f(Z):m

is the required function. O

Next, let

A = sup | f'(z0)|.
fer

We claim that A\ > 0. To see this, consider the f € F constructed above. Since f(z) is injective, by
Corollary 0.3 from Lecture 19, | f/(20)| > 0 and hence A > 0.

Lemma 25.2.2. There is a function F' € F such that |F'(20)| = \. In particular, X is also finite.

Proof. Let f,, € F be a sequence of functions that maximize | f(zo)|; that is
. / _
Jim £, (20)] = A.

Since | f(z)| < 1, by Montel’s theorem there is a subsequence that converges uniformly on compact sets
to a holomorphic function F satisfying |F'(z)| < 1, and F(z9) = 0. Moreover since the derivatives also
converge, we must have |F’(zy)] = A # 0. In particular, F' cannot be a constant. Then by the maximum
modulus principle, |F(z)| < 1 for all z € €, since otherwise, there will be a point z € Q with |F(z)| = 1,
and hence will be an interior maximum point for |F'|. Finally to show that F € F, we need to show
that F' is injective. But this follows from Hurwitz’s theorem since F' is non-constant and all f,, € F are
injective. O
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25.2.2 Completion of the proof of Riemann mapping

Since F'(z9) # 0, by composing with a suitable rotation, we can assume that F”(zg) is real and positive.
We claim that this F is the required bi-holomorphism. We already know that F' : Q@ — D, F'(29) = 0 and
F is injective. To complete the proof, we need to show that F is surjective. If not, then there existsa o € D
such that F'(z) = « has no solution in ). We then exhibita G € F with |G'(29)| > |F’(20)| contradicting
the choice of F'. To do this, consider 9, : D — D defined by

and let
9(2) = VYo o F(2).

Since ¥, (z) = 0 if and only if z = «, we see that ¥, o F' is always zero free, and so a holomorphic branch
of log ¢, o I can be defined since {2 is simply connected. We can then choose a holomorphic branch for
g(z) by letting

g(Z) _ 6% log waoF(z).

Note that g(z9) = /. To construct a member of the family, we need to bring this back to the origin, and
hence we define

G(2) =¢yaog(z)
Then G/(z9) = 0. Moreover, G(z) is also injective since 1/, ;; and g(z) are injective, and so G € F.

Claim. |G’ (z0)| > |F'(20)].

To see this, observe that
F(z) =4t osow&laOG(z) = doG(z),

where s(w) = w? is the squaring function and ® = ¢, o s 0 w;}; : D — D. We compute that $(0) =
¢;1(S(¢\7};(0)) =5 (s(v/a)) = 5 () = 0. By Schwarz lemma, |®(z)| < |2

|®'(0)] < 1.

,and so

We claim that |®’(0)| < 1. Suppose, |®’(0)| = 1, then by the second part of Schwarz lemma, ®(z) = az
for some unit complex number a. In particular, ®(z) is injective. But ® cannot be injective since s(z) is
a 2 — 1 function ie. sends two points to a single point, and v, and 1 /5 are injective. This shows that
|®(0)| < 1. But then F'(z0) = ®'(G(20)) - G'(20) = ’(0) - G'(20), and hence | F'(z0)| < |G’(20)| which
proves the claim, and completes the proof of the theorem.

O

25.3 Green’s functions and a generalization of the Riemann map-
ping theorem

For the purposes of this section, we assume that €2 is bounded and has a sufficiently nice boundary 02 (for
concreteness, assume that 02 is a union of piecewise regular curves). Often one is interested in solving
the Dirichlet problem on 2: Namely, given any smooth (real valued) function f on 2 and a continuous
function ug on 952, to find a smooth function u such that

Au=f
{u’ = ug.

a0
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This problem arises in many (seemingly) different areas in mathematics and physics. For instance, one
interpretation of solutions of the above problem, is that u represents the voltage distribution on a conductor
Q with charge distribution given by f(z) and the boundary being held at voltage uy.

A Green’s function for () based at zp € {2 is a function G, : @ — R such that

1. G,,(#) is a harmonic function on  \ {20}

2. Gy . 0.

3. G.,(2) — 5= log|z — z| is bounded in a neighbourhood of z.

Note that log |z — zp| is a harmonic function in a punctured neighbourhood of z;. By an analog of the
Riemann removable singularity theorem for harmonic functions, condition (3) is equivalent to G, (z) —
5—log |z — 29| extending as a harmonic function in a disc D, (z). It is often useful to think of the Green’s
function as a function of two variables G : (2 x Q — R, where we set

G(z,w) 1= Gy(2).

It turns out that the function G is actually symmetric in the two variables. The reason why Green’s function
is important is that it is a fundamental solution to the Dirichlet problem on (). That is, with f and ug as
above, a solution to the Dirichlet poblem is given by

d
u(z) = [ Glw)fwdudo — [ 2 w)gtw) do
Q oa dv
where dG/dv is the outward normal derivative of G on the boundary (where differentiation is with respect

to the variable w), dwdw is the usual Lebesgue (or Euclidean) measure on €2, and do is the surface measure
on 0.

Conversely, if one can Dirichlet problems with continuous data, then one can construct a Green’s function.
The idea is to simply find a harmonic function H,, (z) with boundary data uy = — log |z — zg|. The Green’s
function G, (z), will then be

1 1
G, (2) = o log |z — zo| + %HZO(Z).

Now suppose that {2 is simply connected. Fix a zy € €, and as above, let H,,(z) := 27G,, (z) —log |z — 2|,
which is harmonic by property (3) above. Since 2 is simply connected, H,(z) has a harmonic conjugate,
that is a function H7 (2) : € — R which is harmonic, and such that f(z) = H. z) + iH} (2) is a
holomorphic function on Q (The proof is essentially the same as that for a disc, and this was an exam
problem on the midterm). We let F(2) = (2 — z9)e/*). For any z € 9Q, G,,(2) = 0, H,,(2) =
—log|z — #o|, and so |F(z)| = 1. By the maximum principle, |F(z)| < 1 for all z € Q. Hence F' is a map
from € to the unit disc D. Furthermore, F'(z) has only one zero in {2, and that too a simple one, namely
at z = 2. Next, let wy € D such that |wg| < 1 — e < 1, and let v be the curve given by |F(2)| =1 —¢
and ' = F o ~y. Then T is of course the circle |w| = 1 — ¢ (but possibly traversed multiple times). Since
F(z) = 0 has only one solution in €2, by the argument principle (rather the index version of it), we see

that
Pe) 1 [P

This shows that F'(z) = w has a unique solution for any wy € I, and hence shows both surjectivity and
injectivity of F'(z). Finally, we can compose F with a rotation to ensure that F”(z) is real and positive.

The reader is encouraged to read a detailed and complete account of a proof of the Riemann mapping theo-
rem along the lines of Riemann’s original “proof” fromhttps://link.springer.com/article/
10.1186/s40627-016-0009-7.


https://link.springer.com/article/10.1186/s40627-016-0009-7
https://link.springer.com/article/10.1186/s40627-016-0009-7
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We end with a vastly more general Riemann mapping theorem. Recall that a domain (2 is said to be n-
connected, if C \ 2 has n connected components. For instance, €2 is 1-connected if and only if it is simply
connected.

Theorem 25.3.1. Let () be an n-connected domain in C such that no component of C \ ) consists of a single
point. Then there exists a biholomorphism F' : Q) — D, where

1. D=Difn=1,
2. Disanannulus A, g(0) ={z € C|r <|z| < R} ifn =2,

3. Dis Ay r(0) \ U= 2Supp(v;) if n > 2, where ~y; are concentric arcs lying on circles |C| = r;, with
r<r; <R.

A historical note. One of the first pushes towards making Dirichlet’s problem and harmonic functions a
part of mainstream mathematics arose out of Riemann’s (faulty) proof of his theorem on conformal map-
pings into the disc. In fact the first systematic and rigorous study of the Dirichlet problem was to fix
the error in Riemann’s original proof. By the turn of the twentieth century, the vastly more general uni-
formization theorem had also been proved using similar methods, and elliptic partial differential equations
and calculus of variations (of which the above problem is the simplest example) had become a part of
mainstream mathematics. So much so that, they were the subject of two of Hilbert’s problems in his 1900
address to the Congress of mathematicians. Finally, this whole circle of ideas of using solutions of partial
differential equations to say something about the topology continues to be a fruitful area of mathematical
research. Some of the spectacular successes include Hodge theory (characterizing cohomology groups via
harmonic forms) and Donaldson theory (characterising smooth structures on four manifolds via solving
Yang-Mills equations, which are a non-linear generalization of Dirichlet’s problem).
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Lecture 26

Gamma and Zeta functions

In this lecture, we study two important functions, namely the Gamma function and the Zeta function. Each
function is initially defined in a certain region in the complex plain; the Gamma function by an integral
and the Zeta function by an infinite series. Both the functions are then extended to obtain meromorphic
functions on the entire complex plain. The key techinical tool is the principal of analytic continuation.

26.1 Revisiting the principle of analytic continuation

Recall that the principal of analytic continuation says that if two functions agree on some open set, then
they must agree on the entire connected component containing the open set. Given a holomorphic function
f : Q@ — C it is natural to ask for the biggest possible open set Q' containing 2 on which f has a
holomorphic extension. It is in fact much more natural to ask for meromorphic extensions. So we pose
the following question.

Question 26.1.1. Given f : 0 — C holomorphic, what is the biggest Q' containing 2 such that there exists
a meromorphic function F' : ' — C such that

F|Q:f'

Is the extension unique.

The uniqueness part is answered in the affirmative by the following extension of the principle of analytic
continuation to meromorphic functions.

Lemma 26.1.2. Let ) be a connected open set, and f, g : Q0 — C be meromorphic functions with poles at
isolated sets Sy and S respectively. Let S = Sy U S,. Suppose there is a sequence of pairwise distinct points
zn € Q\ S such that z, — 2o € Q and f(z,) = g(2y) foralln, then Sy = Sy = S, the poles of f and g are
of the same order and the Laurent series expansions match up, and f = g as meromorphic functions.

Proof. Since f,g € O(Q\ 5), by the usual principle of analytic continuation,

f‘Q\S - g‘n\s'

To complete the proof, we need to show that Sy = S, = S. Let p € Sy. Then there is an € > 0 such that
D.(p) does not contain any point of S apart from p. That is, D.(p) \ {p} C 2\ S, and hence f(z) = g(2)
forall z € D.(p) \ {p}. Since p is a pole of f, f(z) — oo as z — p, and hence g(z) — oo as z — p. This
shows that Sy C S,. By symmetry we get the reverse inclusion and this proves that Sy = S,. Since f

159
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and g are equal in the complement, it is also clear that the poles will be of the same order, and the Laurent
series expansions match up. Hence f = g as meromorphic functions. O

Example 26.1.3. Consider the function defined by the power series

f(z)= Z z".

This defines a holomorphic function on the unit disc D. Moreover, by the summation formula for geometric
series, the function is precisely f(z) = (1 — z)~!. On the other hand, the function F(z) = (1 — 2)7!
is meromorphic on the entire complex plane with a single pole of order one at z = 1. So F(z) defines a
meromorphic extension of f(z) to C and an analytic continuation to C \ {1}. Note that F'(—1) = 1/2, since
F(z) is an analytic continuation of f(z), naively (and rather thoughtlessly) one might be tempted to plug in
z = —1 in the power series and write
1

171+171+~~“:”§. (26.1)
Of course as stated the above equality is meaningless since the series on the left is a divergent series. The correct
way to make sense out of this is by analytic continuation. There are other ways to make sense out of the series,
for instance by using Cesaro summability. G.H Hardy wrote an entire book on divergent series, and this was
quite a hot topic for research in Britain in the early 20th century.

26.2 Analytic continuation of the Mellin transform

In this section we answer the above question completely in the following model case, for the (truncated)
Mellin transform. Recall that a function ¢ : [—1,1] — R is called smooth, if derivatives of all orders exist
on (—1,1), and are continuous on [—1, 1].

Theorem 26.2.1. Let ¢(t) be a smooth function on the unit interval [—1, 1], and consider the function

f(2) = / r(e) de,

where we use the principal branch, namely x> = ¢*™®_ Then
1. f(z) defines a holomorphic function on Re(z) > —1.

2. f(z) admits a unique extension as a meromorphic function on C with at most simple poles at the negative
integers with

B (p(n_l)(O)
ReSz:fnf(z) - m’

th

where p*)(0) as usual denotes the k™ derivative.

Note that the usual Mellin transform involves the integral over all of (0, 00), and hence we call the above
a truncated Mellin transform (possibly non standard terminology).

Proof. To prove this, we first show that the integral is absolutely convergent for Re(z) > —1. We only need
to worry about convergence near x = 0. It is easy to see that [27| = |e*'"*| = zR¢(*) and soif |p(x)| < M
on [0, 1], then |2*p(x)| < MxR(2), which, by the p-test, is integrable near x = 0 if Re(z) > —1. So by
the comparison theorem, f(z) is well defined for Re(z) > —1. To show that it is holomorphic, we look at
the difference quotient. Note that 2* is holomorphic for all 2 € (0, 1) with derivative

dx?
dz

=z°Ilnzx.
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We claim

To prove this, it is enough to show the following.

Claim. For all € > 0, there exists a § > 0 such that

whenever |h| < 6.

Note that
h) — 1 1 _2+h _ .z
W+—)M_/ :Uztp(x)lnxdai‘ — ‘/ (u_mnxw@)dw‘
1 ehlna: -1
< / |xch(a:)|‘7 - lnm‘ dzx. (26.2)
0 h
By the power series expansion of e”, we have that
ehlnz _q > h™(lnx)™
- —Inz = h(lnz)? _—
- ne (Inz) nzzo nt2)

Now the infinite series on the right is convergent. In fact we have that

"(Inz)™ lna:
||| lnz| _ .—|h|
\Z it D) \—Z\ E| < et - g1,

where we used the fact that |In x| = In(1/x) since « € (0,1). From the power series expansion above, we
then have the estimate

ehlnx -1
—

for any 7 > 0 and |h| small. Here C,, is a constant that possibly depends on 7 but is independent of h. This
estimate holds because lim,_,o 27 (log x)? for any 7 > 0.

— lnx’ < h(ln;v)Qx*\h\ < Cnhx"’”’”,

Now suppose M = sup,¢o 1 lo(z)],
|h| < Re(z), then

.2) we see that if

hlnz _ 1 1
/ |[x%¢ 1n:z:‘ dr < hCnM/ pRe(@)=Ihl=n g,
0

We choose 1 > 0 small enough Re(z) — 2n > —1. Suppose |h| < n, then

1 1
/ e =Ihl=n g0 < / e =20 g0 A,
0 0

Note that A, of course depends on z, but z is fixed throughout this argument, and hence we hide the
dependence of A,, on z. So putting all of this together with (26.2)

1
M,/ #*p(2) Inw da| < MACylh] <e,
h 0
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if |h| < e/MC,A,. So the claim is proved by choosing

0 = min (m,n).

Next, we show that a meromorphic extension exists on all of C. For any given integer N > 0, we can write
the Taylor expansion of ¢ around z = 0 as

N —

o) = 3 E 4 By (o),

Ju

where En (z) is a smooth function on [—1, 1] such that |Ey ()| < C|z|" for some constant C' > 0. So
for Re(z) > —1,

k 1
ﬂxkﬂ + | En(z)2”dx

~
—

N
SN~—

I

S—
>
ASY

o) 1
Kzt k+1

1
+ / En(x)x® dx
0

Since |En(z)| < C|z|V, fol En(x)x* dz is convergent for Re(z + N) > —1, and hence defines a holo-
morphic function on Re(z) > —(N + 1) by the first part. On the other hand, putting & + 1 = 7,
the first term on the right defines a meromorphic function on all of C with simple poles at z = —j,
j=1,2,--- N with residue ¢?1(0)/(j — 1)!. So the right hand side defines a meromorphic function
fn(z) on Re(z) > —(N + 1), which restricts to f(z) on Re(z) > —1. By uniqueness of meromorphic
extensions, for M > N, the restriction of fxy and fs to Re(z) > —(IV + 1) are equal, and hence letting
N — oo, fy converges to a meromorphic function on all of C with simple poles at z = —n with residue
e D(0)/(n — 1)\ O

Remark 26.2.1. Note that if o(" =1 (0) = 0 for some 7, then the residue of f(z) at z = —n would be zero.
And since z = —n can at most be a simple pole, this would imply that z = —n is in fact not a pole at all,
but is a removable singularity.

26.3 The Gamma function

The Gamma function I'(s) is defined on Re(s) > 0 as the Mellin transform of e~?. That is,

I'(s) = / e st da.
0
It is easy to see (exercise!) that the integral is convergent on Re(s) > 0 and hence is well defined and finite
on this region. Note also that I'(1) = 1.
Theorem 26.3.1. WithT'(s) defined as above for Re(s) > 0, we have the following.
1. There exists a meromorphic extension of T'(s) on C with simple poles at s = 0, —1, —2, - - - with residue

(-1

n!

Ress—_,I'(s) =
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2. (Functional equation) For s # —n,n =0,1,2,---,
D(s+1) =s['(s),

and hence for integersn, I'(n + 1) = nl.

Proof. For Re(s) > 0, we can write

1 e’}
T'(s) :/ e_zxs_ldx—k/ e rs " dr.
0 1

The second integral is convergent for all s, and hence defines an entire function by similar arguments as
in the proof of the first part of Theorem 26.2.1. The first integral, by Theorem 26.2.1 (applied to s — 1 = 2),
can be extended to a meromorphic function with simple poles at s = —n, forn =0, 1,2, - - -. The residue
also comes from the first term. Applying theorem 26.2.1 with ¢ = e¢™%, and s — 1 = z, we see that the
residue at s = —n (or z = —(n + 1)) is given by

1 n
Ress—_,I'(s) = — d

el —x (_1)n
n! dzn '

€
=0 n!

We first prove part (2) when Re(s) > 0. In this range we can use the integral formula,

o0
/ ez dx
0
o0
_ s—1 —x
= —/ T de
0
o &=00 > el 3
+ e *dx’®
x=0 0

= s/ e ldr = sT(s).
0

T(s+1)

To prove the equality over the entire complex plane, consider F'(s) = I'(s + 1) — sI'(s).
Claim. F'(s) extends to an entire function.

Assuming this, since F'(s) = 0 on Re(s) > 0, by the principle of analytic continuation, F'(s) is identically
zero, and we are done.

Proof of the Claim. Clearly F'(s) is holomorphic everywhere except possibly at the negative integers
and s = 0. Moreover, F' can only have simple poles at these points. At s = 0, I'(s + 1) is holomorphic,
and so is sI'(s) since I" has a simple pole at s = 0. So F' can have pole at only negative integers. To rule
this out, let us calculate the residue. For n € N,

(-1

Ress—_nI'(s +1) = Res,—_(,—1)['(2) = CE

On the other hand,

Ress—_nsI'(s) = SLiIElnS(S +n)I'(s) = —nRess=—,T'(s) = _(fz_—l)ln)V

and hence Res;—_, F(s) = 0. Since s = —n is a simple pole, this implies that s = —n is a removable
singularity. O
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Theorem 26.3.2 (Euler reflection formula). The Gamma function satisfies the identity

s

T(s)T(1—s) =

sinws’

Proof. By analytic continuation, it enough to prove the identity for s € RN (0, 1). Recall that in Example-2
in Lecture-21, we proved the following identity: For 0 < a < 1,

s v
dv = — .
o 14w sinms

I(1-s)= / e P % dr = t/ e H(vt) " dv,
0

0

We now rewrite

where we made the change of variables = vt. Note that the above formula for I'(1 — s) is valid for all
t > 0. Now we compute

L(s)I'(1—s) = /000 e TID(1 — s) dt

oo o0
:/ e*tt“l(tkS/ e vty dv) dt
0 0

= / et =5 gt do

OOUS
d
/01—|-11v

o

oo
" sinws
O

26.4 The Riemann Zeta function
For Re(s) > 1, we define the zeta function by the infinite series

oo

1
C(S) = Ea

n=1

where as before, n° = e* (") This time by comparison test for series, since [n®| = nRe(s)  this is

a convergent series for Re(s) > 1, and by the Weierstrass M-test defines a holomorphic function on
Re(s) > 1.

Theorem 26.4.1. The zeta function above satisfies the following properties

1. For Re(s) > 1, we have the identity,

1 R
C(S)—@/O et—lt dt.

That is, the zeta function (upto a factor of I'(s)) is the Mellin transform of (et — 1)~1.

2. ((s) can be extended to a meromorphic function on C with a simple pole at z = 1 and holomorphic on
C\ {1}. Moreover, we have
Res,—1((s) = 1.
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3. ¢(s) = 0 whenever s = —2n for somen € N. These are the so called trivial zeroes of the zeta function.
The Riemann hypothesis conjectures that in fact all other zeroes (the so called non-trivial zeroes) lie on
the line Re(s) = 1/2.

Proof. For the first identity, we observe that

F 1 o0 o0
(5) = 7/ e (x/n)* " de = / e "5l at.
0 0

ns n

where we changed variables © = nt in the second equality. Summing up we obtain

o0

c@mgangywwvwh%fQ':,JyAﬁ:A“é:fqﬁ

n=1

Now let f(s) = [;° -At*~! dt. We can write

f@)Amwmf27

where ¢(t) = t/(e' — 1). From the Tayor expansion of e’ we can see that () is smooth on [—1, 1], and so
by Theorem 26.2.1 with z = s — 2, f(s) is holomorphic on Re(s — 2) > —1 or equivalently on Re(s) > 1,
and admits a meromorphic extension with simple poles at Re(s) = 1,0, —1, —2,---. But I'(s) itself has
simple poles at s = 0,—1,—2, - -, and hence the meromorphic extension {(s) = f(s)/I'(s) will have a
pole only at s = 1. When s = 1, s — 2 = —1, and so from Theorem 26.2.1, Res,—; f(s) = ©(0). But

t t B 1
et—1 t+t2/24+-  L14t/2+4--

and so ¢(0) = 1, and hence Ress—1 f(s) = 1. But since I'(1) = 1, we then have that Res,—1((s) = 1. It
follows from Problem-7 in Assignment-4 that

olt) = ff P

-1 2n)!
where B,, is the nt" Bernoulli number. In particular, <p(2”+1)(0) =0,foralln =1,2,---, and hence
@(2n+1)
ReSs:_an(S) = RQSZ:_QTL_Q.]C(Z) = m =0.
So f(s) has a removable singularity at s = —2n. But since I'(s) has a simple pole at s = —2n, it follows
that ((—2n) = 0 for alln € N. O

Example 26.4.1. Let us calculate ((0). First, note that if two functions f(z) and g(z) have a simple pole at
z =0, then h(z) = f(2)/g(%) has a removable singularity at = = 0. Moreover the extension, which we also
denote by h(z), satisfies h(0) = Res.—of(z)/Res.—0g(z). We apply this to the meromorphic extension of

o0 1 4
= — 7 dt
f(s) /O ] ;

and g(s) = T'(s). For Re(s) > 1, we re-write

f(s) i 572 dt + - t5 1 adt
s) = —_ .
0 et -1 1 et -1
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The second part, by the argument above is an entire function. So the residue comes from the meromorphic
extension of the first integral. We apply Theorem 26.2.1 with p(t) = t/(e* — 1) and z = s — 2. To find the
residue at s = 0 we apply the second part of Theorem 26.2.1 (withn = 2, since z = —2 is the same as s = 0)

/
0
Ress=of(s) = @1(' )
But we can write down the Taylor expansion of
t t 1 t
t) = = = = 1 — = + higher order t
olt) =5 t+12/24 - 14t/2+-- p T fugher order terms,

and so ¢'(0) = —1/2. On the other hand the residue of the Gamma function is given by Theorem 26.3.1, and
we see that Res;—o['(s) = 1, and putting everything together, we obtain that

Example 26.4.2. By working a bit harder, we can compute ((—1). Once again applying Theorem 26.2.1, this
time withn = 3 (since s = —1 is z = —3) we have

@) (0
Ress——1f(s) = P )
2!
Computing the next term in the Taylor expansion,
1 t 2 ¢ t 2 (
t) = =l—--——+—+0)=1--+—=+0(
P = T a2/ o) 2§t Tow) SRR

and so Ress—_1 f(s) = 1/12. On the other hand, Ress— _1I'(s) = (—=1)'/1 = —1, and hence

1
1) =
(1) ==
Remark 26.4.3. Recall that for Re(s) > 1,
o0
¢(s) = Z n=°.
n=0

We can then formally (and formally is the key word here) “plug in" s = —1, and write

1

14240 4=7((-1) = =%

(26.3)
Of course this does not make any “real” sense since 1 + 2 4+ 3--- is a divergent series and ((—1) is a
finite number since ((s) is holomorphic at s = —1. The equation (26.3) is found in one of Ramanujan’s
notebooks. Apparently Ramanujan had stumbled upon a way of summing up certain divergent series, and
being unaware of analytic continuation, used the rather crude notation that seems to suggest that the sum
of all natural numbers is not only a finite number but also negative!

There is a particularly misleading video posted by numpherphile, an otherwise decent youtube math chan-
nel, on this “astounding” identity - https://www.youtube.com/watch?v=w- I6XTVZXww,
which gives a “derivation" of the above “identity”" using other misleading identities such as (26.1). Fol-
lowing the barrage of criticism that this video received, other channels made better videos. For instance
thisvideo-https://www.youtube.com/watch?v=jcKRGpMiVTw by mathlogger clarifies the
identity using Cesaro summability. There is also a very beautiful video on the analytic continuation of the
zeta function by 3BluelBrown - https://www.youtube.com/watch?v=sDONjbwqglYw.


https://www.youtube.com/watch?v=w-I6XTVZXww
https://www.youtube.com/watch?v=jcKRGpMiVTw
https://www.youtube.com/watch?v=sD0NjbwqlYw
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We end this lecture, with the beautiful functional equation of Riemann’s which we state without proof.

Theorem 26.4.2. [Functional equation]
¢(s) = 2°7° tsin (g)l"(l —$)¢(1 = s).
Example 26.4.4. As an application we can calculate ((2). Namely,
9) = 47¢(—1) lim si (”)r 1-s)
€(2) =4n¢ lim sin { - (1—s).

We can compute the limit directly by using the Residue of I'(1 — s) at s = 2. Alternately, by Theorem 26.3.2

s sinms s
n(—)MNMt—-s)=—"" 1"M1-8§)= ———
sm( 2 ) (1=s) 2 cos(7s/2) (1-5) 2I'(s) cos s /2’
and so ) )
7 ™
(2) = =
3ar(2)(-2) 6
This gives a third derivation of the famous Basel-Euler identity:
51
— nz2 6’

and is a good place to end.
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Lecture 27

Prime numbers and the Riemann
hypothesis

The Riemann hypothesis is one of the most famous unsolved problems in all of mathematics. In the previous
chapter we saw that the zeta function has zeroes at all the negative even integers s = 0, —2, —4, - --. Any
zero that is not one of these, is called the a non-trivial zero of the Riemann zeta function. The following is
Riemann’s conjecture:

Conjecture 27.0.1. All the non-trivial zeroes of the zeta function lie on the line

1
s(t) = 5 +it.

To explain the significance of the Riemann hypothesis, we need to introduce the prime counting function.
Recall that a positive integer p is called a prime if it’s only positive factors are 1 and p. We then let

m(x) := number of primes less than or equal to x.

For x > 1, we also let
x dt 1—¢ x dt
Li(z) = p.v. —— = lim (/ —|—/ )—
0 logt e—0+ 0 1+e logt

Theorem 27.0.2. Riemann hypothesis implies the following estimate on 7(x):

n(x) = Li(x) + O(y/xlog x).

What does the zeta function have to do with the primes? The following observations goes back to Euler.
Indeed, what we call the Riemann zeta function, was first studied in detail by Euler himself.

Proposition 27.0.3. ForR(s) > 1,

)= [ —

_p—s’
p prime 1 p
The proof is an elementary consequence of the unique factorisation theorem, and is left as an exercise.

169



170 LECTURE 27. PRIME NUMBERS AND THE RIEMANN HYPOTHESIS

27.1 The prime number theorem

Theorem 27.1.1.
lim TE)
z—o0 xlogx




Lecture 28

Elliptic functions

28.1 Doubly periodic functions

We have already encountered many holomorphic functions that periodic. A function f : C — C is periodic
if there exists a w # 0 such that f(z + w) = f(z) for all z € C. Examples include most notably the
exponential function which is periodic with a period of 271/—1. In fact, as we saw earlier, this can be
taken as a definition of the real number 7. In this chapter we will be interested in functions f : C — C
that are doubly periodic, that is,

flz+w) = f(2) = f(z+w2)

for some wi,ws € C*andall z € C. At the end of this lecture, we shall give an application of such functions
to the evaluation of certain real valued integrals that arise in computing lengths of arcs on ellipses - hence
the name elliptic functions. But first, we note that the study of such doubly periodic functions falls naturally
into two cases - either wy = Aw; for some A € R or not. We claim that the first case is not very interesting.
Indeed we have the following:

Proposition 28.1.1. Let f be a meromorphic function on C. Suppose there exists w € C* and A € R* and
A # 1 such that

fz+w) = fz+ ) = f(2), Vz € C,
then we have the following dichotomy:
1. If X € Q, then f is periodic with a single period.
2. If X is irrational, then f is a constant.

In view of the above we restrict to the second case, that is, w; and wo are linearly independent as vectors in
R2. It is then clear that any holomorphic function which is doubly periodic will be forced to be a constant
by Liouville’s theorem. Indeed the values that f takes are determined by the fundamental parallelogram of

I
Py={aw; +bwy |0<a<1, 0<b<1}.
So f itself is bounded, and hence constant. So the upshot is that to get something interesting, we need to

consider doubly periodic meromorphic functions whose periods are linearly independent. Such functions
are called elliptic functions. Any translate P = Py + h, h € C is called a period parallelogram of f.
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28.2 The canonical basis

Suppose now f is an elliptic function with bases w; and ws. Then clearly for any integers m and n,
mwy + nws is a period for f. Let A = Zwy + Zws be the lattice generated by w; and wo.

28.3 Poles and zeroes

Proposition 28.3.1. Let f be an elliptic function with fundamental period Py = (1, 7). Then the number
of poles and zeroes of f in Py (counted with multiplicity) are equal. We call this number the order vy of the
elliptic function. Consequently, for any ¢ € C, the equation

flz)=c

has exactly vy solutions when counted with multiplicity.

Proof. Without loss of generality (for instance by perturbing P, to a neighbouring period parallelogram)
we may assume that there are no zeroes or poles on OF,. If we denote the number of poles and zeroes by
Ny, and Ny, by the residue theorem we have

1 f'(z)

2mi Jop, f(2)

dZ:No—NOO.
O

A natural question is what integers can appear as orders elliptic functions? We have the following elemen-
tary observation.

Proposition 28.3.2. For any elliptic function f, vy > 2.

28.4 Weierstrass p function

A natural question now arises on the existence of such functions. In this section we give an explicit (and
very classical) construction of an elliptic function of order two.



Lecture 29

Modular forms

29.1 The modular group
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PartV

Analytic continuation
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Lecture 30

Analytic continuation along curves

30.1 An example

Suppose we have an analytic function defined in some disc D, which we assume to be centred at zy = 0.
Suppose we want to extend it to an analytic function at some z; ¢ D. A naive idea would be to join z;
to the origin by a path, say a straight line, and to attempt to extend the analytic function along the the
straight line by using power series expansions centred at points on the straight line. If one is lucky, this
procedure can be carried out until one reaches the desired point z;. To illustrate this, consider analytic
function f : D — C on the standard unit disc:

f(z)= Z z".
n=0
Suppose we want to extend this to the point z = —1. We consider a point close to z = —1. In this case
z9 = —1/2 will work. We try to expand the function f(z) as a power series around z = —1/2. To do this,
we recall that whenever |z| < 1,
1
In a neighbourhood of zp = —1/2 we write this as
1
U Y S ey
21
S 3l-w’

where w = 2(z + 1/2). But then as long as |w| < 1, we can expand the above and obtain
2 — o (271 1\
f(z>:3;)wn:;(3) (z+§) _

The right hand side is a power series which converges as long as
)<
2+ - < <.
2 2

Since z = —1 satisfies the above inequality we have the required extension of our original function. This
is not surprising, since we already know that f(z) = (1 — )1, and the latter function is clearly analytic
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at —1 (indeed it is analytic everywhere except z = 1). But one can imagine that this process holds good
for many other analytic functions.

On the other hand, note that there cannot be any such extension at z = 1. For if there were such an
extension, say F'(z), then

F()= lim F(z+0i) = lim —

o+0i—31 511 —2

30.2 Formalizing the main ideas
30.3 The monodromy principle

30.4 A (very) surprising application - Picard’s little theorem

Having set-up the beautiful theory of modular forms, and in particular having constructed an elliptic mod-
ular function, we now combine with the monodromy principle to obtain an immediate and stunning con-
sequence. Recall that if f : C — C is an entire function, then f(C) is dense in C. This follows from the
Casorati-Weierstrass theorem by analyzing the singularity at infinity. We have the following vast gener-
alization.

Theorem 30.4.1 (Picard’s little theorem). Let f : C — C be a non-constant entire function. Then f(C) can
miss at most one point in C. That is, if there exist a # b such that f(C) C C\ {a, b}, then f is a constant.

Of course we do have entire functions that miss exactly one point - the function e* for instance. So this
theorem is sharp.

Proof. O



Lecture 31

An exposition on Riemann surfaces
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Appendix A

Problems

1. Find all possible solutions to the following equations:
(@ 2*=i+1.
(b) 2™ =1.

2. Determine all values of 2¢, i* and (—1)%.

3. For what values of z is e* equal to 2, 7/2?

4. Show that there are complex numbers z satisfying

|z —al+ |z + a] = 2|

if and only if |a| < |¢|. If this condition is satisfied, what are the smallest and largest values of |z|.

5. (a) Let z,w € C such that zw # 1. Then prove that if ||, |w| < 1, then
w—z
<1
1-— zw‘
Moreover
‘ w—2z |
1—zwl

if and only if either |z| = 1 or |w| = 1.

(b) Now, fixaw € D := {z € C||z| < 1}, and consider the mapping ¢,, : D — C,

w—z

Pu(2) :

T1-zw
Prove that ¢,, has the following properties:
i. ¢y is a holomorphic map of D into itself.
ii. ¢,, interchanges 0 and w. That is, ¢,,(0) = w and ¢, (w) = 0.

iii. ¢, is a biholomorphism. Hint. Compute ¢, © ¢,,.

6. Prove that f(z) is holomorphic if and only if f(Z) is holomorphic. How are the two complex deriva-

tives related?

7. Find the radius of convergence of the following power series.
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@ T, (logn)?e".
e’} n)® 5
(b) ZnZI E37L))!Z .

(c) The Bessel function:

50 =(3) S mrt(3)"

n=0

8. For what values of z € C is the series
oo

Z(lj—z)n

n=0

convergent. In the regions that the series does converge, is it absolutely and/or uniformly conver-
gent?

9. Prove that the function f(z + iy) = +/|z||y| satisfies the Cauchy-Riemann equations at the origin,
and yet, using only the definition, prove that the function is not complex differentiable at 0.

10. Suppose f is holomorphic on a region €. If any one of the following holds:
(@) Re([f)is a constant,
(b) Im(z) is a constant,
(c) |f|is a constant,
prove that f is a constant function.
11. Let Q2 C Cbe open and f = u + v : Q@ — C be a smooth map.

(a) If h is a smooth map in a neighborhood of f(p), then prove that
Ohof \ _Oh o 0f 0h . Of

P )= o0 )+ o ) S )

(b) If f is holomorphic, prove that det J¢(2) = | f(2)|? for all z € €.
phic, p f

(c) Using the usual inverse function theorem from multivariable calculus, prove the following holo-
morphic inverse function theorem: If f is holomorphic at p with f/(p) # 0, then there there
exists open sets U and V around p and f(p) respectively, such that f : U — V has a holomor-
phic inverse f~1 : V — U.

12. Let Q C Cbe aregion and f : 2 — C a holomorphic function satisfying | f(z) — 1| < 1 in §2. Prove
that for any closed regular curve « in €,
!/
/ /) dz = 0.
v f(2)

13. If P(2) is a polynomial and R > 0 prove that

/ P(2)dz = —2miR*P'(a).
|z—a|=R

14. (a) Let f(z) be an entire function such that Re(f(z)) > —a for all z € C. Prove that f is a
constant.



183
(b) Let f(z) be an entire function such that f(z) is real whenever |z| = 1. Prove that f is a
constant.

(c) Let f(z) be an entire function such that | f(z)| < |z|™. Prove that f(z) = cz" for some constant

c e D.

(d) Let f be an entire function, and o, C' > 0 be constants. Suppose
|f(2)] < C(1+|2]%)

for all z € C. Prove that f(z) is a polynomial of degree at most |«, where |« | denotes the
greatest integer less than or equal to a.

(e) Find all entire functions such that | f(z)| > 1 whenever |z| > 1.
15. Compute the following integrals. The circles are traversed once in the anti-clockwise direction.

@) [, 2" da

®) fiojz ¥

(c) f\z\:r %, where |a| # r. Hint. First prove that |dz| = —irdz/z on the circle |z| = 7.

16. Is there a holomorphic function f on a domain 2 such that there exists and integer N € N and a
complex number z € Q such that |f(")(2)| > nln™ for all n > N? Can you formulate a sharper
theorem of the same kind?

17. Let Q C C be open, and let f : @ — () be a holomorphic function. Suppose there exists a point
zp € 2 such that

f(z0) = 20, f'(20) = L.

Prove that f is linear, that is, there exists a, b € Q such that f(z) = az+b. Hint. First prove that one
can assume without loss of generality that 29 = 0. If f is not linear, then f(2) = z+a,2"+O(2"1)
for some a, # 0and n > 1. If f denote f composed with itself k-times, prove that fi(z) =
2 + kanz™ + O(2"*1). Now, apply Cauchy inequalities and let & — oo to conclude the desired
result.

18. Suppose f : D := D;(0) — C is holomorphic. Prove that the diameter of the image d :=
sup, ,ep |f(2) — f(w)]| satisfies the estimate

d > 2[f'(0)],
and that equality holds if and only if the function is linear.
19. Let -y be a simple closed curve, and a ¢ Supp(y). The prove that

(v,a) +1, a € int(y)
n(y,a) =
7 0, a € ext(7).

20. Are there holomorphic functions f(z) and g(z) in a neighbourhood of 0 such that forn = 1,2---
we have

@ f(1/n) = f(=1/n) =1/n?
(b) g(1/n) = g(=1/n) =1/n?
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21. Determine all holomorphic functions on the unit disc D := D1 (0) such that

P22 o
foralln =2,3,---.

22. For any open set {2 C C and any complex valued function, the L?-norm on U is defined to be

1/2
| fllL2() = (/ |f(x,y)\2d:vdy>
Q
if it is finite. We then define the space H({2) by

H(Q) :={f € OO [ |Ifllz>(0) < o0}

We equip it with the norm || - |[12() defined above.

(a) Let zp € Qand D, (z9) C Q. Forany 0 < s < r, prove that

1
sup |f(2)] < m”f”m(m(zo))-

zE€D(z0)

Hint. Write f(z) in terms of an integral on 9D,.(zg) by the Cauchy integral formula and use
polar coordinates.

(b) Prove that if { f,,} is a sequence in H (2) that is Cauchy with respect to the L?(£2) norm, then
fn — f compactly on .

(c) Hence prove that H () with the metric

d(f,g) = IIf - 9||L2(Q)

is a complete metric space.

23. Suppose that f and g are holomorphic in a region containing D; (0). Suppose f has a simple zero at
0 (ie. the order is one), and has no other zero in D1 (0). Let

fe(2) = f(2) +eg(2).

Show that if € is sufficiently small, then

(a) fe has a unique zero (counted with multiplicity) in D1 (0).
(b) Moreover, if that unique zero is p., then € — p. is a continuous function.

24. Find the branch points (including infinity) for the following functions. Also give a branch cut that
will make the function a single valued holomorphic function on the complement of the cut.

(@ vz—1
(b) log (22 +2+1)

25. (a) Let f : D — C such that the functions g = f2 and h = f3 are holomorphic on ID. Prove that
f is holomorphic. Is the statement true if either g is not holomorphic or A is not holomorphic?
If so, give a proof. Else give counterexamples.

(b) Either prove or provide a counter-example to the following statement: If f is a continuous
function on a connected open subset 2 such that f? is holomorphic. Then so is f.



26.

27.

28.

29.

30.

31.

32.
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(@) Let Qg be the rectangle with vertices (—R,0), (R,0), (R, R) and (— R, R). Compute the inte-
gral

/ dz
00, (1+ 22t

where () i has the anti-clockwise orientation.

/oo (1+a2)ntt 4,,L(n!)27r.

(b) Use this to prove that

In each of the cases below, classify the isolated singularities, and in case of poles, compute the order.
22
(@) Zsin;rz :

1—
®) S

1 1
(C) e*—1  z—2mi’

1
(d) cos(1l/z)"

If f and g are entire functions such that | f(z)| < |g(z)| for |z| > 1, then show that f(z)/g(z) is a
rational function.

Let R(z) be a rational function such that |R(z)| = 1 for |z| = 1.

(a) Show that « is a zero or a pole of order m, if and only if 1/& is a pole or zero of order m
respectively. Hint. First show that

is a rational function such that M (z) = 1on |z| = 1.

(b) Let {cr;}I, be zeroes and poles of R(z) of order m; in the unit disc |z| < 1. Here m; > 0 is
o is a zero and m; < 0 is it is a pole. Define

B( ) ( z — al )7”] ( z — a2 )’WLQ ( z — aN )TVLN
1—zay 1—zay 1—zay

Show that R(z) = AB(z) for some A € C with |\| =1

Recall that a function is said to have a removable singularity (resp. pole or essential singularity) at
infinity if the function f(1/z) has a removable singularity (resp. pole or essential singularity) at
z=0.

(a) Show that an isolated singularity (including at infinity) of f(z) cannot be a pole for exp(f(2)).

(b) In particular, if f is a non-constant entire function, then exp(f(z)) has an essential singularity
at infinity.

Let f and g be entire functions such that h(z) = f(g(z)) is a non-constant polynomial. Prove that
both f(z) and g(z) are polynomials.

Show that when 0 < |z| < 4,

1 1 +§: zZ"
4z — 22 4z n:04”+2'

Using the Laurent series, evaluate

1
—_dz,
/|Z|_2 4z — 22 ¥
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33.

34.

35.

36.

37.
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where the circle is given positive orientation.

Show that the Laurent series for

—

e* — 1)~! at the origin takes the form

1 S k 1 Bk 2k—1
— 1%
-3 Z :

where the numbers By, are the called the Bernoulli numbers. Calculate By, By, Bs.

I\z\'—‘

Find a Laurent series that converges in the annulus 1 < |z| < 2 to a branch of the function

R ]

1—=2

Recall that we proved the identity

1
7TCOt7TZ**+ Z ( >
z—n

nez\{0}

Recall also, the definition of Bernoulli numbers from the previous assignment

’I’L B n
_1—1—7—1-2 1 !22.

o —s
m=1 m

Finally, for any complex number Re(s) > 1, we define {(s) = Y
(a) Prove that

mzeotmz =1 — Z ¢(2n)z*"

(b) Prove that

B,
) _ 22n 1 2n
Clam) = 22 e,
In particular, from your answers in the previous assignment, you should be able to calculate
€(2), ¢(4) and {(6). Hint. First observe that

2miz

wzcotmz = miz + m.

Let Q C C be an open set containing the closure D,.(0) of the disc of radius r centred at the origin.

Suppose f :  — C be is a holomorphic function with zeroes a1, aa, - - - , @, in D,.(0) with multi-
plicities my, - - - , m,, respectively, and no zero on 9 D,.(0). For any entire function ¢ : C — C, show
that

1 FG) N~
o ©(z) ) dz-j;mjap(aj).

L J)z|=r

Let f be a function that is holomorphic on the annulus Ar o (0). The residue of f(z) at infinity is

defined to be .

Res,—oo f(2) = omi ey f(z)dz,
where 7 > R. Note that by Cauchy’s theorem, the definition is independent of . The reason for the
negative sign is that morally, one would like to define the residue at infinity, in the same way as for a
point in C, namely via an integral on a small circle around the point with positive orientation. But a
small circle with positive orientation around the point at infinity is a large circle in C with negative
orientation, and hence the negative sign in the above expression.
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(a) Prove that
1 1
Res,—of(2) = —Res,—g ?f(;>

(b) If f is holomorphic in C\ {p1,- -, pn }. Then prove that

Res.—oo f(2) + Z Res,—p, f(z) = 0.
k=1

38. Show that if f is an injective entire function, then it must be linear. That is, f(z) = az + b, for some
a,b € C with a # 0. Hint. First show that f(z) cannot have an essential singularity at infinity.

39. Let f be a non-constant holomorphic map defined in an open set €2 containing the unit disc D centred
at the origin.

(a) Suppose |f(z)| = 1 whenever |z| = 1, then show that f(2) contains the unit disc.

(b) Show thatif |f(z)| > 1 whenever |z| = 1, and there exists a point zg € D such that | f(z9)| < 1,
the prove that f(€2) contains the unit disc.

40. Show that there is no holomorphic function on D that extends continuously to 9D such that f(z) =
1/z for all z € OD.

41. In each of the cases below, calculate the total number of solutions (with multiplicity) in the regions
indicated.

(@) 27 —22°4+62> —2+1=0in|z| < 1.
(b) cz™ =¢€%, |¢| > ein 2] < 1.
42. Compute the following real-variable integrals using the residue theorem.

@ [;° ﬁ dz, a € R.

(b) [o° z8mz gy g € R.

z2+a?

© [ 22 da.

0 2?41
@ Jo~ 13 de.
(€ [, log(1+2?)-# 0 <o <2
43. (a) Find a fractional linear transformation that takes the points 21 = 2, z5 = i and 23 = —2 to
w1 =1, ws =4and wz = —1.
(b) Find the fractional linear transformation that maps z; = —i, zo0 = 0 and z3 = i to w; = —1,

we = 7 and w3 = 1. What curve does the z-axis transform into?

44. Find a conformal map from the wedge
W={zeC| —%gargzgg}

onto the unit disc D = {z | |z| < 1}.

45. (a) Show that f(z) = —3(z + 1/z) is a conformal map from the half disc {z = re? | r < 1, 0 <
6 < w} to the upper half plane. Hint. The equation w = f(z) reduces to the quadratic
2% + 2wz + 1 = 0 which has two distinct roots if w # =41, which is certainly the case when w
lies in the upper half plane.
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(b) Use this to show that g(z) = sin z maps the infinite strip {z = x +iy | —7/2 <2ax < 7/2, y >
0} conformally onto the upper half plane.

46. If a Mobius transformation takes two concentric circles of radii 7 < R to two other concentric
circles with radii s < S. Prove that r/R = s/.S. Hint. First argue that by pre-composing and post-
composing, one can assume that both the pairs of concentric circles have centresat 0 and s = r = 1,
and that the inner circle is sent to the inner circle. After this has been arranged, argue that 0 and co
will have to be fixed points.

47. (Schwarz-Pick theorem) If f : D — ID is a holomorphic map from the unit disc to itself, prove the
following.

(a) For any z1 # 2z,

f(zl);f(»’&) ’ Z1 — 22 ‘
1— f(z1)f(22)! — 11 =Z122

(b) For any z € D,
IO

=22 = 1= 2>

(c) In either of the two inequalities, when (and only when) can equality occur?

48. Let H := {z = z + iy | y > 0} be the upper half plane, and let PSL(2,R) := SL(2,R)/ £ I be the
set of 2 X 2 real matrices modded out by the equivalence relation A ~ —A. Then prove that Aut(H)
is isomorphic to PSL(2,R)

49. (a) Let f, : & — C be a sequence of holomorphic functions which converge compactly to f :
) — C which is not identically zero. If 2 is a root of f(z) of multiplicity ‘m’, then show that
for all sufficiently small ¢ > 0, there exists an N = N(g) such that f,, has exactly ‘m’ roots
(counting multiplicity) in D.(zo) for alln > N.

(b) From this conclude that if f,, : 2 — C is injective, and the sequence converges compactly to a
non constant function f : 2 — C, then f is injective.

(c) Let f,, : D — D be a sequence of holomorphic functions such that f,,(0) — 1. Then show
that f,, — 1 compactly on D. Hint. First show that you get convergence after passing to a
subsequence.

50. For Re(s) > 0, consider the function

1 .
f(s) :/0 mdt,

Ay = 1)

- T(s)

and let

(a) Show that f(s) is holomorphic on Re(s) > 0 and can be extended to a meromorphic function
on all of C with simple poles at s = 0,—1, -2, - --

Hint. What is the behavior of 1 — cos \/Z near ¢ = 0. Use this to compare with the model case
discussed in the lecture.

(b) Find
Ress——1f(s).
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(c) Use the identity
T

T(s)T(1 - s) =

sinms

to show that the Gamma function has no zeroes in C. Caution: If I" has a root at s, I'(1 — s)
might have a pole at 1 — s. So you need to rule out this case.

(d) Show that A(s) is an entire function, and evaluate A(—1).
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