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Bochner-Riesz operator

The Bochner-Riesz operator Sα of order α ≥ 0:

Sα(f)(x) =
∫

Rn

(
1 − |ξ|2

)α

+ f̂(ξ)e2πix·ξ dξ,

where (r)+ = max{r, 0} for r ∈ R and f ∈ S(Rn).

Bochner-Riesz means can be seen as an attempt to justify the Fourier
inversion formula.

Characterizing the optimal range of α such that Sα is bounded on Lp(Rn)
is known as Bochner-Riesz conjecture.
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n = 1, α = 0, S0 bounded on Lp(R) for 1 < p < ∞.

Sαf = f ∗Kα with Kα(x) = C
J n

2 +α(2π|x|)

|x|
n
2 +α .

α > n−1
2 : then Sα bounded on Lp(Rn) for 1 ≤ p ≤ ∞.

n ≥ 2, α = 0, Sα the ball multiplier operator.
Fefferman: Sα unbounded on Lp(Rn) for p ̸= 2.

For 0 < α ≤ n−1
2 :

Properties of Bessel function =⇒ Sα unbounded on Lp(Rn) if∣∣ 1
p

− 1
2

∣∣ ≥ 2α+1
2n

.

Bochner-Riesz Conjecture: For 1 ≤ p ≤ ∞ and p ̸= 2
Sα bounded on Lp(Rn) ⇐⇒ α > α(p) = max

{
n

∣∣∣ 1
p − 1

2

∣∣∣ − 1
2 , 0

}
.
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Bochner-Riesz conjecture:
n = 2: True [Carleson and Sjölin, 1972] .

n ≥ 3: Remains open.

max{p, p′} ≥ 2(n+1)
n−1 , Idea of Fefferman and Stein

Sα bounded on Lp(Rn). Using L2 restriction on sphere (Stein-Tomas).

In R3: True for p ≥ 4 − 2/7. [Tao and Vargas, 2000].

n ≥ 3: True for max{p, p′} ≥ 2 + 4/n [Lee, 2004]

n ≥ 5: True for max{p, p′} ≥ 2 + 12/(4n− 3 − k) if n ≡ k( mod 3),
k = −1, 0, 1 [Bourgain and Guth, 2011].
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Lee, Orange= Bourgain and Guth for n ≥ 5, White= open



Bilinear Bochner-Riesz

The bilinear Bochner-Riesz operator Bα in Rn of order α ≥ 0:

Bα(f, g)(x) =
∫

Rn

∫
Rn

(
1 − |ξ|2 − |η|2

)α

+ f̂(ξ) ĝ(η) e2πix·(ξ+η) dξ dη,

where f, g ∈ S(Rn).

Find optimal range α:

Bα : Lp1(Rn) × Lp2(Rn) → Lp(Rn)

with 1 ≤ p1, p2 ≤ ∞ and 1/p = 1/p1 + 1/p2.
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Kernel of Bα:

Kα(y, z) = C
Jn+α(2π|(y, z)|)

|(y, z)|n+α
.

|Kα(y, z)| ≲ 1
(1 + |y|)

n+α+1/2
2

1
(1 + |z|)

n+α+1/2
2

.

α > n− 1/2:
Bounded Lp1 (Rn) × Lp2 (Rn) → Lp(Rn) and 1 ≤ p1, p2 ≤ ∞.

n = 1: Solved p1, p2, p ∈ [1,∞]. See [Grafakos and Li, 2006], [Bernicot
et.al, 2015], [Jotsaroop and Shrivastava, 2022].

n ≥ 2: Bα unbounded for α = 0, if exactly one of p1, p2, p
′ is less than 2

[Diestel and Grafakos, 2007].
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n ≥ 2 and α > 0. Studied by [Bernicot et. al, 2015]

Bα is bounded from L2 × L2 → L1 when α > 0 (Sharp).

Bα is bounded from L2 × L∞ → L2 when α > (n − 1)/2.

Bα is bounded from L1 × L∞ → L1 when α > n/2.

Bα is bounded from L1 × L1 → L1/2 when α > n − 1/2 (Sharp).

Bα is bounded from L∞ × L∞ → L∞ when α > n − 1/2.
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Banach triangle case

Theorem (Bernicot et. al, 2015)
Let n ≥ 2 and 1 ≤ p1, p2 ≤ ∞ with 1/p = 1/p1 + 1/p2. Then Bα is bounded
from Lp1(Rn) × Lp2(Rn) to Lp(Rn) if p1, p2, p and α satisfy one of the
following conditions:

1 (Region I) 2 ≤ p1, p2 < ∞, 1 ≤ p ≤ 2 and α > (n− 1)(1 − 1
p ).

2 (Region II) 2 ≤ p1, p2, p < ∞ and α > n−1
2 + n( 1

2 − 1
p ).

3 (Region III) 2 ≤ p2 < ∞, 1 ≤ p1, p < 2 and α > n( 1
2 − 1

p2
) − (1 − 1

p ).
4 (Region III) 2 ≤ p1 < ∞, 1 ≤ p2, p < 2 and α > n( 1

2 − 1
p1

) − (1 − 1
p ).

5 1 ≤ p1, p2 ≤ ∞, 0 < p ≤ ∞ and α > n− 1
2 .



Improvement: Banach triangle case (2 ≤ p1, p2 ≤ ∞): [Jeong, Lee and
Vargas, 2018]

Improvement: Non-Banach triangle (p < 1): [Liu and Wang, 2019]

Bα bounded L1 × L2 → L2/3 for α > n/2.
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Non-Banach triangle case

Theorem (Liu and Wang, 2020)

Let n ≥ 2 and 1 ≤ p1, p2 ≤ ∞ with 1/p = 1/p1 + 1/p2. Then Bα is bounded
from Lp1(Rn) × Lp1(Rn) to Lp(Rn) if p1, p2, p and α satisfy one of the
following conditions:

1 (Region IV) 1 ≤ p1 ≤ 2 ≤ p2 ≤ ∞, 0 < p < 1 and α > n( 1
p1

− 1
2 ).

2 (Region IV) 1 ≤ p2 ≤ 2 ≤ p1 ≤ ∞, 0 < p < 1 and α > n( 1
p2

− 1
2 ).

3 (Region V) 1 ≤ p1 ≤ p2 ≤ 2 and α > n( 1
p − 1) − ( 1

p2
− 1

2 ).
4 (Region V) 1 ≤ p2 ≤ p1 ≤ 2 and α > n( 1

p − 1) − ( 1
p1

− 1
2 ).



Beyond the Euclidean setup

Bochner-Riesz means:

Sαf = (I − ∆)α
+f,

where ∆ = −
∑n

j=1 ∂
2
xj

the Euclidean Laplacian and (s)+ = max{s, 0}.

L: a non-negative self-adjoint operator. The Bochner-Riesz means
associated L:

Sα(L)f = (I − L)α
+f.
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Bochner-Riesz means on Métivier
groups



G: two step stratified Lie group: connected, simply connected, two step
nilpotent Lie group, Lie algebra endowed with a decomposition
g = g1 ⊕ g2 such that [g1, g1] = g2 and [g, g2] = {0}.

d1 = dim g1, d2 = dim g2.
Q = d1 + 2d2: homogeneous dimension of G.
d = d1 + d2: topological dimension of G.

X1, . . . , Xd1 : a basis of g1 and T1, . . . , Td2 : a basis of g2.

For µ ∈ g∗
2, define a skew-symmetric bilinear form ωµ : g1 × g1 → R by

ωµ(x, x′) := µ([x, x′]), x, x′ ∈ g1.

G: Métivier group if ωµ is non-degenerate for all µ ∈ g∗
2 \ {0}.

ωµ(x, x′) = 0 ∀x′ ∈ g1 =⇒ x = 0.
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| · | norm on g∗
2 induced by ⟨·, ·⟩.

For µ ∈ g∗
2, there is a skew-symmetric endomorphism Jµ on g1 such that

ωµ(x, x′) = ⟨Jµx, x
′⟩, for all x, x′ ∈ g1.

G: Métivier group ⇐⇒ Jµ is invertible for all µ ∈ g∗
2 \ {0}.

G Heisenberg type group:

J2
µ = −|µ|2 idg1 for all µ ∈ g∗

2.

The class of Métivier groups is larger than the class of Heisenberg type
groups, in fact the containment is strict [Müller and Seeger, 2004].

L: sub-Laplacian, a second order, left-invariant differential operator

L = −(X2
1 + · · · +X2

d1
).

L positive and essentially self-adjoint on L2(G).



| · | norm on g∗
2 induced by ⟨·, ·⟩.

For µ ∈ g∗
2, there is a skew-symmetric endomorphism Jµ on g1 such that

ωµ(x, x′) = ⟨Jµx, x
′⟩, for all x, x′ ∈ g1.

G: Métivier group ⇐⇒ Jµ is invertible for all µ ∈ g∗
2 \ {0}.

G Heisenberg type group:

J2
µ = −|µ|2 idg1 for all µ ∈ g∗

2.

The class of Métivier groups is larger than the class of Heisenberg type
groups, in fact the containment is strict [Müller and Seeger, 2004].

L: sub-Laplacian, a second order, left-invariant differential operator

L = −(X2
1 + · · · +X2

d1
).

L positive and essentially self-adjoint on L2(G).



| · | norm on g∗
2 induced by ⟨·, ·⟩.

For µ ∈ g∗
2, there is a skew-symmetric endomorphism Jµ on g1 such that

ωµ(x, x′) = ⟨Jµx, x
′⟩, for all x, x′ ∈ g1.

G: Métivier group ⇐⇒ Jµ is invertible for all µ ∈ g∗
2 \ {0}.

G Heisenberg type group:

J2
µ = −|µ|2 idg1 for all µ ∈ g∗

2.

The class of Métivier groups is larger than the class of Heisenberg type
groups, in fact the containment is strict [Müller and Seeger, 2004].

L: sub-Laplacian, a second order, left-invariant differential operator

L = −(X2
1 + · · · +X2

d1
).

L positive and essentially self-adjoint on L2(G).



| · | norm on g∗
2 induced by ⟨·, ·⟩.

For µ ∈ g∗
2, there is a skew-symmetric endomorphism Jµ on g1 such that

ωµ(x, x′) = ⟨Jµx, x
′⟩, for all x, x′ ∈ g1.

G: Métivier group ⇐⇒ Jµ is invertible for all µ ∈ g∗
2 \ {0}.

G Heisenberg type group:

J2
µ = −|µ|2 idg1 for all µ ∈ g∗

2.

The class of Métivier groups is larger than the class of Heisenberg type
groups, in fact the containment is strict [Müller and Seeger, 2004].

L: sub-Laplacian, a second order, left-invariant differential operator

L = −(X2
1 + · · · +X2

d1
).

L positive and essentially self-adjoint on L2(G).



| · | norm on g∗
2 induced by ⟨·, ·⟩.

For µ ∈ g∗
2, there is a skew-symmetric endomorphism Jµ on g1 such that

ωµ(x, x′) = ⟨Jµx, x
′⟩, for all x, x′ ∈ g1.

G: Métivier group ⇐⇒ Jµ is invertible for all µ ∈ g∗
2 \ {0}.

G Heisenberg type group:

J2
µ = −|µ|2 idg1 for all µ ∈ g∗

2.

The class of Métivier groups is larger than the class of Heisenberg type
groups, in fact the containment is strict [Müller and Seeger, 2004].

L: sub-Laplacian, a second order, left-invariant differential operator

L = −(X2
1 + · · · +X2

d1
).

L positive and essentially self-adjoint on L2(G).



| · | norm on g∗
2 induced by ⟨·, ·⟩.

For µ ∈ g∗
2, there is a skew-symmetric endomorphism Jµ on g1 such that

ωµ(x, x′) = ⟨Jµx, x
′⟩, for all x, x′ ∈ g1.

G: Métivier group ⇐⇒ Jµ is invertible for all µ ∈ g∗
2 \ {0}.

G Heisenberg type group:

J2
µ = −|µ|2 idg1 for all µ ∈ g∗

2.

The class of Métivier groups is larger than the class of Heisenberg type
groups, in fact the containment is strict [Müller and Seeger, 2004].

L: sub-Laplacian, a second order, left-invariant differential operator

L = −(X2
1 + · · · +X2

d1
).

L positive and essentially self-adjoint on L2(G).



| · | norm on g∗
2 induced by ⟨·, ·⟩.

For µ ∈ g∗
2, there is a skew-symmetric endomorphism Jµ on g1 such that

ωµ(x, x′) = ⟨Jµx, x
′⟩, for all x, x′ ∈ g1.

G: Métivier group ⇐⇒ Jµ is invertible for all µ ∈ g∗
2 \ {0}.

G Heisenberg type group:

J2
µ = −|µ|2 idg1 for all µ ∈ g∗

2.

The class of Métivier groups is larger than the class of Heisenberg type
groups, in fact the containment is strict [Müller and Seeger, 2004].

L: sub-Laplacian, a second order, left-invariant differential operator

L = −(X2
1 + · · · +X2

d1
).

L positive and essentially self-adjoint on L2(G).



Bochner-Riesz means outside Euclidean settings.
Hermite operator, one can see [Thangavelu, 1989].

Sub-Laplacians on the Heisenberg groups, see [Thangavelu, 1990].

Sub-Laplacian L, two-step stratified Lie groups G, see [Christ, 1991].
α > (Q − 1)/2: Sα(L) bounded on Lp(G)(1 < p < ∞).

Improvement: Heisenberg type groups. [Müller and Stein, 1994] and
[Hebisch, 1993]

Replaced (Q − 1)/2 with (d − 1)/2; d =topological dimension.

α > (d − 1)/2: Heisenberg-Reiter type groups [Martini, 2015], Lie groups
of polynomial growth [Martini, 2012], Two-step stratified groups of small
dimensions [Martini and Müller, 2014].
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f ∈ L1(G), µ ∈ g∗
2. Partial Fourier transform of f along g2:

fµ(x) =
∫
g2

f(x, u)e−i⟨µ,u⟩ du, x ∈ g1.

Let N ∈ N \ {0}, b ∈ (0,∞)N , r,k ∈ NN .
(b, r)-rescaled Laguerre functions

φb,r
k = φ

(b1,r1)
k1

⊗ · · · ⊗ φ
(bN ,rN )
kN

,

where φ
(λ,m)
k denotes the λ-rescaled Laguerre function

φ
(λ,m)
k (z) = λmLm−1

k ( 1
2 λ|z|2)e− 1

2 λ|z|2
, z ∈ R2m,

and Lm−1
k is the k-th Laguerre polynomial of type m − 1.

µ-twisted convolution: For φ,ψ ∈ S(g1)

ϕ×µ ψ(x) =
∫
g1

ϕ(x′)ψ(x− x′)e i
2 ωµ(x,x′) dx′, x ∈ g1.
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Bochner-Riesz means on Métivier groups:

Sα(L)f(x, u)

= 1
(2π)d2

∫
g∗

2,r

∑
k∈NN

(
1 − λµ

k
)α

+

[
fµ ×µ φ

bµ,r
k (R−1

µ ·)
]

(x) ei⟨µ,u⟩ dµ,

where N ∈ N \ {0}, r = (r1, . . . , rN ) ∈ (N \ {0})N , bµ ∈ (0,∞)N

g∗
2,r is a Zariski open subset of g∗

2.

λµ
k =

N∑
n=1

(2kn + rn)bµ
n,

the function µ → bµ
n are homogeneous of degree 1 and continuous on g∗

2,
real analytic on g∗

2,r, and satisfy bµ
n > 0 for all µ ∈ g∗

2 \ {0},

µ → Rµ ∈ O(d1) is a Borel measurable function on g∗
2,r which is

homogeneous of degree 0.



α > (d− 1)/2: Sα(L) bounded on Lp(G) for 1 < p < ∞ [Martini, 2012].

0 < α ≤ (d− 1)/2
Métivier groups: Let pd1,d2 = pd2 = 2(d2+1)

d2+3 for (d1, d2) /∈ {(8, 6), (8, 7)},
p8,6 = 17/12 and p8,7 = 14/11.
For 1 ≤ p ≤ pd1,d2 whenever α > d(1/p − 1/2) − 1/2, then Sα(L) bounded
on Lp(G) [Niedorf, 2025].

Heisenber type groups: For 1 ≤ p ≤ 2(d2 + 1)/(d2 + 3) whenever
α > d(1/p − 1/2) − 1/2, then Sα(L) bounded on Lp(G) [Niedorf, 2024].

In fact it follows from [Martini et. al, 2022] that the above results are
sharp.
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Bilinear Bochner-Riesz means for L

f, g ∈ S(G), bilinear Bochner-Riesz operator:

Bα(f, g)(x, u) = 1
(2π)2d2

∫
g∗

2,r

∫
g∗

2,r

ei⟨µ1+µ2,u⟩
∑

k1,k2∈NN

(
1 − λµ1

k1
− λµ2

k2

)α

+[
fµ1 ×µ1 φ

bµ1 ,r1
k1

(R−1
µ1

·)
]

(x)
[
gµ2 ×µ2 φ

bµ2 ,r2
k2

(R−1
µ2

·)
]

(x) dµ1 dµ2.

Find α(p1, p2) in terms of the topological dimension d = d1 + d2 such that
whenever α > α(p1, p2),

∥Bα(f, g)∥Lp(G) ≤ C∥f∥Lp1 (G)∥g∥Lp2 (G),

with 1 ≤ p1, p2 ≤ ∞ and 1/p = 1/p1 + 1/p2.



Bilinear Bochner-Riesz means for L

f, g ∈ S(G), bilinear Bochner-Riesz operator:

Bα(f, g)(x, u) = 1
(2π)2d2

∫
g∗

2,r

∫
g∗

2,r

ei⟨µ1+µ2,u⟩
∑

k1,k2∈NN

(
1 − λµ1

k1
− λµ2

k2

)α

+[
fµ1 ×µ1 φ

bµ1 ,r1
k1

(R−1
µ1

·)
]

(x)
[
gµ2 ×µ2 φ

bµ2 ,r2
k2

(R−1
µ2

·)
]

(x) dµ1 dµ2.

Find α(p1, p2) in terms of the topological dimension d = d1 + d2 such that
whenever α > α(p1, p2),

∥Bα(f, g)∥Lp(G) ≤ C∥f∥Lp1 (G)∥g∥Lp2 (G),

with 1 ≤ p1, p2 ≤ ∞ and 1/p = 1/p1 + 1/p2.



Bilinear Bochner-Riesz means outside the Euclidean spaces.
Sub-Laplacians on Heisenberg group, see [Liu and Wang, 2019].

Heisenberg type groups, see [Wang and Wang, 2024].
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Theorem (Wang and Wang, 2024)

Assume 1 ≤ p1, p2 ≤ ∞ with 1/p = 1/p1 + 1/p2. Then Bα is bounded from
Lp1(H) × Lp1(H) to Lp(H) if p1, p2, p and α > α(p1, p2) satisfy one of the
following conditions:

1 (Region I) 2 ≤ p1, p2 < ∞, 1 ≤ p ≤ 2, α(p1, p2) = (Q− 1)(1 − 1
p ).

2 (Region II) 2 ≤ p1, p2, p < ∞, α(p1, p2) = Q−1
2 +Q( 1

2 − 1
p ).

3 (Region III) 2 ≤ p2 < ∞, 1 ≤ p1, p < 2, α(p1, p2) = Q( 1
2 − 1

p2
) − (1 − 1

p ).
4 (Region III) 2 ≤ p1 < ∞, 1 ≤ p2, p < 2, α(p1, p2) = Q( 1

2 − 1
p2

) − (1 − 1
p ).

5 (Region IV ) 1 ≤ p1 ≤ 2 ≤ p2 ≤ ∞, 0 < p < 1, α(p1, p2) = Q( 1
p1

− 1
2 ).

6 (Region IV ) 1 ≤ p2 ≤ 2 ≤ p1 ≤ ∞, 0 < p < 1, α(p1, p2) = Q( 1
p1

− 1
2 ).

7 (Region V ) 1 ≤ p1, p2 ≤ 2, α(p1, p2) = Q( 1
p − 1).



Boundedness of Bα

G : Métivier groups

We have obtained the following result.

Theorem
Bα is bounded from L2(G) × L2(G) → L1(G) if α > 0.

Bα is bounded from L2(G) × L∞(G) → L2(G) if α > d/2.

Bα is bounded from L∞(G) × L∞(G) → L∞(G) if α > d− 1/2.

Bα is bounded from L1(G) × L1(G) → L1/2(G) if α > d+ 1.

Bα is bounded from L1(G) × L2(G) → L2/3(G) if α > (d+ 1)/2.

Bα is bounded from L1(G) × L∞(G) → L1(G) if α > Q/2.
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Theorem

Let 1 ≤ p1, p2 ≤ ∞ with 1/p = 1/p1 + 1/p2. Then Bα is bounded from
Lp1(G) × Lp1(G) to Lp(G) if p1, p2, p and α > α(p1, p2) satisfy one of the
following conditions:

1 (Region Ĩ) 2 ≤ p2 ≤ p1 ≤ ∞, 1 ≤ p ≤ ∞,
α(p1, p2) = (d− 1

2 )(1 − 2
p2

) + d( 1
p2

− 1
p1

) and also with p1, p2 interchanging.
2 (Region III) 2 ≤ p2 ≤ ∞, 1 ≤ p1, p ≤ 2,
α(p1, p2) = Q( 1

p1
− 1

2 ) + (d− 1)(1 − 1
p ) and also with p1, p2 interchanging.

3 (Region IV ) 1 ≤ p1 ≤ 2 ≤ p2 ≤ ∞, 0 < p ≤ 1,
α(p1, p2) = (d+ 1)( 1

p − 1) +Q( 1
2 − 1

p2
) and also with p1, p2 interchanging.

4 (Region V ) 1 ≤ p1, p2 ≤ 2 and α(p1, p2) = (d+ 1)( 1
p − 1).



Improvement

Theorem
Bα is bounded from L1(G) × L∞(G) → L1(G) if α > d/2 and
supp F2g(x, ·) ⊆ {|µ2| ≥ δ0} for some δ0 > 0.

Bα is bounded from L∞(G) × L1(G) → L1(G) if α > d/2 and
supp F2f(x, ·) ⊆ {|µ2| ≥ δ0} for some δ0 > 0.

Bα is bounded from L1(G) × L2(G) → L2/3(G) if α > d/2 and
supp F2g(x, ·) ⊆ {|µ2| ≥ δ0} for some δ0 > 0.

Bα is bounded from L2(G) × L1(G) → L2/3(G) if α > d/2 and
supp F2f(x, ·) ⊆ {|µ2| ≥ δ0} for some δ0 > 0.

Bα is bounded from L1(G) × L1(G) → L1/2(G) if α > d and
supp F2f(x, ·) ⊆ {|µ1| ≥ δ0} and supp F2g(x, ·) ⊆ {|µ2| ≥ δ1} for some
δ0, δ1 > 0.
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Bochner-Riesz means for Grushin
operators



Grushin Operator

Grushin operator L on Rd :

L = −
d1∑

j=1
∂2

x′
j

−

 d1∑
j=1

|x′
j |2

 d2∑
k=1

∂2
x′′

k

= −∆x′ − |x′|2∆x′′ ,

where x = (x′, x′′) ∈ Rd1 × Rd2 , ∆x′ , ∆x′′ Laplacian on Rd1 , Rd2

respectively and |x′| the Euclidean norm of x′.

L is positive, essentially self-adjoint on L2(Rd). However L is not elliptic
on the plane x′ = 0.
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L is positive, essentially self-adjoint on L2(Rd). However L is not elliptic
on the plane x′ = 0.



Carnot-Carathéodory distance for x, y ∈ Rd:

ϱ(x, y) ∼ |x′ − y′| +
{

|x′′−y′′|
|x′|+|y′| if |x′′ − y′′|1/2 ≤ |x′| + |y′|
|x′′ − y′′|1/2 if |x′′ − y′′|1/2 ≥ |x′| + |y′|.

If B(x, r) := {y ∈ Rd : ϱ(x, y) < r}, then

|B(x, r)| ∼ rd1+d2 max{r, |x′|}d2 .

We have |B(x, ηr)| ≤ C(1 + η)Q|B(x, r)| for η ≥ 0 and Q = d1 + 2d2.

Q := d1 + 2d2=homogeneous dimension of Rd.

d := d1 + d2=topological dimension of Rd.
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The Bochner-Riesz operator Sα(L) defined by,

Sα(L)f(x) = 1
(2π)d2

∫
Rd2

∞∑
k=0

(1 − (2k + d1)|λ|)α
+ P

λ
k f

λ(x′)eiλ·x′′
dλ.

where

fλ(x′) =
∫

Rd2
f(x, x′′)e−iλ·x′′

dx′′, Pλ
k g(x′) =

∑
|µ|=k

⟨g,Φλ
µ⟩Φλ

µ(x′),

and for λ ̸= 0, Φλ
µ(x′) := |λ|d1/4Φµ(|λ|1/2x′) is called the scaled Hermite

functions on Rd1 .



Boundedness of Sα(L) for 1 < p < ∞.
If α > (max{d1 + d2, 2d2} − 1)/2 by [Martini and Sikora, 2012].

If α > (d − 1)/2 by [Martini and Müller, 2014].

For 0 < α ≤ (d− 1)/2.

Boundedness of Sα(L) for 1 ≤ p ≤ min {2d1/(d1 + 2), (2d2 + 2)/(d2 + 3)}.

If α > max{d1 + d2, 2d2}(1/p − 1/2) − 1/2 by [Chen and Ouhabaz, 2016].

If α > d(1/p − 1/2) − 1/2 by [Niedorf, 2022].

In fact it follows from [Martini et. al, 2022] that the above results with d

are sharp.
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Bilinear Bochner-Riesz means

The bilinear Bochner-Riesz means associated with L is defined by

Bα(f, g)(x) = 1
(2π)2d2

∫
Rd2

∫
Rd2

ei(λ1+λ2)·x′′
∞∑

k1,k2=0
(1 − [k1]|λ1| − [k2]|λ2|)α

+

Pλ1
k1
fλ1(x′)Pλ2

k2
gλ2(x′) dλ1 dλ2,

for f, g ∈ S(Rd).



Boundedness of Bα

We have obtained the following result.

Theorem
Bα is bounded from L2(Rd) × L2(Rd) → L1(Rd) if α > 0.

Bα is bounded from L2(Rd) × L∞(Rd) → L2(Rd) if α > d/2.

Bα is bounded from L∞(Rd) × L∞(Rd) → L∞(Rd) if α > d− 1/2.

Bα is bounded from L1(Rd) × L1(Rd) → L1/2(Rd) if α > d+ 1.

Bα is bounded from L1(Rd) × L2(Rd) → L2/3(Rd) if α > (d+ 1)/2.

Bα is bounded from L1(Rd) × L∞(Rd) → L1(Rd) if α > Q/2.
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Theorem
Let 1 ≤ p1, p2 ≤ ∞ and p ≥ 1 with 1/p = 1/p1 + 1/p2. Then Bα is bounded
from Lp1(Rd) × Lp1(Rd) to Lp(Rd) if p1, p2, p and α > α(p1, p2) satisfy one of
the following conditions:

(Region Ĩ) 2 ≤ p2 ≤ p1 ≤ ∞, 1 ≤ p ≤ ∞ and
α(p1, p2) = (D − 1

2 )(1 − 2
p2

) +D( 1
p2

− 1
p1

) and interchanging p1, p2.

(Region III) 2 ≤ p2 ≤ ∞, 1 ≤ p1, p ≤ 2 and
α(p1, p2) = Q( 1

p1
− 1

2 ) + (D − 1)(1 − 1
p ) and interchanging p1, p2.

(Region IV ) 1 ≤ p1 ≤ 2 ≤ p2 ≤ ∞, 0 < p ≤ 1 and
α(p1, p2) = (d+ 1)( 1

p − 1) +Q( 1
2 − 1

p2
) and interchanging p1, p2.

(Region V ) 1 ≤ p1, p2 ≤ 2 and α(p1, p2) = (d+ 1)( 1
p − 1).



For the case d1 ≥ d2

Bα is bounded from L1(Rd) × L1(Rd) → L1/2(Rd) if α > d.

Bα is bounded from L1(Rd) × L2(Rd) → L2/3(Rd) if α > d/2.

α > d − 1
2

α > Q
2 α > d

α > Q
2

α > d
2

α > d
2

α > d
2 α > 0

α > d
2

11
2

O

1
2

1

1
p1

1
p2

Ĩ
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For the case d1 ≥ d2

Bα is bounded from L1(Rd) × L1(Rd) → L1/2(Rd) if α > d.

Bα is bounded from L1(Rd) × L2(Rd) → L2/3(Rd) if α > d/2.
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Ĩ III

III

IV

IV V



Improvement

Theorem
Bα is bounded from L1(Rd) × L∞(Rd) → L1(Rd) if α > d/2 and
supp F2g(x, ·) ⊆ {|µ2| ≥ δ0} for some δ0 > 0.

Bα is bounded from L∞(Rd) × L1(Rd) → L1(Rd) if α > d/2 and
supp F2f(x, ·) ⊆ {|µ2| ≥ δ0} for some δ0 > 0.

Bα is bounded from L1(Rd) × L2(Rd) → L2/3(Rd) if α > d/2 and
supp F2g(x, ·) ⊆ {|µ2| ≥ δ0} for some δ0 > 0.

Bα is bounded from L2(Rd) × L1(Rd) → L2/3(Rd) if α > d/2 and
supp F2f(x, ·) ⊆ {|µ2| ≥ δ0} for some δ0 > 0.

Bα is bounded from L1(Rd) × L1(Rd) → L1/2(Rd) if α > d and
supp F2f(x, ·) ⊆ {|µ1| ≥ δ0} and supp F2g(x, ·) ⊆ {|µ2| ≥ δ1} for some
δ0, δ1 > 0.
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Thank you!


