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Main equation

Mixed local and nonlocal p-Laplace equation

—Apu+ (—Ap,)°u=0, 0<s<1 1<p<oo,
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Main equation

Mixed local and nonlocal p-Laplace equation

—Apu+ (—Ap,)°u=0, 0<s<1 1<p<oo,

where
A,u = div(|Vu|P~?Vu)

and

() — uly) P2(ulo) = wly)
: x =yl |

(—A,)*u(x) = P.V. /
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Main equation

e p=2
Ayu = div(Vu) := Au (Linear).
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e p=2
Ayu = div(Vu) := Au (Linear).

(—A)°u(x) = (~As)°u(x) = PV. —(‘Ff(xz;ﬁg D gy,

@ The equation
—Apu+ (—Ap)°u=0,

is linear for p = 2 and nonlinear for p # 2.
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p-Laplace equation

—Ayu = —div(|]Vu|P?Vu) =0, 1<p<oo.
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p-Laplace equation

—Ayu = —div(|]Vu|P?Vu) =0, 1<p<oo.

Weak Solution
o u:—R.

/ |VulP2VuVeodx =0, Vo e C(Q).
Q
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Fractional p-Laplace equation
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Fractional p-Laplace equation

(—A,)’u=0, 0<s<l1 1<p<oo.
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Fractional p-Laplace equation

(—A,)’u=0, 0<s<l1 1<p<oo.

Weak solution
For every ¢ € C°(Q)

[ ] ) s o) O =900 o,

x =yl
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o u:R" = R.

Prashanta Garain, IISER Berhampur Mixed local and nonlocal equation August 28, 20 7/38



o u:R" = R.

[ [ 2= ) — o 00) =000

x =y
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o u:R" = R.

[ [ 2= ) — o 00) =000

|x — y|r+ep
Ju(x) — u(y)P2(u(x) — u(y))6(x)
+ 2 /XGQ /yeIR"\Q |X _ y\”+5P dx dy
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o u:R" = R.

[ [ 2= ) — o 00) =000

|x — y|ntsp
|u(x) — u(y)IP2(u(x) — u(y))é(x)
i 2 /XGQ [/ER"\Q |X _ y‘n+5p dx dy
—0.
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o u:R" = R.

[ [ 2= ) — o 00) =000

|x — y|ntsp
|u(x) — u(y)IP2(u(x) — u(y))é(x)
i 2 /XGQ [/ER"\Q |X — y‘n—i-sp dx dy
—0.

o First integral: Local.
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o u:R" = R.

[ [ 2= ) — o 00) =000

|x — y|ntsp
|u(x) — u(y)IP2(u(x) — u(y))é(x)
i 2 /XGQ [/ER"\Q |X — y‘n—i-sp dx dy
—0.

o First integral: Local.

@ Second integral: Nonlocal.
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Mixed local and nonlocal case

v

Weak solution
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Mixed local and nonlocal case

—Apu+ (—Ap)°u=0inQ,

Weak solution
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Mixed local and nonlocal case

—Apu+ (—Ap)°u=0inQ,

where Q C R" is a bounded domainand 0 < s <1 < p < o0.

Weak solution
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Mixed local and nonlocal case

—Apu+ (—Ap)°u=0inQ,

where Q C R" is a bounded domainand 0 < s <1 < p < o0.

Weak solution
o For every ¢ € C(Q),
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Mixed local and nonlocal case

—Apu+ (—Ap)°u=0inQ,

where Q C R" is a bounded domainand 0 < s <1 < p < o0.

Weak solution
o For every ¢ € C(Q),

/yvU\P—2vuv¢dx
. / u(x) = u)IP2(u(x) = upOC) = 60)) o o
— @,

x =yl
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To establish regularity properties of weak solutions which may change
sign for the mixed equation:
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To establish regularity properties of weak solutions which may change
sign for the mixed equation:

—Apu+ (—Ap)°u=0, 0<s<1l 1<p<oo.

Prashanta Garain, IISER Berhampur Mixed local and nonlocal equation August 28, 2025 9/38



Known results

Prashanta Garain, IISER Berhampur Mixed local and nonlocal equation



Known results

Linear case

—Au+(—A)’u=0, 0<s<l.

.
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Known results

Linear case

—Au+ (=AY u="f.
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Known results

Linear case

—Au+ (—A)u=f.

@ Biagi-Dipierro-Valdinoci-Vecchi: Existence, regularity among
other results.

Prashanta Garain, IISER Berhampur Mixed local and nonlocal equation August 28, 2025 11/38



Known results

Linear case

—Au+ (—A)u=f.

@ Biagi-Dipierro-Valdinoci-Vecchi: Existence, regularity among
other results.

Prashanta Garain, IISER Berhampur Mixed local and nonlocal equation August 28, 2025 11/38



Nonlinear mixed case
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Nonlinear mixed case

—Apu+ (—Ap)°u=0, 0<s<l1 1<p<oo.
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Nonlinear mixed case

—Apu+ (—Ap)°u=0, 0<s<l1 1<p<oo.

v
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Nonlinear mixed case

—Apu+ (—Ap)°u=0, 0<s<l1 1<p<oo.

Drawbacks
@ Lack of analytic approach even for the linear case.
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Nonlinear mixed case

—Apu+ (—Ap)°u=0, 0<s<l1 1<p<oo.

Drawbacks
@ Lack of analytic approach even for the linear case.

@ Lack of algebraic inequalities.
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Nonlinear mixed case

—Apu+ (—Ap)°u=0, 0<s<l1 1<p<oo.

Drawbacks
@ Lack of analytic approach even for the linear case.
@ Lack of algebraic inequalities.

@ Nonlinearity and the mixed behavior.
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p-Laplace equation
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p-Laplace equation

Apu=0, 1<p<oo.
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p-Laplace equation

Apu=0, 1<p<oo.

Local boundedness:
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p-Laplace equation

Apu=0, 1<p<oo.

Local boundedness:

1

uP dx)ﬁ.

supu§c<

B, 1B/| Jg,
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p-Laplace equation

Apu=0, 1<p<oo.

Local boundedness:

1

uP dx)ﬁ.

supu§c<

B, 1B/| Jg,

Weak Harnack’s inequality:
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p-Laplace equation

Apu=0, 1<p<oo.

Local boundedness:

1 5
supu§c< updx> .
B, 1B:| Js,

Weak Harnack’s inequality:

1 1
< u'dx)’ﬁcinfu,/>0.
|B:| J&g, B
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p-Laplace equation

Apu=0, 1<p<oo.

Local boundedness:

1

1 5
supu§c< updx> .
B, |B:| JB,

Weak Harnack’s inequality:

1 1
< u'dx)’ﬁcinfu,/>0.
|B:| J&g, B

Harnack’s inequality:

sup u < cinf u.
B B,
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@ Kassmann: Harnack inequality fails for sign changing solutions.
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Known results

Nonlocal case

(-A)’u=0, 0<s<l.

@ Kassmann: Harnack inequality fails for sign changing solutions.
@ If u>0in Bg(xo), then for any 0 < r < R,

2s
sup u < cinf u—+ C(L> Tailps(u_; xo, R).
B, B, R
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@ If u>0in Bg(xo), then for any 0 < r < R,

2s
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e u_ = max{—u,0}.
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Known results

Nonlocal case

(-A)’u=0, 0<s<l.

Kassmann: Harnack inequality fails for sign changing solutions.
If u>0in Br(xo), then for any 0 < r < R,

(]

2s
sup u < cinf u—+ C(L> Tailps(u_; xo, R).
B, B, R

(]

u_ = max{—u,0}.

o S u
Tailps(u, X0, R) = R? / _|_ i}o/l)'J”S

dy.
R\ Br(x0) |y
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A nonlocal tail quantity
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A nonlocal tail quantity

p—1 L
Tail ps(u; X0, r) :(rs"/ —|u(y)\ dy) .
R

"B, (x) |Y — Xo|™T
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A nonlocal tail quantity

1
1

p—1 _1
Tail ps(u; X0, r) :(rs"/ Lut)P™ dy) .
R

"B, (x) |Y — Xo|™T

If u>0in R", then Tail,s(u_; xp,r) = 0.
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Known results

Nonlocal case

(—A,)’u=0, 0<s<1l<p<oo.

e Di Castro-Kuusi-Palatucci: Extended to p € (1, 00).

Nonlocal case

[ 1660 = sy} 2 ule) = a0 = o))
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Known results

Nonlocal case

(—A,)’u=0, 0<s<1l<p<oo.

e Di Castro-Kuusi-Palatucci: Extended to p € (1, 00).

Nonlocal case

dxdy
x =yl

[ [ 160 = )2 (ute) = w6 = 645)
P=2((x) — u Xﬂ
+2lm[;mJ“”‘“W” (u() = uly o) 2T

v
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Known results

Local boundedness of
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@ Then

SuPBg (o) Y
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Known results

Local boundedness of
@ Let u be a weak solution of

(=A,)’u=0, 0<s<1l<p<oo.

@ Then

1

<< (B it )
SuUpg, (U < €| = u? dx
#5(0) B(x0)| Jo,0)
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Local boundedness of
@ Let u be a weak solution of

(=A,)’u=0, 0<s<1l<p<oo.

@ Then

1

1 p
SUDg, (x u§c<— updx> + ¢ Tailps (us; X0, £).
240 =\ Bl Jo oy (44i%:3)
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Known results

Local boundedness of
@ Let u be a weak solution of

(=A,)’u=0, 0<s<1l<p<oo.

@ Then

1

1 p
SUDg, (x u§c<— updx> + ¢ Tailps (us; X0, £).
240 =\ Bl Jo oy (44i%:3)

o u, = max{u,0}.
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Weak Harnack inequality for solutions

@ Let u be a weak solution of
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e u>0in Bg(x) C Q.
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Weak Harnack inequality for solutions

@ Let u be a weak solution of

(—A,)°u=0, 0<s<l<p<oo.

e u>0in Bg(x) C Q.
@ Forany 0 <r < R,

1 , )7
u' dx
(!B;( o)l B, (o)
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Weak Harnack inequality for solutions

@ Let u be a weak solution of

(—A,)°u=0, 0<s<l<p<oo.

e u>0in Bg(x) C Q.
@ Forany 0 <r < R,

d < cinfg (x
(rB;< N Jogio) X) = 1B o)
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Weak Harnack inequality for solutions

@ Let u be a weak solution of
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e u>0in Bg(x) C Q.
@ Forany 0 <r < R,

d < cinfg (x
(rB;< N Jogio) X) = 1B o)

+c (%)ﬁTailps(u,; X0, R), 1 >0
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Tail estimate for solutions
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Tail estimate for solutions

@ Let u be a weak solution of

(—A,)°u=0, 0<s<l<p<oo.
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Tailps(uy; X0, r) < CSUpPp (x,) U

_pP
+c (é) ™ Tail,s(u_; Xo, R).
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@ Let u be a weak solution of

(—A,)’u=0, 0<s<l1l<p<oo.

@ u>0in BR(Xo)CQ.
@ Forany 0 < r < R,

P

P Tail s (u—, X0, R).

p
supg u < cinfg u + ¢ <§>
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Our contribution

@ Developed regularity theory for the equation

—Apu+(—A,)°u=0, 0<s<1l<p<oo.

@ Approach is purely analytic.

@ Theory also holds for sign-changing solutions.
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Mixed local and nonlocal tail
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Mixed local and nonlocal tail

p—1 L
Tail,(u; xo, r) :<r”/ Lut)P dy) .

R\ B (xo) ‘y - XO”H_SP

If u>0in R", then Tail,(u_; xp,r) = 0.
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Main results

Local boundedness of solutions
@ Let u be a weak solution of

—Apu+(—Ap)°u=0, 0<s<l<p<oo.

@ Then

1

1 p
SUpg, (x) U Sc(—/ uP dx) + ¢ Tail, (uy; x0, 5 ).
240 =\ Bl S (i3

o u, = max{u,0}.
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Key steps to prove local boundedness

@ Energy estimate.

@ Algebraic inequality.
@ Sobolev inequality.

@ lteration lemma.
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Energy estimate
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Sketch of the proof

Energy estimate

Forw= (u—k)y, keR,

x)(x) — wly)v(y)|P
PIVwI|P dx + dx d
Xo)d} [Vl ax /r (x0) /r(XO) g

[x =yt

C( wP| V[P dx
Br(x0)
max{w(x), w(y)}P|v(x) — ¥(y)|P
i /Br(Xo) /B, (x0) [x — Py

y|mtsp
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Sketch of the proof

Algebraic inequality, De Castro-Kuusi-Palatucci
o Let p>1andee(0,1]
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Algebraic inequality, De Castro-Kuusi-Palatucci
o Let p>1andee(0,1]

@ Then for every a,b € R", we have

|alP < [bIP + c(p)e|bI” + (1 + c(p)e)e'~Pla — bIP,

for some positive constant ¢ = ¢(p).
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Sketch of the proof

Iteration lemma
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Sketch of the proof

lteration lemma
Let (Y;)?2, be a sequence of positive real numbers such that

1 1

and

Yi-i—l < Cobj\/jl—h@? j:071>27"'

for some constants ¢y, b > 0 and 5 > 0. Then lim;_,,, Y; =0.
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Main results

Weak Harnack inequality for solutions
@ Let u be a weak solution of

—Apu+ (—Ap)°u=0, 0<s<1l<p<oo.

e u>0in Bg(x) C Q.
@ Forany 0 <r < R,

1 / ) .
u' dx < cinfg,(x) U
(!B (%0)[ /5, (x0) fri)

+c (%)ﬁTailp(u_;xo, R), I > 0.

v
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@ Let u be a weak solution of

—Apu+(—Ap)°u=0, 0<s<1l<p<oo.

@ u>0in BR(Xo)CQ.
@ Forany 0 < r < R,

_P_
—1

" Tail,(u_, xo, R).

r
supg u < cinfp u +c¢ (E>
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Sketch of the proof

@ Expansion of positivity.
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Sketch of the proof

@ Expansion of positivity.

@ lteration lemma.
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Expansion of positivity

@ Let u be a weak solution of
—Apu+ (—Ap)°u=0, 0<s<1l 1<p<oo,

such that u > 0 in Bgr(xp) C Q.
@ Assume k > 0 and there exists 7 € (0, 1] such that

1B,(x0) N {1 > K}| > 7{B.(50)] 1

for some r € (0,1] with 0 < r < £.
@ There exists a constant ¢ € (0, 1) such that

inf u>dk— (%)ﬁTailp(u_; X0, R). (2)

B4r (XO)
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Iteration lemma

@ Let 0 < Ty <t < Ty and assume that f : [Ty, To] — [0,00) is a
nonnegative bounded function.

@ Suppose that for To < t < s < Ty, we have
f(t) <A(s—t)"*+ B+ 0f(s), (3)

where A, B, «, 0 are nonegative constants and 6 < 1.

@ Then there exists a constant ¢ = ¢(«, €) such that for every p, R
and 7o < p < R < T1, we have

f(p) < c(A(R—p)™* + B). (4)

Prashanta Garain, IISER Berhampur Mixed local and nonlocal equation August 28, 2025 34/38



Recent developments

Prashanta Garain, IISER Berhampur Mixed local and nonlocal equation August 28, 20 35/38



Recent developments

—Apu+(—Ap)°u=f, 0<s<l<p<oo.

Prashanta Garain, IISER Berhampur Mixed local and nonlocal equation August 28, 2025 35/38



Recent developments

—Apu+(—Ap)°u=f, 0<s<l<p<oo.

@ Biagi-Dipierro-Valdinoci-Vecchi: Local boundedness among
other results.

Prashanta Garain, IISER Berhampur Mixed local and nonlocal equation August 28, 2025 35/38



Recent developments

—Apu+(—Ap)°u=f, 0<s<l<p<oo.

@ Biagi-Dipierro-Valdinoci-Vecchi: Local boundedness among
other results.

@ De Filippis-Mingione: Gradient regularity.

@ Garain-Lindgren: Higher Holder regularity.
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Recent developments

—Apu+ (A u=f(x)u’, 0<s<l<p<oo, &§>0.

@ Arora-Radulescu (p = 2),
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Recent developments

—Apu+ (A u=f(x)u’, 0<s<l<p<oo, &§>0.

@ Arora-Radulescu (p = 2), Garain-Ukhlov (1 < p < 00).
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Recent developments

u—Dpu+ (—Ap))°u=Ff, 0<s<l<p<oo.

@ Shanz-Fang-Zhang, Garain-Kinnunen, Adimurthi-Prasad-Tewary:
Regularity in the parabolic case.
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Recent developments

u—Dpu+ (—Ap))°u=Ff, 0<s<l<p<oo.

@ Shanz-Fang-Zhang, Garain-Kinnunen, Adimurthi-Prasad-Tewary:
Regularity in the parabolic case.

@ Doubly nonlinear case: Nakamura.
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