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Abstract

This thesis comprises two main parts. The details of the two parts are as follows:

The first part of the thesis deals with the monopole-dimer model. The dimer (resp.
monomer-dimer) model deals with weighted enumeration of perfect matchings (resp.
matchings). The monopole-dimer model is a signed variant of the monomer-dimer model
which has determinantal structure. A more general model called the loop-vertex model
has also been defined for an oriented graph and the partition function in this case can
also be written as a determinant. However, this model depends on the orientation of
the graph. The monopole-dimer model interprets the loop-vertex model independent of
the orientation for planar graphs with Pfaffian orientation. The first part of the thesis
focuses on the extension of the monopole-dimer model for planar graphs (Math. Phys.
Anal. Geom., 2015) to Cartesian products thereof. We show that the partition function
of this model can be expressed as a determinant of a generalised signed adjacency matrix.
We then show that the partition function is independent of the orientations of the planar
graphs so long as they are Pfaffian. When these planar graphs are bipartite, we show
that the computation of the partition function becomes especially simple. We then give
an explicit product formula for the partition function of three-dimensional grid graphs a
la Kasteleyn and Temperley—Fischer, which turns out to be fourth power of a polynomial
when all grid lengths are even. Further, we generalise this product formula to higher
dimensions, again obtaining an explicit product formula. We also discuss about the
asymptotic formulas for the free energy and monopole densities.

Lu and Wu (Physics Letters A, 1999) evaluated the partition function of the dimer
model on two-dimensional grids embedded on a Mébius strip and a Klein bottle. We
first prove a product formula for the partition function of the monopole-dimer model for
the higher dimensional grid graphs with cylindrical and toroidal boundary conditions.
We then consider the monopole-dimer model on high-dimensional Mobius and Klein
grids, and evaluate the partition function for three-dimensional Mobius and Klein grids.

Further, we show that the formula does not generalise for the higher dimensions in

X



any natural way. Finally, we present a relation between the product formulas for three-
dimensional grids with cylindrical and Moébius boundary conditions, generalising a result
of Lu and Wu.

Let G be an undirected simple connected graph. We say a vertex wu is eccentric to a
vertex v in G if d(u,v) = max{d(v,w) : w € V(G)}. The eccentric graph of G, denoted
Ec(G), is a graph defined on the vertices of G in which two vertices are adjacent if one
is eccentric to the other. In the second part of the thesis, we find the structure and the
girth of the eccentric graph of trees, and see that the girth of the eccentric graph of a
tree can either be zero, three, or four. Further, we study the structure of the eccentric
graph of Cartesian product of graphs and prove that the girth of the eccentric graph
of the Cartesian product of trees can only be zero, three, four or six. Furthermore, we
provide a complete classification of when the eccentric girth assumes these values. We
also give the structure of the eccentric graph of the grid graphs and Cartesian product
of two cycles. Finally, we determine the conditions under which the eccentricity matrix

of Cartesian product of trees becomes invertible.
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Chapter 1
Introduction

The main objectives of this thesis are

1. to extend the monopole-dimer model from plane graphs to Cartesian product of

plane graphs,

2. to explore some structural properties of the eccentric graph of a tree and Cartesian

product of trees.

We start by giving a brief review of the related work in Section [I.1] followed by an
outline of the thesis in Section [L.2]

1.1 Brief Literature Review

The dimer model originally arose as the study of the physical process of adsorption of
diatomic molecules (like oxygen) on the surface of a solid. Abstractly it can be thought
of as enumerating perfect matchings in an edge-weighted graph. For planar graphs,
Kasteleyn [21] solved the problem completely by showing that the partition function
defined in ([2.2.1)) can be written as a Pfaffian of a certain adjacency matrix built using
a special class of orientations called Pfaffian orientations on the graph. An immediate
corollary of Kasteleyn’s result is that the Pfaffian is independent of the orientation. For
the case of two-dimensional grid graphs Q,, ,, Kasteleyn [20] and Temperley—Fisher [13]
32] independently gave an explicit product formula. Fisher and Stephenson [14] also
studied the correlation properties of the dimer model on two-dimensional grids. For
example, when m and n are even, horizontal (resp. vertical) edges have weight a (resp.
b), the partition function of the dimer model on @,,, with free boundary condition can

be written as
m/2n/2

H H <4a2 cos? m + 4b? cos? JT
m+1 n +

1). (1.1.1)

i=1 j=1
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We do not know of any simple recurrence for this formula. This formula is remarkable
because although each factor is a degree-two polynomial in a and b with coefficients that
may not be rational, the product turns out to be a polynomial with nonnegative integer
coefficients. In particular, when a = b = 1, the result is an integer.

A similar product formula for the weighted enumeration of perfect matchings of the
two-dimensional grid graph has been given by McCoy and Wu [29] for cylindrical and
toroidal boundary conditions and by Lu and Wu [25] for M6bius and Klein boundary
conditions. Kasteleyn [22] stated and Cimasoni and Reshetikhin [I2] proved that the
weighted enumeration of perfect matchings of a graph embeddable on a surface of genus
g may be written as a linear combination of 49 Pfaffians. Tesler [33] showed that the
partition function of the dimer model on graphs embedded on non-orientable surfaces
can be enumerated as a linear combination of some Pfaffians. Brankov and Priezzhev [9]
gave explicit expressions for the free energy of the dimer model on finite two-dimensional
grids embedded on a Mobius strip.

There have been attempts to generalise the dimer model while preserving this nice
structure. The natural physical generalisation is the monomer-dimer model, which rep-
resents adsorption of a gas cloud consisting of both monoatomic and diatomic molecules.
The abstract version here is the (weighted) enumeration of all matchings of a graph. The
weights are interpreted as energies and are positive real numbers. This is known to be a
computationally difficult problem [I8] and the partition function here does not have such
a clean formula. However, when there is a single monomer on the boundary of a plane
graph, the partition function can indeed be written as a Pfaffian [36]. A lower bound for
the partition function of the monomer-dimer model for d-dimensional grid graphs has
been obtained by Hammersley—Menon [16] by generalising the method of Kasteleyn and
Temperley—Fisher [32].

In another direction, a signed version of the monomer-dimer model called the mono-
pole-dimer model has been introduced [6] for planar graphs. Configurations of the
monopole-dimer model can be thought of as superpositions of two monomer-dimer con-
figurations having monomers (called monopoles there) at the same locations. Thus, one
ends up with even loops and isolated vertices. What makes the monopole-dimer model
less physical is that configurations have a signed weight and they cannot be interpreted
as energies anymore. On the other hand, the partition function here can be expressed as
a determinant. Moreover, it is a perfect square for a 2m x 2n grid graph. A combinatorial
interpretation of the square root is given in [7].

In [6], a more general model called the loop-vertex model has also been defined for a
general graph together with an orientation. The partition function in this case can also

be written as a determinant. However, this model depends on the orientation. One of
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the main motivations for this work is to find natural families of non-planar graphs where
the partition function is independent of the orientation, just as in the monopole-dimer
model. The second motivation comes from the intuition that the monopole-dimer model
is an ‘integrable variant’ of the more physical monomer-dimer model. If this is correct,
asymptotic properties of both models should be similar. This has been explained in [6]
for the two-dimensional grid. We expect this to hold for high dimensional grids also. This
is not easy to see because of the signs in monopole-dimer weights. We hope this work will
be a starting point towards establishing this relationship between the two models. We
note in passing that higher dimensional dimer models have started attracting attention;
see [L1}, [I7] for example.

The notion of eccentricity matrix was first introduced by Randi¢ as the D,,,,-matrix
in 2013 [30] and subsequently, Wang, Lu, Belardo and Randi¢ renamed it as the eccentric-
ity matrix in 2018 [34]. The eccentricity matrix of a graph is also called as anti-adjacency
matrix in the following sense. The eccentricity matrix is obtained from the distance ma-
trix by preserving only the largest distances in each row and column; on the other hand,
the adjacency matrix is obtained from the distance matrix by preserving only the small-
est non-zero distances in each row and column. Unlike the adjacency matrix and the
distance matrix, the eccentricity matrix of a connected graph need not be irreducible.
The eccentricity matrix of a complete bipartite graph is reducible and the eccentricity
matrix of a tree is irreducible [34] 27].

Spectra of the eccentricity matrix for some graphs are studied by Mahato, Gurusamy,
Kannan and Arockiaraj in [27] and by Wang, Lu, Belardo and Randi¢ in [34], the lower
and upper bounds for the E-spectral radius of graphs are also discussed in [34]. Wang,
Lu, Brunetti, Lu and Huang studied the non-isomorphic co-spectral graphs with respect
to the eccentricity matrix [35]. The eccentricity matrix has interesting applications in
the field of chemical graph theory [30,[31]. In another direction, some eccentricity-based
indices have also been studied. Xu, Das and Maden [38] have obtained bounds on the
non-self-centrality number (NSC number) of a graph G. The bounds for the difference of
the eccentric connectivity index (ECI) and the connective eccentricity index (CEI) of a
tree have been studied and the corresponding extremal trees have also been classified [37].

A necessary and sufficient condition for the eccentric graph of G to be isomorphic to
G or the complement of G is given by Akiyama, Ando and Avis [2]. Kaspar, Gayathri,
Kulandaivel, Shobhanadevi gave the complete structure of the eccentric graph for some
well-known graphs like paths and cycles [19]. Many interesting properties of the eccen-
tricity matrix of a tree have been established so far. For instance, Mahato, Gurusamy,
Kannan, and Arockiaraj showed that the eccentricity matrix of a tree is invertible only
if the tree is a star [26]. Additionally, Mahato and Kannan showed that the diameter
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of the tree is odd if and only if the eigenvalues of its eccentricity matrix are symmetric
about the origin [2§].

1.2 Organisation of the thesis

The work in this thesis is motivated by the work in [6 25 26l 27, 28]. In particular,
Ayyer [6] defines the two main models the monopole-dimer model for the planar graphs
and the loop-vertex model for general oriented graphs. He showed that the monopole-
dimer model interprets the loop-vertex model independent of the Pfaffian orientation for
planar graphs. This raises the natural question of finding more families where the orien-
tation independency can be observed. Lu and Wu [25] worked on the dimer model for the
two-dimensional grid graphs embedded on different non-orientable surfaces, suggesting
the scope of research for the higher-dimensional grids. Mahato, Gurusamy, Kannan and
Arockiaraj [26, 27, 28] studied many intriguing properties about the eccentric graph of
a tree which motivated us to examine the complete structure of the aforementioned.

In Chapter [2| we discuss the background theory, essential preliminaries and the no-
tations crucial for this thesis. In Section [2.2] we formulate the models and in Section [2.3]
we will look at the partition function of the dimer model on two-dimensional grids em-
bedded on different surfaces. In Section [2.4] we see some unitary similarity transforms
from linear algebra relevant to our work and finally in Section [2.5 we define quantities
needed to talk about the eccentricity and eccentric graph.

To address the first question, we formulate the monopole-dimer model for Carte-
sian products of plane graphs in Chapter [3] A key ingredient in the formulation is the
construction of special directed cycle decompositions of certain projections, which are
themselves plane graphs with parallel edges. We show in Theorem that the parti-
tion function of the (extended) monopole-dimer model is a determinant of a generalised
adjacency matrix built using Pfaffian orientations. As in the dimer model, we see im-
mediately in Corollary that the determinant is independent of the orientation. In
Section [3.3, we focus attention on the monopole-dimer model on Cartesian product of
bipartite plane graphs. Here, we will show in Theorem that we can allow arbi-
trary cycle decompositions of the projections mentioned above. This seems to be a new
observation of independent interest.

In Chapter [}, we focus on the special family of grid graphs in high dimensions. We
give an explicit product formula for the partition function of the monopole-dimer model
on three-dimensional grid graphs in Theorem {4.1| generalising the formula . One

peculiar feature of this partition function is that it is a fourth power of a polynomial
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when all side lengths are even. Just as for the partition function of the monopole-
dimer model for two-dimensional grids, it would be interesting to obtain a combinatorial
interpretation of the fourth root. We then briefly discuss the higher dimensional case in
Section [4.2] and give a similar explicit product formula in Theorem [£.4, We also discuss
its asymptotic behaviour in Section 4.3

In Chapter [} we define high-dimensional cylindrical and toroidal grid graphs. We
generalise the product formulas for the partition function of the dimer model on two-
dimensional grids embedded on a cylinder and a torus for the monopole-dimer model
on the d-dimensional cylindrical and toroidal grid graphs. We also give the product
formula for the monopole-dimer model on the three-dimensional Mébius and Klein grids
in Theorem and Theorem We show that the formulas do not hold for higher
dimensions by providing counterexamples in Example [6.7] and Example [6.12] Further,
we establish a relationship between three-dimensional grids with cylindrical and Mébius
boundary conditions in Corollary [6.8] generalising a result of Lu and Wu [25].

In Chapter [7, we discuss about the eccentric graph of a tree. We give a complete
structure of the eccentric graph of a general tree in Section [7.1]and prove that the eccen-
tricity of a vertex is either the smallest or largest among its neighbors in the eccentric
graph in Proposition [7.5] In Section [7.2] we prove that the eccentric girth of a tree can
either be zero, three or four. We also discuss when these values are attained.

In Chapter 8] we present some structural properties of the eccentric graph of Cartesian
product of graphs and classify all the possible values of the eccentric girth for Cartesian
product of trees. We discuss the structure of the eccentric graph of Cartesian product
of two path graphs and two cycle graphs in Sections and [8.4] We also discuss about
their girth. Lastly, in Section , generalising the result in [26, Theorem 2.1], we analyze
and classify the conditions under which the eccentricity matrix of Cartesian product of

trees becomes invertible.
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Chapter 2
Preliminaries

In this chapter, we set up the notations and state the known results. We start by defining
the well-known dimer model in Section and see results for the partition function of
dimer model on grids embedded on different surfaces in Section [2.3]

2.1 Basic terminology

We begin by recalling basic terminology from graph theory. A (simple) graph is an
ordered pair G = (V(G), E(G)), where V(G) is the set of vertices of G and E(G) is a
collection of two-element subsets of V(G), known as edges. When we allow multiple edges
between a pair of vertices (also called parallel edges), we will call such objects multigraphs.
We will never allow self loops. We will work with undirected graphs and we will always
assume that the graphs are finite and naturally vertex-labeled from {1,2,...,|V(G)|}.
A simple graph is therefore a graph with no parallel edges. The degree of a vertex is the
number of edges incident to it and an even (multi)graph G is one in which all the vertices
have even degree. A vertex of degree 1 is called a leaf or a pendant vertex. A walk in
a graph G is a sequence (vg,e1,v1,...,0;_1, €, ;) of alternating vertices vy, ..., v; and
edges eq, ..., e of G, such that v;_; and v; are the endpoints of e; for 1 < i <t. vy and v,
are called the initial and final vertices respectively. A path in G is a walk whose vertices
and edges both are distinct. A cycle in G is a path whose initial and final vertices are
identical. The size of a path or a cycle is the number of edges in it. These definitions
apply also to multigraphs. A tree is a connected graph with no cycles.

A path graph is a simple graph with vertices {1,...,n} and two vertices are adjacent
if and only if they are consecutive. A cycle graph is obtained from the path graph by
adding an extra edge from vertex 1 to vertex n. Throughout the text, we will denote the

path graph and the cycle graph on n vertices as P, and C,, respectively. A star graph

11



12 2. Preliminaries

Sy on (n + 1) vertices is a graph with n vertices of degree 1 and one vertex, called the
center, of degree n. A double star S, is a graph obtained by adding an edge between the
central vertices of two stars Sy and S;. Let K; denotes the complete graph on ¢ vertices.

Recall that a planar graph is a graph which can be embedded in the plane, i.e. it
can be drawn in such a way that no edges will cross each other. Such an embedding of
a planar graph is referred as a plane graph and it divides the whole plane into regions,
each of which is called a face. For a plane graph G and a cycle ¢ in G, the vertices
enclosed by c are the vertices lying strictly in the interior of ¢. We will consider only
those embeddings of the graph for which parallel edges do not enclose any vertex. An
orientation on a graph G is an assignment of arrows to its edges. A graph G with an
orientation O is called an oriented graph and is denoted (G, ). An orientation on a
labeled graph obtained by orienting its edges from lower to higher labeled vertex is called

a canonical orientation.

Definition 2.1. Let G; and G5 be two simple connected graphs. The Cartesian product
of G1 and G2 denoted as G10G; is a graph with vertex set V(G;) x V(Gy), where two
vertices (up,uz) and (vy,ve) are adjacent if and only if either u; = vy and uy ~¢, v or

U ~a, v1 and ug = vs.

The above definition generalises to the Cartesian product of k graphs Gy, ..., Gy, de-
noted G100 - - OGy. We write )y, ... n, for the d-dimensional grid graph which is Carte-
sian product P, U---0F,,.

2.2 The dimer model and the monopole-dimer model

All our models will be defined on simple graphs. We will encounter graphs with parallel

edges only in certain decompositions.

Definition 2.2. An orientation on a plane graph G is said to be Pfaffian if it satisfies
the property that each bounded face has an odd number of clockwise oriented edges. A

Pfaffian orientation is said to possess the clockwise-odd property.

Figure 2.1: An oriented graph on 4 vertices.
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For example, the orientation in Figure [2.1] is a Pfaffian orientation. Kasteleyn has
shown that every plane graph has a Pfaffian orientation [2I]. Recall that an edge e is
said to cover a vertex v if v is a vertex in e. A dimer covering or perfect matching is a
collection of edges in the graph G such that each vertex is covered in exactly one edge.
The set of all dimer coverings of G will be denoted as M(G). Let G be an edge-weighted
graph on 2n vertices with real positive weight w, for e € F(G) (thought of as the energy
of €). Then the dimer model is the collection of all dimer coverings where the weight of
each dimer covering M € M(G) is given by w(M) = [T.eas we. The partition function

of the dimer model on G is then defined as

Ze = >, w(M), (2.2.1)
MeM(G)

which is basically the weighted enumeration of perfect matchings in G. To state Kaste-
leyn’s celebrated result, recall that a matrix A = (a; ;) is skew-symmetric if a; ; = —a;;
for every 7, 7, and the Pfaffian of 2n x 2n skew-symmetric matrix A is given by

B 1
~ onpl

Pf(A)

Z Sgn(a) A01,02A03,U4 e A02n715‘72n7

U€S2n
and Cayley’s theorem [I0] says that for such a matrix, det A = Pf(A)2.

Theorem 2.3 (Kasteleyn [21]). If G is a plane graph with Pfaffian orientation O, then
the partition function of the dimer model on G is given by Z¢g = | P{(K¢)|, where K¢ is

a signed adjacency matriz defined by

We u— v in O,
(KG)uw =4 —w. v—uin0O,
0 otherwise.

The partition function of the dimer model on the two-dimensional grid graphs Q2. 2»
where horizontal (resp. vertical) edges have weight a (resp. b) is given by (L.1.1J).

Throughout this article, we will refer to cycles in configurations on graphs as loops.
We will always understand these loops to be directed. Let us now recall the generalization
of the dimer model known as the loop-vertex model [6]. Let G be a simple weighted graph
on n vertices with an orientation O, vertex-weights x(v) for v € V(G) and edge-weights
Ay =0y, for (v,0") € E(G). A loop-vertex configuration C' of G is a subgraph of G

consisting of

o directed loops of even length (with length at least four),
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 doubled edges (which can be thought of as loops of length two), and

 isolated vertices,

with the condition that each vertex of G is either an isolated vertex or is covered in

exactly one loop. The set of all loop-vertex configurations of G' will be denoted as L(G).
Figure [2.2] shows a graph and two loop-vertex configurations on it.
(4

\e

(¢) The doubled edge (14) and
(a) The graph of Figure (b) The directed cycle (1234) isolated vertices 2 and 3

Figure 2.2: The graph of Figure with edge weights marked in Figure , and two
loop-vertex configurations on it in Figure and Figure 2.2

Let ¢ = (vg,v1,. .., Vk_1, V2, = vg) be a directed even loop for £ > 1 in (G,O). The
weight of the loop ¢ is given by

2k—1
w(l) == — [ sen(vi, vis1) Qv;pp,0s (2.2.2)
=0
where,
, 1 v—vin O,
sgn(v,v’) = (2.2.3)
-1 v —=wvinO.
Note that the weight of a doubled edge (v;,v;) is always —i—agwj.
Then the loop-vertez model on the pair (G, O) is the collection £(G) with the weight

of a configuration, C' = ({y,...,¢;; vq,...,v;) consisting of loops ¢1,...,¢; and isolated
vertices vy, ..., U, given by
J k
w(C) = [Jw) []=(v). (2.2.4)
i=1 i=1

The (signed) partition function of the loop-vertex model is defined as

The term partition function here comes directly from statistical physics and has no

relation with integer partitions.
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Example 2.4. Let G be a weighted graph on four vertices with vertex weights x for all
the vertices and edge weights as shown in Figure[2.2al Then the weights of the configura-
tion shown in Figures and are aj 209 303,401 4 and xza%A. The partition function

of the loop-vertex model on the graph in Figure [2.2a] with the canonical orientation is
4, 2 2,2 2, 2 2 2 2, 2 2 92 2 2 2
Zeo =& +aj 52" +aj 327+ ay 427 + a5 327 + a3 427 + a7y 503 4 + a7 405 3+ 201 202,303 401 4.

The last term has coefficient 2 as the cycle (1234) has two directions.

Definition 2.5. Let GG be a graph with orientation O, then the generalised adjacency
matriz of (G, O) is defined as

z(v) v=1,

. ayy v —=>0"in0,
’CQ@(U, v ) = (2.2.5)
—Cyy V' —vin0O,

)

0 (v,0) ¢ B(G).

We use K¢ instead of K o whenever the underlying orientation is clear.

Theorem 2.6 ([6l Theorem 2.5)). The partition function of the loop-vertex model on
(G,0) is
Zgy(f) = det ICg,

where Kg is a generalised adjacency matriz of (G, O).

Example 2.7. The generalised adjacency matrix for the graph G in Example [2.4] with

the canonical orientation is

x 1,2 13 A14

—Q1.2 x 23 0

ICG - )
—a13 —dgz3 x as.4
—a14 0 —as4 T

and
_ A, 2 02,2 2, 2 2,2 2 2 2 2 2 2 2
det Ko = " +aj 57" +aj 327 + a7 427+ a3 30 + a3 407 + 0] 503 4 + a7 403 3+ 201 202 303 401 4,

which is exactly Zg o from Example [2.4]

If G is a simple plane graph and O is a Pfaffian orientation on it, then the loop-vertex

model is called the monopole-dimer model. In that case, it has been shown [0, Theorem
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3.3] that the weight of a loop ¢ = (vg, vy, ..., Vag_1, Vox = Vp) can be written independent

of the Pfaffian orientation as stated in the following result.

Theorem 2.8 ([0, Equation 3.1)). Let G be a simple vertez- and edge-weighted plane
graph and O is a Pfaffian orientation on G. Then the weight of a loop ¢ = (vg, vy, ...,
Vok—1, Vok = Up) in (2.2.2) can be written as

2%—1

w(g) — (_1)number of vertices enclosed by ¢ H a
j=0

(2.2.6)

V5, Ui+

Then Theorem can be used to show the following result.

Corollary 2.9. The determinant of the generalised adjacency matriz of a plane graph

with a Pfaffian orientation is independent of the orientation.

The monopole-dimer model reduces to the so-called double-dimer model [23], 24] when

vertex weights are zero for all the vertices in the graph.

2.3 The dimer model on grids embedded on different

surfaces

McCoy and Wu obtained a product formula for the partition function of two-dimensional
grid graphs embedded on a cylinder and a torus similar to the one by Kasteleyn and
Temperley-Fisher’s formula in (1.1.1) for the two-dimensional grid graphs with free

boundary.

@ ® @
@ ® @ @ @ ® @ I i I I L
® ® ®
SOENINESENENees
(a) 4 x 2 grid on a cylinder (b) 4x2 grid on a Mdbius strip (c) 4 x 2 grid on a Klein bottle

Figure 2.3: Two-dimensional grid with different boundary conditions

Theorem 2.10 ([29, Equation (6.33), (6.53)]). The partition function of the dimer model
on the two-dimensional grid graph Qam.2n where horizontal (resp. wvertical) edges have

weight a (resp. b) with cylindrical and toroidal boundary conditions is given by

(20 — )7

Cyl o cr T 2 .2 2 9 JT
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and

SLIgL 2t —1 27 —1
75 H 11 <4a2 sin® (ZQ)W + 4b* sin? (J)W) ) (2.3.2)
j=1

Q2m 2n m 2n

respectively.

Lu and Wu have obtained the similar closed-form expressions for the partition func-
tion of the dimer model on 2m x 2n grids embedded on non-orientable surfaces like
Mobius strip and Klein bottle. Figure 2.3| shows a two-dimensional grid embedded on

different surfaces.

Theorem 2.11 ([25, Equation (18), (19)]). Let Qomon = Pon P, denote the two-
dimensional grid graph with horizontal (resp. vertical) edges having weight a (resp. b).
The partition function of the dimer model on Qap, 2, embedded on a Mébius strip and on

a Klein bottle is given by

7 Mab o (4 —D)m ) g
2, = I (1ot BT o ST ) 2
and ( . y |
m 47 —1 27— 1)m
Klem 2
Q27n 2n Zzl_Il ]HL <4a Sln 4m + 4b Sln 27’L> Y (234)
respectively.

In Chapters [f] and [6] we will generalise Theorem [2.10] and Theorem 2.11] for a more
general model called the (extended) monopole-dimer model (defined in Chapter |3]). This
attempt parallels the approach used to find the partition function of the monopole-dimer
model on higher dimensional grids with free boundary conditions in Chapter

Now, let us define the labelling we use in this thesis. Recall that P, denotes the

path graph on n vertices and @), . n, is the d-dimensional grid graph which can be

-----

regarded as Cartesian product of P,,,..., F,, denoted as P, 0J---0F,,. We will asso-
ciate the labelling Ly (defined inductively), with @ as follows: For d = 1, label L; is

@
Figure 2.4: The boustrophedon labelling on P,LPLP,.
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1,2,...,ny. For d > 1, Q consists of n, copies of the (d — 1)-dimensional grids. Suc-
cessive copies (with successive last coordinate 1,2,...,ny4) are labelled consecutively as
Lq1,L) Ly 1,L ... where L/, | represents the labelling of (d—1)-dimensional grid

in reverse order of Ly_;. In particular, the vertex (p,q,r) in Qan, 20,20, has label

8tning + 4sny +p q=2s+1,r=2t+1,

8tning +4sn; —p+1 =2s,r =2t 41,
17102 1—Pp q (2.3.5)
8tning —4sny —p+1 q=2s+1,r =2t

8tning —4sny +p q=2s,r=2t,

where p € [2n4],q € [2ny] and r € [2n3]. Figure shows this labelling on the graph
P,OPRP,. Any snake-like labelling like the one above is called a boustrophedon labelling.

2.4 Some useful linear algebraic identities

In this section, we recall some unitary similarity transforms that will be useful for com-
puting determinants in Chapters [ to [0, along with their action on different matrices.
We will use ~ to denote the equivalence relation of similarity on matrices and ¢ for v/—1.
Let Ty(—s, z,s) denote the k x k tridiagonal Toeplitz matrix with diagonal entries z,
subdiagonal entries —s and superdiagonal entries s and J; denote the k x k antidiagonal
matrix with all antidiagonal entries equal to 1. We will use the following notation for an

n x n diagonal and antidiagonal matrix

T
diag(ml,...,xn) = )
Ty,
x1

adiag(xl, e ,xn) =

Tn

Recall the definition of the Kronecker product of two matrices.

Definition 2.12. Let A = (a;;) be an m x n matrix and B = (b;;) be a p x ¢ matrix,
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then the Kronecker product, A ® B, is an mp X nq block matrix defined as

CLHB e CLlnB

amB - amnB

The Kronecker product of two matrices is non-commutative in general. If A and B

are square matrices of order n and p, respectively, then
det A® B = (det A)P(det B)".

Lemma 2.13 ([13], Section 4] ). Let uy, be the standard unitary similarity transformation

2 ) pqT
(Uk)pg = \/kdl_lesm (k+1)' (2.4.1)

Then, uy, transforms the Toeplitz matriz, Ty(—s, z,s), into the diagonal matriz

whose entries are given by

k
D, = diag<z+2Lscos kil,...,z+2Lscos l{:fl)’
and
(_1)]{71
(-1
(uk)_leuk = Lk_1 . . (242)

(=1)°

Lemma 2.14 (|29, Section 6]). Let V,, be the unitary similarity transform defined as

1 e 1
101 s .
1| e e 2j —1
Vo = 7 for0; = pa—E (2.4.3)
e(n—l)Lel e(n—l)LGn

Then,

V1 (T(—a,x,a) + aadiag (1,0,...,0,—1)) V,

n

2n — 1
= diag (x—i—Zaasinﬂ,...,x—i—QLasinM) ,
n n
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and
-1 . s 2n—1)m
V. J,V, =adiag [ —e'n, ..., —€" = .

2.5 Concepts related to eccentricity

Let G be a simple undirected graph on n vertices with m edges. If two vertices v, w €
V(G) are adjacent, we will write v ~¢ w. The neighbourhood of a vertex v in G is defined
as Ng(v) = {w € V(G) : v ~¢ w}. If the graph G is connected, the distance dg(v,w),
between two vertices v and w is the length of the shortest path in G' connecting them.
The distance matriz of a connected graph G, denoted D¢, is the n X n matrix indexed
by V(G) whose (v, w)’th-entry is equal to dg(v, w).

The eccentricity, eq(v), of a vertex v € V(G) is defined as

eq(v) = max{dg(u,v) : v € V(G)},

we will use e(v) instead of eg(v) whenever there is no confusion about the underlying
graph. If dg(u,v) = e(v), then we will say u is eccentric to v and a shortest path between
u and v is called an eccentric path (starting from v). The diameter of G, diam(G), is
the maximum of eccentricities of the vertices in G. A diametrical path is a longest path
among all eccentric paths in the graph G.

The eccentricity matriz of a connected graph GG, denoted by &g, is constructed from
the distance matrix D¢, retaining the largest distances in each row and each column,

while other elements of the distance matrix are set to zero. In other words,

de(ui,uj)  if deg(wi, u;) = min{e(u;), e(u;)},
(€a)ij = ,
0 otherwise.

Example 2.15. The distance and eccentricity matrix of the path graph Ps are

012 3 4 002 3 4
1 01 2 3 0000 3
Dp,=(2 1 0 1 2 and Ep, =12 0 0 0 2
32101 300 00
4 3 210 4 3 200

Definition 2.16 ([2, Section 1]). The eccentric graph, denoted Ec(G), of a connected
graph G is the simple graph with the vertex set V(G) and wv is an edge in Ec(G) if

either v is eccentric to u or u is eccentric to v. In that case, we call v and v are adjacent
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in Ec¢(G) and denote it as u ~pg.q) V.

Note that the adjacency matrix of the eccentric graph Fc(G) is obtained by replacing

the non-zero entries in the eccentricity matrix g, by 1

Proposition 2.17 ([19, Proposition 1]). Let P, be the path graph on n vertices. Then,

K,, ifn <3,
Ec(P,) = SnT—27nT—2, if n > 3 is even,
Hus if n > 3 s odd,

2

where Hy is a graph obtained by adding t pendant vertices to any two of the vertices of a

triangle (see Figure|[2.5).

A

Figure 2.5: Eccentric graphs of the path graphs Py and Py (S33 and Hs).

Proposition 2.18 (|19, Proposition 2]). Let C,, be the cycle graph on n vertices. Then,

2Ky  ifn is even,

Ec(Cy) ={"? (2.5.1)
Ch if n s odd.

Also, Ec(K,) = K,, and Ec¢(K,;) = K;U K, for s,t > 1.

Recall the girth of a graph G is the length of the shortest cycle present in G. If a
graph G has no cycles, we will say that G has girth 0. We will call the girth of the
eccentric graph as eccentric girth and denote it as g(Ec(G)). Girth is the dual concept
to edge connectivity (minimum number of edges that must be removed to disconnect a
graph), in the sense that the girth of a planar graph is the edge connectivity of its dual
graph, and vice versa. Calculating the girth of a graph is an important task in graph
theory, as it helps us understand the graph’s structure and properties. We talk about
the eccentric girth of trees and Cartesian product of trees in Chapters [7] and
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Chapter 3

Monopole-dimer model on Cartesian

products of plane graphs

We now extend the definition of the monopole-dimer model to Cartesian products of
plane graphs. Let G1,...,G) be k simple graphs and G00- - -Gy be their Cartesian
product. We will denote edges in G100 - -Gy, of the form ((uy, ..., us, ... ug), (ug, ...,
ul, ..., ug)) as Gi-edges. Clearly, a path graph is plane. It is clear from the definition

that Cartesian product of k path graphs is a cuboid in Z*, also known as a grid graph.
Figure shows Cartesian product PyOJP;. We will use the notation [n] for the set

{1,...,n}.
9 ) i1 12
. e . s
1 @ ® 1

Figure 3.1: Cartesian product P,[]P; with its boustrophedon labelling; see Section .

3.1 Cycle decompositions

An edge-disjoint multiset of cycles in a multigraph G is a family of cycles D = {dy, ..., dy}
such that no edge belongs in more than one cycle. In particular, a cycle decomposition of
a multigraph G is an edge-disjoint multiset of cycles D of G such that dLgJDE (d) = E(G).
Veblen’s theorem [8, Theorem 2.7] says that a multigraph admits a cycle decomposition
if and only if it is even. We say that a cycle decomposition is directed if all of its cycles

are directed. For a plane graph G and a cycle ¢ in G, denote the number of vertices in

23
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V(G) enclosed by c as x(c). For example, the number of vertices enclosed by the cycle
(3,4,5) is 1 for the graph shown in Figure [3.24]

Definition 3.1. We say that the sign of an edge-disjoint multiset of directed cycles
D = {dy,...,di} of an even plane multigraph G is given by

. (—1)x(da) if d; has odd size and is directed clockwise,
sgn(D) := H (—1)X(d)+1if either d; has even size, or has odd size (3.1.1)
i=1

and is directed anticlockwise.

Note that this formula also defines the sign of a directed cycle decomposition.

Example 3.2. For the even plane graph H shown in Figure [3.2a] the sign of its directed
cycle decomposition {(1,2,3,4),(3,4,5),(5,6)} shown in Figure is

(=D x (=) x (=) = —1.

(6)
(3 ‘6

(a) A plane graph H with parallel edges (b) H split as (1234)(345)(56)

Figure 3.2: (a) A plane graph on 6 vertices and (b) a directed cycle decomposition of it.

Recall that an outerplanar (multi)graph is a planar (multi)graph that has a planar
drawing for which all vertices belong to the outer face of the drawing. Such a planar

drawing is called an outerplane (multi)graph.

Corollary 3.3. The sign of an edge-disjoint multiset of directed cycles D = {dy, ..., d}

of an even outerplane multigraph G is given by

Sgl’l(D) = (_1)# of even cycles in D++# of anticlockwise directed odd cycles in D (312)

A trail in a multigraph G is a walk whose vertices can be repeated but edges are
distinct. In particular, trails are allowed to self intersect at vertices. A closed trail is
one whose initial and terminal vertices are the same. Therefore, a closed trail can be
decomposed into an edge-disjoint multiset of cycles. A directed closed trail is a closed

trail with a definite direction of traversal.
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Definition 3.4. Let T be a directed closed trail in a multigraph G. We say that a
directed cycle decomposition D of T is compatible with T if the direction of cycles in D

is inherited from the direction of 7.

Lemma 3.5. Let T be a closed directed trail in a plane multigraph G with Pfaffian
orientation O. Then all cycle decompositions of T compatible with it have the same

s4gm.

Proof. The idea of this proof is similar to that of [0, Theorem 3.3]. Let D = {dy,...,dx}

be a directed cycle decomposition of T' compatible with it. Then the number of edges of

T oriented in the opposite direction to 7" is given by

k
(number of edges oriented in opposite direction of dj>. (3.1.3)

j=1

For j € [k], let E; and Fj be the number of edges and faces enclosed by d; respectively.
Since O is Pfaffian, the number of clockwise oriented edges on the boundary of any

bounded face f is odd (say Oy). Thus the number of clockwise oriented edges of d; is

> O —Ej;

f is a face in G

enclosed by d;
because each edge enclosed by d; contributes to exactly two faces, one clockwise and one
anticlockwise. Since Oy is odd for any bounded face f, the above quantity has the same
parity as F; — E;. Now, using the Euler characteristic on the plane graph enclosed by
d;, the number of clockwise oriented edges of d; and the number of vertices enclosed by
d;j, which we called x(d;), have opposite parity. Thus the quantity in is equal to
sgn(D) given in (3.1.1). O

3.2 Extended monopole-dimer model

Definition 3.6. The oriented Cartesian product of naturally labeled oriented graphs
(G1,01),...,(Gk, Of) is the graph G,0---0G) with orientation O given as follows.
For each i € [k], if u; — u in O;, then O gives orientation (uy,...,u;,...,ug) —>
(g, .o tthy oo ug) if i +ujpo 4+ +up+ (E—17) =0 (mod 2) and (uy, ..., ul, ..., ug)

— (U1, .., U, ..., ug) otherwise.

If we assign the canonical orientation to the graph in Figure it can be thought
of as an oriented Cartesian product of paths Py and Ps which are labeled consecutively

from one leaf to another.
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Definition 3.7. The i-projection of a subgraph S of the Cartesian product G100 - - UG},
is the multigraph obtained by contracting all but G;-edges of S and is denoted S;.

Let G1,...,Gg be k plane simple naturally labeled graphs and P be their Cartesian
product. Let ¢ = (wp,wy, ..., wss 1, w5 = wp) be a directed even loop in P, and D; be
a cycle decomposition compatible with the i-projection ¢;. For i € [k], let G be the
graph G10---0G,;_10G,;.,0---OGy. For © = (vy,...,0-1,Vi41,...,0) € V(G(i)), let
Gi(0) be the copy of G; in P corresponding to 0 and let e;(0) be the number of edges
lying both in ¢ and G;(9). Now let

€, = Z 61(@)
eV (GM)
vip1+Fvg+(k—i)=1 (mod 2)

Then the sign of ¢ is defined by

sgn(0) == — [[(~1)* [ sen(D;). (3.2.1)

=1 j=

Note that the sign of ¢ is well-defined by Lemma [3.5] Now suppose that P has been
given vertex weights z(w) for w € V(P) and edge weights a. for e € E(P). Then the
weight of the loop ¢ is defined as

w(l) :==sgn(l) [] a.. (3.2.2)

ecE(L)

Note that the orientation of a graph G is not relevant for the definition of the loop-
vertex configuration (defined in Section on G. We will call a loop-vertex config-
uration an (extended) monopole-dimer configuration when the underlying graph G is a

Cartesian product of simple plane graphs.

Definition 3.8. The (extended) monopole-dimer model on the weighted Cartesian prod-
uct P = G100---0Gy is the collection £ of monopole-dimer configurations on P where

the weight of each configuration C' = (¢4, ..., 0p; v1,...,v,) given by
i=1 i=1
The (signed) partition function of the monopole-dimer model on Cartesian product P is

Zp =Y w(C).

cel
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From the above definition, it is clear that Zp is independent of the orientations on
G1,...,Gy. The following result is a generalisation of Theorem [2.6] when G is plane and
O is Pfaffian. Recall that Kp is the generalised adjacency matrix defined in ([2.2.5)) for
(P,0).

Theorem 3.9. Let Gy,...,Gy be k simple plane naturally labeled graphs with Pfaffian
orientations Oy, ..., Oy respectively. The (signed) partition function of the monopole-
dimer model for the weighted oriented Cartesian product (P,O) of Gy,...,Gy is given
by

Zp =det Kp. (3.2.3)

The proof strategy is similar to that of Theorem [2.6]

Proof. Since Kp is the sum of a diagonal matrix and an antisymmetric matrix, the only
terms contributing to det JCp correspond to permutations which are product of even
cycles and singletons, and hence are in bijective correspondence with monopole-dimer
configurations on P. Thus, we only need to show that sign coming from an even cyclic
permutation (vg,vq,..., U 1,V2s = ¥p) coincides with the sign of the corresponding

directed loop ¢ = (vg, vy, ..., V251, V25 = vg). That is, we have to prove that

(1 )#edees pointing in opposite direction of ¢ (under O)+1 _ oy, ¢,

Let r be the number of edges pointing in opposite direction of ¢ under O. Note that
the contribution to r comes from k type of edges, Gi-edges, Go-edges,. .., Gi-edges in /.
Since ¢ is a directed cycle, the i-th projection £;, of £ is a directed trail in P, (which is just
G, with multiple edges). Let D; = {d;1,d;i2,...,d;m,} be a directed cycle decomposition
compatible with ¢; according to Definition Denote the number of edges in d; ;, for
j € [my], oriented under O in the direction opposite to it as .

Recall the notation y(¢) and e; from earlier in this section. For i € [k — 1], the
edges contributing to e; have been reversed while defining O and thus the contribution

of G;-edges to r is

mi
d e =g
=1

m;

+ > (number of edges in d; ; oriented under O; in the direction opposite to it)
j=1

(mod 2).
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By the proof of Lemma [3.3] it follows that the number of clockwise oriented edges of d; ;
under O; and x(d; ;) have opposite parity. Therefore,

x(d; ;) if d; ; has odd size and is directed clockwise,

Z e =e; + Z x(d; ;) + 1 if either d; ; has even size, or has odd size (mod 2).
j=1 j=1

and is directed anticlockwise.

Now, by Definition [3.1, G;-edges of ¢ contribute (—1)% sgn D; to (—1)". Similarly, the
contribution of Gg-edges to (—1)" is sgn Dy, as we have not altered the directions coming

from Oy in any copy of Gy. Thus,

k—1 k—1 k
(—1)" =[] (-1)%sgn D; x sgn Dy = [[(=1)% ]]sen D,
=1 =1 s=1

resulting in (—1)"*! = sgn (. Hence, we get the (signed) partition function of the (ex-

tended) monopole-dimer model for the oriented Cartesian product as a determinant. [

Recall that the partition function of the monopole-dimer model is defined for (unori-
ented) Cartesian product of graphs in Definition . The next result can thus be seen
as an analogue of Corollary [2.9]

Corollary 3.10. Let Gy, ...,Gy be k simple plane naturally labeled graphs with Pfaffian
orientations Oq, ..., O respectively. Then the determinant of the generalised adjacency
matriz Kp of the oriented Cartesian product, (P, Q), of (G1,01),..., (G, Ok) is inde-
pendent of the Pfaffian orientations Oq, ..., Ok.

3.3 Cartesian products of plane bipartite graphs

Recall that a bipartite (multi)graph is a graph G whose vertex set can be partitioned into
two subsets X and Y such that each edge of G has one end in X and other end in Y.
Recall that an even multigraph (defined in section is one in which all vertices have
even degree. Bipartite graphs only have cycles of even length. Since the direction of even
cycles does not affect the sign in Definition [3.1] we can write the sign of an edge-disjoint
multiset of cycles D = {d,,...,dx} in an even bipartite plane multigraph G as
k
sgn(D) = H(—l)X(d")“.

=1

Note that the above formula also applies to a cycle decomposition of an even bipartite
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plane multigraph. We will show that the sign of a cycle decomposition remains the same
for all cycle decompositions of a plane bipartite even multigraph. For that we first define

some moves on two cycles in a decomposition.

Let G be an even plane bipartite multigraph and (cq,...,¢) be an edge-disjoint
multiset of cycles in G. Then we define the following moves transforming one multiset
of cycles into another. For each move, we also calculate the change in the sign of this

multiset of cycles.

Figure 3.3: The M;-move from Item . Here, the dotted blue and red lines indicate that
they are allowed to intersect each other.

1. The M;-move changes cycles ¢y, ¢p into cycles ¢}, ¢, as shown in Figure Let
v (resp. v') be the number of internal vertices lying on the blue (resp. red) solid
path from a to b along ¢y (resp. c¢p) in the left side of Figure . Let u be the

number of vertices enclosed by the cycle formed by these two paths. Then

c) —u—v+x(c2) —u—1

x(d) + x(c5)

x(
x(c1) + x(e2)  (mod 2)
(x(c1) +1) + (x(c2) +1)  (mod 2),

where we have used the fact that v +¢" = 0 (as G is bipartite) in the second line.

Thus, performing the M;-move in this multiset of cycles preserves its sign.

2. Let ¢y, ¢o intersect as shown on the left side of Figure[3.4] Without loss of generality,
the left arc of ¢; strictly between a and b does not intersect ¢y, and the right arc
of ¢y strictly between a and b intersects the left arc of ¢y strictly between a and
b only at the t points shown. The Ms-move changes cycles ¢, ¢y into (¢t + 2)
cycles ¢}, ¢, ..., ¢i, as shown in the right side of Figure . Then, by considering
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[
b

Figure 3.4: The Ms-move from Item . The dotted arc of ¢y on the right indicates that
it can intersect with the part of ¢; from a to b on the right side.

internal vertices in all regions, the sign of the latter multiset is given by
t+2 42

> () +1) = x(e)) + Z_; x(c) + (t+2)

i=1

(X(Q) + x(e2) +t — ix(ci)) + iX(C;) +t4+2

1=2

(x(c1) +1) + (x(e2) +1)  (mod 2).

Thus, the Ms-move also preserves the sign of the multiset of cycles.

a

b
Figure 3.5: The M3-move from Item

3. Fot t > 2, suppose cy, ..., ¢ are cycles in the multigraph G such that they form a
closed chain as shown on the left side in Figure [3.5] Note that these cycles do not
intersect at points other than those shown in the figure. The Mj3-move converts
these ¢ cycles into two cycles namely ¢}, ¢, as shown in the right side of Figure .

Then the sign of the latter multiset of cycles is

> (x(e)) +1) = x(ch) = x(c)  (mod 2),

> x(e) + (size of ¢5) —t  (mod 2),

=1
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because ¢] encloses all the vertices except a,b,1,..., (t —2) lying on ¢. Since G is

bipartite, it can only have cycles of even size. Thus

t

> (x(@)+1)=> x(e)+t  (mod 2)

i=1 i=1

=) (x(¢;) +1) (mod 2).

i=1

Again, the sign of the multiset is preserved under the Ms-move.

We have thus shown that performing any sequence of moves of the form Items [1| to
will not affect the sign of a multiset of cycles.

Recall that a bridge or cut edge in a multigraph G is an edge whose deletion increases
the number of connected components in G. Let G be a connected even plane multigraph.
Then G cannot have a bridge [8, Exercise 3.2.3] and hence the boundary of the outer face
(being a closed trail) can be decomposed into cycles c1, . . ., ¢ such that [V (¢;)NV (¢;)] <1
for all 4,5 € [k].

Definition 3.11. Let GG be a connected even plane multigraph and C' be the boundary

of the outer face consisting of cycles cy, ..., c,. Then an outer cycle decomposition of G
is a cycle decomposition of G containing cy, . .., ¢ and the latter will be called boundary
cycles.

Example 3.12. Any cycle decomposition containing the cycle (1,2,3,4,5,6,7,8) is an
outer cycle decomposition for the graph in Figure For example, {(1,2,3,4,5,6,7,8),
(2,4,6,8)} is an outer cycle decomposition but {(1, 2, 8), (2, 3,4), (4,5,6), (6,7,8)} is not.

1 . 3
8 » 4
7 6 g

Figure 3.6: A planar graph on 8 vertices

The next result is a crucial step towards the main result of this section.

Lemma 3.13. Let G be a connected bipartite even plane multigraph. Then for any cycle

decomposition D of G, there exists an outer cycle decomposition D' of G with same sign.
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Proof. Suppose ci,...,c; are the boundary cycles. If £ > 1, we can work separately
with each subgraph of G lying inside the cycle ¢; for each j € [k]. Thus, without loss
of generality, we can assume that there is just a single cycle ¢ (say). If D contains c,
there is nothing to prove. So assume D does not contain c¢. Then there exist at least
two cycles in D which will intersect ¢ in some edge(s). There are two possibilities now

depending on whether the cycles above intersect each other more than once or not.

1. If there are two cycles among these, say ¢; and /5, which intersect each other in
more than one point, say a and b, then ¢y, ¢, will look as in Figure 3.7al Let the
bottom arc of ¢; joining = to y intersect /5 in ¢ additional points as shown. First
perform the necessary number of M;-moves to reach the stage in Figure [3.7b] At
this point, the top part of the ¢, cycle between a and b lies on the same side of the
bottom part of the ¢} cycle. Now, perform an Ms-move to increase the number of
edges of ¢ covered by ¢ as depicted in Figure . Since these moves preserve the
sign, the cycle decomposition containing (t 4 2) transformed cycles in place of two

original cycles will have the same sign.

2. If no two cycles of D which have a common edge with ¢ intersect each other in more
than one point, then we have a certain number, say ¢t > 3, of cycles intersecting c.
Focus on one of the cycles, ¢; say. It will intersect another cycle at a vertex of c.
Call it /5. Now following ¢; in the interior, find the first of these ¢ cycles and call
it ¢;. The situation will look as in left of Figure Now perform an Ms-move to
increase the number of edges of ¢ covered by ¢; and arrive at the right of Figure|3.8|

The resulting cycle decomposition will have the same sign.

Apply these cases inductively. Notice that we might need to alternate between these
two. In each case, the number of edges in the intersection of ¢; and ¢ increases. As the
number of edges in ¢ is finite, the process of performing these moves will eventually stop
and we will end up with a cycle decomposition containing ¢ with the sign same as that
of D. O]

Now we will see a result analogous to Lemma [3.5in the case of bipartite graphs.

Theorem 3.14. Let G be a connected bipartite even plane multigraph. Then all cycle

decompositions D of G will have same sign.

Proof. Since G is even and connected, the boundary of the outer face of G' can be
decomposed into cycles. For simplicity, we suppose the boundary is a single cycle c. If

not, the argument below extends in an obvious way to each component of the boundary.
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(b) The new cycles ¢ and ¢} after several M;-
moves.

(c) The final cycles after an Ms-move. Note that there are a total of ¢ + 2 cycles now.

Figure 3.7: Two cycles ¢; and ¢, intersecting the boundary cycle ¢, and intersecting each
other in more than one point in Figure In Figure [3.7d the cycle ¢ intersects ¢ in
more edges than ¢;.

\\ \\

Figure 3.8: A cycle decomposition where the cycles intersecting the boundary cycle are
shown before and after an Ms-move.
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Let D be a cycle decomposition of G. Using Lemma [3.13] we obtain another cycle
decomposition D; containing ¢ which has the same sign as D. Let GG; be obtained from G
by removing all the edges of ¢ and the resulting isolated vertices. Note that although G,
can be disconnected, the regions enclosed by its connected components G 1, G2, ..., G1¢
will not intersect. Now, D;\ {c} is a cycle decomposition of G;. Again using Lemma [3.13]
on (1, we obtain a cycle decomposition Dy of G' containing ¢ and dy1,d1 2, ..., di s, the
boundary cycles of Gy1,G12,...,G1, respectively, such that sgnD; = sgnD,. Now
remove dy1,dy2,...,d1; from Gy to obtain Gy and continue this process. Since G is
finite, this process must stop. In fact, it will stop at the cycle decomposition obtained

by successively including outer boundaries of GG1, G5 and so on. [

Recall the i-projection, the sign of a directed loop and the notation e; defined in
Definition [3.7] (3.2.1)) and Chapter [3| respectively. By the fact that bipartite graphs only
have even cycles and by Theorem [3.14] we have the following result.

Corollary 3.15. Let Gy, ..., Gy be plane simple naturally labeled bipartite graphs and P
be their Cartesian product. Let £ = (wg, w1, . .., Wes_1,Was = Wy) be a directed even loop

in P and D; be an arbitrary cycle decomposition of the i-projection {; for i € [k]. Then

sen(f) = — H (-1 ILsen(,)

and is well-defined. In particular, there is no restriction on the choice of cycle decompo-
sition of any i-projection in the monopole-dimer model for Cartesian product of bipartite

graphs.



Chapter 4

Monopole-dimer model on grid

graphs

We now focus on the family of grid graphs in higher dimensions. We compute the parti-
tion function of the monopole-dimer model on three-dimensional and higher-dimensional
grid graphs in Theorem [4.1] and Theorem [4.4] respectively.

4.1 Three-dimensional grid graphs

Assign the natural labelling increasing from one leaf to another to P,, and denote its
oriented variant with the canonical orientation as (P,, O,,). Consider the two-dimensional
grid graph Q. = POP,, = {(p,q) | p € [{],q € [m]} whose vertex (p,q) has label
2sl+pif g =2s+1 and 2s{ —p+1 if ¢ = 2s. Observe that it is a boustrophedon labelling
(see Section . With the canonical orientation, denote this graph as (P,0P,,, Opm).
For the purposes of our next result, we will think of Cartesian product of P,[1P,, with
P, as embedded in Z? where the coordinate axes x,y, 2 are aligned parallel to the edges

in P, P,, and P, respectively.

Theorem 4.1 ([4, Theorem 5.1)). Let (G,O) be the oriented Cartesian product of
(POP,, Op) with (P,,0,). Let vertex weights be x for all vertices of G, and edge
weights be a, b, ¢ for the edges along the three coordinate axes. Then the partition func-

tion of the monopole-dimer model on G is given by

[n/2] lm/2] 1¢/2] k e i\
26 = Zimp = H H H <x +4a? cos? 1 + 4b? cos? — +4¢? cos? s 1)

j=1 s=1 k=1

35
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1

Figure 4.1: The boustrophedon labelling on P31P[1P;.

1 ,n,m € 2N,
T3, (b cx) ¢ ¢ 2N, m,n € 2N,
Tr%,e(aa c; ) l,n € 2N, m ¢ 2N,

o 17 (b, ;) T7 (a, c; ) Sn(c; x) ¢,m ¢ 2N, n € 2N,
Ty, (a, b; ) ¢,m € 2N,n ¢ 2N,
T2 (b, ;) T2 f(a, by ) S (b; ) l,n ¢ 2N, m € 2N,
T3 (a, c;2) T3, 4(a, by ) Se(a; ) ¢ € 2N,m,n ¢ 2N,
v T3 (b, 2) Ty y(a, ¢;0) Tp, (@, b; ) Sp(c; ) Sy (b; ) Se(as ) £,m,n & 2N,

where
/2] -
Sn(c;z) = ] <ZL‘2 + 4c* cos® ),
k=1
and

i .
The(a,b;z) = H 11 <x2+4a20052€+1 + 4b? cos? 7231>

Remark 4.2. The boustrophedon labelling that induces the orientation O over the graph
G is given in ([2.3.5)) for an even ¢, m and n. Figure shows this labelling on the graph
POPR,OP;.

Proof. The signed adjacency matrix for the graph (G, Q) with the above labelling can

be written as
K(,m,n = In ® [m X Te(—a, x, (I) + In ® Tm(—b, 0, b) &® Jg + Tn(—C, 0, C) X Jm X Jg, (411)

where Ty (—s, z,s) and Ji be as defined in Section Let u; be the standard unitary

similarity transformation given by the matrix wu; defined in (2.4.1). Then, using the
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unitary transform wu,, ® u,, ® u, and Lemma we find that

14
Kemm ~ 1y @ I, @ diag(x—l—ZLacos gil,...,x—l—%acosgfl)

+ 1, ® 2bdiag| cos T y...,COS mr Q!
m+1 m+1
(—1)°
T nw
2ucdi _ ...
+ 2tc 1ag<cosn+1, ,COSn+1>
(_1)m—1 (_1>£—1
® mel ® Lffl

Note that each term in the above sum is a block diagonal matrix as the first matrix in
each tensor factor is diagonal. Therefore, Ky, , is similar to an n x n block diagonal

matrix with the block Fj for j € [n] given by

l
Fi=1,® diag<x+2bacos€+7r1,...,x—i—QLacoséIl)

_m m—1 Jm
2t cos i (=1)m 2 ecos ;1Y (1)t
+ ®
(—1)°
(—1)°2c™¢ cos 2T 2tb cos
Define
At = \/462 cos? mil + 4¢? cos? njij—rl’ s € [m], j € [n],
and let
Ho_ dlag(b)\lj AT A =g L)\T'”;, LXZZ) m even,
J m,n m,n , m,n
dlag( 1) "— 1) s tAg ), —L 2] Ve L)\L g L)\L%M,L 2+1]> m odd.
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The matrix

2ubcos 1 (=)™ 12,m¢ cos 311

(—1)°2cc cos 2ub cos

when diagonalized, becomes equal to D;. Thus, F; becomes similar to

(-1

l
I, ® diag<x+2mcos Hﬂ,...,x—l—macos“wl) + D; ® &t

(—1)°
(4.1.2)
Again, as the first matrix in both tensor products of (4.1.2)) is diagonal, each block F; is

similar to a block diagonal matrix given by

diag(Ffrj,Ffj,.. FmJ’szJ) m even,
diag(Flj,Flj,.. Fis, Fa, ,FWHJ) m odd,

where

5,7

l
F* —d1ag<x+2mcosgil ..,1}+2L6LCOSEI1>:|:L£)\ZE”

T 4 2acos +(=1) NN
+(—1)% N  + 2ua cos 15

Now defining

x (:C + 2w cos 7T H(=1) RN
7S7j

, 1 <s<|(m+1)/2],
+(—=1)F 1IN @ — 2acos Elf:l ) d /2]

and performing simultaneous row and column interchanges on F= > we can write

diag(Yffs’j, Yzﬂfs,j, .. YLjEJ ) { even,

diag(Vi5 Voo Vi), o @ £ A" Codd.

~Y

S7j



4.1. Three-dimensional grid graphs 39

Note that
k
det Y,;LS’]. =detY, ;= 2% + 4a® cos® 7 fl + 4b? cos? msi 1 + 4¢* cos? n]+ T
which implies that
L£/2] 1 ¢ even,
det F; det F; = ] (det Y, ; det Y7, ;) x )
§ > 7 = 2 m,n
k=1 x* + <)\s’]’- ) ¢ odd.
Then we get,
Lm/2] 1 m even,
det F; = [ (det Ff; det F, ;) x
s=1 det F}byy ; modd.
2 9
Hence,
Lm/2] [£/2] - o . 2
jm
det F; = 521_[1 kl;[l <x2 + 4a? cos® 1 + 4b* cos® o + 4c? cos® -, 1)
1 ¢,m € 2N,
lm/2]
11 (:L‘2 + ()\Z”J”)Q) ¢ ¢ 2N, m € 2N,
s=1
e 2 o o km 9 o JT
X kl;[l (x + 4a” cos 11 + 4c¢” cos m) ¢ € 2N, m ¢ 2N,
1¢/2] L ~
H (:c2 + 4a* cos? T + 4c? cos? 7 )
P (+1 n+1
jr [m/2] ) ,
x(a:+2wcosn+ 1) 51;[1 (96 + (Ae") ) ¢,m ¢ 2N.
Since, det Ky = ?:1 det F; and det F; = det F},_;11 we obtain the result. O

We now make a few remarks about this result. First, the orientation on G is Pfaffian
over all standard planes and G is non-planar when at least two of £, m, n are greater than
2. Second, although it is not obvious from Theorem {1}, Z,,,, is always a polynomial
in z,a,b, c with nonnegative integer coefficients. Third, 2, , is the fourth power of a
polynomial when ¢, m and n are all even and the square of a polynomial when exactly two

of £,m and n are even. Fourth, the formula in Theorem coincides with the already
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known partition function [6] of the monopole-dimer model for the two-dimensional grid
graph when either of ¢, m,n are equal to 1. Finally, although it is not obvious from
the construction, the formula is symmetric in all three directions. That is to say, it is
symmetric under any permutation interchanging (a, ¢), (b,m) and (¢, n).

We now prove that our monopole-dimer model on Cartesian products satisfies an

associativity property at least for path graphs.

Proposition 4.3. The partition function of the monopole-dimer model on the oriented
Cartesian product of (P,OPF,,, Op,) with (P, O,) is the same as the partition func-
tion of the monopole-dimer model on the oriented Cartesian product of (P, Op) with

(Pn,OP,, On)-

Proof. The orientation on both the products is induced from the same boustrophedon
labelling given in Remark Moreover, the partition function of the monopole-dimer
model is the same as the partition function of the loop-vertex model on P,[1P,,[ 1P, with

the canonical orientation induced from boustrophedon labelling. O]

4.2 Higher-dimensional grid graphs

We now generalise the results from Section to higher dimensional grid graphs. Let us
consider d path graphs P,,,, P, - .., Pn,, £ of which are odd. Without loss of generality,

we assume that the first £ of these are odd, that is mq, ..., m, are odd.

Theorem 4.4 ([4, Theorem 6.1]). Let (G, O) be the oriented Cartesian product of the
graphs (Pp,OP,, Omyms)s (P, Omg)s - -+ s (Prgs Omy ), where my, ..., my are odd. Let
vertex weights be x for all vertices of G and edge weights be a; for the P, -edges. Then

the partition function of the monopole-dimer model on G is given by

Z6=Zpromy = ] (T)* 7, (4.2.1)
Scia

where for S = [d]\ {p1,...,pr},

=5+ |75 ) r i
Ts= [ - II (2°+>_4a2cos* — ,
ipy =1 ipy=1 g=1 My, +1

and when { = d, the empty product in Tiq must be interpreted as x2.

Note that if ¢ = d then the term in (4.2.1)) corresponding to S = [d] is just x which

is expected since each configuration will have at least one monomer. The proof strat-
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egy is similar to that of [I6, Section 4]. Using ideas similar to the proof of Propo-
sition [4.3| it can be shown that for s € [d — 1], the formula above coincides with
the partition function of the monopole-dimer model on the oriented Cartesian prod-
uct P, 0P,,0---0P,,.  0(F,.0F,,,,)dP~ 0-..-0P,, We first demonstrate the

s+1) Ms42
strategy of proof in an example below.

Example 4.5. Consider the 4-dimensional oriented hypercube, ()4, built as an oriented
Cartesian product of 4 copies of (P, 0;) as in Definition [3.6f  Then the generalised

adjacency matrix is

Ke=LoLIlL®T—a,za)+ 1oL Ty(—a0,a) @ Jo
+ L ® Tg(—ag, 0, CL3) ® Jo® Jy + TQ(—a4, 0, CL4) R Jo® Jy ® Js.

Let uy be as defined in Lemma then using the unitary transform us ® us ® us @ us,

we see that

T+ a 0 La 0 0 -1
KGN[2®12®12®( . ! )+[2®12®(02 )®L(1 )

T — Laq —la9 0
Las 0 0 —1 0 -1
+IQ® XL XL
0 —uas 1 0 1 0
Lay 0 0 —1 0 —1 0 —1
+ &t Xt Xt .
0 —taq 1 0 1 0 1 0
Define, for 1 <4y < 2,
T+ ta 0 La 0 0 —1
F,=LL® ! + 1L ® ? &t
0 T — Laq 0 —uas 1 0
—1)ka—t 0 -1 0 -1
) Y o (" 7).
(—1)"“ay —Lag 1 0 1 0
and note that det g = det F} det . Now
T+ ta 0 La 0 0 —1
Fi~Fy~b @ ® ! + 1L ® 2 Rt
0 T — l1aq 0 —uas 1 0

N /a3 + a3 0 - 0 —1 . 0 —1
0 —u\/a3 + a} 1 0 1 0)°

and thus both I} and F5, have same the determinant. Hence det g = det F, 12 Iterating
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the same procedure two more times, we get

8
T+ Va3 + a3 + ai
det K = det : S
—\/a3 + a3 + ai T — Ly

Thus, the partition function of the monopole-dimer model on Q)4 is given by

Zq, = (2" + al + a3 + a3 + a})®.

Proof of Theorem [4.4 Using Theorem [3.9] the partition function is the determinant of
the generalised adjacency matrix, Kq, of (G,O) with the boustrophedon labelling, as
discussed in Remark [£.2] It will be convenient for us to index the components in the

tensor factors in decreasing order. Let

Imd®"'®Im2®Tm1<_al7x7a1) ‘7:1
]md ®"'®Imj+1 ®ij(_aj707aj) ®<]mj—1 ®"'®JM1 2 Sj < d’

Me =

J

where Ty(—s, z,s) and J, are defined in the proof of Theorem . Then Kg can be
written as
Ko =M+ -+ Mj. (4.2.2)

For j € [d], define the m; x m; diagonal matrix

T
+1 m;

D; = diag <2La]' cos
m;

T
.., 2ua; cos ——
) ) ¥ +1>

and antidiagonal matrix

J/ g Lmjil
(—1)°

Let

Imd®"'®]m2®<xlm1+D1) jzl
Iy @@L, ,@D;@J_ 1 ® --®J] 2<j<d

K2 —

J

Let uy, be as defined in Lemma [2.13] Then, using the unitary transform t,,, ® - - - ® tp,
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we see that Kg ~ K¢+ -+ K3. Let

d .
i
Nigiia_1rniy = | > 4a2cos? ——— 1 < p < d.
dstd—1 D = S m8+17

Since the first matrix in each tensor product K;’ is diagonal, ICg is similar to an mg X my

block diagonal matrix with the block Fj,, iq € [, given by
F,=K'+- + K+ <Dd1 + 21aq cos WJC’I_1> RJy @ Ji.
mq + 1
Diagonalizing the matrix

id7T
+1

Qo ~

D,_1 4+ 2tag cos 1

leads to the matrix

dlag(b)\,;d,l, _L)\id,la L/\id,27 _L)\z'd,27 ce L)\Z'd{md;lj’ _L)\id{md;w) mqg—1 €even,

idﬂ
W) mg-q odd.

diag(tAi 1, —tAig1, - -, L)\idede_lj, _L)\id,\_mdz_lj, 2ayL cos

Set Fit = F,, F,, = F,

igy Yig — I'm

g—ig+1 for 1 <z < [%2], and observe that FZ: ~ F;,. Since

the determinant of a matrix is invariant under similarity transformation, the partition

function can now be calculated as

12t 1 mg even
2o = [[ (det F)? x SR (4.2.3)
ig=1 det Fmg+1  mg odd.

2

Let us first assume ¢ < d, i.e. my is even. Repeating the above idea, F;r is similar

to an mg_q1 X mg_1 block diagonal matrix with blocks F:= for 1 <z, < L%J and

idytd—1

continue this process. Inductively, we obtain

2

mq
2
ZG:H--- (det FF

Tdybd—15e+-y00+1

9d—£—1

det F~

Zdvid—la---1ié+1) ’

(4.2.4)

with

FE = K{++ K+ (Do ihigi ) @ @0 ).

Udybd—1--- 0041

Again diagonalizing, the matrix

Dg:i:L)\ Jé

id:"'vif+l
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is similar to

diag <L/\id7---,ie+171’ _L)\id,...,ig+1,1> T L)\Z'dr“ailJrlyL%J’ _L/\idw,iéﬂi%J ’ j:L)\idy---viZ+17mé2+l>'

Therefore,
. . Lme /2] .
det Fid7id71,.;.,ié+1 - det F’L'd,...,l'[+1,m22+1 ~H1 (det ‘F‘id,A..,igJﬁl,ig det ‘F;:d,...,i[+1,i£>? (425)
ip=
and
Lme /2] .
det Fid7id71,.;.,ié+1 - det F’id,...,i[+1,m22+1 AH1 (det F‘T;d7‘..,ie+1,ié det ‘F;:d,.“,i[+1,ig>? (426)
ip=
where
‘Fvi::,idfl,...,i[ - Kf_l + e + Kf:% + (Dé—l :t LAid,...,igJé71> ® Jé,Q ® Tt ® J:{
Substituting (4.2.5)) and (4.2.6) in (4.2.4]) gives
— + - 2d-¢
Zg = H T H (det Fiio o det Ed,z‘d,l,...,u)
ig=1  ip=1
% m62+1 2d—€—1
H te H <det F+ . mp+1 det F._ . me+l>
idzl ié+1:1 Zd,..‘,lg+1, 3 Zd,...,lg+1, 3
By repeated application of this procedure, we will get
de L%J d—1 d—2 d—3 d—e0—1
Ze=[[- [l (et Fyj_, detFy, )" [ 7s Il 75 - II 75 .
ig=1 i1=1 Scle Nal Scle

1S|=1 |S|=2 1S|=¢

where sz .. is the 1 x 1 matrix

01
+ 2 4 zd: 4a2 cos? s
Lyl x a )
s=1 ° ms + ]‘
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Thus, we finally arrive at

2 1 d ; 241
15T d—2 d—3 d—0—1
Zo= 1 I0 (o Xdateos® 00} [T 28" T 287 [T 287
ig=1 i1=1 s=1 s scle Scle scle

1S|=1 |S|=2 |S|=¢
(4.2.7)

The last case is when ¢ = d. Then the right hand side of (4.2.7) will have an additional

factor of det Fmy+1, and the latter is the generalised adjacency matrix for the oriented

Cartesian product (P, 0P, Oy s )O(Porgs Oy )3 - - - O(Pony O, ). Thus,

o 2d727#S o 2d717#5
detFdeH— H (Ts) = H (Ts) 5

SCld—1] PcSC(d]
des
by induction. Substituting this in (4.2.3)) completes the proof. O

As for the three-dimensional case, it is not obvious from the formula for
Zpy....m, that it is a polynomial with nonnegative integer coefficients. The formula is
also symmetric under any permutation of (ay,my),..., (ax, mg). Finally, tells
that the partition function of the monopole-dimer model for even grid lengths is the
2(@=1th power of a polynomial. Again a combinatorial interpretation of the underlying
polynomial would be interesting.

Let us now present an example of a well-studied family of graphs.

Example 4.6. Consider the d-dimensional oriented hypercube, ()4, built as an oriented
Cartesian product of d copies of (P, Oz) as in Definition . Then the partition function

of the monopole-dimer model on (), is given by
Zo,= (@ ai -+ ap)

While this formula is amazingly simple, it is a result of a lot of cancellation of terms.
Finding a combinatorial interpretation of this formula would certainly be very interesting.

An interpretation in the two-dimensional case has been given in [7].

4.3 Asymptotic Behaviour

It is natural to ask how fast the partition function of these monopole-dimer models on
grid graphs grows as the size increases. We are also interested in understanding the
‘probability’ of seeing a monopole at a given vertex or a dimer at a given edge. The

reason these are not strict probabilities is that we are working with signed measures.



46 4. Monopole-dimer model on grid graphs

As a warm-up, we begin with three-dimensional grids. We then move on to the general
d-dimensional grids in the next section, where the formulas are not as explicit. We will

follow the strategy in [6, Section 5].

Define the free energy as

®3(a,b,c,z) ;== lim

Lm,n—oc0 S mn

In Z9¢2m,2n-

Using the product formula in Theorem

1
@3 (aa ba Cy x) L, mhn—wo 8€mn

N
k
X Z Z Z In <x2 + 4a? cos® 25:_ l + 4b? cos? 27;2_ . + 4¢? cos? ani 1) )

§=0 5=0 k=0

Note that the right hand side can be expressed as a Riemann sum. Therefore,

w/27/27/2

®3(a, b, c, ) ///lnx + 4a? cos® 0 + 4b* cos® ¢ + 4c? cos® ) df dep dap.

Hence, the density of a-type edges and of monopoles will be

w/27/27)2
8a? cos? §

- 7c1> /// 46 dé du,
Paa = 5T (22 + 4a? cos? 0 4 4b% cos? ¢ + 4c? cos? ) ody

7r/27r/27r/2

0 4 222

S // 46 dg do,
Poa = e 3 T 3 T (22 4 4a? cos? 0 + 4b? cos? ¢ + 4c? cos? ) ¢dy

respectively. Similarly, the density of b- and c-type dimers can be defined and one can

check that psq + p3p + p3c + p3 = 1 as expected.
Recall the elliptic integral of the first kind,

o]
b= [ =
; 1 — k2sin’ «

and the elliptic integral of the second kind,

]
:/\/1—kzsin204doz.
0

The complete elliptic integral of the first kind is K(k) = F(n/2,k) and the complete
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elliptic integral of the second kind is E(k) = E(w/2,k). Then, the Jacobi zeta function
1s E(k)
Z(p, k) = E(p, k) — —=XF(¢, k).

See Gradshteyn and Rizhik [I5] for basic properties of elliptic integrals.

Now performing similar calculations as in [6] using

L <\/x2+4020052@/}+462>
€3 = tan %a

and

4ab
\/(:v2 + 4c? cos? ) + 4a?)(x? + 4c? cos? i + 4b?) ’

q3 =

we get,

/2

2
P30 =1—— / Ao(es, sin™" gs) dup, (4.3.1)
7
0
2 w/2
P3a =57 0/ q3 K(q3) dv, (4.3.2)

where Ag(0,y) is the Heuman lambda function [1, Formula 17.4.39] defined as

_ F(¢,cosy)

2
AO(97y)_ K(cosy) —i—}K(siny)Z(Qcosy).

Let us now calculate the monopole density for the three dimensional case when all the
vertex and edge weights are 1. Using (4.3.2)), we get

w/2
1 4 4
= — K dy) =~ 0.1705.
P, 7T20/5+40052w (5—1—4003%&) 4

We now move on to the asymptotic behaviour for the case of d-dimensional grid graphs
where all side lengths are even, vertex weights are x and edges along the j'th direction

have weight a;. The free energy is given by

Dy(aq, ..., aq,x) = lim ——1In Zo, . omy,-
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The product formula in Theorem together with the Riemann sum implies that

w/2 w/2

2d71 d
d4(ay,...,aq,x) = —T / / In (x2 + Z4a§cos293> do, ...do,.
0 0 s=1
Again defining the densities of monopoles and s-type edges for s € [d] as
) 0 )
z — T 7—%®q, as +— Qs 75— %P4,
Pd, O dy  Pdas da, d

one can again get that pg, + Y pd.a, = 1. Following the strategy in [6], we define

. (\/xQ + 4a3 + %_, 4a2 cos? 05)
€q = tan ,
2&1

4&1 asg

qda = ’
\/(x2 +4a} + X%, 402 cos? 0,) (22 + 4ad + 05 4a? cos? 0,)

and we get

w/2 w/2

Pd,ay =1 - -2 / cet / Ao(Ed, SiIl_1 qd) dgg e d@d,
0

w/2 /2

2d—3$2
pd,x :?//qu(qd)dﬁngd
s a1a9
0 0

0.15

0.10 ®

0.05 ‘ . .
T

Figure 4.2: Monopole densities pq , for limiting grid graphs in dimensions d ranging from
3 to 11 when all the vertex and edge weights are 1.
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Figure shows the numerically evaluated monopole density pg, for the first few
dimensions when all the vertex and edge weights are 1. Observe that pg, seems to
decrease monotonically as dimension increases. It would be interesting to determine the
limit of py, as d tends to infinity, if it exists. In particular, it is not clear whether this

limit is 0 or not.
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4. Monopole-dimer model on grid graphs




Chapter 5

High-dimensional cylindrical and

toroidal grid graphs

First, recall that P, denotes the path graph on n vertices and )y, n,ns is the three-
dimensional grid graph. Throughout the chapter, we will assign (2, 2n, 20, the boustro-
phedon labelling defined in (2.3.5). Figure shows this labelling on the graph Q42..

We will denote the following n x n antidiagonal matrices as

B9 = adiag (1,0,...,0,—1),
BM® — adiag (1,0,...,0,1).

Let us now delve into the discussion regarding the partition function of the monopole-
dimer model on higher dimensional grids with cylindrical and toroidal boundary condi-

tions.

5.1 General cylindrical grids

C, 0P, 0---0P,,. For £ =1 ({ = d), we call it a cylindrical (toroidal) grid and use

the notation QS?}..M (Qrer o)

as the d-dimensional grid @), . ,, with cylindrical,

-----

We sometimes refer to szl Y

toroidal and mixed boundary conditions depending on whether ¢ is 1, d or in between, re-

77777

belling can be regarded as the oriented Cartesian product of C,,,,...,C,,, P,

Ngy1r e

s Py
Thus, the loop-vertex model on an ¢-cylindrical grid is nothing but the monopole-dimer

model.

o1
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Theorem 5.2 ([3, Theorem 3.2]). Let G be the d-dimensional cylindrical grid Qcyl

2myq,..., mgq

with boustrophedon labelling. Let (G, Q) be obtained from G by orienting the edges from
lower-labelled vertex to higher-labelled vertex. Let the vertex weights be x for all vertices
of G, and edge weights be aq,...,aq for the edges along the different coordinate axes.

Then the partition function of the monopole-dimer model on G is given by

2d—1

210 — 1 '
Zngi ..... 2m —Zgyl H H (:c + 4a? sin® ( 5 )7 _1_24@ cos? W)

ii=1  ig=1 m 2mg +1

Figure 5.1: The boustrophedon labelling on the cylindrical grid leQ

Figure shows a three-dimensional grid graph with boustrophedon labelling and
cylindrical boundary conditions. Using [4, Corollary 3.9, Zgyl remains independent of
the various Pfaffian orientations on Cs,,,, Pop,, . . ., Pay,,. Before presenting the proof, we

exemplify the proof strategy below.

Example 5.3. Consider G to be the three-dimensional cylindrical grid Qfﬁg with the
boustrophedon labelling as shown in Figure Orient G in the canonical way. Then

the generalised adjacency matrix is

Ke=15L®ILeTyu—ay,z,a)+ Io ® To(—az,0,a2) ® Jy + To(—as,0,a3) ® Jo ® Jy
+ CL1]2 X _[2 X nyl.

Let us be the unitary matrix,

2 LSiD% Lsm%r
Uy = — 5 4 .
3\ —sin“f —ginir

3 3
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Then using the unitary transform us ® us ® Iy and by Lemma [2.13

T ai 0 a

—a X aq

’CG N]2®]2® +Ig®d1ag (Lag,—ba2)®J4

—Qaq Xz aq

—a; 0 —-a1 =z

+diag (tag, —taz) @ radiag (—1,1) ® Jy.

Define, for i3 =1, 2,

T ai 0 a
—a; = a0 La —1)71qg
F,=Le| ! + : (FDe o
0 —-a =z (—1)=ag — 109
—ay 0 —a; X
and det ICq = det Fj det F5. Now
T aq 0 m
—a; = a3 O /a3 + a? 0
FlNF2N12® ! ! + 2 5 ®J47
0 —a1 = a 0 —u\/a3 + a3

—a; 0 —-aq =

and thus both F; and F5 have same the determinant. Hence det g = det F 12 Iterating

the same procedure one more time, we get,
2
25 = (det Fyfy det Fry )

where
T aq 0 a

—a T a 0
Ff = 01 ! + /a3 + a3 Jy.

—a1 T

—a; 0 —a; =

Let Vj be the unitary similarity transform defined in ([2.4.3) for n = 4, then by Lemmal[2.14]

T 4 2uay sin & 0 0 Freit\/a} + a}
0 T + 2ua, sin 2F Fre /a2 + a2 0
0 FreTJa3 + a3 x+ 2iarsin 5T 0
TFre T /a2 + a3 0 0 T + 2ua; sin 7

ViFi Vi =
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Thus, the partition function of the monopole-dimer model on G is given by
Zg = (22 +2a% + a3 +a3)®.
Proof of Theorem[5.9. Define

Ide®"'®]2m2 ®T2m1(_a17ajua’1) .721
Doy @+ @ Iy @ Tomy(—05,0,05) @ Jom, , @+ @ Jop, 2 < j <d

d _

Using Theorem , the partition function of the monopole-dimer model on (G, O) is
the determinant of the generalised adjacency matrix, Kq, of (G,O) and the generalised

adjacency matrix, g with the boustrophedon labelling can be written as

Ko=M 4+ Mi+arlom, @ @ Iy, ® By (5.1.1)

For j € [d] \ {1}, define the 2m; x 2m; diagonal and antidiagonal matrices

I
D; = diag <2Laj COS ,. .., 2ua; cos mJ7T> , (5.1.2)

2m3+1 2m]—|—1

Ji =1 adiag (—1,1,...,—1,1), (5.1.3)

J

and let

Kl =Dy ® - @ Iopm,, ®D; @ J_1 @+ @ J) ® Jo,,

J

d .
Qs
Nigsia 1osiy = | D_4a2cos? ——— 1 <p<d.
e i \lsp s 2m5+1

Let ug be the similarity transformation defined in Lemma [2.13] Then using the

unitary transform ug,, ® - -+ ® Ugm, @ lom,, We see that

ICG’ ~ Ide R ® ]2m2 X (Tgml(—al,x, al) + alBSTZ{J + Kg 4+ 4 chll (514)

Since the first matrix of each tensor product in ((5.1.4)) is diagonal, K¢ is similar to
an 2mg x 2my block diagonal matrix with the block F;,, iq € [2mg], given by

Fiy =iy, @+ ® oy @ (Ton, (—ay, @, a1) + ar Byl ) + K5+ -+ K7

idﬁ
+ (.Dd_l + 2LCLd COS 2Tn/d_+_1<]c/l1> Y JL/172 R R Jle.
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Diagonalizing the cruciform matrix (a matrix whose nonzero entries lie only on the

diagonal and the antidiagonal)

Dy 142 7J
-1 + Lad0052 1 d—1

leads to the matrix
dlag(L)\Z‘dvl, _L)\id,la L)\Z‘d72, _L)\idg, ceey L/\id,md—l’ _L)\idamd—l)'

Set " = F;,, F;, = Famy—iss1 for 1 < iy < my, and observe that F;' ~ F; . Since
the determinant of a matrix is invariant under similarity transformation, the partition
function can now be calculated as

mq
ZG" = T (det E). (5.1.5)

1g=1

Continuing with the above approach, Fjd' is similar to an 2mgy_1 X 2my_1 block diagonal

matrix with blocks Fi*, (1 <i4_; < mg_,), resulting

idybd—1
mq  Md—1
Z" =11 11 (detEr, )" (5.1.6)
tg=11q_1=1
Inductively,
Cyl H H detﬂ;...,ig det Fi;,...,i2)2d_2u (5.1.7)
ig=1 io=1
where
Fi iy = (Tom (—ar,2,00) + a1 BSY) £ 0y iy Jo,

Let Vi be the unitary similarity transform defined in (2.4.3). Then by Lemma [2.14]

T
. e 5oL
T + 2taq sin Tos Fe?™ N, i
N B ..
V2m1F ,ig‘/%m - L. )
(4m1—1)7rL (4m 1

. 1~

Fe 2Ny, T + 2taq sin D e

resulting,

mi 2 — 1 d .S
det F i, = [ <x2 + 4a} sin® @h—m 3" 4a cos? 27;;)

=1 2my 5=2
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Substituting this in (5.1.7]), concludes the proof. O

We can see an (-cylindrical grid graph as obtained from a d-dimensional grid graph
by imposing cylindrical boundary conditions in the first ¢ directions and keeping the rest

free. A similar proof technique can be used to prove the following general theorem.

Theorem 5.4 ([3, Theorem 3.4)). Let G be the (-cylindrical grid graph Q2m1 with
boustrophedon labelling in d dimension. Let (G, Q) be obtained from G by orienting the

2myg

edges from a lower-labelled vertex to a higher-labelled vertex. Let the vertex weights be
x for all vertices of G, and edge weights be aq,...,aq for the edges along the different

coordinate azes. Then the partition function of the monopole-dimer model on G is given
by

Qd—l
UL M ¢ (265 — ) d 04T
zie =11 I [2* + D da?sin® = ——= + 3" 4a? cos® ———
e 7 ma ’i1=1 id=1 S:l 3 Qms t:Z+1 2mt + 1
Let us now consider d-dimensional grids with toroidal boundary conditions which are
obtained by imposing cylindrical boundary conditions in all directions of a d-dimensional

grid.

Corollary 5.5 ([3, Theorem 3.5]). Let G be the toroidal grid graph Q32 . = with
boustrophedon labelling in d dimension. Let (G, Q) be obtained from G by orienting the
edges from a lower-labelled vertex to a higher-labelled vertex. Let the vertex weights be
x for all vertices of G, and edge weights be ay,...,aq for the edges along the different

coordinate azes. Then the partition function of the monopole-dimer model on G is given

by

2d—1
Zomn . om H H (33 +Z4a sin 2 (2, — r )

i1=1 ig=1 2m5

Now, we will focus on higher dimensional Mébius and Klein grid graphs.



Chapter 6

Three-dimensional Mobius and

Klein grid graphs

In this chapter, we will extend the product formula (2.3.3)) and (2.3.4)) for three-dimension-
al grids and show that the formula does not extend to higher dimensions in the obvious
way. We start by presenting the following lemma. We will use the notation A and A* to

denote the conjugate and conjugate transpose of the matrix A, respectively.

Lemma 6.1. Let A and B be two square matrices of order n such that A is invertible,
BA* = AB, and B' = B. Then, the determinant of the block matriz

A B

det | __ _ | =det(AA" + BB").
B A

Proof. When D is invertible, it is well known that

A B
det ( ) =det (A — BD'C)det D
C D

= det (A — BD™'C) det D,
= det (AD' — BD™'CD").

Here, we have D = A and C = —B, therefore
A B — i
det ( - ) = det (AA" + BA 'BA")
-B A

= det (AA' + BA "AB")
_ det (AA* + BBY).

57
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]

6.1 Three-dimensional Mobius grids
Let us begin by defining what we mean by the term “high-dimensional Mébius grid”.

Definition 6.2. Let ), .. », be the d-dimensional grid graph, we add an edge between
the vertices (1, ks, ..., kq) and (ny,ne —ka+1,...,ng—kg+ 1) forall 1 <k, <n; (2 <
i < d) to obtain Qn,..n

call these edges as dashed edges and the remaining as solid edges. We call this new graph

Mob
N1seesNd”

, with Mobius boundary condition along the first direction. We

as d-dimensional Mébius grid graph and denote it as

Let G = QNP be the d-dimensional Mobius grid graph with boustrophedon la-
belling. Orient the solid edges from lower-labelled vertex to higher-labelled vertex, orient
the dashed edge at 1 outward and the remaining dashed edges such that each two-
dimensional square satisfies the clockwise-odd property. Let us denote the resulting
oriented graph as (G,0). We will always orient the edges coming from the Mobius
boundary condition as described above. Figure 6.1 shows such an orientation over the

Mobius grid graph Q}Y[Sg

Definition 6.3. We define the monopole-dimer model on the d-dimensional Mobius grid
graph G as the loop-vertex model on G with the above orientation O. The partition
function of the monopole-dimer model is then the partition function of the loop-vertex

model.

Theorem 6.4 ([3, Theorem 4.4]). Let G be the three-dimensional Mébius grid graph
Q%gizm%zmg with boustrophedon labelling. Let the vertex weights be x for all vertices of

G, and edge weights be ay,ay and agz for the edges along the x-,y- and z- coordinate azxes

respectively. Then the partition function of the monopole-dimer model on G is given by

Méb
22m1,2m2,2m3
mi1 m2 M3 9 9 . 9 (421 — 1)71' 2 9 igﬂ' ) ) i37‘(‘ 4
= 1] II II |2*+ 4aisin® ———= + 4aj cos® ———— + 4dajcos” ——— | .
i1=1142=1143=1 4my 2mo + 1 2ms + 1

Remark 6.5. The product formula in Theorem [6.4| remains unchanged even if one starts
by orienting the dashed edge at 1 inward and the remaining dashed edges such that each

two-dimensional square satisfies the clockwise-odd property.
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Figure 6.1: The three-dimensional Mobius grid graph Q{f;g

Remark 6.6. Note that the oriented d-dimensional Mébius grid Q35 om, Can be re-
garded as the oriented Cartesian product of P, ..., Py, (oriented from one leaf to

another) together with some additional dashed edges oriented in the specified way. We
believe that the partition function of the monopole-dimer model remains unchanged re-
gardless of the orientation on the path graphs. That is the reason for naming it as the

monopole-dimer model.

Proof. Let D; and J; be as defined in (5.1.2) and (5.1.3). The generalised adjacency
matrix Kg of the oriented three-dimensional Mébius grid graph (G, Q) is

ICG - -[2m3 ® ]2m2 X Tle(_ala xZ, (11) + -[2m3 X Tng(_CLQ) 07 (12) ® J2m1
+ Tgmg(—ag, 0, ag) X J2m2 X J2m1 + aq adiag (1, —1, ey 1, —1) X dlag (1, —1... s 1, —1)
® BMéb

2m1

Let uy, be the standard unitary similarity transformation defined in Lemma 2.13] Then

using the unitary transform wug,,, ® tom, ® Iom,, it is clear that

Ka ~ Iomy @ Iopy @ Top, (—a1, @, a1) + oy @ Do ® Jop, + D3 @ J3 & Jo,
+ a5 tdiag (1, —1...,1, —1) ® Jom, ® BYSP. (6.1.1)

2m1

Given that the initial matrix of each tensor product is diagonal in (6.1.1)), g becomes
similar to a 2mg x 2mg3 block diagonal matrix, with each block Fj,, (i3 € [2mg3]), defined

as

i37T
Fi, = Iy @ Tom, (—ay, x,a1) + Do ® Jop,, + 2tas cos mJé ® Jom,

+ap(—1)87 12, @ BMOP (6.1.2)

2mq
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Therefore,
2ms

det Ko = [] det £,. (6.1.3)

i3=1

Applying some simultaneous row and column interchanges on the first matrix in each

tensor of (6.1.2)) results in
Eg N-[mg X -[2 X T2m1 (_a/17 X, al)

. T MaT 1 0
+ d1ag(2m2 cos m, ..., 2ta5 CcOS m) ® (O _1) ® Jom,

) 0 —1
+ 2.2™2 4 cos il 1diag(l,—l,l,—l,...)® ( 0 ) ® Jom,

2m3 + 1
+ay (1) 1P L, @ Jy @ ByP

2mq

Consequently,

2m2—|—1

io=1

m2 ' 1 0
det F}, = H det <12 ® Tom, (—ay, x,a1) + 2tas cos e ( 1) ® Jom,

io—1 2m i37T 0 —1
+2(—1> 2 1L2 2@3 COSW ( ) ® ngl

+ al(_l)i;g—lLng—lJQ ® BMéb).

2m1

1 (-1 1 ol
\/§ 1 1 2my

the determinant of Fj, can be expressed as the following product:

Using the unitary transform

m2 19T 0 -1
det Fj, = [ det ([2 R Tom, (—ar, x,a1) + 2uaz Cosﬁ (_1 0 ) ® Jom,

i9=1

. ) 0 1
+2(=1)271?q5 cos _ BT ( ) ® Jom,

2ms+1 \—1 0
. -1 0 .

oy (— 1)t 2mat ®Bl\ﬁ,§b>.
1( ) 0 1 2m1

Finally, notice that Fj, is the product of determinants of 2 x 2 block matrices of the
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(5%

following form

where

A - Tle(_ala z, al) - a1<_1)i3_1L2m3_lBé\/TIr?F
and _ .

19T jo—1 2m 13T
B = <—2LCL2 COSW +2(—1) 2 1L2 2@3 COS 27713_‘_1>J2m1.
Observe that
BA* =|2 —— +2(=1)" m2 —_—
( Lay Cos 2m2+1+ (—1)?7"*™ a3 cos 2m3+1>

i5—1,2m3—1 pMéb
X Jom, (T2m1(al>$a —ar) +ar(=1)°7 " BZm1)
Since, Jo,,, commutes with BS/TIS’I’ and Jo,, Tom, (a1, z, —ay) = Topm, (—ay, x, a1) Jom,

. iaT
2 1 i2—1, 2mao
+ (— ) L a3 COS 72m3 1)

’iQﬂ'

BA* =(21ay cos ————
2m2 + 1

X (Tle (—&1, Z, Cll)Jle + a1<—1)i31L2m3lBé\;{7§?Jle)
After re-arranging the terms, we get

BA* = (Tle(—ab T, ar) + al(—l)irlLerlB%ﬂ))

19T i m 137
X <2La2 coS a1 +2(—1)2"12™2 g5 cos S § 1>J2m1
=AB.
Now, using Lemma [6.1] we get
A B
det | __ _ | =det(AA" + BB"). (6.1.4)
-B A

Diagonalizing the matrix A yields the following:

: 3 : 4(2my) — 1
A~ diag x + 2(—1)m3+23_1@'a1 sin i’ R 2(_1)m3+13—1La1 sin ( ( ml) >7T ’
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and

3 8my — 1
AA* ~ diag <x2 + 4a? sin® —W, ..., 1% + 4af sin® M) (6.1.5)
4TTL1 4m1

Further, a quick calculation shows that

% 19T 13T
BB* = (4@% COS2 m + 4(1% COS2 M-'—l) Ile' (616)

Combining equations (6.1.4)), (6.1.5)), and (6.1.6]) results

m2 2 (41, — 1)m iom ism
d tFL — 2 4 2 2 \F1 — )R 4 2 2 Lan 4 2 2 93t .
et r;, i}_:‘[l ill_zll (x + 4a7 sin iy + 4aj; cos 9y + 1 + 4aj3 cos s 1 1
Finally, (6.1.3) together with the following trigonometric identities
4 1) — 1 4ip — 1
sin (4 ) = D = —sin u, (6.1.7)
4m1 4m1
2mg —iz + 1 '
cos (2ms — i3 + 1)m — _cos 2" _ (6.1.8)
2m3 + 1 2m3 + 1
concludes the proof. O]

We now provide an example showing that the formula does not generalise for higher

dimensions.

Example 6.7. Let G = Qg/ﬁgg be the four-dimensional Mobius grid as shown in Fig-
ure 6.2} The solid edges are oriented from lower labelled vertex to higher labelled vertex
and dashed edges are oriented as described in the paragraph just below Definition 6.2}

Let the vertex weight be 0 for all the vertices and edge weights be a1, a3, a3 and ay

Figure 6.2: The four-dimensional cube with Mo6bius boundary conditions

for the edges along the different coordinate axes. Then, the partition function of the

monopole-dimer model on G is

(402 + a3 + a3 + a2)*(a3 + a2 + a?)*
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which is not an 8" power. This leads us to conclude that the product formula in (2.3.3)

does not generalise to higher dimensions.

Using Theorem [5.2] and Theorem [6.4] together with the following identities,

2 (220 =D (220 —2i+1) =

4n 4n

o (4i — 1)

= sin , for 1 <i<n,

we can deduce the generalized relationship between the partition function of the monopole-
dimer model on the three-dimensional Mobius and cylindrical grid graphs, akin to the
relationship between the partition function of the dimer model on two-dimensional grids

embedded on a cylinder and a Mébius strip [25], (24)].
Corollary 6.8. Let ZgLyf’Qn%QnS and Z%‘ff’%ﬁng be the partition function of the monopole-
Msb

dimer model on the oriented three-dimensional Mobius grid Q" s, ons

grid Qcyl with boustrophedon labelling, respectively. Then

2n1,2n2,2n3

and cylindrical

o = (2 0ns) - (6.1.9)

4n1,2n2,2n3 2n1,2n9,2n3

6.2 Three-dimensional Klein grids

A d-dimensional grid is considered to have Klein boundary conditions if it exhibits Mobius
boundary conditions along the first direction and cylindrical boundary conditions along

the remaining directions.

Definition 6.9. Let P, 0C,,0---0C,, be Cartesian product of P,,,C,,,...,C,,, we
add an edge between the vertices (1, ko, ..., kq) and (nq,no —ko+1,...,ng9— kg + 1) for
all 1 < k; < n; (2 <i <d) to obtain a new graph called the d-dimensional Klein grid
graph follemnd We call these additional edges as dashed edges and the remaining as solid

edges.

Let G = Qsllemnd be the d-dimensional Klein grid graph with boustrophedon labelling.
Orient the solid edges from lower-labelled vertex to higher-labelled vertex, orient the
dashed edge at 1 outward and the remaining dashed edges such that each two-dimensional

square satisfies the clockwise-odd property. Let us denote the resulting oriented graph as
(G, 0). Note that Q)" is a subgraph of Q1" . Figure(6.3shows such an orientation

ni
Klein

over the Klein grid graph ()g35".

Definition 6.10. We define the monopole-dimer model on the d-dimensional Klein grid

graph G as the loop-vertex model on G with the above orientation O. The partition
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Figure 6.3: The three-dimensional Mébius grid graph fol;gl

function of the monopole-dimer model is then the partition function of the loop-vertex

model.

Theorem 6.11 ([3, Theorem 5.3]). Let G = Q5k™, . be the three-dimensional Klein
grid graph. Let vertex weights be x for all vertices of G, and edge weights be ay,as and
agz for the edges along the x-,y- and z- coordinate azxes respectively. Then the partition
function of the monopole-dimer model on (G, Q) is given by

Klein
Z2m1 2mao,2ms

. . . 4
LT 4ip — 1 219 — 1 2i3 — 1

= H H H (xz + 4a% sin? 7( i ) + 4a§ sin? 7( b2 ) + 4a§ sin? 7( '3 M) .
=1 =1 i3=1 4my 2my 2ms

Proof. Again, let Ty, Ji, D; and J; be as defined in the proof of Theorem [5.20 The

generalised adjacency matrix, g of the oriented three-dimensional grid graph with

Klein boundary conditions, (G, O) is

Ko = Iopmy @ Iopm, @ Top, (—ay, x,a1) +ay adiag (1, —1...,1,—1)®@diag (1,—-1...,1,—1)
® By

Loy @ (Tomy (— 2,0, 62) + 02852 ) @ o, + (Tomy (— 03,0, a3) + a3 BSY, ) @ Jom, @ Jom,

Let V} be the similarity transformation defined in Lemma [2.14, Then using the unitary

transform Vo, @ Vo, ® Loy, , it is clear that

ICG N-[2m3 ® ]2m2 X Tle(_ala x, al)
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s
6L 2mg

(2mg—1)w

L
e s 0 |1, )
2 Mob
+ ay L(2m3+1)7'r X & Bgnf:l
e 2m3 ]m2 0

L(4m371)7r
e 2mg
2-1-1 2-2my—1
+1om, @ diag <2La2 sin u, ..., 209 Sin ( 2 >7T> ® Jom,
mo 2m2
2-1—-1 2-2mgz—1
+diag <2La3 sin u, ..., 2ta3sin ( s )W>
ms 27713
LT L(2-2m2—1)7r
® adiag (—e my L, —e 2m2 > ® Jom, -
Using the following identities
et (2(n+2k73*1)7f _ _eL(%;nl)’f 7 (621)
9 _ _
“in 2(n+k)—1m _ (2k 1)7‘(‘7
2n 2n

we get

Ka~ 1@ Ly @ o, @ Topm, (—ay, z,a1)

1 0 _m @2mgz—D7 0 Im ..
+a ® adia, (eLQms ..., e 2ms ) ® 2 ® By
: (0 —1) © ( Ly | 0 ) 2

2-1-1 2-2mg —1
+ L ® I, ®diag (2LCL2 sin u, ..., 2tas 8in ( e M) ® Jom,
Mo mo
1 0 2-1—-1 2ms3 — 1
+ ® diag | 2tag sin u, ..., 2ta3sin M
0 —1 2mg 2mg
LT L(2-2m271)7r
® adiag (—e my L, —e M2 > @ Jom, -
Observing that
L(2(n—k2-l;bl)—1)7r _ _G_L(2k2—nl)7r’ (622)
2n—k+1)—1 2k — 1
sin (2(n 1= Dr = sinu, (6.2.3)
2n 2n

and applying some simultaneous row and column interchanges on the second matrix of
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each tensor, turns it into a block diagonal matrix. In particular, if mg is even,

K~ Iy @ Iy @ Loy, @ Top, (—ay, z,a1)

L—QW
0 e 2m3

() %)e ;

0 | Ln, .
® ®Bye?
(252 -1)x I, | O

O eL 2mg
(2-%—1%
_eil/ 2ms3 O
2.1-1 2. 2my — 1
+ I, ® I, ®diag <2LCL2 sin M7 ..., 2La9 8in ( 2 )W> ® Jom,
mo 2m2
1 0 2.ma_ ] 2.ma_ ]
+ (0 _1> ® 2azdiag (sin 2;3,811& 2;3,...78111( 22m3 )™ in ! 22m3 >7T>
LT L(4m,2—1)7r
® adiag (—e Ty L., —€e 2 ) ® Jom,. (6.2.4)

Since the first matrix of each tensor product in (6.2.4) is diagonal and the second matrix

is block diagonal, the determinant of the matrix Kg can be written as the following

product.
5]
det(ng) = H det IQ X ]2 X ]2m2 X Tgml(—a,l, Z, CL1)
iz=1
1 0 O L(2i2371)7r 0 ]’
e 2m3 m s
+ aq ® (2ig—D)m & 2 & Bé\fnf
O —1 _e_L 2mg 0 Im2 0
2:-1-1 2:2mg —1
+ I, ® I, ® diag | 2tas sin u, ..., 2tas 8in ( 2 ) ® Jom
1
mo mo
1 0 sin Zla=Lr 0 \n  Gmy =)
+ ® 2iag 2ms  @ignyr | @ adiag <—e my L —e  2m2 )
0 —1 0 sin 123m3 u

® ']2m1>
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1 if mg3 is even,
det ([2 ® Iomy @ Tom, (—ar, x, aq)
1 0 0 | I, )
w  dtua ® “{ @ BMob if m3 is odd.
0 -1 I, | O
+1, ® diag (2La2 sin %, ..., 2way sin %) ® Jom,
]. 0 . P L(4m2—1)7r
+2ias ® adiag (—e 2my L, —e  2m2 ) ® Jom,
0 -1

(2i3—1)7 _, 2ig=Dm

Further, adiag (eL 2my—e | 2mg ) diagonalizes to diag (¢, —t¢). Therefore,

)

det(Ke) = [] det(lr ® Ir ® Iopmy ® Tom, (—a1, 2, a1)

i3=1
1 0 . 0 0 |1, )
+ a; ® ® ® ByeP
0 —1 0 — L, | 0

2-1-1 2-2my — 1
+ I, ® I, ® diag | 2tas sin u, ..., 2ta9 Sin ( 1 i ® Jom,
2m2 ng
1 0 (223 — 1)7T 1 0 P  dma—1)m
+ ® 2taz sin ——— ® adia, (—esz,...,—e 2ma >®Jm
(O _1) 3 2 0 1 g 2 1)
1 if mg is even,
1 0 0 | L,
det(Iy ® Iom, @ Tom, (—a1,x,a1) + tay &
0 —1 I, | O
X
®B§fﬂ° + I, ® 2uasdiag <sin 7(2'217;;)”, ...,sin 7(2'2?;;1)ﬂ) ® Jom,
1 0 . P Jma—m . .
+2ias ® adiag (—e me L., —€ 22 ) ® Jom,) if m3 is odd.
0 —1

Now, since the initial two matrices of each tensor product are 2 x 2 diagonal matrices,

it is enough to determine the determinant of the following matrices:
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0 | In .
Fgﬂ( for a = £1,8 = 1) = oy, @ Tom, (—ay, z,a1) + taa; 2 ® BM©b

Im2 0 2m1
2-1—-1 2-2my — 1
+ 2taodiag | sin (7)%, ...,sin ( 2 ) ® Jom,
2m2 2m2
2i3 — 1 LT  {ma =)=
— 21Pag sin M adiag (e my L€ e > @ Jom, -
2m3

We can rewrite Fgﬂ with the help of the trigonometric identities in (6.2.1f) as

. 0 1 ..
Fig’ﬁ =15 ® Iiny ® Tom, (—a1, @, a1) + 1oy (1 0) ® Iy ® Bypy

1 0 2-1—-1 2 - -1
+ ® 2tasdiag | sin u, ...,sin M ® Jom,
0 —1 2m2 2m2

2. — 1 0 L(2'm —1)m
— 218a3 Sinu ( :

1 .
di <m 2m ) o
2my  \ -1 0)®alag€ € TR )@ S

Using the unitary transform

1 (-1 1
\/§<1 1) 2o 0am
we obtain

. O ..
Fisﬁ ~ 12 ® Imz ® T2m1(_a17 xZ, al) + taag ( 0 1) ® [mQ ® Bé\;[s})

0 -1 2-1-1 2 - —1
+ ( 0 ) ® diag <2La2 sin (2>7T,...,2La2 sin W) @ Jom,

-1 mo ma

2. — ]. 0 _1 P LM
— 21faz sin M ® adiag (e 2y e 22 ) ® Jom, -
2mg 1 0

Repeating the same procedure on the second matrix in each tensor if my is even, results
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in
F;(;’B ~ ]2 ® ]mg & Tgml(—al,:p, al) + taaq ( 0

0 -1 2.M2 1 2.-m2 1
+( ) 0)®2La2diag <sin27r,sin7r ..,Sin( 2 )W,sin( 2 M)

mo 2m2 T

(223 — 1)71'

—21faz sin
2m3

0 —1
(1 0)®diag(L,—L,...,L,—L)®J2m1.

Further, notice that ZTZ-C;”B is the product of determinants of 2 x 2 block matrices of the

(5%

following form

where
A= I, ®Top (—ar,z,a1) — taay Ly, ® B%ﬂ’,

and

B —

9.me | 9.ma ]
— 2wapdiag | sin L, sin L, ...,sin (2-5 )W,sin (25 )™ ® Jam,
2mo 2mo 2mo 2my
213 — 1
+ 2¢8az sin (205 )Wdiag (by=tyeiyty—1) @ Jom, .

ms

Using a similar argument as in the proof of Theorem , we can see that BA* = AB.

Now, using Lemma |6.1} we get

A B
det [ _ _ | =det(AA" + BB"). (6.2.5)
B A

Diagonalizing the matrix A yields the following:

A=1,,® (Tgml(—(ll, T,ay) — LaalBMéb)

2mq

3 4(2my) — 1
~ Iy, ® diag | * — 2vaay Sini,...,l’—QLaal sin ( ( ml) )7T
4m1 4m1
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and

3 8my — 1
AA* ~ I, ® diag| 2* + 4a? sin” i, ..., 2% + 4a? sin® (8m = Um . (6.2.6)
4m1 4m1

Further, a quick calculation shows that

BB* =
2.12 1 2.2 1
diag | 4a3 sin’ L, 4a3 sin® L, ..., 4a3 sin® M, 4a3 sin® M
2m2 sz 2m2 2m2
‘I— 4a/§ Sln2 27/”13.[7712 ® Ile. (627)
Combining equations ((6.2.5)), (6.2.6)), and (6.2.7)) results in
thaB Lﬁjﬁ< 14 > (4 1)7T+4 2 . 2(2i2—1)7r+4 2 2(2i3—1)7r>2
e ’ x a? sin? Q5 sIn” ———+4a3sin” ——
io=1 i1=1 ! 4Tnl 2 2m2 3 2m3
1 me is even,
X ,
™ (9:2 + 4a? sin® (4“ 1)” + 4a3 sin W + 4a? sin® (2’2‘"’mi)“> my is odd.
Hence,
det( G)

3

[0

1e

. ) . 4
Zmy 411 — 1 245 — 1 243 — 1

| | (azz + 4&% sin? 7( “ )7 + 4a§ sin? 7( ‘2 )7 + 4a§ sin? 7( ‘3 M)
=1 dmy 2mey 2ms

'.:M
;:]3

=1

03
1)

1 ms is even,

2
x 9 T2, T <:c2 + 4a? sin? % + 4a2 sin? 22-1n 1) + 4a2sin ((ms+1)—1)7f>

11=1 4 2ms3

ms is odd,
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which can be rewritten using the trigonometric identities (6.1.7)) and (6.2.3)) as

det(ng)
. . 4
msz ms M 4, — 1 20 — 1 24 — 1
Rinigi (:1:' raagsit BT g W+4a§sin2w> |

i3=14i9=141=1 my meo 2m3

]

We conclude the section by providing an example that shows that the formula in
(2.3.4) can only be generalised to three dimensions and by raising a pertinent question
of whether is it possible to define the non-orientable boundary conditions such that the
product formulas for higher dimensions still hold while preserving the relationship in
(16.1.9).

Figure 6.4: four-dimensional Klein grid graph, Q%‘i%

Example 6.12. Let G = Q554 be the four-dimensional Klein grid graph as shown in
Figure [6.4 Solid edges are oriented from a lower labelled vertex to a higher labelled
vertex and dashed edges are oriented as described above. Let the vertex weight be 0
for all the vertices and edge weights be aq, as, az and a4 for the edges along the different

coordinate axes. Then, the partition function of the monopole-dimer model on G is

21%(a? + a3 + a3 + a3)* (a3 + a3 + a3)*
which is not an 8 power. Hence the product formula (2.3.4) does not generalise to

higher dimensions in obvious way.

Remark 6.13. Again, note that the oriented d-dimensional Klein grid Qg,}fi“ om, Can
be regarded as the oriented Cartesian product of Pay,,, Com,, - -, Cam, (oriented from
lower-labelled vertex to higher-labelled vertex) together with some additional dashed
edges oriented in the specified manner. We believe that the partition function of the
monopole-dimer model remains unchanged regardless of the Pfaffian orientation on the

path and cycle graphs.
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Chapter 7
Eccentric graph of trees

We talked in Section about the interesting properties of the eccentric graph of a tree.
In this chapter, we will discuss about the structure of the eccentric graph of a tree and
its girth in detail. From now on, we will only consider simple, undirected graphs on at

least two vertices.

7.1 Structure of eccentric graph of a tree
In this section, we will focus on the structure of the eccentric graph of a tree.

Definition 7.1. Let T be a tree and v be a leaf in T'. We define the path from v to the
nearest vertex of degree greater than two as the stem at v and the branching vertex is

an endpoint of the stem which has degree greater than two in T.

1 2 3 4 ) 6 7
o @ L @ @ @
8§ @10

12 el1

Figure 7.1: A tree T on 12 vertices with different colored stems at vertices 9, 11 and 12.

Note that a path graph P, has no stems. Recall that a diametrical path (defined in
Section is a longest eccentric path in the graph G.

Definition 7.2. Let P be a diametrical path in a tree T'. We define the tree induced from
the path P as the subtree of T" obtained by removing stems except branching vertices at
those leaves (except endpoints of P), which are an endpoint of some diametrical path
other than P.

73
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Consider the tree T shown in Figure [7.1] T has three diametrical paths and the
subtrees induced by these are shown in Figure [7.2]

1 2 3 4 5 6 7 3 4 5 6 71 3 4 5 6 7T
o—--o—--I—-- --®--0--0 ®--0--0--0--0 ®--0--0--0--0
8 @10 o--o5 ol ®3 @10

11 11 e ol

Figure 7.2: Subtrees induced by different diametrical paths (dashed) of the tree in Fig-

ure @

The eccentric graphs of the subtrees in Figure [7.2] are shown in Figure [7.3]

- A

Figure 7.3: Eccentric graphs of the three subtrees in Figure n of the tree in Figure .

In general, the structure of the eccentric graph of a subtree induced from a diametrical
path in T" depends on the diameter of T'. In case of an even diameter, it looks as shown
in the left of Figure and in case of odd diameter, it looks as shown in the right of
Figure

Figure 7.4: Eccentric graphs of subtrees induced by diametrical paths.

The following result shows that the graphs shown in Figure|7.4]are the building blocks
for the eccentric graph of a tree. First, recall that the union of two graphs Gy and Gj,
denoted G UG5, is the simple graph whose vertex set and edge set are formed by taking
the union of the vertex sets of G; and G5 and the edge sets of G; and G, respectively.

Theorem 7.3 ([5, Theorem 1]). Let Q1,...,Qy be diametrical paths in T with starting
,vF respectively. Let Ty, ..., Ty be induced trees
from Q1, ..., Qu, repectively. Then, Ec(T) = Ur_ Ec(T;).

point v}, ..., vf and ending point v}, ...
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Proof. A vertex of T' either lies in some diametrical path or lies on a stem in each of the
induced trees T;’s. Thus,
V(T) = U V(Ty).

For i € [k], let e be an edge in the eccentric graph Ec(T;). As @; is the unique
diametrical path in T}, it follows that one of the endpoints of e is either v} or v/, assume
that e = vv’. Thus, e, (v) = dr,(v,v%) = dp(v,v) = ep(v). Thus, Ec(T;) is a subgraph
of Ec(T).

Now, let v ~pgery w which implies that one of v or w (say v) is an endpoint of a
diametrical path say @, (1 <j<k)inT. It is enough to show that v and w both lie
on the same tree T for some s € [k]. If w ¢ Ec(T}), eccentric graph of the tree induced
from @);, then w lies on a stem at some leaf z in 7. In that case, the path joining from
v to z is a diametrical path and the tree induced by this diametrical path T contains
both v and w. ]

The following example illustrates Theorem

Example 7.4. Let T be the tree shown in Figure The eccentric graph of T' (see
Figure is the union of the eccentric graphs (shown in Figure of the subtrees
(shown in Figure induced from the three diametrical paths of 7.

Figure 7.5: Eccentric graph of the tree in Figure which is the union of the graphs in

Figure

Proposition 7.5. Let T be a tree. There does not exist vy,ve,v3 € V(T') such that

V1 ~E(T) V2, V2 ~Ee(T) V3 and er(v1) < ep(v) < ep(vs).

Proof. On the contrary, assume that such vy, vy,v3 € V(T') exist. Then dr(vy,vy)=
min{er(vy), ep(va)} = ep(vy), ie., vy is eccentric to vy. Therefore, vy is an endpoint
of a diametrical path. Again, dr(ve,v3) = min{er(ve), er(vs)} = er(vy), which implies
that the path from vy to w3 is a diametrical path and therefore er(vy) = er(v3), a

contradiction. ]
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Remark 7.6. The essence of Proposition can be summarized by saying that the
eccentricity of a vertex v € V(T) is either the smallest or the largest among the eccen-

tricities of its neighbours in the eccentric graph of T'.

7.2 Eccentric girth of a tree

In this section, we will determine the eccentric girth of a tree and its potential values.
In addition, we will classify the instances in which these possible values of the eccentric
girth can be achieved. It is well-known that two paths of maximum length must pass
through a common point. Thus, it is evident that two diametrical paths in a tree must
intersect at vertices. But this is not true for graphs that are not trees; the graph in
Figure has two diametrical paths (dashed) but they do not intersect.

- ---@---@ ---

Figure 7.6: A graph having two non-intersecting diametrical paths

Now, we will present the main result of this section which classifies the eccentric girth

of a tree.

Theorem 7.7 ([0, Theorem 3]). Let T' be a tree. Then the eccentric girth of T is either

zero, three, or four. Moreover,

3 if the diameter of T is even,
g(Ec(T)) =10 if the diameter of T is odd with unique diametrical path,
4

otherwise.
Corollary 7.8. The only trees T which satisfy Ec(T) =T are Py and Py.

Proof. The proof is divided into the following cases depending on the parity of the
diameter of T'.

First, let the diameter of T" be even and P = vy vy ...V Ugsq - .. Ugg be a diametrical
path. Note that e(vg) = 2k = e(var) and d(vo, var) = 2k, therefore vy ~pgery vor. If
e(vg) > k, then one of e(vg) or e(vqx) will be greater than 2k, which is not possible. Also,
d(vo,vr) = k = d(vy, vay), therefore e(vy) = k and vy ~gor) Vo, Vi ~per) Vor. Thus,

vo, Uk, and vy form a triangle in Ec(T).
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Second, If the diameter of T is odd and P = vy vy ...V Ugsq ... Uggyq is the unique
diametrical path in 7. It is sufficient to show that for any vertex i € V(T') exactly one
of vy or vgx41 is eccentric to ¢ and no other vertex is eccentric to i. Note that, in a tree,
if a vertex j is eccentric to some vertex, then j must be a pendant vertex.

Let i € V(P), if possible, there exists a vertex j € V(T') other than vy and voyi1
which is eccentric to ¢, that is, d(7,j) = e(i), then j is a leaf of a branch emerging from
some vertex p € V(P). Assume that p is on the left of i in P, then d(i,5) > d(i,vo),
which implies d(vog11,J) = d(vogs1,%) + d(i,J) > d(vers1,4) + d(i,v9) = 2k + 1, which
contradicts the fact that P is the only diametrical path. A similar argument can be
given when p is on the right of 7.

Now suppose that ¢ € V(T) \ V(P) lies on some branch emerging from a vertex
i’ € V(P). Again let there exists j € V(T') other than vy and wvyy1 which is eccentric
to 7. Note that j cannot lie on the same branch; otherwise, the eccentricity of one of vy
or vgg41 will increase. Thus, 7 must be eccentric to i which cannot happen as proved in
the preceding paragraph. Moreover, because of odd diameter, exactly one of vy or vy

can be eccentric to 4. For illustration, Ec(T) in this scenario is shown in Figure [7.7]

Vok+1

Figure 7.7: Eccentric graph of a tree (of odd diameter) with unique diametrical path.

Third, let the diameter of 7" be odd and P = vy vy ...V, Ugs1 - .. Uogpr1, P = wowy ...
Wy Wit 1 - - - Wopt1 be two diametrical paths in 7. As mentioned at the start of Section[7.2]
they must intersect. Therefore, it is reasonable to assume that P and P’ have one
common endpoint say vy = wy, otherwise one of the paths joining from vy to wy or
Waks1 (say wary1) is a diametrical path and we can create two such diametrical paths
by replacing P’ with the diametrical path from vy to wey1. Hence, (vg, vogi1, v1, Wag+1)
forms a 4-cycle in Fc(T). Now, if there is a triangle (21, 22, 23) in Fc(T') and e(z;) <
e(z2) < e(z3). Without loss of generality, assume that z; is a vertex on some branch
emerging from w,, 1 < p < k (Note that z; can be wy). If z is any vertex eccentric to
z1, then z must be a vertex on some branch emerging from w;, for some k£ + 1 < i < 2k;
if not, then d(z,wyyy1) is greater than the diameter 2k + 1. Now z3 being eccentric to z
must lie on some branch emerging from w,, k+1 < ¢ < 2k (Note that z; can be way41).
Again, as z3 is eccentric to 2o, z3 is a vertex on some branch emerging from w,, 1 < r < k,

but then z3 cannot be eccentric to z;. Hence Ec¢(T) cannot have a triangle. ]
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Chapter 8

Eccentric graph of Cartesian

products

In this chapter, analogous to Theorem [7.7] we will see the possible values for the eccentric
girth of Cartesian product of trees. We will discuss the structure of the eccentric graph
of Cartesian product of two path graphs and two cycle graphs. We will also provide
a necessary and sufficient condition for the invertibility of the eccentricity matrix of

Cartesian product of trees.

8.1 Cartesian product of graphs

In this section, we will examine some properties of the eccentric graph of Cartesian
product of general graphs and calculate the eccentric girth of Cartesian product of trees
in Section 8.2l Recall Cartesian product of two graphs defined in Definition The

following equations

dG1DG2((u17u2)7 (v1, Uz)) = dg, (u1,v1) + dg, (uz, v2), (8.1.1)
and
ccy0, (U1, 12)) = e, () + eq, (u2) (8.1.2)

follow directly from Definition and can be generalised to Cartesian product of k
graphs G, ..., Gy denoted as G- - - OGy.

Definition 8.1. Let G; and G5 be two simple connected graphs. The Kronecker product
of G; and G5 denoted as G; x Gy is a graph with vertex set V(G;) x V(G3), and two

vertices (u1,ug) and (vy,ve) are adjacent if and only if u; ~¢g, v1 and ug ~¢, vs.

79
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Lemma 8.2. Let Gy, ..., Gy be simple connected graphs and G = G100 - - - UGy, be their
Cartesian product. Let u = (uy,...,ux), v = (vi,...,v) € V(G) where u;,v; € V(Gy)

fori € [k]. Then, v is eccentric to u if and only if v; is eccentric to u; for all i € [k].
Proof. Let v be eccentric to u, i.e., dG(u,v) = max{dg(u,x> :x € V(G)}. Then by

(8.1.1) we can express this as:

ZdGi (ui,vZ) = max {Z de, (uz,xz> cx; € V(Gi)} )

i=1 =1

Which holds only if
de, (ui,vi) = max{dg, (u,,m» cx; € V(Gy)} for all i € [k]}.

Thus, v; is eccentric to u; for all i € [k]. Furthermore, we can reverse the steps of this

argument to establish the converse part. ]

Remark 8.3. Note that if (us,...,ur) ~geeo0-06,) (V1,-..,v), then u; # v; for all
i € [k]. Also, it is clear from Lemma that if u ~py) v, then u; ~pgeq,) v; for all

i € [k], but the converse is not true. For example, 1 ~pgyp,) 3 and 2 ~pgp,) 4, but

(17 2) % Ec(P4yOPy) (37 4) (See Figure '
(3,1) (1,3)
(32)@ :>- 0(2,3

EC(P4) EC(P4|:|P4>

[ YN
o
®
o
—~~
:lk \’C«O \‘OJ
w w »-lk
N— N—
o
Y\
—_
—_
N—
—~
\_Hk
e
N—r
[ )
—~~
Vl\D \'l\D v)—*
— [\) l\D
N— N—

Figure 8.1: Eccentric graphs of naturally labelled P, and P,[JP;.

Corollary 8.4. Let G7 and Gy be simple connected graphs such that all the vertices
in both G1 and Gy have the same eccentricities. Then Ec(G10Gs) is isomorphic to
Ec(Gy) x Ec(Gy), the Kronecker product of Ec(G1) and Ec(Gs).

Lemma 8.5. Let Gy, ...,Gy be simple connected graphs and G = G100 ---UOGy,. If for

some s,t € [k] there exists us,vs, ws € V(Gy) such that us ~pea,) Us, Vs ~EeG,) Ws and



8.1. Cartesian product of graphs 81

eq,(vs) > max{eq, (us), eq, (ws)}, and there exists us, vy, wy € V(Gy) such that uy ~pgec,)
Ve, Ve ~Eeey) We and eg,(vy) < min{eg,(ut), eq, (w)}, then there exists a 4-cycle in
Ec(G).

Proof. Without loss of generality, assume that s =1 and ¢t = 2 and for ¢« = 3,...,k, let
{u;,v;} be an edge in Ec(G;) such that eg,(u;) > eq,(v;), i.e., u; is eccentric to v; for
1 =3,...,k. By the inequalities in the hypothesis, v; is eccentric to both u; and wy, us

is eccentric to vy and ws is eccentric to vo. Thus by Lemma 8.2 a = (w1, va, vs, ... vy),

b= (v1,wq,us,...,ux), ¢ = (wy,ve,vs,...,v;) and d = (vy,ug, us, ..., ux) form a 4-cycle
in Ec(G) (see Figure [8.2). O
U1 Ug Wa ug U, b d
/\ \/ -
Uy wq V2 U3 Uk a c
Inside Ec(Gy) Inside Ec(Ga2) Inside Ec(G3) --- Inside Ec(Gy) Inside Ec(G)

Figure 8.2: Formation of 4-cycle in Fc(G).

We will now prove that there is a triangle in the eccentric graph of Cartesian product
of k graphs if and only if there is a triangle in the eccentric graph of each of the individual

graphs.

Theorem 8.6. Let Gy,...,Gy be simple connected graphs and G be their Cartesian
product. Then the girth of Ec(G) is 3 if and only if the girth of Ec(G;) is 3 for all
i€ [k].

Proof. First, suppose that there is a triangle in Fc(G;) for all i@ € [k]. Let {u;,v;, w;}
be a triangle in Ec(G;) such that eg,(u;) < eg,(v;) < eg,(w;) for all ¢ € [k]. In other
words, v; is eccentric to u; and w; is eccentric to both u; and v; for all . Therefore by
Lemma 8.2, (u1,...,uy), (v1,...,v) and (wy,...,wy) form a triangle in Ec(G). Con-
versely, suppose (uq, ..., ux), (v1,...,v;) and (wy, ..., wy) form a triangle in Ec(G), then
again by Lemma [8.2 {uw;, v;,w;} forms a triangle in Ec(G;) for all i € [k]. O

Theorem 8.7. Let G1,...,Gy be simple connected graphs such that the eccentric girths
of at least two of them are greater than two. Let G = G,0---UGYy, then the girth of
Ec(G) is four except when the girth of Ec(G;) is exactly three for alli € [k].

Proof. Suppose that Ec(Gy) and Ec(G2) have girths greater than two and C; and Cs are
cycles in Fc(Gq) and Ec(Gsq), respectively. Let vy be a vertex of the largest eccentricity
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on C and vy be a vertex of the smallest eccentricity on Cs. In particular, if uq,w, are

neighbours of v; in C; and wus, wy are neighbours of vy in Cy, then

G, (U1> > maX{eG1 <u1)7 €G, (wl)} and €G, (U2> < min{602 <u2)7 €G, (wQ)}'

Hence, the result follows from Theorem and Lemma [8.5] ]

Based on the above-stated theorems, it can be concluded that the eccentric girth of
Cartesian product of graphs in which at least two have non-zero eccentric girth is either

three or four.

8.2 Eccentric girth of Cartesian product of trees

Recall that in Section [7.2] we observed that the eccentric girth of a tree could either be
zero, three or four. Now, we will prove that for Cartesian product of trees, it can also be
six in addition to the above values. We will now characterize completely the eccentric

girth of Cartesian product of trees and present an analogous result to Theorem [7.7]

Theorem 8.8 ([5, Theorem 6]). Let Ty, ..., Ty be trees and G = ThO---OT. Then,

if the girth of Ec(T;) =0 for alli € [k],
if the girth of Ec(T;) =3 for alli € [k,
if G =T\0PR0---0P; and Ec(T) is Cy-free with girth three,

~ O W O

otherwise.

Proof. First, assume that T1,..., Ty are trees with eccentric girth 0. By Theorem [7.7]
there exists a unique diametrical path of odd length in T; with endpoints u; and v; for
all ¢ € [k]. Consider the set of vertices S = {(z1,...,2x) : ; € {u;,v;},i € [k]} in V(G).
Any vertex u € V(G) \ S cannot be eccentric to anyone in G and the vertices eccentric
to u lie in S. Moreover, exactly one vertex in .S is eccentric to u because each of the 7T}s
has a unique diametrical path. Consequently, u is adjacent to exactly one vertex in the
eccentric graph Fc¢(G). Also, note that any two vertices in S are adjacent if and only if
they differ at each component, therefore Fc(G) is an acyclic graph with 2¥~! connected
components.

Second, only one of T/s say T has non-zero eccentric girth. Now there are two cases,

one is when at least one of T}, i = 2,...,k, is not P, and the other is T; = P; for all
i=2,... k.
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If suppose that Ty # P,, and since E¢(T) has girth zero, by Theoremthere exists a
unique diametrical path with endpoints us and v, and us ~ge(r,) v2. Now, as Ty # P, and
Ec(T5) is connected [34], there is a vertex ws, adjacent to either uy or va, say va ~pge(ry)
wy. Clearly, eq,(ve) > max{er,(us), er,(wy)}. Additionally, as the girth of Ec(T}) is
nonzero (it is either 3 or 4 by Theorem [7.7)), it is possible to choose uy, vy, w; € V(T})
such that uy ~gery) V1, V1 ~gery) w1 and er, (v1) < min{ep, (u1), ey (w1)}. Therefore by

Lemma [8.5 and Theorem [8.6] the girth of Ec(G) is four.

Let T; = P, with endpoints {u;,v;} for i = 2,... k. If Ec(T}) contains a 4-cycle,
{uy, vy, wy, 21}, then {(uy,...,ug), (v1,...,0x), (w1, us, ..., ug), (x1,v2,...,v;)} forms a
4-cycle in Fc(G). Therefore the girth of Ec(G) is four as Ec(G) can not contain any
odd cycle (because Tp = P,). If Ec(T}) doesn’t contain a 4-cycle, then by Theorem [7.7]
girth of Fc(T) is 3. Let {uy, v1,w;} be a 3-cycle in Ec(Ty) then {(uy, ..., ug), (vi,...,vx),

(wy,ug, ..., ug), (ug, Ve, ..., V), (V1,us, . .., ug), (w1, ve, ..., vg)} forms a 6-cycle in Ec(G).
If Ec(G) contains a 4-cycle, then so is Ec(T)) as T; = Py for all i = 2,. .. k.
Finally, the rest of the cases follow from Theorem [8.6] and Theorem [8.7] O

As an illustration, we will now discuss the structure of the eccentric graph of Cartesian
product of two path graphs and two cycle graphs. We will also discuss about their

eccentric girth.

8.3 Cartesian product of two path graphs

Let the vertices of the grid graph P,,00F, be {(i,7) : 1 <i <m, 1 < j < n}. In this
chapter, we label a vertex (i,7) by (i —1)n+j. Figure 8.3 shows the mentioned labelling
for the grid graph P3[1Ps.

11 12 13 15

14
6[ 7[ 8[ 5 10
1 2 3 4

)
Figure 8.3: The grid graph, PsL1P5.
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Let G = P,,00P, be a grid. Then the eccentricity of each vertex is given by

i,9), (myn)) i 1<i<[2],1<5<[4],

(G4, (
oA, ) it <i<m, (3] <j<n,
e(@i)=1," o |
d((i.g).(m, 1)) if1<i<[2], (2] <j<n
d((i,5),(1,n)) if 3] <i<m, 1<j<[2].

Note that (1,1),(1,n), (m, 1) and (m,n) have the maximum eccentricity, which is m +n.

Therefore,

m,n) if1<i <[], 1<j<[3],
L1  if |F]<i<m, [5]<j<n,
1) ifl1<i<[3] [5]<j<n,

Ln) if 3] <i<m, 1<j< (5]

(i,7) ~Ec(@)

From the above adjacency relations, it is clear that the eccentric graph of P,,LJP,
has a specific structure depending on the parity of m and n. Example for each of the
three cases, depending on whether both m and n are even, both are odd, or one is even
and the other is odd, are presented in Figure [8.4 Further, note that the eccentric girth
of P,L0P, is zero if both m and n are even, four if exactly one of m and n is even and
greater than two, six if exactly one of m and n is two and the other is odd, and three if
both m and n are odd.

Moreover, if n is odd and m > 2 is even, then

(0 ("5 1) (5 m)

form a 4-cycle in Fc(P,0P,,). If n is odd and m = 2, then

((Ll)(”gfhz)o%lez)(”;*R1>o%23

form a 6-cycle in Ec(P,0P,,). If both n and m are odd, then
1 1
(@22 )

form a 3-cycle in Ec(P,0P,,).
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5 7
® 8 5. @
2%9 4V12
924 19
L 6 2@ 1 ° 2 o4
16
16 13 23 0
22 21 24 s 10

23 1q 17 14 5 20 28 99 18 10 1
(a) EC(P4|:|P6) (b) EC(P5|:|P6)
5 6 1213 14
21 o

22 23 24 30 31

(C) EC(P5DP7)

Figure 8.4: Eccentric graphs of different grid graphs.

8.4 Cartesian product of two cycle graphs

In this section, we first give the structure of the eccentric graph of Cartesian product of

two cycles and then we discuss about their girth.

Theorem 8.9 ([0, Section 4.3]). Let C,, and C,, be the cycle graphs on n and m vertices,
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respectively. Then,

m copies of Ko if both n and m are even,

Ec(C,0C,,) = 5 cycles of length 2m if n is even and m is odd,
C, x C,, if both n and m are odd.
Proof. As discussed in Section 2.5, Ec(C,,) is isomorphic to the % copies of K, for an
even n. Thus when n and m both are even, each vertex in Fc(C,0C,,) has degree 1. In
other words, Ec(C,0C,,) is isomorphic to a graph containing “* copies of K.
For even n and odd m, each vertex in Fc(C,) and Ec(C,,) has degree 1 and 2
respectively. Therefore, Fc(C,0C,,) is a 2-regular graph. Consequently, Ec(C,0C,,) is

either a cycle or a union of cycles. Moreover, Ec(C,0C,,) consists § cycles of length

((¢,1) (Z+i,2> . (i,m) <Z+i,1) (4,2)... <Z+zm>)
for i € [3].

The final case follows from Proposition and Corollary [8.4] O

2m, namely

Figure |8.5| shows the eccentric graph of Cartesian product of Cy and Cj.

(1,1) (2,1)

(3,3) (3,2) (4,3) (4,2)

(1,2) (1,3) (2,2) (2,3)

(3,1) (4,1)
Figure 8.5: Eccentric graph of Cartesian product of Cy and Cj.

The eccentric graph of C300C}5 is shown in Figure[8.6]and its girth is 3 by Theorem 8.6}

which can be seen in the figure as well. But when both n and m are odd but one of them
is not equals to 3, it follows from Theorem [8.7| that the eccentric girth of C,,[JC}, is four

The following statement summarizes the above discussion: The eccentric girth of

and

Cartesian product of two cycle graphs is even except when both cycles are triangles.
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(3,1) (13)
(1,2)
(2:3) (3,2)

(1,1)

Figure 8.6: Eccentric graph of Cartesian product of a 3-cycle with itself.

Moreover,

0 if both n and m are even,

3 ifn=m =3,
g9(Ec(C0C)) =
2m if n is even and m is odd,

4 otherwise.

We will end this section with the following observation.
Proposition 8.10. For odd n, Ec(C,0C,) is isomorphic to C,[AC,,.

Proof. By Corollary [8.4] it is enough to show that C,[J C,, is isomorphic to C,, x C,, for
an odd n. We assume the natural labelling on the vertices of ). Now, we define an
isomorphism f from C,J C, to C,, x C,, as follows

F((LD) = (1,1),

f((i,l)) =(n+2—in+2—1i)fori=2...n,

F(5) = [£(G, 1) + (G = 1,1 = )] (mod n).

We will write 0 as n in the computation of f. To see f is a bijection, first note that
f((z, 1)) # f((j, 1)) for ¢ # j. Now assume that (7, j) # (k, 1), this happens in either of
three cases, (a) i #k and j =1, (b) i =k and j # [, or (¢) i # k and j # L.

Consider the first case ¢ # k and j = [ and let f((z, 1)) = (s,s) and f((k, 1)) = (t,1),
clearly s # t. Now, if f((i,j)) = f((k,l)), then s +j —1 =t + j — 1(mod n), which
leads to s = ¢, a contradiction. Therefore f ((z, j)) #+ f ((k,l)) Similarly, we can
show for the second case. Now consider the third case ¢ # k and j # [, and again let
(5, 1)) = (s,5) and f((k,1)) = (t,1), clearly s # t. Now, if £((i,5)) = f((k,1)), then
s+j—1=t+1l—1(modn)and s+1—j =t+1—I(mod n), compatibility with addition
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of congruence leads to again s = ¢ (because n is odd), a contradition. Therefore, f is a
bijection.

Now, let (i, j) € V(C,0C,) and £((i,5)) = (s,¢). Then f((i £1,5)) = (s £ 1, +
1)(mod n) and f((i,j + 1)) = (s +1,t F 1)(mod n). This proves that f preserves the
adjacency. O]

8.5 Invertibilty of eccentricity matrix of Cartesian

product of trees

In this section, we will focus on the invertibility of the eccentricity matrix for Cartesian
product of trees. First, recall the definition of the Kronecker product of two matrices

defined in Definition B.12|

Lemma 8.11. Let T be a tree which is not a star or Py. Then the eccentricity matrix
of ' B, - - - 1P, is not invertible.
k—1

Proof. Let G = T 0P, --0OP, and the " graph in this product be the path P, with

endpoints {u;,v;} for i = 2,... k. Note that a vertex (z1,xs...,2x) is adjacent to
(ug,us, ..., u) in Ec(G) if and only if z; = v; for i = 2,... &k and either z; is eccentric
to uy in T3 or u, is eccentric to xy in 77. In other words, adjacency with (uq,us, ..., ug)

in F¢(G) solely depends on the adjacency of u; in Ec(T1). Now we consider three cases.
Case 1: diam(Ty)=3.

Let P = a1 by ¢; dy be a diametrical path in T7. As T} # Py, there must be a leaf vertex,
say ey, adjacent to either by or ¢;. Let us assume that e; is adjacent to b;. Now we
claim that Ng.a) ((al, Us, . .. ,uk)) = Nge@) ((61, Us, . .. ,uk)) If a vertex f; is eccentric
to a; then f; is also eccentric to e; because dr, (a1, f1) = dr,(e1, f1), and if a; is eccentric
to some vertex f then so is e; because dr, (a1, f1) = dr,(e1, f1). This proves our claim
and hence the rows corresponding to these two vertices in £ are exactly the same and
therefore det(&Eg) = 0.

Case 2: diam(T))=A4.

Let P = ay by ¢y dyeq be a diametrical path in Ty. Let {by,dy,p1,...,pe} be the set of
neighbours of ¢;. Note that if a vertex x is eccentric to a neighbour of ¢; then it is also ec-
centric to ¢;. Further, note that none of ¢; or its neghbours can be eccentric to any vertex
in T}. Therefore, the row corresponding to (¢, us, ..., ux) in the matrix & is a constant

multiple of the sum of the rows corresponding to (b, us, ..., ux), (dy, us, ..., ux), (p1, ug,

cey Ug)y e (P, U2y e U).
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Case 3: diam(Ty) > 4.
Let P=a1bycydy ... z; be adiametrical path in T7. A vertex eccentric to by in T} is also
eccentric to ¢; in T} and vice versa. Also, b; and ¢; cannot be eccentric to any vertex in

T; as they are not leaves. Therefore, b; and ¢; have same neighbourhood in Ec¢(T7). As

a result, the rows corresponding to (by, ua, . .

., ug) and (cq, ug, . .

multiple of each other and hence det(£g) = 0.

., ug) in & are constant
O]

Now, we will present the main result of this section.

Theorem 8.12 (5, Theorem 7). Let T, ..

., Ty be trees and G (= Ty - - - OTy,) be their

Cartesian product. Then the eccentricity matriz of G, Eg, is invertible if and only if one

of them is either a star or a Py, and the rest are Py’s.

Proof. Let Ti,..., T}, be trees with at least two vertices and G = T1J- - - OT}. Assume

that T} is a star on n + 1 vertices and 175 = --- =T}, = P,. Then the eccentricity matrix
of G is
0 k k k
k0 k+1 k+1
Ee=|: @ o,
k k+1 0 k+1
k k+1 E+1 0

where, J, is a s X s antidiagonal matrix with all antidiagonal entries as 1.

Note that det Jor-1 # 0 and

0 k k k
E 0 k+1 E+1
det | : : = (=1)"nk*(k +1)" ..
ko k+1 0 k+1
E kE+1 E+1 0

Therefore det £ # 0.

Now if T7 = Py, then the eccentricity matrix of G is

0 0 k+1 k+2
0 0 0 k+1
E:G: + ®J2k—1,
E+1 0 0 0
k+2 k+1 0 0
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Again, det &5 # 0, as
0 0 k+1 k+2
0 0 0 k+1
det i S
E+1 0 0 0

E+2 E+1 O 0

For the converse part, let T} be neither a star nor P,. Thus the diameter of 77 > 2 and let
P = uqus ... us be a diametrical path in 77. If each of T5, ..., T} contains only pendant
vertices, then the conclusion follows from Lemmal8.11] Therefore, we can assume without
loss of generality that 7, has a non-pendant vertex v. Now we want to show that det &4 is
zero. This assertion holds if we can show in general det £k is zero, where K is Cartesian
product of Ty, T, and a simple connected graph H. Let (u;,v,x) € V(K). Note that
(u;, v, z) cannot be farthest from (and hence, eccentric to) any vertex in K because v is
a non-pendant. Consequently, only those vertices are adjacent to (u;,v,z) (in Ec(K))
which are eccentric to (u;,v,z). Thus by Lemma [8.2]

Ngey(us, v, 2) = {(ws, w,y) : w;, w,y are eccentric to u;, v, x respectively}. (8.5.1)

Now if any vertex is eccentric to u; in T}, then the same vertex is eccentric to uy as

well in 77 leading to

NEC(K)(ula v, 1) = NEex) (uz,v, ).

Thus, the row corresponding to (uy, v, z) in Ex is a constant multiple of that of (ug, v, x),

proving the non-invertibility of Ek. O]
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