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Abstract

The understanding of nonequilibrium phenomena, of fundamental importance in statistical
physics, has great implications for many physical, chemical, and biological systems. Such
phenomena are observed almost everywhere in the natural world. These phenomena are
characterized by complicated spatiotemporal evolution. To explore nonequilibrium phenomena
we often study simple model systems that embody their essential characteristics. In this thesis,
we report the results of our investigations of the statistically steady state properties of three
one-dimensional models: multispecies asymmetric simple exclusion processes, the Kuramoto-
Sivashinsky equation, and the Burgers equation. The thesis is divided into two parts: Part I
and Part II.

In Chapters 2–5 of Part I, we present our results for multispecies exclusion models, principally
the phase diagrams and statistical properties of their nonequilibrium steady state (NESS). We
list below abstracts of these chapters.

• In Chapter 2, we consider a multispecies ASEP (mASEP) on a one-dimensional lattice
with semipermeable boundaries in contact with particle reservoirs. The mASEP involves
(2𝑟 +1) species of particles: 𝑟 species of positive charges and their negative counterparts
as well as vacancies. At the boundaries, a species can replace or be replaced by its
negative counterpart. We derive the exact nonequilibrium phase diagram for the system
in the long time limit. We find two new phenomena in certain regions of the phase
diagram: dynamical expulsion when the density of a species becomes zero throughout
the system, and dynamical localization when the density of a species is nonzero only
within an interval far from the boundaries. We give a complete explanation of the
macroscopic features of the phase diagram using what we call nested fat shocks.

• In Chapter 3, we study an asymmetric exclusion process with two species and vacancies
on an open one-dimensional lattice called the left-permeable ASEP (LPASEP). The left
boundary is permeable for the vacancies but the right boundary is not. We find a matrix
product solution for the stationary state and the exact stationary phase diagram for the
densities and currents. By calculating the density of each species at the boundaries,
we find further structure in the stationary phases. In particular, we find that the slower
species can reach and accumulate at the far boundary, even in phases where the bulk
density of these particles approaches zero.

• In Chapter 4, we study a multispecies generalization of the model in Chapter 3. We
determine all phases in the phase diagram using an exact projection to the LPASEP
solved earlier. In most phases, we observe the phenomenon of dynamical expulsion of
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one or more species. We explain the density profiles in each phase using interacting
shocks. This explanation is corroborated by simulations.

• In Chapter 5, we investigate a multispecies generalization of the single-species asymmet-
ric simple exclusion process defined on an open one-dimensional, finite lattice connected
to particle reservoirs. At the boundaries, a species can be replaced with any other species.
We devise an exact projection scheme to find the phase diagram in terms of densities
and currents of all species. In most of the phases, one or more species are absent in the
system due to dynamical expulsion. We observe shocks as well in some regions of the
phase diagram. We explain the density profiles using a generalized shock structure that
is substantiated by numerical simulations.

In Chapters 7 and 8 of Part II, we study the statistical properties of turbulent, but statistically
steady, states of the Kuramoto-Sivashinsky and the Burgers equations in one dimension. Our
main results are summarized below.

• In Chapter 7, we investigate the long time and large system size properties of the one-
dimensional Kuramoto-Sivashinsky equation. Tracy-Widom and Baik-Rains distribu-
tions appear as universal limit distributions for height fluctuations in the one-dimensional
Kardar-Parisi-Zhang (KPZ) stochastic partial differential equation (PDE). We obtain the
same universal distributions in the spatiotemporally chaotic, nonequilibrium, but statis-
tically steady state of KS deterministic PDE, by carrying out extensive pseudospectral
direct numerical simulations to obtain the spatiotemporal evolution of the KS height
profile ℎ(𝑥, 𝑡) for different initial conditions. We establish, therefore, that the statis-
tical properties of the one-dimensional (1D) KS PDE in this state are in the 1D KPZ
universality class.

• In Chapter 8, we study the statistical properties of decaying turbulence in the one-
dimensional Burgers equation, in the vanishing-viscosity limit; we start with random
initial conditions, whose energy spectra have simple functional dependences on the
wavenumber 𝑘:

𝐸0(𝑘) = 𝐴 E(𝑘) exp
[−2𝑘2/𝑘2

𝑐

]
,

where 𝐴 is a positive real number, and 𝑘𝑐 is a cutoff wavenumber. The simplest case is
the single-power law E(𝑘) = |𝑘 |𝑛. We focus here on the case of the Gaussian laws which
are characterized by E(𝑘) = exp

[−(𝑘 − 𝑘𝑐)2/2𝑘𝑐 + 2𝑘2/𝑘2
𝑐

]
; in addition, we consider

initial spectra which are combinations of either two or four single-power law spectral
regions. For all these initial conditions, we systematize (a) the temporal decay of the total
energy, (b) the rich temporal evolution of the energy spectrum, and (c) the spatiotemporal
evolution of the velocity field. We present our results in the context of earlier studies of
this problem.
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Chapter 1

Introduction to exclusion processes

Nature is full of systems which are collections of large number of simple entities. We are
familiar with such systems in our everyday life. Take the example of a simple substance, say
water. What we observe as water, is a collection of H2O molecules in the liquid state. To
quantify, the number of molecules per mililiter at room temperature is of the order 1023. In
a first attempt to study this system we might assume these water molecules to be classical
particles interacting via some potential. Inspite of this crude approximation, the total number
of degrees of freedom is huge and increases with the number of molecules. In principle, one can
still apply the Newton’s laws for such systems with large number of particles. But then, a huge
number of coupled differential equations needs to be solved. This is clearly an impossible task.
Thus we run into problems if we seek detailed information about each and every microscopic
particle in a macroscopic system. This naturally raises the question: How can we study such
systems which has a large number of interacting particles?

The discipline of statistical physics offers an interesting approach as follows. On a macroscopic
level, the collective behaviour of an enormous number of microscopic constituents can be
characterized by a small number of relevant parameters that depend on the nature of microscopic
interactions. Indeed, we might need only few parameters to describe a macroscopic system.
For example, one can know whether water in thermal equilibrium is in liquid state or not from
the knowledge of the macroscopic quantities, such as pressure and temperature. This remains
true even though we do not know the precise number of water molecules in a macroscopic
volume. So it is sufficient, in order to describe the physical properties of a macroscopic system,
to find the suitable macroscopic observables by taking into account only the essential aspects of
interactions between the microscopic constituents. Adopting this approach, statistical physics
has achieved great success in the case of systems in equilibrium. In particular, there has been
tremendous progress in the understanding of critical phenomena in equilibrium systems. A
very well-known model of equilibrium statistical physics is the Ising model which was exactly
solved [123, 168]. As a result, the model has been so crucial to our understanding of critical
phenomena that it is recognized as paradigmatic.

There is a well-known, general framework for equilibrium systems in statistical physics. The
probability that a system is in configuration C is related to the energy 𝐸 corresponding to the

9
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configuration as

(1.0.1) 𝑃(C) ∝ exp [−𝛽𝐸] ,

where 𝛽 is the inverse temperature. Based on this mathematical prescription, one can compute
the partition function for a system in equilibrium and thus compute other thermodynamic
variables. However, there is no such general principle for nonequilibrium statistical physics.
Nonequilibrium systems which are only slightly away from equilibrium can still be handled
with linear response theory. But a deep theory that is also applicable to systems very far from
equilibrium is still unknown.

Nonequilibrium systems differ significantly from equilibrium ones. Although the probability
of an allowed configuration does not change with time both for systems in the equilibrium, and
for nonequilibrium systems in the steady (or stationary) state. One important difference lies
in the transport properties. In equilibrium, there is no current. However, there is generally a
nonzero current in nonequilibrium steady state (NESS). Moreover, the condition of detailed
balance is generally not satisfied by the steady state probabilities of the configurations in the
NESS unlike in equilibrium.

A few examples of nonequilibrium phenomena are driven diffusion of interacting particles
[40], interface growth [113], reaction-diffusion phenomena [70, 71, 98], and turbulence [103,
29, 152]. There are many quantities of interest in the study of these problems. Of course, one
is interested in the steady state distributions as well as phase diagrams. Besides, correlation
functions, nonequilibrium fluctuations, relaxation properties, and transport coefficients, e.g.
diffusion constant, show extremely non-trivial and intriguing characteristics.

Nonequilibrium phenomena are generally very difficult to analyze exactly. So we study various
toy models of nonequilibrium phenomena. An interesting model must be simple enough so that
it is mathematically tractable. But at the same time, the model must retain important features of
the physical phenomena so that it should not be physically trivial. In particular, exactly solvable
models are of great value. Since we can compute physical quantities exactly, such models offer
insight into the nontrivial and novel aspects of nonequilibrium phenomena. We hope to arrive
at a general framework for nonequilibrium phenomena based on our understanding of these
models subject to experimental verification. In addition, the study of these models often
requires very sophisticated mathematical techniques. Thus they are important from the point
of view of pure and applied mathematics. In fact, this is true for most of the models discussed
in this thesis.

We shall consider asymmetric simple exclusion processes, which model driven diffusion phe-
nomena, in one dimension in this part of the thesis. In this chapter, we provide an overview
for asymmetric simple exclusion processes on finite lattices along with a literature survey on
multispecies models. In the rest of the chapters, we consider multispecies models. Our main
interest will be phase diagrams for these models and the macroscopic properties in the phases.
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1.1 Exclusion processes

Exclusion processes are prototypical models of driven diffusion phenomena. In these models,
particles move on a lattice interacting via hard-core interaction. The hops between the lattice
sites follow stochastic dynamics. There are different types of exclusion processes based on
the kind of lattice and dynamics. The simplest type of the exclusion process is when the hops
occur between the neighbouring sites. Then the model is referred to as simple exclusion process
(SEP). If the particles prefer to hop towards a particular direction we call the model asymmetric
simple exclusion process or ASEP [40]. When there is extreme asymmetry, i.e. the particles
are biased to move only in one direction we refer to the model as totally asymmetric simple
exclusion process or TASEP [79, 40]. The most basic exclusion processes are considered in
one-dimensional lattices. If the lattice is finite, one can distinguish two cases: periodic and
open ASEPs. The number of particles in the periodic ASEP are conserved because the lattice
is closed. For the open ASEP, the lattice is in contact with particle reservoirs at the ends. Thus
particles can be exchanged between the lattice and the reservoirs at the boundaries. Moreover,
there are different types of update schemes, namely, random sequential update, parallel update,
sublattice parallel update and ordered sequential update [180]. We shall consider only random
sequential update where only one hop is allowed at a particular point of time.

Exclusion process was first studied in the modelling of biopolymerization kinetics [155, 154].
The term ‘exclusion’, however, was introduced in the mathematical literature in a study of
interacting Markov processes in [203]. Since then, exclusion processes found application
in modelling many biological and physical transport phenomena. For example, fast ionic
conductors were modelled as stochastic lattice gas with excluded volume interaction in [132].
Moreover, exclusion processes were used for modelling traffic flow [194, 191, 192], DNA
reptation [194], molecular motors [137], random sequences in computational biology [48],
cellular automata [190, 17], growth processes [113, 62] to name but a few. To get a physical
picture, one might take the example of the traffic flow on a one-way, single-lane road. One
can discretize the path and imagine the motor vehicles to be moving on it without overtaking
another vehicles. Thus a vehicle is allowed to move forward only when the space in front of it
is vacant. Assuming that the time taken by the vehicles to move to the next allowed position
is exponentially distributed, one can consider the TASEP as a simple model for the traffic flow
on a one-way road.

Aside from modelling diffusive systems, the exclusion process has received attention in the
physics literature as an important nonequilibrium model [40]. This is largely because not
only exact mathematical analysis can be pursued in the exclusion models, but also the physical
properties of these models are often very interesting. A striking feature of the open ASEP
is boundary induced phase transitions in 1D as shown in [145]. Such one-dimensional phase
transitions are impossible in equilibrium systems. Moreover, the open TASEP was exactly
solved by Derrida, Evans, Hakim, and Pasquier [79]. This was a remarkable study because
the authors introduced a novel technique, namely the matrix product ansatz that allowed
computation of the stationary distribution and physical quantities in terms of the boundary
parameters exactly. Thus the nonequilibrium phase diagram for the TASEP was determined
in terms of the boundary parameters. Since then, the matrix ansatz was used in the partially
asymmetric variants of the open TASEP [185, 187, 4, 188, 212]. However, the method was
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far more demanding for partially asymmetric cases. In fact, a representation involving 𝑞-
orthogonal polynomial was used to compute the phase diagram for these cases in most of the
studies. Appropriate representations relevant to the matrix product ansatz for these variants
were also studied in [90].

Besides boundary induced phase transitions in the TASEP, other physical properties were
investigated as well. For example, the diffusion constant [82], non-equal-time correlations
and fluctuations in current [150] were studied. The diffusion constant was also investigated
in [77] for the periodic ASEP. The exact large deviation function for current was determined
in [87] for the periodic ASEP using the technique of Bethe ansatz. In [76], a universal
large deviation function for the particle displacements was computed for the ASEP with ring
geometry using Bethe ansatz. It was conjectured there that the same scaling function for the
ASEP should hold for models described by one-dimensional Kardar-Parisi-Zhang equation.
Later, the large deviation functional for the density in the open ASEP was studied in [84, 86].
In [85], it was shown that the non-Gaussian density fluctuations in open ASEP are related to the
statistical properties of Brownian excursions. These computations was helpful in formulating
general principles for driven diffusive models: the additivity principle [41] and the macroscopic
fluctuation theory [33]. Moreover, the theory of Lee-Yang zeroes for equilibrium statistical
physics was extended to the open ASEP in [39]. Finally, Bethe ansatz was applied to the open
ASEP in [72] to compute the spectral gap that controls the approach to the stationary state. The
dynamical phase diagram was also derived there revealing parts of the phase diagram where
dynamical phase transition takes place. Numerical evidence was provided in support of this
later using density matrix renormalization techniques in [175]. Thus, the single species ASEP,
both periodic and open, has become a paradigmatic model for nonequilibrium statistical physics
because of tractability and its intriguing characteristics in broader theoretical investigations.

We shall now discuss the single species ASEP on finite lattices in a more detailed manner in
this introductory chapter. We recall significant results related to the open ASEP in Section
1.1.1. There we shall discuss the main ideas of the matrix product ansatz which has been very
useful in computing the phase diagram for the open ASEPs. Following this, we shall discuss
the multispecies variants of the ASEP in Section 1.1.2 setting the direction for the theme of
rest of the chapters in Part I. Finally, we shall briefly summarize in Section 1.2 the results in
the Chapters 3 to 5.

1.1.1 Open ASEP
In the open ASEP, one considers a 1D lattice of size 𝐿 as well. But, now, the lattice is coupled
with two reservoirs of particles at the first and the last site. Particles can be injected into the
lattice from reservoirs or be removed from the system at the first or the last site. One is interested
in studying the stationary state of the system under the effect of such boundary interactions.
In particular, we will discuss here phase transitions induced by boundary interactions in such
open systems in details.

Let us define the boundary and bulk interactions in the open ASEP more precisely. At the
left boundary, a particle can either come with rate 𝛼 from the left reservoir to the first site if
it is empty, or leave the system with rate 𝛾 from site 1 if it is occupied. These left boundary
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interactions are succinctly expressed as

(1.1.1) 𝑖 → 𝑗 with rate

{
𝛼 if 𝑖 < 𝑗 ,

𝛾 if 𝑖 > 𝑗 ,

where 𝑖, 𝑗 ∈ 𝕃b. Similarly, if the last site is occupied then the particle can leave the system, and
if the last site is empty, the particle can come to it from the right reservoir. These interactions
happen with rates given by

(1.1.2) 𝑖 → 𝑗 with rate

{
𝛽 if 𝑖 > 𝑗 ,

𝛿 if 𝑖 < 𝑗 ,

We shall always assume that 𝛼, 𝛽 ∈ RRR+. The bulk dynamics is same as in the periodic ASEP
with the preferred direction being from left to right. If 𝜏𝑘 = 𝑖 and 𝜏𝑘+1 = 𝑗 , then the rates are

(1.1.3) 𝑖 𝑗 → 𝑗𝑖 with rate

{
𝑝 if 𝑖 > 𝑗 ,

𝑞 if 𝑖 < 𝑗 .

We again assume 𝑞 ≤ 𝑝. An illustrative diagram is shown in Figure 1.1.

𝛼

𝛾

𝑝𝑞 𝑞 𝑝
𝛽

𝛿

1 2 3 . . . 𝐿 − 1 𝐿

Left
reservoir

Right
reservoir

Figure 1.1: Schematic diagram of the open ASEP. The red crosses indicate the interactions
which are not allowed.

Without loss of generality, we set 𝑝 = 1. There are two important variants of the open ASEP. If
we have 0 < 𝑞 < 1, then the model is often referred to as partially asymmetric simple exclusion
process or PASEP. The totally asymmetric version where we set 𝛾 = 𝛿 = 𝑞 = 0 is called totally
asymmetric simple exclusion process or TASEP. Moreover, we shall fix 0 ≤ 𝛼, 𝛽 ≤ 1 in the
TASEP. In doing so, we do not loose any generality because we can always rescale time 𝑡.
Clearly, the ASEP is a more general version of the TASEP. For simplicity, we shall focus on
the TASEP and discuss it in details in Sections 1.1.1.1-1.1.1.4. We shall recall the results for
the ASEP briefly in Section 1.1.1.5.

1.1.1.1 Matrix product approach for TASEP

The TASEP can be exactly solved using a matrix product formulation [79]. In this section, we
shall discuss the marix product approach in the context of the TASEP. We recount here only
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the main idea that will be useful later in Chapter 3.

First, we fix some notations to describe concisely the time evolution of the probabilities of
the system configurations. We recall that the lattice has 𝐿 sites with each site being empty or
occupied by a particle. Let us denote the former local state by |0〉 and the latter by |1〉. We
identify these local states with the standard basis of CCC2:

(1.1.4) |0〉 =
(
1
0

)
, |1〉 =

(
0
1

)
.

Thus a typical configuration 𝝉 = (𝜏1, . . . , 𝜏𝐿) is represented by a basis vector |𝝉〉 ∈ (CCC2)⊗𝐿 ,
which is 𝐿-fold tensor product of the local states

(1.1.5) |𝝉〉 = |𝜏1〉 ⊗ · · · ⊗ |𝜏𝐿〉.

We denote the probability of the configuration 𝝉 at time 𝑡 with 𝑃𝝉 (𝑡). To describe the evolution
of the probabilities compactly, we write the vector

(1.1.6) |𝑃(𝑡)〉 =
∑︁
𝜏

𝑃𝝉 (𝑡) |𝝉〉.

Then the evolution is determined by the master equation which is given by

(1.1.7)
d
d𝑡
|𝑃(𝑡)〉 = 𝑀 |𝑃(𝑡)〉,

where the matrix 𝑀 is the Markov matrix for the TASEP.

The system is ergodic, i.e. starting from any configuration the system can visit any other
configuration. For 𝑡 → ∞, the process converges to the stationary distribution |𝑃stat〉. Let |𝜓〉
be the unnormalized eigenvector of 𝑀 with eigenvalue 0, i.e.

(1.1.8) 𝑀 |𝜓〉 = 0,

where the vector |𝜓〉 is expressed as

(1.1.9) |𝜓〉 =
∑︁
𝜏

𝜓𝝉 |𝝉〉.

The scalars 𝜓𝜏 are called stationary weights. By our choice of basis, |𝜓〉 is a column vector
and the stationary weights are its entries. The stationary distribution |𝑃stat〉 is obtained by
normalizing |𝜓〉 with the normalization 𝑍𝐿 given by

(1.1.10) 𝑍𝐿 =
∑︁
𝜏

𝜓𝝉 .

Thus 𝑃𝝉, the stationary probability of the configuration 𝝉 is the ratio of the stationary weight
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corresponding to 𝝉 and the normalization 𝑍𝐿

(1.1.11) 𝑃𝝉 =
𝜓𝝉

𝑍𝐿

.

The existence of a unique stationary distribution and convergence to it are guaranteed for an
ergodic continuous time Markov chain. So, it suffices to find the eigenvector of 𝑀 corre-
sponding to zero eigenvalue. Then it is easy to evaluate the stationary distribution and relevant
macroscopic observables. For small 𝐿, this might be possible by brute-force computation.
However, it is nontrivial to find the stationary distribution for general 𝐿. The approach of
Derrida, et al. [79], often referred to as matrix product ansatz, is very useful in computing an
explicit expression for the stationary distribution in terms of the parameters.

The matrix ansatz begins with an ansatz for the stationary weights written as a product of
matrices. The first step is to assume that there exists matrices 𝑋1 and 𝑋0 as well as vectors
〈𝑊 | and |𝑉〉 satisfying certain conditions. The stationary weight 𝜓𝝉 corresponding to the
configuration 𝝉 is then expressed in terms of a product in the following manner

(1.1.12) 𝜓𝝉 = 〈𝑊 |𝑋𝜏1𝑋𝜏2 · · · 𝑋𝜏𝑘 · · · 𝑋𝜏𝐿−1𝑋𝜏𝐿 |𝑉〉 = 〈𝑊 |
𝐿∏

𝑘=1
𝑋𝜏𝑘 |𝑉〉.

Thus if there is a particle (resp. vacancy) at site 𝑘 for the configuration 𝝉, then 𝑋1 (resp. 𝑋0)
is the 𝑘-th matrix from the left in the product

∏𝐿
𝑘=1 𝑋𝜏𝑘 . It is a common practice to use the

symbols 𝐷 and 𝐸 for 𝑋1 and 𝑋0 respectively. Here, we shall use them interchangeably for the
TASEP.

The vector |𝜓〉 is then given by

(1.1.13) |𝜓〉 =
©­­­­«
〈𝑊 |𝑋0𝑋0 · · · 𝑋0𝑋0 |𝑉〉
〈𝑊 |𝑋0𝑋0 · · · 𝑋0𝑋1 |𝑉〉

...

〈𝑊 |𝑋1𝑋1 · · · 𝑋1𝑋1 |𝑉〉

ª®®®®¬
=

©­­­­«
〈𝑊 |𝐸𝐸 · · · 𝐸𝐸 |𝑉〉
〈𝑊 |𝐸𝐸 · · · 𝐸𝐷 |𝑉〉

...

〈𝑊 |𝐷𝐷 · · ·𝐷𝐷 |𝑉〉

ª®®®®¬
.

To write this succinctly, we define the vector

(1.1.14) 𝑋 :=
(
𝑋0
𝑋1

)
=

(
𝐸

𝐷

)
and adopt the notation

(1.1.15) 〈〈𝑊 |𝐻 :=
©­­«
〈𝑊 |ℎ1

...

〈𝑊 |ℎ𝑛

ª®®¬ , 𝐻 |𝑉〉〉 :=
©­­«
ℎ1 |𝑉〉
...

ℎ𝑛 |𝑉〉

ª®®¬ ,
where 𝐻 = (ℎ1, . . . , ℎ𝑛)𝑇 . The entries, ℎ𝑖, can be scalars or matrices. Thus the vector |𝜓〉 can
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be written as

(1.1.16) |𝜓〉 = 〈〈𝑊 |𝑋⊗𝐿 |𝑉〉〉 = 〈〈𝑊 |𝑋 ⊗ 𝑋 ⊗ · · · ⊗ 𝑋 |𝑉〉〉.

The Markov matrix 𝑀 encodes all interactions in the system - the exchange of particles in the
bulk as well as injection and removal of particles at the boundaries. Thus 𝑀 can be expressed
as a sum of (𝐿 + 1) matrices each representing the local interactions

(1.1.17) 𝑀 = 𝐵𝑙 ⊗ 𝐼⊗𝐿−1
2 +

𝐿−1∑︁
𝑘=1

𝐼
⊗(𝑘−1)
2 ⊗ 𝑤 ⊗ 𝐼

⊗(𝐿−𝑘−1)
2 + 𝐼⊗𝐿−1

2 ⊗ 𝐵𝑟 .

Here 𝐼2 is the identity matrix in CCC2×2 while 𝐵𝑙 and 𝐵𝑟 are 2 × 2 matrices given by

(1.1.18) 𝐵𝑙 =

(−𝛼 0
𝛼 0

)
, 𝐵𝑟 =

(
0 𝛽

0 −𝛽
)
.

Also, 𝑤 is a matrix in (CCC2×2)⊗2 with

(1.1.19) 𝑤 =

©­­­«
0 0 0 0
0 0 1 0
0 0 −1 0
0 0 0 0

ª®®®¬ .
The matrix 𝑤 corresponds to the local interaction of exchange of particles between a pair of
neighbouring sites in the bulk. Since there are (𝐿 − 1) such pairs of sites, same number of
terms involving 𝑤 appear in (1.1.17).

It can be checked that |𝜓〉 expressed in the product form as in (1.1.16) satisfies (1.1.8) provided
that

(1.1.20)
𝐵𝑙 〈〈𝑊 |𝑋 = 〈〈𝑊 |𝑥̂

𝑤(𝑋 ⊗ 𝑋) = −𝑥̂ ⊗ 𝑋 + 𝑋 ⊗ 𝑥̂

𝐵𝑟𝑋 |𝑉〉〉 = 𝑥̂ |𝑉〉〉,

where 𝑥̂ = (−1, 1)𝑇 . It might not be immediately clear why this should work. A detailed
discussion can be found in [40].

The equations in (1.1.20) can be further simplified. After simplification, we obtain two
boundary relations involving boundary and bulk matrices

(1.1.21)
〈𝑊 |𝐸 =

1
𝛼
〈𝑊 |,

𝐷 |𝑉〉 = 1
𝛽
|𝑉〉,
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and another involving bulk matrices

(1.1.22) 𝐷𝐸 = 𝐷 + 𝐸.

This is the well-known reduction equation for the TASEP and related exclusion models.

One possible choice for the matrices 𝐷 and 𝐸 is given by

(1.1.23) 𝐷 =

©­­­­­­­«

1
𝛽

1
𝛽

1
𝛽

1
𝛽

· · ·
0 1 1 1
0 0 1 1 ...

0 0 0 1
... · · · . . .

ª®®®®®®®¬
, 𝐸 =

©­­­­­­«

0 0 0 0 · · ·
1 0 0 0
0 1 0 0 ...

0 0 1 0
... · · · . . .

ª®®®®®®¬
. (Derrida, et al. [79])

The boundary matrices are

(1.1.24) 〈𝑊 | =
(
1,

1
𝛼
,

1
𝛼2 , · · ·

)
, |𝑉〉 =

©­­­­«
1
0
0
...

ª®®®®¬
. (Derrida, et al. [79] )

For this example the product 〈𝑊 |𝑉〉 equals 1. We shall assume this to be so from now on even
though we shall not use the explicit representation. More examples of representations can be
found in [79].

1.1.1.2 Computing normalization 𝑍𝐿

The normalization 𝑍𝐿 is an important quantity that appears in computing the physical quantities.
Using (1.1.10) and (1.1.12), one observes that

(1.1.25) 𝑍𝐿 = 〈𝑊 |𝐹𝐿 |𝑉〉, 𝐹 = 𝐷 + 𝐸.

The product 𝐹𝐿 can be simplified to the following form

(1.1.26) 𝐹𝐿 =

𝐿∑︁
𝑛=0

𝐵𝐿,𝑛

𝑛∑︁
𝑚=0

𝐸𝑚𝐷𝑛−𝑚,

where the factor 𝐵𝐿,𝑛 (see [79], [40]) is defined by

(1.1.27) 𝐵𝐿,𝑛 =

{
𝑛(2𝐿−1−𝑛)!
𝐿!(𝐿−𝑛)! for 0 ≤ 𝑛 ≤ 𝐿,

0 otherwise .
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These numbers are known as ballot numbers in combinatorics. Using this expression the
normalization is computed to be

(1.1.28) 𝑍𝐿 =

𝐿∑︁
𝑛=0

𝐵𝐿,𝑛

𝛽−𝑛−1 − 𝛼−𝑛−1

𝛽−1 − 𝛼−1 .

As a simple example we consider 𝐿 = 2. We use the bulk and boundary relations to find

𝑍2 = 〈𝑊 | (𝐷 + 𝐸)2 |𝑉〉,
= 〈𝑊 | (𝐷𝐷 + 𝐷𝐸 + 𝐸𝐷 + 𝐸𝐸) |𝑉〉,
= 〈𝑊 | (𝐷𝐷 + 𝐸𝐷 + 𝐸𝐸 + 𝐷 + 𝐸) |𝑉〉,
=

1
𝛽2 + 1

𝛼𝛽
+ 1
𝛼2 + 1

𝛽
+ 1
𝛼
.

We arrive at the same result using the expression for 𝑍𝐿 for 𝐿 = 2.

1.1.1.3 Physical quantities

The physical quantities which are of prime interest here are density and current. The density
(of positively charges particles) at site 𝑘 is given by

(1.1.29) 𝜌(𝑘) = 1
𝑍𝐿

〈𝑊 |𝐹𝑘−1𝐷𝐹𝐿−𝑘 |𝑉〉.

This is easy to check using the definition of (sitewise) density and the matrix ansatz for the
stationary distribution.

The key to evaluating the expression on the right hand side of (1.1.29) is to simplify the product
of the form of 𝐷𝐹𝑁 using the bulk reduction relation (1.1.22). The simplified expression is

(1.1.30) 𝐷𝐹𝑁 =

𝑁−1∑︁
𝑘=0

𝐶𝑘𝐹
𝑁−𝑘 +

𝑁+1∑︁
𝑗=2

𝐵𝑁, 𝑗𝐷
𝑗 ,

where 𝐶𝑘 is defined by

(1.1.31) 𝐶𝑘 =
1

𝑘 + 1

(
2𝑘
𝑘

)
.

These are known as Catalan numbers. Then the exact expression for the density is found to be

(1.1.32) 𝜌(𝑘) =
𝐿−𝑘−1∑︁
𝑖=0

𝐶𝑖

𝑍𝐿−1−𝑖
𝑍𝐿

+ 𝑍𝑘−1
𝑍𝐿

𝑁+1∑︁
𝑗=2

𝐵𝑁, 𝑗 𝛽
− 𝑗 .

We can also compute 𝐽 the current of particles. It is easy to check that

(1.1.33) 𝐽 =
1
𝑍𝐿

〈𝑊 |𝐹𝑘−1𝐷𝐸𝐹𝐿−𝑘−1 |𝑉〉 = 𝑍𝐿−1
𝑍𝐿

for 1 ≤ 𝑘 < 𝐿.
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Finally, we compute the current and density in the thermodynamic limit 𝐿 → ∞ to find the
phase diagram. We describe these in the next section.

MCLD

HD

𝛼

𝛽

0 1

1

1
2

1
2

Figure 1.2: Phase diagram for the TASEP. The coexistence line (CL) is the line segment
𝛼 = 𝛽 < 1/2 (indicated as a thick line).

1.1.1.4 Phase diagram of the TASEP

There are three phases for the TASEP in the steady state in the thermodyanmic limit. The phase
diagram is the 𝛼 − 𝛽 plane which is divided into three regions each with different asymptotic
forms of current and density. The three phases along with the corresponding current are

• maximal current or MC phase (min{𝛼, 𝛽} > 1/2), 𝐽 = 1/4,

• high density or HD phase (min{𝛽, 1/2} < 𝛼), 𝐽 = 𝛽(1 − 𝛽),
• low density or LD phase : (min{𝛼, 1/2} < 𝛽), 𝐽 = 𝛼(1 − 𝛼).

The boundary between HD and LD phase is known as the coexistence line or CL. The exact
steady state phase diagram is given in Figure 1.2. In different parts of the phase diagram,
density takes the following forms

• MC phase: 𝜌(𝐿𝑥) ' 1/2,

• HD phase: 𝜌(𝐿𝑥) ' 1 − 𝛽 ,

• LD phase: 𝜌(𝐿𝑥) ' 𝛼,

• CL: 𝜌(𝐿𝑥) ' 𝛼 + 𝑥(1 − 2𝛼).
Here, 𝑥 = 𝑘/𝐿 is the normalized site position in the thermodynamic limit.

The naming of the phase regions is self-explanatory except probably the CL. On this line, both
phases coexist, i.e. both high density and low density regions coexist in the system. Thus
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𝛼

1 − 𝛼

10𝜌

0 1
0

1

𝑥

Figure 1.3: Shock picture for the TASEP on the coexistence line 𝛼 = 𝛽 < 1/2. The normalized
site position 𝑥 equals 𝑖/𝐿.

a discontinuity appears in the density profile. This is referred to as a shock. The boundary
between the high and low density region is sometimes also called the shock front. The position
of the shock is random, and uniformly distributed over the whole system. A shock can be
observed in the simulations if we take a snapshot of the system for a phase point on the CL in
the steady state with sufficiently large 𝐿. The shock picture is shown in Figure 1.3.

On the CL, the shock formed between 1’s and 0’s perform symmetric random walk with zero
net drift in the system leading to a linear density profile. In the HD phase, the shock acquires
negative drift. Thus the shock gets pinned to the left and high density of 1’s prevail on the
system. In the LD phase, the shock is pinned to the right because it has positive drift. As
a result, the system assumes low density. However, as one approaches the MC phase along
the coexistence line, the height of the shock becomes zero with both particles and vacancies
attaining equal bulk density.

We can take the current 𝐽 as the order parameter here. Since we know different functional forms
of the order parameter in the three phases, we might ask what kind of phase transition happens
along the boundary between these phases. 𝐽 assumes the maximum value 1/4 in the MC phase.
Clearly, it is continuous across the MC-HD and MC-LD boundaries. In fact, even the first
order derivatives of 𝐽 are continuous along these boundaries. The second order derivatives,
however, are discontinuous there. So, in analogy with equilibrium statistical physics, the phase
transition at the MC-HD and MC-LD boundary is of the second order. On the other hand, first
order phase transition occurs across the coexistence line. The first order derivatives of 𝐽 are
discontinuous on this line.
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1.1.1.5 Phases of the ASEP

The phase diagram of the ASEP is similar to that of the TASEP. We discuss the phases of the
ASEP here because it will be useful to us later. In the thermodynamic limit 𝐿 → ∞ [212], the
ASEP also exhibits three phases - high density or HD, low density or LD and maximal current
or MC, as well as HD-LD coexistence line. The phase regions as well as bulk density and
current in each phase region are listed in the Table 1.1 in terms of the boundary parameters
𝑎 = 𝜅𝛼,𝛾 and 𝑏 = 𝜅𝛽,𝛿, where

(1.1.34) 𝜅𝑢,𝑣 :=
1 − 𝑞 − 𝑢 + 𝑣 +

√︁
(1 − 𝑞 − 𝑢 + 𝑣)2 + 4𝑢𝑣
2𝑢

.

To summarize, the 1’s have high density (> 1/2) in HD phase, low density (< 1/2) in LD
phase, and density of 1/2 in MC phase. On the coexistence line, the density has a linear profile.
𝐽1 is (1 − 𝑞)/4 in MC phase, and depends on 𝑎 (resp. 𝑏) in LD (resp. HD) phase as given
in Table 1.1. Figure 1.4 shows the structure of the phase diagram which is drawn using 𝑎 and
𝑏. The macroscopic features of the density profiles in different phases can be understood by
appealing to the shock picture on the coexistence line 1 < 𝑎 = 𝑏 in the phase diagram. This
explanation for ASEP is similar to the case of the TASEP as discussed in Section 1.1.1.4.

MC

HD

LD

𝑎

𝑏 𝑎 = 𝑏

0 1

1

Figure 1.4: Phase diagram for the ASEP. The HD-LD coexistence region is the semi-infinite
line 1 < 𝑎 = 𝑏.

1.1.2 Multispecies exclusion processes
The study of generalized versions of ASEPs is an important and interesting topic. From
the point of view of modelling nonequilibrium phenomena, it might be desirable to drop
some of the simplifying assumptions which made the one-dimensional single species ASEP
suitable. It can be exemplified with the traffic flow. Earlier, we assumed traffic movement for
an single-lane road with each vehicle being identical (i.e. having same speed or mobility).
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Phase Phase Region 𝜌1 𝐽1

HD (High Density) max {𝑎, 1} < 𝑏 𝑏
1+𝑏 (1 − 𝑞) 𝑏

(1+𝑏)2

LD (Low Density) max {𝑏, 1} < 𝑎 1
1+𝑎 (1 − 𝑞) 𝑎

(1+𝑎)2

MC (Maximal Current) max {𝑎, 𝑏} < 1 1
2

1
4 (1 − 𝑞)

HD-LD coexistence line 1 < 𝑎 = 𝑏 1−𝑥+𝑥𝑏
1+𝑏 (1 − 𝑞) 𝑏

(1+𝑏)2

Table 1.1: Currents and densities for the ASEP. We note here that 𝜌0 + 𝜌1 = 1, and 𝐽0 = −𝐽1.

One possibility is to consider different types or classes of vehicles on a (single-lane) road.
This is indeed the case in traffic where both fast vehicles (e.g. cars, ambulances) and slow
vehicles (e.g. trucks, carts) might be moving. In order to model traffic flow with various
types of vehicles, we can consider multispecies ASEP models, i.e. ASEPs with more than one
species of particles. Indeed, multispecies ASEPs were used in the modelling of traffic flow in
[151, 129, 100, 58], motility mechanism in [198, 170], dense colloidal suspensions in [118] and
biological systems in [10, 36, 57, 136]. Moreover, such models can be considered as discrete
models for multispecies diffusion in chemical physics [47].

The simplest nontrivial multispecies ASEP model involves two species of particles (and va-
cancies which may be considered as a different species as well). The two-species models
exhibit very interesting physical phenomenology like the single species case [80, 81]. For
example, a class of two-species models manifests boundary-induced phase transitions, spon-
taneous symmetry breaking as well as condensation as observed in [91, 18, 19]. Among the
open models, different types of boundaries were considered in a number of studies. In the
semipermeable ASEP, the boundaries are semipermeable i.e. one species is not allowed to
pass through both the boundaries. The TASEP version was exactly solved in [14, 13]. Later,
the phase diagram for a more general version of the semipermeable ASEP was derived with
the help of matrix ansatz and using appropriate representation in term of the 𝑞-orthogonal
polynomials in [211]. The same model was investigated and understood using Koornwinder
polynomials in [52]. Nonequilibrium properties in the steady state were understood for the
semi-permeable TASEP in [22]. Moreover, open two-species totally asymmetric models with
general bulk and boundary rates were studied in [23]. Boundaries in the semipermeable ASEP
had a special mathematical property called integrability. This mathematical structure played a
crucial role in the application of matrix ansatz technique. Such integrable boundary conditions
for two-species ASEPs were completely classified in [66]. Finally, phase diagrams were also
investigated for a couple of totally asymmetric two-species models in [68] where an explicit
representation for matrix ansatz was studied in details.

One might wonder what happens when more than two species are present in the system. Is it
possible to find the nonequilibrium properties when arbitrary number of species are interacting?
Obviously, we can expect more complicated physical properties and phase diagram for models
with the increase of number of species. Moreover, sophisticated mathematical techniques
become essential in the analysis to extract the nonequilibrium behaviour in these models.
Indeed, there has been some studies related to such models as follows. For periodic boundary
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conditions, the matrix ansatz was developed for both the multispecies TASEP [92, 15] and
the multispecies ASEP [176, 16]. The NESS for the multispecies TASEP was obtained
using queueing-theoretic techniques in [96, 97]. Correlations in the multispecies TASEP was
computed for periodic boundary conditions in [20]. The structure of the phase diagram was
gleaned for an open multispecies model where rates were chosen from a continuous or discrete
distribution [135]. Matrix ansatz was used to understand multispecies models with ordered
sequential and sub-lattice parallel update schemes in [100], and a multispecies generalization in
the context of traffic flow in [129]. The semi-permeable two-species models were generalized
by defining a multispecies ASEP model known as mASEP in [53]. There, important results
related to its NESS were rigorously proved. In [69], integrable boundary conditions were
discussed for a class of multispecies models with arbitrary number of species.

1.2 Plan of Part I
We report the results of our investigation in Chapters 3-5. The content of the chapters are
summarized below.

In Chapter 2, we study the phase diagram of the multispecies ASEP or mASEP [53] with (2𝑟+1)
species. In our terminology, there are 𝑟 positive charges and equal number of negative charges
as well as vacancies. The boundaries are impermeable to the vacancies. We use a colouring
argument to compute the phase diagram via projections on the (two-species) semipermeable
ASEP. There are (2𝑟+1) phases in total. In some of the phases, we observe dynamical expulsion
where one or more species are expelled from the system. Moreover, a species can be localized
in a certain region of the system in some phases. We refer to this phenomena as dynamical
localization. We explain these features using a structure called nested fat shock which is the
generalized version of fat shock studied in the context of the (two-species) semipermeable
ASEP [22].

In Chapter 3, we investigate the phase diagram of a model called left-permeable ASEP or
LPASEP. The LPASEP involves two species and vacancies as well as a combination of perme-
able and semi-permeable boundaries [24]. We apply the matrix ansatz and derive the matrix
algebra for the LPASEP. The integrability structure of the LPASEP allows for a representation
in terms of continuous big 𝑞-Hermite polynomials. We compute the densities and current of the
fastest species using asymptotic analysis in the thermodynamic limit. Based on these results,
we find there are three bulk phases. We obtain a much richer structure of the phase diagram
when we compute the boundary densities.

In Chapter 4, we introduce a model called multispecies left-permeable ASEP or mLPASEP to
generalize the LPASEP. The model can have either (2𝑟 + 1) or 2𝑟 species. For the former case,
the model involves one species for which the right boundary is impermeable. The model can
be projected onto the LPASEP for both the cases using the colouring argument. We determine
the phase diagram computing the densities and currents for all species. In this model too, we
observe dynamical expulsion in most of the phases. We observe interesting shock structure
which can be used for explaining coarse features of the density profiles and the phenomena of
dynamical expulsion.

In Chapter 5, we investigate another model, namely multispecies permissive ASEP or mpASEP
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which is a generalized version of the single-species ASEP. The boundaries are permeable to all
species. The dynamical rules of particle exchange at the boundaries are such that the mpASEP
can be mapped onto the single-species ASEP. Again we apply the colouring argument to
compute the phase diagram. We observe dynamical expulsion in most of the phases. However,
each species can exhibit high density in one of the phases. Again, we find the generalized shock
picture that can be used to understand the density profiles in all the phases.



Chapter 2

The exact phase diagram for a class of
open multispecies asymmetric exclusion
processes

2.1 Introduction
In this chapter, we study a multispecies exclusion process on a finite one-dimensional lattice
with vacancies and 𝑟 species of charges called the mASEP introduced recently [53]. The
hopping rates in the bulk are asymmetric and those in the boundary are defined in such a way
that there are 𝑟 + 1 conserved particle numbers. The main results are the following. We obtain
the complete (𝑟 + 2)-dimensional phase diagram and present formulas for all densities and
currents in the thermodynamic limit in all regions of the phase diagram. It will turn out that all
the macroscopic features can be explained by a new structure which we call a nested fat shock.
We review the features for the semipermeable ASEP in Appendix A. We will prove our results
by using projections to the semipermeable ASEP.

The chapter is organized as follows. We describe the model in Section 2.2. Then we discuss
the colouring argument in Section 2.3. We describe the phases as well as provide proofs for
currents and density profiles in Section 2.4. Finally, we discuss the macroscopic properties of
the phases in Section 2.5.

2.2 Model
We precisely define the mASEP in Section 2.2.1. We also show in Section 2.2.2 that there is a
unique nonequilibrium steady state (NESS) for the mASEP.

2.2.1 Definition
The mASEP is defined on a one-dimensional lattice of size 𝑛, where each site is occupied by
exactly one particle of type {𝑟, . . . , 1, 0, 1, . . . , 𝑟}. The barred particles are negative charges,
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the unbarred ones are positive charges, and 0’s are vacancies. There are 𝑟 species of charges,
with the total number of particles of charge 𝑗 being fixed to be 𝑛 𝑗 for 1 ≤ 𝑗 ≤ 𝑟. As a
consequence, the number 𝑛0 of vacancies is also fixed, with 𝑛0 + . . . + 𝑛𝑟 = 𝑛. More precisely,
fix an (𝑟 + 1)-tuple of positive integers 𝑛 = (𝑛0, . . . , 𝑛𝑟). The state space 𝛺𝑛 consists of all
words of length 𝑛 in the alphabet {𝑟, . . . , 1, 0, 1, . . . , 𝑟} such that the total number of 𝑗’s and
𝑗’s is equal to 𝑛 𝑗 for 1 ≤ 𝑗 ≤ 𝑟 and the total number of 0’s is 𝑛0. The dynamics is the effect of
a rightward-pointing electric field. In the bulk, we have the asymmetric hopping rule

(2.2.1) 𝑖 𝑗 → 𝑗𝑖 with rate

{
1 if 𝑖 > 𝑗

𝑞 if 𝑖 < 𝑗

where we think of the barred particles as negative numbers, and set 𝑞 < 1. On the left and
right boundaries, positive charges can only replace and be replaced by their negatively charged
partners with rates given by

Left:

{
𝑖 → 𝑖 with rate 𝛼

𝑖 → 𝑖 with rate 𝛾

Right:

{
𝑖 → 𝑖 with rate 𝛽

𝑖 → 𝑖 with rate 𝛿.

The mASEP possesses charge-conjugation symmetry in the following sense: interchanging
positively and negatively charged particles as well as the rates 1 and 𝑞, 𝛼 and 𝛽, and 𝛾 and 𝛿,
and changing the direction of motion leaves the mASEP invariant. The model with 𝑟 = 1 and
𝑛0 = 0 is the single-species open ASEP [79, 212]; for arbitrary 𝑛0, this is the semipermeable
ASEP [211]. Furthermore, if 𝑞 = 𝛾 = 𝛿 = 0, this is the semipermeable TASEP [14, 13, 22]
(see Appendix A). We thus denote the mASEP with 𝑞 = 𝛾 = 𝛿 = 0 as the mTASEP.

2.2.2 Uniqueness of NESS

The mASEP possesses a unique nonequilibrium steady state because it is ergodic; see [153,
Theorem 20.1], for example. We will prove below the ergodicity of the mASEP with conserved
charges 𝑛 = (𝑛0, . . . , 𝑛𝑟).

Proposition 1. The mASEP is ergodic.

Proof. It will suffice to prove that the mTASEP with conserved charges 𝑛 = (𝑛0, . . . , 𝑛𝑟) is
ergodic. This follows from abstract considerations in the theory of affine Coxeter groups [37],
but we will prove the ergodicity from first principles.
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Define the configurations

(2.2.2)

𝛿↑ = (0, . . . , 0︸   ︷︷   ︸
𝑛0

, . . . , 𝑟, . . . , 𝑟︸  ︷︷  ︸
𝑛𝑟

)

𝛿↓ = (0, . . . , 0︸   ︷︷   ︸
𝑛0

, . . . , 𝑟, . . . , 𝑟︸  ︷︷  ︸
𝑛𝑟

),

both of which belong to the state space. Let 𝑚 𝑗 (𝜏) be the number of 𝑗’s in 𝜏 for 𝑗 ∈
{𝑟, . . . , 0, . . . , 𝑟} and 𝑚 = (𝑚𝑟 , . . . , 𝑚0, . . . , 𝑚𝑟). Define

(2.2.3)

𝛿
↑
𝑚 = (𝑟, . . . , 𝑟︸  ︷︷  ︸

𝑚𝑟

, . . . , 0, . . . , 0︸   ︷︷   ︸
𝑚0

, . . . , 𝑟, . . . , 𝑟︸  ︷︷  ︸
𝑚𝑟

)

𝛿
↓
𝑚 = (𝑟, . . . , 𝑟︸  ︷︷  ︸

𝑚𝑟

, . . . , 0, . . . , 0︸   ︷︷   ︸
𝑚0

, . . . , 𝑟, . . . , 𝑟︸  ︷︷  ︸
𝑚𝑟

).

We will first show that the following sequence can be obtained

(2.2.4) 𝛿↓ → 𝛿
↓
𝑚 → 𝜏 → 𝛿

↑
𝑚 → 𝛿↑.

First of all, it is clear that 𝜏 can be obtained starting from 𝛿
↓
𝑚 and 𝛿

↓
𝑚 can be obtained from 𝜏

by making purely bulk transitions. To make transitions from 𝛿↓ to 𝛿
↓
𝑚, first move 𝑚1 of the 1’s

to the left by bulk transitions and convert them to 1’s. Repeat this procedure for 𝑚2 of the 2’s,
and so on, all the way till 𝑚𝑟 of the 𝑟’s. We then end up with 𝛿

↓
𝑚. Finally, starting with 𝛿

↑
𝑚,

convert all 𝑚𝑟 𝑟’s to 𝑟’s on the left boundary and move them to the right. Continue this way for
(𝑟 − 1)’s and so on, all the way till 1’s, ending up with 𝛿↑.

We will now construct a sequence of moves taking 𝛿↑ to 𝛿↓, which is the difficult part of the
proof. We will do this in 𝑟 stages, where the end of the 𝑗’th stage will be the configuration
given by

(2.2.5) 𝜎𝑗 = (𝑟, . . . , 𝑟︸  ︷︷  ︸
𝑛𝑟

, . . . , 𝑗 + 1, . . . , 𝑗 + 1︸             ︷︷             ︸
𝑛 𝑗+1

, 0, . . . , 0︸   ︷︷   ︸
𝑛0

, 1, . . . , 1︸   ︷︷   ︸
𝑛1

, . . . , 𝑗 , . . . , 𝑗︸   ︷︷   ︸
𝑛 𝑗

)

Starting from 𝛿↑, convert all 𝑟’s to 𝑟’s and move them to the left. Repeat this procedure for
𝑟 − 1’s continuing up to 2’s. Now convert all 1’s to 1’s to end up with 𝜎1. We now show how to
reach 𝜎𝑗+1 from 𝜎𝑗 . First, convert all 𝑟’s to r’s, move them to the right, and convert them back
to 𝑟’s. Repeat this procedure for 𝑟 − 1’s continuing up to 𝑗 + 1’s. Now move all 𝑟, . . . , 𝑗 + 2’s
to the left using bulk transitions to end up with 𝜎𝑗+1. Once we have repeated this argument 𝑟
times, we end up with 𝜎𝑟 = 𝛿↑.

We have thus shown how to reach 𝛿↑ from 𝜏 and vice versa for every configuration 𝜏, thus
completing the proof.

�
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As an illustration of Proposition 1, we give the following example.

Example 1. The transition graph of the mTASEP with 𝑟 = 2 and 𝑛 = (1, 1, 1) is given in Figure
2.1.

Figure 2.1: The transition graph of the mTASEP with 𝑛 = (1, 1, 1). The rates associated to
each transition are marked on the arrows.

2.3 Colouring argument for mASEP
The colouring argument is reviewed in the context of the semipermeable TASEP in Appendix
A. For mASEP, we will use a colouring scheme called 𝑘-colouring which is the following.
We label species {𝑘 − 1, . . . , 0, . . . , 𝑘 − 1} with 0𝑘 , species {𝑟, . . . , 𝑘} with 1𝑘 , and species
{𝑟, . . . , 𝑘} with 1𝑘 . Then the new species 1𝑘 , 0𝑘 and 1𝑘 follow exactly the dynamics of the
two-species semipermeable ASEP both in the bulk and at the boundaries. We describe these
ideas more precisely below.

The colouring argument is known as projection or lumping in the mathematical literature. For
completeness, we define here a general notion of lumping of Markov processes, which plays
the key role in the proof of our results.

Definition 1 ([153, Section 2.3]). Let (𝑋𝑡) be a Markov process on a state space 𝛺 with Markov
matrix 𝑀 . Let S be a set partition of 𝛺 (i.e. a collection of pairwise disjoint subsets of 𝛺
whose union is 𝛺). If, for all 𝑆, 𝑇 ∈ S, and 𝑥, 𝑥′ ∈ 𝑆,

(2.3.1)
∑︁
𝑦∈𝑇

𝑀 (𝑦, 𝑥) =
∑︁
𝑦∈𝑇

𝑀 (𝑦, 𝑥′)
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then the stochastic process (𝑌𝑡) on S which is obtained from (𝑋𝑡) by keeping track of the subset
of is itself a Markov process, with Markov matrix 𝑀′ given by 𝑀′(𝑇, 𝑆) = ∑

𝑦∈𝑇 𝑀 (𝑦, 𝑥). The
process (𝑌𝑡) is then said to be a lumping of (𝑋𝑡).

Recall that the mASEP is defined by the conserved charges 𝑛 = (𝑛0, . . . , 𝑛𝑟) with state space
𝛺𝑛.

Definition 2. For 𝑘 such that 1 ≤ 𝑘 ≤ 𝑟 , set 𝑛′ = (𝑛0 + . . . + 𝑛𝑘−1, 𝑛𝑘 + . . . + 𝑛𝑟). Define the
map 𝜆𝑘 : 𝛺𝑛 → 𝛺𝑛′ as follows:

(2.3.2) 𝜆𝑘 (𝜏𝑖) =


0 if 𝜏𝑖 has charge 𝑗 or 𝑗 and 0 ≤ 𝑗 < 𝑘,

1 if 𝜏𝑖 has charge 𝑗 or 𝑗 ≥ 𝑘,

1 if 𝜏𝑖 has charge 𝑗 or 𝑗 ≥ 𝑘.

Then the 𝑘-colouring of the mASEP with conserved charges 𝑛 is the set partition of 𝛺𝑛 obtained
by 𝜆−1

𝑘
.

Proposition 2. Let 𝑛 = (𝑛0, . . . , 𝑛𝑟) and 1 ≥ 𝑘 ≥ 𝑟. The 𝑘-colouring leads to a lumping of the
mASEP with conserved charges 𝑛 onto the semipermeable ASEP with 𝑛0 + . . . + 𝑛𝑘−1 particles
of species 0.

Proof. One can check that the transitions in the bulk, as well as those in the left and right
boundary, commute with the map 𝜆𝑘 . �

As a consequence of Proposition 2, we will call the lumping of the mASEP via the 𝑘-colouring
as the k-coloured semipermeable ASEP.

2.4 Phase diagram

We discuss the phase diagram in this section. First, we describe the phases as well as densities
and currents in these phases. Then we provide the proofs of the relations which determine
density profiles and currents.
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Figure 2.2: The nonequilibrium phase diagram of the mASEP with 𝑟 species of charges. There
are 2𝑟 +1 different regions, which are labelled 𝟘, 𝟙, . . . , 𝕣, 𝟙, . . . , 𝕣. Each region is characterized
by different bulk densities of all particles. The explanation for the nomenclature of the phases
is given below. See Tables 2.1 and 2.2 for the densities and currents respectively in the NESS
in these 2𝑟 + 1 regions.

2.4.1 Phases
We define following parameters in order to describe the phase diagram. For each integer 𝑗

between 0 and 𝑟, let 𝜃 𝑗 = 𝑛 𝑗/𝑛 be the total density of (both positively and negatively charged)
particles of species 𝑗 . We consider the behaviour of the mASEP in the limit 𝑛 → ∞ and
𝑛 𝑗 → ∞ for each 𝑗 such that the total density of species 𝑗 particles converges to 𝜃 𝑗 > 0. Define
the quantities

(2.4.1)
𝑎 =

1 − 𝑞 − 𝛼 + 𝛾 +
√︁
(1 − 𝑞 − 𝛼 + 𝛾)2 + 4𝛾𝛼
2𝛼

𝑏 =
1 − 𝑞 − 𝛽 + 𝛿 +

√︁
(1 − 𝑞 − 𝛽 + 𝛿)2 + 4𝛽𝛿
2𝛽

and the function 𝑓 (𝑥) = 1/(1 + 𝑥). Set Θ𝑘 = (𝜃𝑘 + . . . + 𝜃𝑟)/2 and 𝜙𝑘 = Θ𝑘/(1 − Θ𝑘 ) for
1 ≤ 𝑘 ≤ 𝑟. Then the exact phase diagram is given in Figure 2.2.

The nonequilibrium phase diagram of the 𝑟-species mASEP in Figure 2.2 comprises 2𝑟 + 1
phases, 𝕣, . . . , 𝟙, 𝟘, 𝟙, . . . , 𝕣, each one of which is characterised by the bulk densities 𝜌 𝑗 for
𝑗 ∈ {𝑟, . . . , 0, . . . , 𝑟}, as well as the currents 𝐽 𝑗 for 𝑗 ∈ 1, . . . , 𝑟 of all types of particles;
we tabulate these in Tables 2.1 and 2.2 respectively. Note that there is no current of 0’s and
the current of 𝑗’s to the left is the same as that of 𝑗’s to the right. The mean densities of
the 𝑗 and 𝑗 jump discontinuously across the 𝕛 − 𝕛 boundary. By contrast, the mean densities
vary continuously along the 𝕛 − (𝕛 + 𝟙) (and 𝕛 − (𝕛 + 𝟙)) boundary. All currents 𝐽 𝑗 change
continuously across all phase boundaries in Figure 2.2. In all phases except 𝟘, the system
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shows phase coexistence with a sharp interface separating intervals of different density for
some particle type, as we show by the illustrative density profiles in Figure 2.3 for the mTASEP
with 𝑟 = 2 and Figure A.2 in Appendix A for the mASEP with 𝑟 = 1. The proofs of the density
profiles in Table 2.1 and currents in Table 2.2, which explain the phase diagram in Figure 2.2,
are given below.

Phase
Densities in the bulk
Species Density 𝜌

𝟘
𝑘 = 0 𝜌0 = 𝜃0

1 ≤ 𝑘 ≤ 𝑟 𝜌𝑘 = 𝜌
𝑘
= 𝜃𝑘/2

𝕛

𝑘 = 0 𝜌0 piecewise constant

1 ≤ 𝑘 ≤ 𝑗 − 1
𝜌
𝑘
= 0

𝜌𝑘 piecewise constant

𝑘 = 𝑗
𝜌 𝑗 = 𝑓 (𝑏) −𝛩 𝑗+1

𝜌 𝑗 piecewise constant
𝑗 + 1 ≤ 𝑘 ≤ 𝑟 𝜌𝑘 = 𝜌

𝑘
= 𝜃𝑘/2

𝕛

𝑘 = 0 𝜌0 piecewise constant

1 ≤ 𝑘 ≤ 𝑗 − 1
𝜌𝑘 = 0
𝜌
𝑘

piecewise constant

𝑘 = 𝑗
𝜌 𝑗 = 𝑓 (𝑏) −𝛩 𝑗+1

𝜌 𝑗 piecewise constant
𝑗 + 1 ≤ 𝑘 ≤ 𝑟 𝜌𝑘 = 𝜌

𝑘
= 𝜃𝑘/2

𝕛 − 𝕛 boundary
𝑘 = 0 𝜌0 piecewise linear
1 ≤ 𝑘 ≤ 𝑗 − 1 𝜌𝑘 , 𝜌𝑘 piecewise linear
𝑗 + 1 ≤ 𝑘 ≤ 𝑟 𝜌𝑘 = 𝜌

𝑘
= 𝜃𝑘/2

Table 2.1: The densities of all species of particles in phase 𝟘, as well as phases 𝕛 and 𝕛, and
the 𝕛 − 𝕛 boundary for 1 ≤ 𝑗 ≤ 𝑟 . Piecewise constant densities correspond to phase separation
and piecewise linear profiles correspond to averaging over shocks. The exact formulas can be
calculated from the schematic plots in the top row of Figure 2.6.

2.4.2 Proofs for currents and density profiles
First, we obtain the densities of species 𝑟 and 𝑟 in the mASEP.

Proposition 3. The densities at site 𝑖 of species 𝑟 and 𝑟 (resp. current 𝐽𝑟 of species 𝑟) in the
mASEP with conserved charges (𝑛0, . . . , 𝑛𝑟) are the same as those of the densities at site 𝑖 of
species 1 and 1 respectively (resp. current 𝐽1 of species 1) in the semipermeable ASEP with
size 𝑛0 + . . . + 𝑛𝑟 with 𝑛0 + . . . + 𝑛𝑟−1 particles of species 0.

Proof. This follows immediately from Proposition 2 using the 𝑟-colouring. �
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To arrive at the main result, we take the limit of the mASEP with 𝑟 species of charges with
𝑛0, . . . , 𝑛𝑟 → ∞ such that 𝑛 𝑗/𝑛 → 𝜃 𝑗 for all 1 ≤ 𝑗 ≤ 𝑟.

Theorem 1. The densities and currents of particles of all species in all phases in the mASEP
with 𝑟 species of charges are given in Table 2.1 and Table 2.2 respectively.

Proof. We will simultaneously use all possible 𝑘-colourings in the proof. First, we fix some
notation. For the 𝑘-coloured ASEP, we denote the species by 1𝑘 , 0𝑘 and 1𝑘 . The (fixed) number
of particles of species 0𝑘 is 𝑛0𝑘 = 𝑛0 + . . . + 𝑛𝑘−1 and hence 𝜃0𝑘 = 𝜃0 + · · · + 𝜃𝑘−1 and similarly
for 𝜃1𝑘 and 𝜃1𝑘 . The single-site densities and currents of the 𝑘-coloured species are related to
those of the original mASEP as follows:

(2.4.2)

𝜌1𝑘 = 𝜌𝑘 + . . . + 𝜌𝑟 ,

𝜌1𝑘 = 𝜌
𝑘
+ . . . + 𝜌𝑟 ,

𝜌0𝑘 = 𝜌
𝑘−1 + . . . + 𝜌𝑘−1,

𝐽1𝑘 = 𝐽𝑘 + . . . + 𝐽𝑟 .

We give the proof of the densities and currents in phase 𝕛. The argument for the other phases
and phase-boundaries is similar. Recall that the phase 𝕛 is defined by the constraints

(2.4.3)
1 + 𝜃0 + . . . + 𝜃 𝑗−1

1 − (𝜃0 + . . . + 𝜃 𝑗−1) < 𝑏 <
1 + 𝜃0 + . . . + 𝜃 𝑗

1 − (𝜃0 + . . . + 𝜃 𝑗 ) and 𝑏 > 𝑎,

according to the phase diagram in Figure 2.2. Now, consider the 𝑘-colouring of the mASEP
for 𝑘 ≤ 𝑗 . In that case, we see that 𝑏 > (1 + 𝜃0𝑘 )/(1 − 𝜃0𝑘 ) and hence, the 𝑘-coloured
semipermeable ASEP is in phase 𝟙 = B. Thus 𝜌1𝑘 equals 1/(𝑏 + 1) in the bulk (from Table
A.1) for each 1 ≤ 𝑘 ≤ 𝑗 .

(2.4.4) 𝜌1 + · · · + 𝜌𝑟 = 𝜌2 + · · · + 𝜌𝑟 = · · · = 𝜌 𝑗 + · · · + 𝜌𝑟 =
1

1 + 𝑏
,

from which it follows that 𝜌1 = 𝜌2 = · · · = 𝜌
𝑗−1 = 0. Now, consider the 𝑘-colouring of the

mASEP for 𝑗 < 𝑘 ≤ 𝑟. In that case,

(2.4.5)
1 + 𝜃0𝑘
1 − 𝜃0𝑘

>
1 + 𝜃0 + . . . + 𝜃 𝑗

1 − (𝜃0 + . . . + 𝜃 𝑗 ) > 𝑏

and the 𝑘-coloured semipermeable ASEP is in 𝟘 = C. From Table A.1, we see that

(2.4.6) 𝜌1𝑘 =
1 − 𝜃0𝑘

2
=
𝜃𝑘 + · · · + 𝜃𝑟

2
,

and hence 𝜌𝑘 = 𝜃𝑘/2 for each 𝑗 + 1 ≤ 𝑘 ≤ 𝑟. Now, using (2.4.4), we can calculate the density
of 𝑗 . We have thus obtained the densities of all negatively charged species of particles. See the
top row of Figure 2.4(a) for comparison. Similar computations yield the densities of positively
charged species and 0, as well as the currents. �
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Remark 1. In [53, Corollary 2], it is shown that the nonequilibrium partition function 𝑍𝑛 is
given by the following explicit product formula

(2.4.7) 𝑍𝑛 =

𝑟∏
𝑘=1

𝑍(𝑛0+···+𝑛𝑘−1, 𝑛𝑘+···+𝑛𝑟 )

where 𝑍(𝑛0, 𝑛1) is the partition function for the semipermeable ASEP [211, Equation (5.6)],
where the notation 𝐿 = 𝑛0 + 𝑛1 and 𝑁 = 𝑛0 is used for the system size and the number of 0’s
respectively. Theorem 1 provides a justification (although not a proof) of why the factorization
of the partition function in (2.4.7) is to be expected. The 𝑘’th term on the right is precisely the
partition function of the 𝑘-coloured semipermeable ASEP explained in Proposition 2.

Phase
Currents
Species Values of 𝐽𝑘

𝟘
1 ≤ 𝑘 < 𝑟 (1 − 𝑞) (Θ𝑘 − Θ𝑘+1) (1 − Θ𝑘 − Θ𝑘+1)
𝑘 = 𝑟 (1 − 𝑞)Θ𝑟 (1 − Θ𝑟)

𝕛

1 ≤ 𝑘 ≤ 𝑗 − 1 0
𝑘 = 𝑗 (1 − 𝑞) ( 𝑓 (𝑏) (1 − 𝑓 (𝑏)) − Θ 𝑗+1(1 − Θ 𝑗+1))
𝑗 + 1 ≤ 𝑘 < 𝑟 (1 − 𝑞) (Θ𝑘 − Θ𝑘+1) (1 − Θ𝑘 − Θ𝑘+1)
𝑘 = 𝑟 (1 − 𝑞)Θ𝑟 (1 − Θ𝑟)

𝕛

1 ≤ 𝑘 ≤ 𝑗 − 1 0
𝑘 = 𝑗 (1 − 𝑞) ( 𝑓 (𝑎) (1 − 𝑓 (𝑎)) − Θ 𝑗+1(1 − Θ 𝑗+1))
𝑗 + 1 ≤ 𝑘 < 𝑟 (1 − 𝑞) (Θ𝑘 − Θ𝑘+1) (1 − Θ𝑘 − Θ𝑘+1)
𝑘 = 𝑟 (1 − 𝑞)Θ𝑟 (1 − Θ𝑟)

Table 2.2: The currents of all species of particles in phase 𝟘, as well as phases 𝕛 and 𝕛 for
1 ≤ 𝑗 ≤ 𝑟 . All currents are seen to be continuous across the 𝕛 − 𝕛 boundary. For the special
cases of 𝕣 and 𝕣, take Θ𝑟+1 = 0. Note that 𝐽0 = 0 and 𝐽

𝑘
= −𝐽𝑘 .

2.5 Macroscopic properties of the phases
We discuss the macroscopic properties of the phases in this section. We start with the simpler
case of 𝑟 = 2 in Section 2.5.1. Then we develop the nested fat shock in Section 2.5.2. Using
this construction, we understand the macroscopic features of the mASEP.

2.5.1 Example of 𝑟 = 2
We illustrate the density profiles for various regions in the phase diagram for the example of
the 2-species mTASEP (i.e. 𝑞 = 𝛾 = 𝛿 = 0) in Figure 2.3. Therefore, 𝑎 = (1 − 𝛼)/𝛼 and
𝑏 = (1 − 𝛽)/𝛽 from (2.4.1), and 𝑓 (𝑎) = 𝛼, 𝑓 (𝑏) = 𝛽. There are five phases for this system,
corresponding to 𝑟 = 2, and two relevant phase-boundaries. The currents can be calculated
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Figure 2.3: Plots of the densities of particles 2 (black crosses), 1 (green squares), 0 (red
diamonds), 1 (blue circles), and 2 (pink triangles), versus the scaled position 𝑥 = 𝑚/𝑛 for
the mTASEP with 𝑟 = 2 where 𝑛 = 1000, 𝜃0 = 0.17, 𝜃1 = 0.45 and 𝜃2 = 0.38 in the regions
(a) 𝟙 (𝛼 = 0.35, 𝛽 = 0.83), (b) 𝟙 (𝛼 = 0.73, 𝛽 = 0.29), (c) 𝟚 (𝛼 = 0.15, 𝛽 = 0.81), (d)
𝟚 (𝛼 = 0.73, 𝛽 = 0.14), (e) 𝟘(𝛼 = 0.71, 𝛽 = 0.87), (f) the 𝟙− 𝟙 shock line (𝛼 = 𝛽 = 0.32), and
(g) the 𝟚 − 𝟚 shock line (𝛼 = 𝛽 = 0.15).

by mean-field type calculations from the densities in each of the regions. More precisely,
𝐽2 = 𝜌2(1 − 𝜌2) = 𝜌2(1 − 𝜌2) and 𝐽1 = 𝜌1(1 − 𝜌1 − 2𝜌2) = 𝜌1(1 − 𝜌1 − 2𝜌2). When there is
phase-separation, the densities of all species conspire to ensure that the currents are constant
across the system (because of particle conservation in the bulk). The value of the currents in
each phase can be compared with Table 2.2.

In phase 𝟘, all densities are constant, and the densities of oppositely charged particles are equal.
Therefore, 𝜌0 = 𝜃0, and 𝜌𝑘 = 𝜌

𝑘
= 𝜃𝑘/2 for 𝑘 = 1, 2. This is seen in Figure 2.3(e) and matches

with the first row of Table 2.1.

In phase 𝟙, the densities of 2’s, 2 and 1’s are constant, whereas those of 1’s and 0’s undergo
phase separation. As in phase 𝟘, 𝜌2 = 𝜌2 = 𝜃2/2. Moreover, 𝜌1 = 𝛽 − 𝜃2/2 is also constant
throughout the system. In the phase-separated regions, either 𝜌1 + 𝜌1 = 1− 𝛽2 (forcing 𝜌0 = 0),
or 𝜌1 = 𝜌1 from which 𝜌0 can be calculated. The density plots can be seen in Figure 2.3(b) and
match the calculation of the densities in the second row of Table 2.1 with 𝕛 = 𝟙. The density
profiles in 𝟙 can be calculated analogously using charge-conjugation symmetry.

In phase 𝟚, the only constant densities are given by 𝜌2 = 𝛽 and 𝜌1 = 0. It is not immediately
obvious why 1’s are excluded from the system, and we give an explanation for this phenomenon
of dynamical expulsion in the next section. Particles of species 0, 1 and 2 are phase segregated
in three distinct parts. The density of 2’s, 𝜌2, is given by 1 − 𝛽 in the rightmost part and 𝜌2 in
the other two parts. Particles of species 0 exist only in the leftmost part with density 1−2𝛽, and
those of species 1 exist only in the middle part with the same density. In the thermodynamic
limit, the middle part is infinitely far away from both boundaries and it is not immediately clear
how 1’s can be localized in the bulk. We call this phenomenon dynamical localization and
explain how this occurs in the next section. The densities can be seen in Figure 2.3(d) and
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match the calculation of the densities in the second row of Table 2.1 with 𝕛 = 𝟚. Again, the
profiles in 𝟚 can be calculated using charge-conjugation symmetry.

The nomenclature for the phases can now be explained. Each phase is denoted by the phase-
segregated species with largest absolute value. For example, 0’s and 1’s are segregated in phase
𝟙, 0’s and 1’s are segregated in phase 𝟙, 0’s, 1’s and 2’s are segregated in phase 𝟚, and 0’s,
1’s and 2’s are segregated in phase 𝟚. The sole exception is phase 𝟘, where all species have
constant density.

Figure 2.4: Instantaneous picture of the nested fat shock in the 𝟙 − 𝟙 boundary in the rescaled
mTASEP with 𝑟 = 2. Each connected region is labelled with the species of a particle and the
height of a region at a given location represents the density of that species at that point.

To understand the density profiles in the 𝟙 − 𝟙 and 𝟚 − 𝟚 boundaries, we appeal to the nested
fat shock construction, which we explain below. Recall that the phase diagram is calculated in
the limit where the system size, 𝑛 → ∞. We rescale the system by a factor of 1/𝑛 so that the
locations lie in the interval [0, 1]. In the 𝟙 − 𝟙 boundary, as shown in Figure 2.4, the densities
of particles 2 and 2 are constant and equal to 𝜃2/2. All the particles of type 0 form a ‘bound
state’ of fixed width. We call this the nested fat shock (the nesting is of order 1 here). Both ends
of the bound state execute a synchronised symmetric random walk with reflecting boundary
conditions. As a consequence, 𝜌1, 𝜌0 and 𝜌1 are piecewise linear after averaging. In particular,
𝜌1 is constant towards the left, since the right end of the bound state cannot move all the way
to the left, and similarly for 𝜌1. This is shown in Figure 2.3(f).

In the 𝟚−𝟚 boundary as shown in Figure 2.5, none of the densities are constant, and the picture
is more complicated. The nested fat shock here consists of the regions containing 1’s, 0’s and
1’s, in that order from left to right. The nesting is of order 2 here. There are four boundaries
between the regions 2 − 1, 1 − 0, 0 − 1 and 1 − 2, and all of them perform synchronised
symmetric random walks in the bulk so that the widths of the regions containing 1, 0 and 1
is fixed. When one of them touches the boundary the widths of either 1 or 1 can decrease,
causing the oppositely charged region to increase in size so that the sum of the widths of these
two remains constant. The width of the region containing 0 never changes. This behaviour
results in the piecewise linear profile shown in Figure 2.3(g).
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Figure 2.5: Instantaneous picture of the nested fat shock in the 𝟚 − 𝟚 boundary in the rescaled
mTASEP with 𝑟 = 2. Each connected region is labelled with the species of a particle and the
height of a region at a given location represents the density of that species at that point.

One can now derive the density profiles in regions 𝟙, 𝟚, 𝟙 and 𝟚 from these nested fat shocks.
For example, in 𝟙, one has the same nested fat shock structure as in Figure 2.4, but the ends of
the bound state containing 0 execute a random walk with negative drift, which ensures that the
nested fat shock is pinned to the left. Similarly, the nested fat shock is pinned to the right in
𝟙. Similarly, the density profiles in 𝟚 and 𝟚 can be calculated by forcing the nested fat shock in
Figure 2.5 to be pinned to the left and right respectively.

The general structure of the nested fat shock is explained in the next section.

2.5.2 Nested fat shock
All coarse features of the phase diagram in Figure 2.2 are explained by the nested fat shock
construction. This is a generalisation of the fat shock construction, which explains the phase
diagram for the semipermeable TASEP [22] (i.e. the mTASEP with 𝑟 = 1). Roughly speaking,
the fat shock consists of a macroscopic interval of the system, where all the 0’s are localized.
The 0’s form two simultaneous shocks with the 1’s and 1’s, with a constant macroscopic width.
For more details on the fat shock, see Appendix A.

The nested fat shock is a macroscopic interval of the system where, for some 𝑗 = 0, particles
of species 𝑗 , . . . , 0, . . . , 𝑗 are localized in a very specific way.

Particles of species 0 have a nonzero constant density in a subinterval of fixed width inside this
interval. Particles of species 1 (resp. 1) have a nonzero constant density in a subinterval to
the right (resp. left) of the 0’s. Although the widths of the 1 and 1 subintervals may vary, the
sum of their widths is fixed. This pattern continues until species j on the right and species 𝑗 on
the left. The boundary between any two adjacent subintervals is a shock-front. Depending on
which part of the phase diagram the system finds itself in, the nested fat shock can have either
negative, positive or zero drift. If the drift is negative, the negatively charged subintervals
containing 1, . . . , 𝑗 will not exist, and similarly if there is positive drift, the positively charged
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subintervals 1, . . . , 𝑗 will vanish. If there is zero drift, all subintervals will exist and move in a
synchronized fashion.

Figure 2.6: The top row shows schematic plots of the densities 𝜌 𝑗 and 𝜌 𝑗 , for all 𝑗 , versus
the normalised position 𝑥 illustrating the nested fat shock (a) pinned to the left in region 𝕛, (b)
pinned to the right in region 𝕛 and (c) unpinned in the 𝕛 − 𝕛 boundary in (c). The densities
𝜌𝑎 (𝑥) are plotted against the rescaled location 𝑥. The value of 𝜌𝑎 (𝑥) is the height of the region
containing particle 𝑎 at 𝑥. The bottom row shows simulation results in multiples of 2000 steps
as spatiotemporal plots for the mTASEP with 𝑟 = 2 and 𝑛0 = 70, 𝑛1 = 100, 𝑛2 = 330 in (a)
region 𝟚(𝛼 = 0.79, 𝛽 = 0.23), (b) region 𝟚(𝛼 = 0.25, 𝛽 = 0.73), and (c) the 𝟚 − 𝟚 boundary
(𝛼 = 𝛽 = 0.28). The blue, red and green colours represent 1, 0 and 1 particles respectively.
The particles of type 2 and 2 are shown in white.

The top row of Figure 2.6 shows the structure of the nested fat shock in these three cases in
the most general scenario. We give a concrete example of a simulation run of the mTASEP
with 𝑟 = 2 in the bottom row of the figure, which shows the results for phases (a) 𝟚 (negative
drift), (b) 𝟚 (positive drift), and (c) the 𝟚 − 𝟚 boundary (zero drift). The simulations show the
densities of particles of species 1, 0 and 1 only. If the nested fat shock has nonzero drift, it gets
pinned to one of the boundaries; it is pinned on the left in (a) and on the right in (b). When the
nested fat shock is pinned to the left, it consists of species 0 and 1, and particles of species 1
exit the system from the left. Similarly, when pinned to the right, it consists of species 1 and
0, and particles of species 1 vacate the system from the right. When the nested fat shock has
zero drift as in (c), blocks of 1, 0 and 1 are present, with all shock fronts performing lockstep
symmetric random walks.
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2.5.3 General case: mASEP with arbitrary 𝑟

The precise details for the macroscopic features of each phase with reference to the nested fat
shock are given below.

2.5.3.1 Region 𝟘

Here, only the particles of species 0 participate in the nested fat shock and the width of the
shock is larger than the system size. As a result, all densities are constant throughout the
system. This explains the densities and currents in region 𝟘. See the density plot in Figure
2.3(e) for the result of simulations.

2.5.3.2 Regions 𝕛 and 𝕛

We give details only for region 𝕛, since those of 𝕛 can be obtained by analogous arguments.

In region 𝕛, particles of species 𝑗 − 1, . . . , 0, . . . , 𝑗 − 1 participate in the nested fat shock. The
velocity of this shock is negative and it gets pinned to the left boundary. However, this is not a
stable situation. Initially, particles of species 𝑗 − 1 will be replaced by those of species 𝑗 − 1,
which will then move rightwards in the bulk, until they join the subinterval of the nested fat
shock occupied by the particles of species 𝑗 − 1. Once that process is completed, a similar
phenomenon will happen with particles of species 𝑗 − 2. This process will continue until
all negatively charged particles in the nested fat shock have been replaced by their positive
counterparts. In the steady state, we will only see particles of species 0, . . . , 𝑗 − 1 participating
in the shock, which will be pinned to the left.

We point out two new nonequilibrium features of this phase which can be seen in the top row of
Figure 2.6(a). First, note that species 0 through 𝑗 − 1 are localised in the interior of the system.
Each of these species has undergone phase separation, with one region of non-zero density and
the remaining of zero density. The precise locations of the region with non-zero density can be
calculated from the values of 𝜃0, . . . , 𝜃 𝑗−1. What is more interesting is that species 1 through
𝑗 − 1 are localized away from the boundary. This is somewhat counterintuitive since we have
taken the thermodynamic limit and these particles are infinitely far away from the boundary.
We call this phenomenon dynamical localization. Such a phenomenon cannot occur in an
equilibrium system. The second new feature is the complete absence of particles of species
1, . . . , 𝑗 − 1 in the system, i.e. 𝜌1 = · · · = 𝜌

𝑗−1 = 0. This is related to the previous phenomenon
since these particles can only enter at the expense of the dynamically localised particles. We
call this phenomenon dynamical expulsion. In the extreme case of the 𝕣 phase, all the barred
particles except 𝑟 are expelled.

The picture in the 𝕛 phase can be derived analogously. See the density plots in Regions 𝟙, 𝟙, 𝟚
and 𝟚 of Figure 2.3 (a), (b), (c) and (d) respectively for the results of simulations. See Figure
2.6(a) (resp. (b)) for an illustration of the nested fat shock pinned on the left (resp. right) in the
top row and the result of a simulation for 𝑟 = 2 and 𝟚 (resp. 𝟚) in the bottom row.
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2.5.3.3 Boundary of the 𝕛 − 𝕛 region

In the 𝕛 − 𝕛 boundary, particles of species 𝑗 − 1, . . . , 0, . . . , 𝑗 − 1 participate in the nested fat
shock. The velocity of the shock fronts are now zero. Therefore, all these fronts perform a
lockstep symmetric random walk in the bulk of the system. All subinterval widths will remain
constant until the nested fat shock hits the boundary. When one of the extreme fronts gets
pinned to the boundary, the widths of the subinterval containing 𝑗 − 1’s and 𝑗 − 1’s can change,
but the sum of their widths will remain constant. The other subinterval widths will remain the
same. While this front is pinned, the other fronts continue to move synchronously until either
another one gets pinned or the one stuck to the boundary gets unpinned. If one more (either
𝑗 − 2 or 𝑗 − 2 ) gets pinned, the same phenomenon will repeat for that species. Note that, for
instance, if the nested fat shock gets (temporarily) pinned to the right and then the next shock
front also gets pinned, the density of 𝑗 − 2’s becomes zero. More and more shock fronts can
get pinned until the fat shock containing 0’s touches the boundary, at which point the latest
front to get pinned can only get unpinned. We thus end up with an instantaneous profile whose
schematic is given in the top row of Figure 2.6(c). A simulation of the movement of the shock
fronts can be seen in the spatiotemporal plot in the bottom row of Figure 2.6(c). The steady
state density profile can be obtained by averaging over the uniform shock locations and gives
rise to piecewise linear profiles for species 𝑗 , . . . , 0, . . . , 𝑗 . The calculation of these profiles
is not difficult, but is tedious and is skipped. The currents have the same values as those in
regions 𝕛 and 𝕛 with 𝑎 = 𝑏.



40 2. The exact phase diagram for a class of open mASEP



Chapter 3

Left-permeable asymmetric simple
exclusion process

3.1 Introduction
In this chapter, we focus on one of the integrable classes of exclusion processes with two
species of particles and vacancies. The vacancies are considered here as a separate species
of particles. The vacancies can only enter and exit from the left boundary. We call this the
left-permeable two-species ASEP (or LPASEP in short). We begin with the preliminaries in
Section 3.2. We derive the matrix product solution for the stationary distribution in Section
3.3 and find a representation of the matrix algebra in Section 3.4. We find the phase diagram
of the model in the thermodynamic limit and derive formulas for the densities and current in
all phases in Section 3.5. We end by computing the enriched phase diagrams for two different
order parameters in Section 3.5.2: the density of the vacancies at the last site, and the difference
of bulk and boundary densities for both species. We note that a large part of these calculations
are generalizations of Uchiyama’s techniques [211].

3.2 Preliminaries

3.2.1 Definition of the model

The two-species ASEP describes particles hopping on a one dimensional lattice. We consider a
finite lattice of length 𝐿 where each lattice site is either empty, or occupied by a single particle
of species 1 or 1. Particles move along the lattice by exchanging places with their immediate
neighbours. We can consider an empty site as a particle of species 0 (with 1 < 0 < 1), and
then specify a lattice configuration by the tuple 𝝉 = (𝜏1, . . . , 𝜏𝐿), 𝜏𝑖 ∈ {1, 0, 1}. In the bulk,
exchanges between neighbouring particles occur with rates

(3.2.1) 𝜏𝑖𝜏𝑖+1 → 𝜏𝑖+1𝜏𝑖 with rate

{
𝑝, 𝜏𝑖 > 𝜏𝑖+1,

𝑞, 𝜏𝑖 < 𝜏𝑖+1.

41
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We will take 𝑝 > 𝑞 so that a particle of species 𝑗 moves preferentially to the right ahead of all
species 𝑖 < 𝑗 .

At the boundaries, we allow particles to enter and exit with the following rates:

• Left boundary:

(3.2.2)
1 → 0 with rate 𝛾,

1, 0 → 1 with rate 𝛼,

1 → 0 with rate 𝛾̃.

• Right boundary:

(3.2.3)
1 → 1 with rate 𝛿,

1 → 1 with rate 𝛽.

The rate 𝛾̃ is fixed as

(3.2.4) 𝛾̃ =
𝛼 + 𝛾 + 𝑞 − 𝑝

𝛼 + 𝛾
𝛾.

The other rates 𝑝, 𝑞, 𝛼, 𝛾, 𝛽, 𝛿 can be arbitrary positive real numbers, subject to the constraint

(3.2.5) 𝛼 + 𝛾 + 𝑞 − 𝑝 ≥ 0,

so that 𝛾̃ is not negative. With this choice of rates, the model is integrable [66, 67]. Although
we will not make direct use of the machinery of integrability, we will see that the constraint in
equation (3.2.4) also arises directly from the matrix product algebra approach.

The boundary rates (equation (3.2.2) and (3.2.3)) allow species 1 to enter and exit at both
boundaries. With 𝑞 < 𝑝 there will be a non-zero current of these particles from left to right,
and so the system is out of equilibrium. In contrast, species 0 can only enter exit at the
left boundary, and so although this species is driven in the bulk, its net current will be zero.
Because species 0 is blocked by the right boundary but not by the left, we say that this model
is left-permeable.

If instead of the left boundary rates (equation (3.2.2)), we take

1 → 1 with rate 𝛼,

1 → 1 with rate 𝛾,

(keeping the right-boundary rates in equation (3.2.3)), species 0 is trapped on the lattice. We
call this the semipermeable ASEP. Again, the net current of species 0 is zero, but in addition the
number of particles of species 0 is fixed. Thus the system decomposes into sectors according to
the number of particles of species 0 on the lattice. The stationary state for this semipermeable
model was found in matrix product form first for 𝑞 = 𝛾 = 𝛿 = 0 [13] and then in general [211].
Later it was also studied through a Koornwinder polynomial approach [52]. In this work we
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will follow the approach of [211] and show that it can also be applied to the left-permeable
model.

3.2.2 Markov process formulation

The models we have described are in fact continuous time Markov processes, which can be
specified formally by giving the transition matrix. To do so, we must specify a basis. To a site
𝑖, with state given by 𝜏𝑖, we associate the standard basis vector |𝜏𝑖〉 ∈ CCC3, that is

|1〉 = ©­«
1
0
0

ª®¬ , |0〉 = ©­«
0
1
0

ª®¬ , |1〉 = ©­«
0
0
1

ª®¬ .
Then the lattice configuration is given by a vector |𝝉〉 ∈ (CCC3)⊗𝐿 ,

|𝝉〉 = |𝜏1, . . . , 𝜏𝐿〉 = |𝜏1〉 ⊗ . . . ⊗ |𝜏𝐿〉.

The rates at which neighbouring particles exchange places (equation (3.2.1)) are encoded in
the local transition matrix 𝑤 ∈ CCC3 ⊗ CCC3,

(3.2.6) 𝑤 =

©­­­­­­­­­­­­­«

0 0 0 0 0 0 0 0 0
0 −𝑞 0 𝑝 0 0 0 0 0
0 0 −𝑞 0 0 0 𝑝 0 0
0 𝑞 0 −𝑝 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 −𝑞 0 𝑝 0
0 0 𝑞 0 0 0 −𝑝 0 0
0 0 0 0 0 𝑞 0 −𝑝 0
0 0 0 0 0 0 0 0 0

ª®®®®®®®®®®®®®¬
,

acting on the ordered basis,

{|1, 1〉, |1, 0〉, |1, 1〉, |0, 1〉, |0, 0〉, |0, 1〉, |1, 1〉, |1, 0〉, |1, 1〉}.

The boundary rates (equation (3.2.2) and (3.2.3)) are encoded (respectively) by matrices 𝐵,
𝐵 ∈ CCC3:

(3.2.7) 𝐵 =
©­«
−𝛼 − 𝛾 0 0

𝛾 −𝛼 𝛾̃

𝛼 𝛼 −𝛾̃
ª®¬ , 𝐵 =

©­«
−𝛿 0 𝛽

0 0 0
𝛿 0 −𝛽

ª®¬ .
The complete transition matrix is then given by the sum of local matrices

(3.2.8) 𝑀 = 𝐵1 +
𝐿−1∑︁
𝑖=1

𝑤𝑖,𝑖+1 + 𝐵𝐿 .
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The subscripts indicate the sites on which each matrix acts. That is,

𝐵1 = 𝐵 ⊗ 𝐼 (𝐿−1) ,
𝑤𝑖,𝑖+1 = 𝐼 (𝑖−1) ⊗ 𝑤 ⊗ 𝐼 (𝐿−𝑖−1) ,

𝐵𝐿 = 𝐼 (𝐿−1) ⊗ 𝐵,

where 𝐼 (𝑘) is the identity matrix on the 𝑘-fold tensor product of CCC3.

Writing 𝑃𝝉 (𝑡) for the probability of a configuration 𝝉 at time 𝑡, the time evolution is determined
by the master equation

d
d𝑡
|𝑃(𝑡)〉 = 𝑀 |𝑃(𝑡)〉,

where |𝑃(𝑡)〉 =
∑︁
𝝉

𝑃𝝉 (𝑡) |𝝉〉.

At late times, the system converges to the stationary distribution of the process given by the
normalized eigenvector of 𝑀 with eigenvalue 0. That is, with

|𝛹 〉 =
∑︁
𝝉

𝜓𝝉 |𝝉〉, 𝑀 |𝛹 〉 = 0,

the stationary distribution is

|𝑃stat〉 = 1
𝑍𝐿

|𝛹 〉, 𝑍𝐿 =
∑︁
𝝉

𝜓𝝉 .

We will see later that the normalisation 𝑍𝐿 plays a role analogous to that of the partition
function in equilibrium statistical mechanics. We will, with some abuse of terminology, refer
to 𝑍𝐿 as the partition function throughout the paper.

From the stationary distribution we can compute the density of species 𝑘 = 0, 1 at site 𝑖

𝜌𝑘 (𝑖) = 1
𝑍𝐿

∑︁
𝝉

𝜏𝑖=𝑘

𝜓𝝉,

and we write 𝜌𝑘 for the density averaged across the lattice. We can also compute the current
𝐽1, of species 1: the probability per unit time that a particle of species 1 crosses a fixed point
on the lattice (see equation (3.3.12)). Recall that the net current of species 0 is zero.

There is also a right-permeable two-species model analogous to the left-permeable model, with
boundary matrices

𝐵 =
©­«
−𝛼 0 𝛾

0 0 0
𝛼 0 −𝛾

ª®¬ , 𝐵 =
©­«
−𝛿̃ 𝛽 𝛽

𝛿̃ −𝛽 𝛿

0 0 −𝛽 − 𝛿

ª®¬ ,
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with
𝛿̃ =

𝛽 + 𝛿 + 𝑝 − 𝑞

𝛽 + 𝛿
𝛿,

and the same bulk matrix (equation (3.2.6)). If we write the unnormalized stationary state
vector for the left-permeable model as

|𝛹 left(𝛼, 𝛽, 𝛾, 𝛿; 𝑝, 𝑞)〉 =
∑︁
𝝉

𝜓left
𝝉 (𝛼, 𝛽, 𝛾, 𝛿; 𝑝, 𝑞) |𝝉〉,

the weights for the right-permeable model are given by

𝜓
right
𝝉 (𝛼, 𝛽, 𝛾, 𝛿; 𝑝, 𝑞) = 𝜓left

𝝉̃ (𝛽, 𝛼, 𝛿, 𝛾; 𝑞, 𝑝), 𝜏̃𝑖 = −𝜏𝐿−𝑖+1.

Note for the right-permeable model, we take 𝑞 > 𝑝. Taking 𝑞 < 𝑝 would correspond to a
reverse-biased regime, where the boundary rates oppose the preferred direction of flow in the
bulk [4, 73].

3.3 Stationary state for the left-permeable two-species ASEP

In this section we give a matrix product algebra and representation for the left-permeable
two-species ASEP with boundary matrices (equation (3.2.7)). From this point on, we fix the
rightwards hopping rate to 𝑝 = 1. We can do this without loss of generality, as it corresponds
to rescaling the unit of time.

3.3.1 Matrix product algebra

To write the stationary probabilities in matrix product form, define two vectors,

𝑋 =
©­«
𝐸

𝐴

𝐷

ª®¬ , 𝑥 =
©­«
−1
0
1

ª®¬ .
The entries of 𝑋 (𝐸 , 𝐴, 𝐷) are matrices in some auxilliary space. We take 〈𝑊 |, |𝑉〉 as left
and right vectors in this space that contract the matrices to give scalar values. We write the
unnormalized stationary vector as

(3.3.1) |𝛹 〉 = 〈〈𝑊 |𝑋 ⊗ . . . ⊗ 𝑋 |𝑉〉〉,

so that

(3.3.2) 𝜓𝝉 = 〈𝑊 |𝑋𝜏1 . . . 𝑋𝜏𝐿 |𝑉〉.

That is to say, in every configuration, the occurence of 1 is represented by 𝐸 , 0 by 𝐴, and 1
by 𝐷. In order for this construction to give the stationary state, it is sufficient to find matrices
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𝐸, 𝐴, 𝐷 and vectors 〈𝑊 |, |𝑉〉 for which the following conditions hold:

(3.3.3)
𝐵〈〈𝑊 |𝑋 = 〈〈𝑊 |𝑥,
𝑤𝑋 ⊗ 𝑋 = −𝑥 ⊗ 𝑋 + 𝑋 ⊗ 𝑥,

𝐵𝑋 |𝑉〉〉 = −𝑥 |𝑉〉〉.

If we apply the transition matrix 𝑀 of form equation (3.2.8) to |𝛹 〉 given by equation (3.3.1),
these relations cause the bulk sum to telescope to two terms, which are cancelled by the left and
right boundary terms (see [79, 40, 65] where this is discussed in more detail). It is important
to note that we must also show that relations (equation (3.3.3)) are consistent. We will do
this, in the usual manner, by giving explicit matrices 𝐸 , 𝐷, 𝐴, and boundary vectors 〈𝑊 |,
|𝑉〉 that satisfy the relations in equation (3.3.3). In fact, we will see that all we require is a
representation of same algebra as used for the semipermeable model in [211], and we review
that representation in Section 3.4.

With 𝑤 given by equation (3.2.6), the bulk relations implied by equation (3.3.3) are

(3.3.4)
𝐷𝐸 − 𝑞𝐸𝐷 = 𝐷 + 𝐸,

𝐴𝐸 − 𝑞𝐸𝐴 = 𝐴,

𝐷𝐴 − 𝑞𝐴𝐷 = 𝐴.

And with boundary matrices (equation (3.2.7)), the boundary relations are

(3.3.5)
(𝛼 + 𝛾)〈𝑊 |𝐸 = 〈𝑊 |,
𝛾〈𝑊 |𝐸 − 𝛼〈𝑊 |𝐴 + 𝛾̃〈𝑊 |𝐷 = 0,
− 𝛿𝐸 |𝑉〉 + 𝛽𝐷 |𝑉〉 = |𝑉〉.

Using these relations, any expression of the form of equation (3.3.2) can be reduced to a scalar
multiple of 〈𝑊 |𝑉〉. For small system sizes, we can compute the stationary weights in this
way. Checking that the computed vector is in fact the eigenvector of the transition matrix in
equation (3.2.8) with eigenvalue zero, we find that it is necessary that 𝛾̃ takes on its integrable
value (equation (3.2.4)). We will show that this constraint on the parameters is also sufficient
by giving an explicit representation of this algebra.

The bulk relations (equation (3.3.4)) are the same as those from [211] for the semipermeable
ASEP. Following [211], we express the bulk relations in terms of matrices e, d, satisfying the
𝑞-deformed oscillator algebra [185],

(3.3.6) de − 𝑞ed = 1 − 𝑞.

Then
𝐷 =

1
1 − 𝑞

(1 + d), 𝐸 =
1

1 − 𝑞
(1 + e),

𝐴 = 𝜆(𝐷𝐸 − 𝐸𝐷) = 𝜆

1 − 𝑞
(1 − ed),
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satisfy the bulk algebra, with 𝜆 a free parameter. We will write the boundary relations as

(3.3.7)
〈𝑊 |e + 𝑎𝑐〈𝑊 |d = (𝑎 + 𝑐)〈𝑊 |,
d|𝑉〉 + 𝑏𝑑e|𝑉〉 = (𝑏 + 𝑑) |𝑉〉,

where the parameters 𝑎, 𝑏, 𝑐, 𝑑 are

(3.3.8) 𝑎 = 𝜅+𝛼,𝛾, 𝑐 = 𝜅−𝛼,𝛾, 𝑏 = 𝜅+𝛽,𝛿, 𝑑 = 𝜅−𝛽,𝛿,

with
𝜅±𝑢,𝑣 =

1
2𝑢

(
1 − 𝑞 − 𝑢 + 𝑣 ±

√︃
(1 − 𝑞 − 𝑢 + 𝑣)2 + 4𝑢𝑣

)
.

This parameterization satisfies 𝑎, 𝑏 ≥ 0, and with 𝑞 < 1, −1 < 𝑐, 𝑑 ≤ 0. The same form of the
boundary relations as in (3.3.7) is used for the semipermeable ASEP [211], and also the single
species ASEP [212].

The three boundary relations (equation (3.3.5)) for the left-permeable two-species ASEP reduce
to two relations of the form in equation (3.3.7) if we fix 𝜆 = 𝛾/𝛼 and 𝛾̃ at the value given in
equation (3.2.4). The parameters 𝑎, 𝑏, 𝑐, 𝑑 are given by

(3.3.9) 𝑎 = 0, 𝑐 =
1 − 𝑞 − 𝛼 − 𝛾

𝛼 + 𝛾
, 𝑏 = 𝜅+𝛽,𝛿, 𝑑 = 𝜅−𝛽,𝛿 .

With the constraint equation (3.2.5), we can write

(3.3.10) 𝑎 = 𝜅+𝛼+𝛾,0, 𝑐 = 𝜅−𝛼+𝛾,0, and − 1 < 𝑐 ≤ 0,

where the lower bound assumes that 𝑞 < 1.

Representations of the algebra (equation (3.3.6) and (3.3.7)) are well known, and in Section
3.4.2 we will give the explicit form of the representation used in [211]. Since we know that
a representation exists, the matrix product relations for the left-permeable two-species ASEP
are consistent, and can be used to calculate the stationary state. But first, we describe the main
physical quantities of interest, and how they are calculated.

3.3.2 Physical quantities

The stationary probabilities are obtained by normalising the stationary weights (equation (3.3.2)).
Thus

𝑃𝝉 =
1
𝑍𝐿

〈𝑊 |𝑋𝜏1 . . . 𝑋𝜏𝐿 |𝑉〉,(3.3.11)

with 𝑍𝐿 = 〈𝑊 |𝐶𝐿 |𝑉〉, 𝐶 = 𝐸 + 𝐷 + 𝐴.
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The current of type 1 particles is given by

𝐽1 =
1
𝑍𝐿

〈𝑊 |𝐶𝑖−1 (𝐷𝐸 − 𝑞𝐸𝐷 + 𝐷𝐴 − 𝑞𝐴𝐷) 𝐶𝐿−𝑖−1 |𝑉〉

=
𝑍𝐿−1
𝑍𝐿

,(3.3.12)

which is independent of position, 𝑖. The net current of type 1 particles must be zero as they can
only enter at the left boundary. Indeed, computing with the matrix product algebra, we find

𝐽0 =
1
𝑍𝐿

〈𝑊 |𝐶𝑖−1 (𝐴𝐸 − 𝑞𝐸𝐴 + 𝑞𝐴𝐷 − 𝐷𝐴) 𝐶𝐿−𝑖−1 |𝑉〉
=0.

We would also like to compute the average density of species 𝑘 = 0, 1, which is given by

(3.3.13) 𝜌𝑘 =
1
𝐿

1
𝑍𝐿

𝐿∑︁
𝑖=1

〈𝑊 |𝐶𝑖−1𝑋𝑘𝐶
𝐿−𝑖 |𝑉〉.

To achieve this, we define

(3.3.14) 𝑍𝐿 (𝜉2, 𝜁) = 〈𝑊 |
(
𝐸 + 𝜉2𝐷 + 𝜁 𝐴

)𝐿
|𝑉〉,

which plays the role of a partition function with fugacities 𝜉2, 𝜁 for type 0 and 1 particles
respectively. Then

(3.3.15)
𝜌0 =

1
𝐿

𝜕

𝜕𝜁
ln 𝑍𝐿 (𝜉2, 𝜁)

��
𝜉2=𝜁=1,

𝜌1 =
1
𝐿

𝜕

𝜕𝜉2 ln 𝑍𝐿 (𝜉2, 𝜁)
��
𝜉2=𝜁=1.

In order to compute the partition function defined in equation (3.3.14), it will be convenient to
rewrite it as

(3.3.16) 𝑍𝐿 (𝜉2, 𝜁) =
(

𝜉

1 − 𝑞

)𝐿
× 〈𝑊 |

(
𝜉−1 + 𝜉 + ē + d̄ + (1 − 𝑞)𝜁 𝐴

)𝐿
|𝑉〉,

with
ē = 𝜉−1e, d̄ = 𝜉d, 𝜁 = 𝜁𝜉−1.

The rescaled generators ē, d̄ satisfy the same 𝑞-oscillator algebra (equation (3.3.6)). Defining
also

𝑎̄ = 𝜉−1𝑎, 𝑐 = 𝜉−1𝑐, 𝑏̄ = 𝜉𝑏, 𝑑 = 𝜉𝑑,

the boundary relations for the rescaled generators are obtained by putting bars over the boundary
parameters 𝑎, 𝑏, 𝑐, 𝑑 in equation (3.3.7). Thus, given a representation of the original algebra,
we obtain a representation of the scaled algebra, simply by replacing the boundary parameters
by their barred versions.
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3.4 Representation of the algebra and the partition function
For the representation of the algebra we use exactly that from [211], but with parameters
specialized differently. We then review how this is used to find an integral form for the partition
function.

3.4.1 Continuous big 𝑞-Hermite polynomials
To give the representation of the algebra, we must first introduce certain notation from the
‘𝑞-calculus’ [105, 138]. The 𝑞-shifted factorial is given by

(𝑎1, . . . , 𝑎𝑠; 𝑞)𝑛 =
𝑠∏

𝑟=1
(𝑎𝑟 ; 𝑞)𝑛,

where

(𝑎; 𝑞)𝑛 =
𝑛−1∏
𝑘=0

(1 − 𝑎𝑞𝑘 ) = (1 − 𝑎) (1 − 𝑎𝑞) · · · (1 − 𝑎𝑞𝑛−1),

valid also for 𝑛 → ∞ when 𝑞 < 1. The basic hypergeometric series is given by

𝑟𝜙𝑠

[
𝑎1, . . . , 𝑎𝑟
𝑏1, . . . , 𝑏𝑠

�����𝑞, 𝑧
]
=

∞∑︁
𝑘=0

(𝑎1, . . . , 𝑎𝑟 ; 𝑞)𝑘
(𝑞, 𝑏1, . . . , 𝑏𝑠; 𝑞)𝑘

(
(−1)𝑘𝑞(𝑘2)

)1+𝑠−𝑟
𝑧𝑘 .

Following [211], we define

𝐹𝑛 (𝑢, 𝑣;𝜆) =
𝑛∑︁

𝑘=0

(𝑞; 𝑞)𝑛
(𝑞; 𝑞)𝑘 (𝑞; 𝑞)𝑛−𝑘 (𝜆𝑢; 𝑞)𝑘𝑣𝑘𝑢𝑛−𝑘 ,

which satisfies the recurrence relation

𝐹𝑛+1(𝑢, 𝑣;𝜆) + 𝜆𝑢𝑣𝑞𝑛𝐹𝑛 (𝑢, 𝑣;𝜆)+(1 − 𝑞𝑛)𝑢𝑣𝐹𝑛−1(𝑢, 𝑣;𝜆) = (𝑢 + 𝑣)𝐹𝑛 (𝑢, 𝑣;𝜆),

with 𝐹−1 = 0 and 𝐹0 = 1. Specialization of the parameters 𝑢, 𝑣 gives the continuous big
𝑞-Hermite polynomial [138],

𝐻𝑛 (cos 𝜃;𝜆 |𝑞) = 𝐹𝑛 (ei𝜃 , e−i𝜃;𝜆).

For 𝜆 real and |𝜆 | < 1, 𝐻𝑛 (cos 𝜃;𝜆 |𝑞) satisfies the orthogonality relation

(3.4.1)
∫ 𝜋

0

d𝜃
2𝜋

𝑤(cos 𝜃;𝜆) 𝐻𝑚 (cos 𝜃;𝜆 |𝑞) 𝐻𝑛 (cos 𝜃;𝜆 |𝑞) = (𝑞; 𝑞)𝑛𝛿𝑚𝑛,

with

(3.4.2) 𝑤(cos 𝜃;𝜆) = 𝑤(ei𝜃 , e−i𝜃;𝜆) = (𝑞, e2i𝜃 , e−2i𝜃; 𝑞)∞
(𝜆ei𝜃 , 𝜆e−i𝜃; 𝑞)∞

.



50 3. Left-permeable asymmetric simple exclusion process

Alternatively, we can write equation (3.4.1) as the contour integral

(3.4.3)
∮

d𝑧
4𝜋i𝑧

𝑤(𝑧, 𝑧−1;𝜆) 𝐻𝑚

(
𝑧 + 𝑧−1

2
;𝜆 |𝑞

)
𝐻𝑛

(
𝑧 + 𝑧−1

2
;𝜆 |𝑞

)
= (𝑞; 𝑞)𝑛𝛿𝑚𝑛,

where the contour of integration is the unit circle. The orthogonality condition for 𝜆 > 1 is
obtained from equation (3.4.3) by deforming the contour of integration: such that the origin
and all poles at 𝜆𝑞𝑘 are included, and all poles at 𝜆−1𝑞−𝑘 are excluded, with 𝑘 = 0, 1, 2, . . ..

We will need the 𝑞-Mehler-type sum formula given in [211] (see also [46]) for |𝜏𝑢 |, |𝜏𝑣 | < 1:

(3.4.4)
∞∑︁
𝑛=0

𝜏𝑛

(𝑞; 𝑞)𝑛𝐻𝑛 (cos 𝜃;𝜆 |𝑞) 𝐹𝑛 (𝑢, 𝑣; 0) = 𝛩(cos 𝜃; 𝜏𝑢, 𝜏𝑣 |𝜆),

where

(3.4.5)
𝛩(cos 𝜃; 𝑢, 𝑣 |𝜆) ≡ 𝛩(ei𝜃 , e−i𝜃; 𝑢, 𝑣 |𝜆)

=
(𝜆𝑢, 𝜆𝑣; 𝑞)∞

(𝑢ei𝜃 , 𝑢e−i𝜃 , 𝑣ei𝜃 , 𝑣e−i𝜃; 𝑞)∞ 2𝜙2

[
𝜆ei𝜃 , 𝜆e−i𝜃

𝜆𝑢, 𝜆𝑣

�����𝑞, 𝑢𝑣
]
.

For the model we consider, we will need to take 𝑢 = 0 (or equivalently 𝑣 = 0), and can do this
by taking the limit 𝑢 → 0. For convenience, we will write

𝐹𝑛 (0, 𝑣;𝜆) = lim
𝑢→0

𝐹𝑛 (𝑢, 𝑣;𝜆) = 𝑣𝑛, and

2𝜙2

[
𝜆ei𝜃 , 𝜆e−i𝜃

0, 𝜆𝑣

�����𝑞, 0
]
= lim

𝑢→0
2𝜙2

[
𝜆ei𝜃 , 𝜆e−i𝜃

𝜆𝑢, 𝜆𝑣

�����𝑞, 𝑢𝑣
]
= 1.

Note also that if |𝜏𝑢 | > 1 or |𝜏𝑣 | > 1, the sum in equation (3.4.4) is divergent as, for example,
if |𝑢 | > |𝑣 |, 𝐹𝑛 (𝑢, 𝑣; 0) ∼ 𝑢𝑛 for large 𝑛.

3.4.2 Representation

The 𝑞-oscillator algebra (equation (3.3.6)) has a Fock space representation

(3.4.6)

d =

∞∑︁
𝑛=1

√︁
1 − 𝑞𝑛 |𝑛 − 1〉〈𝑛|,

e =

∞∑︁
𝑛=0

√︃
1 − 𝑞𝑛+1 |𝑛 + 1〉〈𝑛|,

and therefore

𝐴 =
𝜆

1 − 𝑞

∞∑︁
𝑛=0

𝑞𝑛 |𝑛〉〈𝑛|.
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Writing the boundary vectors as

(3.4.7) 〈𝑊 | =
∞∑︁
𝑛=0

𝑤𝑛〈𝑛|, |𝑉〉 =
∞∑︁
𝑛=0

𝑣𝑛 |𝑛〉,

then from the boundary relations (equation (3.3.7)), the coefficients must satisfy√︁
(𝑞; 𝑞)𝑛+1 𝑤𝑛+1 − (𝑎 + 𝑐)

√︁
(𝑞; 𝑞)𝑛 𝑤𝑛 + 𝑎𝑐(1 − 𝑞𝑛)

√︁
(𝑞; 𝑞)𝑛−1 𝑤𝑛−1 = 0,√︁

(𝑞; 𝑞)𝑛+1 𝑣𝑛+1 − (𝑏 + 𝑑)
√︁
(𝑞; 𝑞)𝑛 𝑣𝑛 + 𝑏𝑑 (1 − 𝑞𝑛)

√︁
(𝑞; 𝑞)𝑛−1 𝑣𝑛−1 = 0.

These recurrences are solved by taking

(3.4.8) 𝑤𝑛 =
𝐹𝑛 (𝑎, 𝑐; 0)√︁

(𝑞; 𝑞)𝑛
, 𝑣𝑛 =

𝐹𝑛 (𝑏, 𝑑; 0)√︁
(𝑞; 𝑞)𝑛

.

Note that as we have 𝑎 = 0, 𝑤𝑛 has the simpler form

𝑤𝑛 =
𝑐𝑛√︁

(𝑞; 𝑞)𝑛
.

With Eqs. (3.4.6), (3.4.7) and (3.4.8), we have a representation of the algebra in Eqs. (3.3.6)
and (3.3.7).

In order to compute the partition function 𝑍 (𝜉2, 𝜁), we start from the form equation (3.3.16).
The trick is to find a solution of the eigenvalue equation

(ē + d̄ + (1 − 𝑞)𝜁 𝐴) |ℎ(cos 𝜃)〉 = 2 cos 𝜃 |ℎ(cos 𝜃)〉.(3.4.9)

Using the representation in equation (3.4.6) (which also gives a representation of the barred
algebra), we find

|ℎ(cos 𝜃)〉 =
∞∑︁
𝑛=0

𝐻𝑛 (cos 𝜃;𝜆𝜁𝜉−1 |𝑞)√︁
(𝑞; 𝑞)𝑛

|𝑛〉.

As (ē+ d̄+ (1−𝑞)𝜁 𝐴) is a symmetric matrix, it has the transpose 〈〈ℎ cos 𝜃 | as a right eigenvector
with the same eigenvalue. From the orthogonality condition (equation (3.4.1)), we then obtain

(3.4.10)
∫ 𝜋

0

d𝜃
2𝜋

𝑤(cos 𝜃;𝜆𝜁𝜉−1) |ℎ(cos 𝜃)〉〈ℎ(cos 𝜃) | = 1,

for |𝜆𝜁𝜉−1 | < 1. For the case |𝜆𝜁𝜉−1 | > 1, we use the contour integral form of the orthogonality
condition, with the contour deformed as described below (equation (3.4.3)).

3.4.3 Partition function
Following [211, 212], we write the partition function in integral form. Starting from the
partition function as given in equation (3.3.16), use equation (3.4.10) to insert the identity, then
the eigenvalue equation equation (3.4.9), then finally the sum formula equation (3.4.4). This
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gives the integral form

(3.4.11)

𝑍𝐿 (𝜉2, 𝜁) =
∫ 𝜋

0

d𝜃
2𝜋

[
𝑤(cos 𝜃;𝜆𝜁𝜉−1)𝛩(cos 𝜃; 0, 𝜉−1𝑐 |𝜆𝜁𝜉−1)

×𝛩(cos 𝜃; 𝜉𝑏, 𝜉𝑑 |𝜆𝜁𝜉−1)
(
1 + 𝜉2 + 2𝜉 cos 𝜃

1 − 𝑞

)𝐿 ]
.

We have used the boundary vectors of the ‘barred’ algebra to obtain this expression. The
form equation (3.4.11) is valid for |𝜁𝜉−1𝜆 |, |𝜉𝑏 |, |𝜉−1𝑐 |, |𝜉𝑑 | < 1. Recall also that for the
left-permeable model we have 𝑎 = 0.

In fact, in our model |𝑐 |, |𝑑 | < 1, and we can take 𝜁 , 𝜉 arbitrarily close to 1. Thus we need
only be concerned with the cases where 𝜆 > 1 or 𝑏 > 1. For these cases, we write the partition
function in equation (3.4.11) by changing to the variable 𝑧 = 𝑒i𝜃 as

(3.4.12)

𝑍𝐿 (𝜉2, 𝜁) =
∮

d𝑧
4𝜋i𝑧

[
𝑤(𝑧, 𝑧−1;𝜆𝜁𝜉−1)𝛩(𝑧, 𝑧−1; 0, 𝜉−1𝑐 |𝜆𝜁𝜉−1)

×𝛩(𝑧, 𝑧−1; 𝜉𝑏, 𝜉𝑑 |𝜆𝜁𝜉−1)
( (1 + 𝜉𝑧) (1 + 𝜉𝑧−1)

1 − 𝑞

)𝐿 ]
,

where for the contour of integration we take the unit circle deformed to include all poles at
𝑧 = 𝜆𝜁𝜉−1𝑞𝑘 , 𝑧 = 𝜉𝑏𝑞𝑘 , and exclude all poles at 𝑧 = 1/(𝜆𝜁𝜉−1𝑞𝑘 ), 𝑧 = 1/(𝜉𝑏𝑞𝑘 ), with
𝑘 = 0, 1, 2, . . ..

The deformation to include or exclude the 𝜆 poles follows from the orthogonality condition
(equation (3.4.3)). The case with 𝑏 > 1 is less straightforward. With 𝑏 > 1, the product
〈ℎ(cos 𝜃) |𝑉〉, which appears when we compute the partition function, is in fact a divergent
sum. A representation without this problem is known for the single species ASEP [212], but
not in the multispecies case. However, the deformation of the contour for the 𝑏 > 1 case can
be justified as the analytic continuation of the partition function [79, 4].

3.5 Stationary properties in the thermodynamic limit
For finite sizes, the integral form of the partition function 𝑍𝐿 (𝜉2, 𝜁) is difficult to work with.
However, it is possible to extract its asymptotic behaviour when 𝐿 is large, allowing the
computation of stationary currents and densities.

3.5.1 Phase diagram
To find the phase diagram of the model, we need to find an asymptotic form of the partition
function. And the key to the asymptotics of the partition function are the poles due to 𝜆,
𝑏 in the integral form. For 𝜆, 𝑏 < 1, the asymptotic form can be obtained from the form
equation (3.4.11) following the method in [187], or by a saddle-point analysis of the complex
integral (equation (3.4.12)) [4]. For 𝜆 > 1 (or similarly 𝑏 > 1) we must subtract the contribution
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of the poles at 𝑧 = 1/(𝜆𝜁𝜉−1𝑞𝑘 ) from this result, and add the contribution of the poles at
𝑧 = 𝜆𝜁𝜉−1𝑞𝑘 (see [40] for a detailed explanation). The contribution from the poles with 𝑘 = 0
give the dominant asymptotic behaviour.

From the asymptotic form of the partition function we can compute the species 1 current through
equation (3.3.12), and the averaged densities of species 0 and 1 through equation (3.3.15). We
find three phases, as in the model with semipermeable boundaries (see Figure A.3), which we
name according to the behaviour of the species 1.

• Maximum current phase (MC): For 𝜆 < 1 and 𝑏 < 1, the asymptotic form of the partition
function is

𝑍𝐿 (𝜉2, 𝜁) ' (𝑞; 𝑞)3∞(𝜁𝜆𝑏, 𝜁𝜉−2𝜆𝑐, 𝜁𝜆𝑑; 𝑞)∞
(𝜁𝜉−1𝜆, 𝜉𝑏, 𝜉−1𝑐, 𝜉𝑑; 𝑞)2∞

2𝜙2

[
𝜁𝜉−1𝜆, 𝜁𝜉−1𝜆

𝜁𝜆𝑏, 𝜁𝜆𝑑

�����𝑞, 𝜉2𝑏𝑑

]
× [(1 + 𝜉) (1 + 𝜉−1)]3/2

2
√
𝜋𝐿3/2

[ (1 + 𝜉)2

1 − 𝑞

] 𝐿
.

From this we obtain the currents and average densities

𝐽1 =
1 − 𝑞

4
, 𝜌0 = O(1/𝐿), 𝜌1 =

1
2
.

The complete leading order term of the density 𝜌0 can be computed through equa-
tion (3.3.15), but we have not found a simple expression for it.

• Low density phase (LD): For 𝜆 > 1, 𝜆 > 𝑏, the leading term comes from adding
(subtracting) the contribution of the pole at 𝑧 = 𝜁𝜉−1𝜆 (𝑧 = 1/(𝜁𝜉−1𝜆)), and gives

𝑍𝐿 (𝜉2, 𝜁) ' (𝜁−2𝜉2𝜆−2; 𝑞)∞
(𝜁−1𝜉2𝑏/𝜆, 𝜁−1𝑐/𝜆, 𝜁−1𝜉2𝑑/𝜆; 𝑞)∞

( (1 + 𝜁𝜆) (1 + 𝜁−1𝜉2𝜆−1)
1 − 𝑞

)𝐿
.

From this we obtain

𝐽1 =
(1 − 𝑞)𝜆
(1 + 𝜆)2 , 𝜌0 =

𝜆 − 1
1 + 𝜆

, 𝜌1 =
1

1 + 𝜆
.

• High density phase (HD): For 𝑏 > 1, 𝑏 > 𝜆, the leading term comes from adding
(subtracting) the contribution of the pole at 𝑧 = 𝜉𝑏 (𝑧 = 1/(𝜉𝑏)), and gives

𝑍𝐿 (𝜉2, 𝜁) ' (𝜁𝜉−2𝜆𝑐, 𝜁𝜆𝑑, 𝜉−2𝑏−2; 𝑞)∞
(𝜁𝜉−2𝜆/𝑏, 𝑏𝑐, 𝜉−2𝑐/𝑏, 𝜉2𝑏𝑑, 𝑑/𝑏; 𝑞)∞ 1𝜙1

[
𝜁𝜉−2𝜆/𝑏
𝜁𝜆𝑑

�����𝑞, 𝜉2𝑏𝑑

]
×

( (1 + 𝜉2𝑏) (1 + 𝑏−1)
1 − 𝑞

)𝐿
.
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From this we obtain

𝐽1 =
(1 − 𝑞)𝑏
(1 + 𝑏)2 , 𝜌0 = O(1/𝐿), 𝜌1 =

𝑏

1 + 𝑏
.

Again, we have not found a simple expression for the density 𝜌0.

Figure 3.1: Phase diagram for lattice average current and density with 𝜆 = 𝛾/𝛼.

The phase diagram is shown in Figure 3.1. Simulation results showing typical density profiles
for each of the phases are shown in Figure 3.2. The sub-phases identified in those figures will
be discussed in Section 3.5.2. In each phase, the current can be expressed in the mean-field
form, 𝐽1 = (1 − 𝑞)𝜌1(1 − 𝜌1). This is not obvious from the definition of the model because
although 1’s cannot distinguish between 0’s and 1’s in the bulk or at the left boundary, they can
be distinguished at the right boundary.

As in the ASEP, there is a first order phase transition along the coexistence line (CL): that is, the
line 𝜆 = 𝑏 > 1 separating the high and low density phases. On this line, high and low density
domains coexist on the lattice. The left boundary attempts to impose a region characteristic
of the low density phase, while the right boundary attempts to impose a region as in the high
density phase. These two domains are separated by a moving shock, or domain wall [143, 172].
The linear profiles shown in Figure 3.3(a) are characteristic of this situation when the position
of the shock is averaged across the lattice. In Figure 3.3(b), we show an instantaneous density
profile in this phase, with the shock captured at around 0.6𝐿. Figure 3.3(b) was obtained by
taking a very large lattice length (𝐿 = 2500), then computing a coarse-grained spatial density
by averaging over windows of 50 sites.
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Figure 3.2: (Color online) Density profiles in the HD, LD and MC phases. Plots show
densities of species 1 (red dotted line), 0 (green dashed line) and 1 (blue solid line) versus
normalized site position 𝑥 = 𝑖/𝐿 for 𝐿 = 500 in (a) sub-phase HD1 for 𝜆 = 1.75, 𝑏 = 3.91,
and 𝑑 = −0.66 (𝛼 = 0.32, 𝛾 = 0.56, 𝛽 = 0.35, 𝛿 = 0.9, 𝑞 = 0.41), (b) sub-phase HD2 for
𝜆 = 0.20, 𝑏 = 3.91, and 𝑑 = −0.66 (𝛼 = 0.81, 𝛾 = 0.16, 𝛽 = 0.35, 𝛿 = 0.9, 𝑞 = 0.41), (c)
sub-phase LD1 for 𝜆 = 3.18, 𝑏 = 1.25, and 𝑑 = −0.59 (𝛼 = 0.22, 𝛾 = 0.7, 𝛽 = 0.64, 𝛿 =

0.47, 𝑞 = 0.41), (d) sub-phase LD2 for 𝜆 = 1.16, 𝑏 = 0.94, and 𝑑 = −0.68 (𝛼 = 0.5, 𝛾 =

0.58, 𝛽 = 0.95, 𝛿 = 0.61, 𝑞 = 0.41), (e) MC-phase for 𝜆 = 0.37, 𝑏 = 0.75, and 𝑑 = −0.59 (𝛼 =

0.62, 𝛾 = 0.23, 𝛽 = 0.83, 𝛿 = 0.37, 𝑞 = 0.41), and (f) MC-phase for 𝜆 = 0.91, 𝑏 = 0.26, and
𝑑 = −0.45 (𝛼 = 0.45, 𝛾 = 0.41, 𝛽 = 0.85, 𝛿 = 0.1, 𝑞 = 0.41). The sub-phases LD1, LD2, HD1
and HD2 will be described in Section 3.5.2.
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Figure 3.3: (Color online) Plots of (a) time-averaged densities for 𝐿 = 500 and (b) instantaneous
density profiles for 𝐿 = 2500, coarse-grained over 50 sites, on the coexistence line for 𝜆 = 𝑏 =

4.93 and 𝑑 = −0.59 (𝛼 = 0.15, 𝛾 = 0.74, 𝛽 = 0.28, 𝛿 = 0.89, 𝑞 = 0.41). Each plot shows
densities of species 1 (red dotted line), 0 (green dashed line) and 1 (blue solid line) versus
normalized site position 𝑥 = 𝑖/𝐿.

3.5.2 Boundary densities
The simulation results show that the per-site density differs from the value averaged across the
lattice. We can get some indication of this behaviour by computing the site densities

(3.5.1) 𝜌𝑘 (𝑖) = 1
𝑍𝐿

〈𝑊 |𝐶𝑖−1𝑋𝑘𝐶
𝐿−𝑖 |𝑉〉,

for species 𝑘 = 0, 1 at the first and last sites. We can use the boundary algebra relations
(equation (3.3.5)) to express the density at site 1 in terms of the current 𝐽1 (equation (3.3.12)).
We obtain

(3.5.2)
𝜌0(1) = −𝑐𝜆(1 − 𝑞) + 𝜆(1 + 𝑐)2𝐽1

(1 − 𝑞) (1 − 𝑐𝜆) ,

𝜌1(1) = 1 − 𝑞 − (1 + 𝜆) (1 + 𝑐)𝐽1
(1 − 𝑞) (1 − 𝑐𝜆) .

Taking the value of 𝐽1 for each phase gives the density at the left boundary (see Table 3.1). At
the right boundary we find

(3.5.3) 𝜌1(𝐿) = (1 + 𝑏) (1 + 𝑑)𝐽1 − (1 − 𝑞)𝑏𝑑
(1 − 𝑞) (1 − 𝑏𝑑) + 𝑏𝑑

1 − 𝑏𝑑
𝜌0(𝐿),

but the algebraic relations alone are not enough to give 𝜌0(𝐿). Instead we must return to the
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Figure 3.4: Division of the HD phase according to the scaling of 𝜌0(𝐿), as given in equa-
tion (3.5.6) – equation (3.5.8).

representation of the algebra. Again, we will use the trick of inserting the identity operator
(equation (3.4.10)), but now we take 𝜁 = 𝜉 = 1, and write

𝐼𝐿,𝑘 = 〈𝑊 |𝐶𝐿−𝑘𝐴𝑘 |𝑉〉 =
∫ 𝜋

0

d𝜃
2𝜋

𝑤(cos 𝜃;𝜆)〈𝑊 |𝐶𝐿−𝑘 |ℎ(cos 𝜃)〉〈ℎ(cos 𝜃) |𝐴𝑘 |𝑉〉,

which will allow us to compute the probability that the 𝑘 rightmost sites are occupied by particles
of species 0. Using the representation of the algebra, and the sum formula (equation (3.4.4)),
we find

〈ℎ(cos 𝜃) |𝐴𝑘 |𝑉〉 = 𝜆𝑘

(1 − 𝑞)𝑘
∞∑︁
𝑛=0

𝑞𝑘𝑛

(𝑞; 𝑞)𝑛𝐻𝑛 (cos 𝜃;𝜆 |𝑞)𝐹𝑛 (𝑏, 𝑑; 0)

=
𝜆𝑘

(1 − 𝑞)𝑘𝛩(cos 𝜃; 𝑞𝑘𝑏, 𝑞𝑘𝑑 |𝜆).

Thus we find that the integral expression for 𝐼𝐿,𝑘 is (up to an overall factor) simply that of the
partition function at length 𝐿 − 𝑘 with 𝑏 → 𝑞𝑘𝑏, 𝑑 → 𝑞𝑘𝑑. That is,

𝐼𝐿,𝑘 =
𝜆𝑘

(1 − 𝑞)𝑘 𝑍𝐿−𝑘

�����𝑏→𝑞𝑘𝑏

𝑑→𝑞𝑘𝑑

,

where 𝑍𝐿 = 𝑍𝐿 (𝜉2 = 1, 𝜁 = 1).
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Figure 3.5: Division of phases according to the difference between bulk and boundary densities
for a fixed value of 𝑑.

The asymptotic behaviour of 𝐼𝐿,𝑘 is the same as that for the partition function, except that
the phase boundaries now depend on 𝑞𝑘𝑏 instead of on 𝑏. We will write 𝑍LD

𝐿
, 𝑍HD

𝐿
, 𝑍MC

𝐿
, to

indicate the expression for the partition function in the low density, high density, or maximum
current phases respectively. Then we write 𝐼XX

𝐿,𝑘
for the corresponding value of 𝐼𝐿,𝑘 , but with

the phase boundaries determined by 𝑞𝑘𝑏.

Now, the probability of having the 𝑘 rightmost sites occupied by particles of type 0 is

(3.5.4) 𝑃
jam
0 (𝑘) = 𝑃(𝜏𝐿−𝑘+1 = . . . 𝜏𝐿 = 0) =

𝐼YY
𝐿,𝑘

𝑍XX
𝐿

.

Here XX, YY indicates the appropriate phase for each part of the expression: the XX phase
boundaries are determined by (𝜆, 𝑏), and the YY boundaries are determined by (𝜆, 𝑞𝑘𝑏). The
density 𝜌0(𝐿) is given by equation (3.5.4) with 𝑘 = 1. We compute 𝜌0(𝐿) for each possible
phase combination, indicating these by the shorthand XX(YY):

• MC(MC) phase, 𝜆, 𝑏 < 1:

(3.5.5) 𝜌0(𝐿) = 𝜆

4
(1 − 𝑏)2(1 − 𝑑)2

(1 − 𝜆𝑏) (1 − 𝜆𝑑)

(
𝐿

𝐿 − 1

)3/2
©­­­­­­«

2𝜙2

[
𝜆,𝜆

𝑞𝜆𝑏,𝑞𝜆𝑑

�����𝑞, 𝑞2𝑏𝑑

]
2𝜙2

[
𝜆,𝜆

𝜆𝑏,𝜆𝑑

�����𝑞, 𝑏𝑑
] ª®®®®®®¬

.



3.5. Stationary properties in the thermodynamic limit 59

Note that 𝜌0(𝐿) approaches a constant value for large 𝐿. Note also that for 𝑞, |𝑏𝑑 | � 1,
the 2𝜙2 series in this expression are close to 1, and we can approximate

𝜌0(𝐿) ' 𝜆

4
(1 − 𝑏)2(1 − 𝑑)2

(1 − 𝜆𝑏) (1 − 𝜆𝑑) .

• HD(MC) phase, 𝜆 < 1, 1 < 𝑏 < 𝑞−1:

(3.5.6) 𝜌0(𝐿) ∼ 1
(𝐿 − 1)3/2

(
4

(1 + 𝑏) (1 + 𝑏−1)

)𝐿
.

By ‘∼’ we mean the scaling behaviour with 𝐿. We do not write out the full expression,
only because we have not found a simple form for it.

• HD(HD) phase, 𝑏 > 𝑞−1, 𝑏 > 𝑞−1𝜆:

(3.5.7) 𝜌0(𝐿) ∼
( (1 + 𝑞𝑏) (1 + 𝑞−1𝑏−1)

(1 + 𝑏) (1 + 𝑏−1)

)𝐿
.

• HD(LD) phase, 𝜆 > 1, 𝜆 < 𝑏 < 𝑞−1𝜆:

(3.5.8) 𝜌0(𝐿) ∼
( (1 + 𝜆) (1 + 𝜆−1)
(1 + 𝑏) (1 + 𝑏−1)

)𝐿
.

• LD(LD) phase, 𝜆 > 1, 𝜆 > 𝑏:

(3.5.9) 𝜌0(𝐿) ' (𝜆 − 𝑏) (𝜆 − 𝑑)
(1 + 𝜆)2 .

Taking 𝜌0(𝐿) as the order parameter, the high density phase splits into sub-phases according
to the scaling behaviour. However across all these high density sub-phases, the density 𝜌0(𝐿)
scales as 𝑧𝐿 or 𝑧𝐿/𝐿3/2 with 𝑧 < 1. These sub-phases are depicted in Figure 3.4.

The maximum current and low density phases do not split into sub-phases, and the leading
order behaviour is constant in 𝐿. The expressions for 𝑃jam

0 (𝑘) in these phases are non-vanishing
(with 𝐿):

• MC(MC) phase, 𝜆, 𝑏 < 1:

𝑃
jam
0 (𝑘) =

(
𝜆

4

) 𝑘 (𝑏, 𝑑; 𝑞)2
𝑘

(𝜆𝑏, 𝜆𝑑; 𝑞)𝑘

(
𝐿

𝐿 − 𝑘

)3/2
©­­­­­­«

2𝜙2

[
𝜆,𝜆

𝑞𝑘𝜆𝑏,𝑞𝑘𝜆𝑑

�����𝑞, 𝑞2𝑘𝑏𝑑

]
2𝜙2

[
𝜆,𝜆

𝜆𝑏,𝜆𝑑

�����𝑞, 𝑏𝑑
] ª®®®®®®¬

.
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• LD(LD) phase, 𝜆 > 1, 𝜆 > 𝑏:

𝑃
jam
0 (𝑘) ' 𝜆𝑘 (𝜆−1𝑏, 𝜆−1𝑑; 𝑞)𝑘

(1 + 𝜆)2𝑘 .

Phase 𝜌0(1) − 𝜌0 𝜌1(1) − 𝜌1 𝜌0(𝐿) − 𝜌0 𝜌1(𝐿) − 𝜌1

MC (𝜆, 𝑏 < 1) (1−𝑐)2
4(1−𝑐𝜆)

(1−𝑐) (1−𝜆)
4(1−𝑐𝜆) 𝜌0(𝐿) − (1−𝑏) (1−𝑑)

4(1−𝑏𝑑) + 𝑏𝑑
1−𝑏𝑑 𝜌0(𝐿)

LD (𝜆 > 1, 𝜆 > 𝑏) 1−𝑐𝜆
(1+𝜆)2 0 − 𝑏(𝜆−𝑑)−(1−𝑑𝜆)

(1+𝜆)2
𝑏(𝜆−𝑑)−(1−𝑑𝜆)

(1+𝜆)2

HD (𝑏 > 1, 𝑏 > 𝜆) (𝑏−𝑐) (1−𝑏𝑐)𝜆
(1+𝑏)2 (1−𝑐𝜆)

(𝑏−𝑐) (1−𝑏𝜆)
(1+𝑏)2 (1−𝑐𝜆) 0 0

Table 3.1: Difference between boundary density and average bulk density in each phase. The
value 𝜌0(𝐿) in the MC phase is given in equation (3.5.5). Recall that −1 < 𝑐, 𝑑 ≤ 0 in all
phases.

It might seem surprising at first glance to find that in the MC phase, species 0 has a fixed
finite density at the right boundary for large 𝐿, even as the bulk density vanishes as 1/𝐿 (see
equation (3.5.5)). However, this can be understood from the mean field-like behaviour of the
system. There are only isolated 0’s in the bulk, which perform independent asymmetric random
walks with forward hopping rate 𝜌1 + 𝑞𝜌1 and reverse hopping rate 𝜌1 + 𝑞𝜌1. In the bulk, these
are equal, but on the right boundary, 𝜌1 > 𝜌1, which causes a drift towards the right leading to
a buildup of 0’s. The insets in Fig.3.2(e), 3.2(f) show close-ups of such density profiles. The
simulation results and analytically calculated values are in good agreement.

In Table 3.1 we give the densities of species 0 and 1 at the first and last sites. We present these
as the difference from the bulk density, i.e. 𝜌 𝑗 (𝑖) − 𝜌 𝑗 . Of note is that this density difference
can change signs for both species at the right boundary in the LD phase, and for species 1 at
the left boundary in the HD phase. We identify the following subphases:

• HD1, 𝑏 > 𝜆−1, 𝑏 > 𝜆: Here 𝜌1(1) < 𝜌1. A typical profile is shown in Figure 3.2(a).

• HD2, 1 < 𝑏 < 𝜆−1: Here 𝜌1(1) > 𝜌1. A typical profile is shown in Figure 3.2(b).

• LD1, 1−𝑑𝜆
𝜆−𝑑 < 𝑏 < 𝜆: Here 𝜌0(𝐿) < 𝜌0 and 𝜌1(𝐿) > 𝜌1. A typical profile is shown in

Figure 3.2(c).

• LD2, 𝜆 > 1, 𝑏 < 1−𝑑𝜆
𝜆−𝑑 : Here 𝜌0(𝐿) > 𝜌0 and 𝜌1(𝐿) < 𝜌1. A typical profile is shown in

Figure 3.2(d).

These subdivisions are depicted in Figure 3.5.

Beyond the density difference at the boundary, it would be interesting to calculate the correlation
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lengths, that is the form of the decay to the bulk density values. For the single species ASEP,
this has been studied through a variety of different approaches [145, 78, 193, 79, 90, 187, 143].

We also note that the phase diagrams in Fig.3.4 and 3.5 resemble those that have appeared in
other contexts in connection with the single species ASEP. The subdivisions of the high density
phase in Figure 3.4 (related to the scaling of the density 𝜌0(𝐿)) appear in the phase diagram for
the correlation lengths of the ASEP [187]. And the subdivisions in Figure 3.5 are similar (but
not identical) to the parameter constraints for which there are finite dimensional representations
of the matrix product algebra [157]. It would be interesting to know if any deeper connection
exists in these cases.

1/(1+𝑏)

𝑏/(1+𝑏)

1

10𝜌

0 1
0

1

𝑥

Figure 3.6: Shock picture for the LPASEP on the coexistence line 𝑏 = 𝜆 > 1. At each
normalized position 𝑥 = 𝑖/𝐿, the height of a region equals bulk density of the species which
the region is labelled with.

3.6 Shock picture
The coarse features of the density profiles in the steady state in all phases can be explained by
a shock picture, just as for the semipermeable ASEP [22] (also see Appendix A), which we
now explain. In the absence of correlations (which we expect in the thermodynamic limit), the
current of 1’s is given by 𝐽1 = (1− 𝑞)𝜌1(1− 𝜌1), whereas that of 1’s is 𝐽1 = (1− 𝑞)𝜌1(1− 𝜌1)
in the opposite direction. Equating these two, we find two solutions:

(3.6.1) either 𝜌1 = 𝜌1 and 𝜌0 = 1 − 2𝜌1, or 𝜌1 = 1 − 𝜌1 and 𝜌0 = 0.

We therefore expect to find this property at all normalized site positions 𝑥 = 𝑖/𝐿 in the
thermodynamic limit.

In the LPASEP, a shock is formed between particles of species 0 and species 1, and particles
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of species 1 act as spectators. This is easiest to explain on the 𝟙 − 𝟘 boundary and is shown in
Figure 3.6. Particles of species 0 and species 1 have discontinuous densities across the shock.
The shock has zero drift and performs a symmetric random walk within the system, leading to
linear density profiles for 0 and 1.

In HD phase, the shock has negative drift and gets pinned to the left of the system. Therefore,
the 0’s have zero density in the system leading to a high density of 1’s in the system. This
phenomenon is known as dynamical expulsion [21], where the boundary parameters cause a
species to be absent in the bulk of the system only in certain phases. In LD phase, the shock
has positive drift and gets pinned to the right of the system. In that case, the densities of 1’s
and 1’s become equal and constant and the density of 0’s is non-zero. In MC phase, the height
of the shock becomes zero and 0’s are again dynamically expelled from the system. Here, the
density of 1’s and 1’s become 1/2, leading to the maximum possible current.



Chapter 4

The exact phase diagram of a multispecies
left-permeable asymmetric exclusion
process

4.1 Introduction

In the present chapter, we derive the exact phase diagram for a model with arbitrary number of
species generalizing the LPASEP. By analogy with the mASEP, we call the model the mLPASEP.
We use exact colourings of the mLPASEP to the LPASEP to determine the multidimensional
phase diagram. We also give physical explanations for the currents and densities in each phase
by appealing to the shock picture. We observe the phenomenon of dynamical expulsion here
too just as in the mASEP [21]. There are two kinds of colourings depending on the parity of
the number of species. We focus on the technically easier case of the odd mLPASEP for the
most part. The differences for the even mLPASEP are highlighted in Section 4.5.

The plan of the chapter is as follows. We define the models in Section 4.2. Since the
understanding of the phase diagram of the odd mLPASEP depends crucially on the LPASEP
studied in Chapter 3. In Section 4.3, we discuss the colouring approach and derive the exact
phase diagram of the odd mLPASEP in the thermodynamic limit. We also give formulas
for the currents and densities in all phases. To illustrate the ideas, we explain the three
dimensional phase diagram of the odd mLPASEP with 5 species in Section 4.3.3. We also
perform simulations of the NESS for this case in Figure 4.2. We explain the coarse features
of the density profiles in Section 4.4 by appealing to the generalized shock picture. Here, we
simulate the shocks on certain phase boundaries in Figure 4.5 and study the spatiotemporal
evolution of the shock in Figure 4.6 for the odd mLPASEP with 5 species. Finally, we discuss
the even mLPASEP in Section 4.5.

63
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4.2 Model definitions
The multispecies left-permeable ASEP or mLPASEP is a variant of the ASEP where there are
several different types or species of particles. Each site of the lattice is occupied by exactly one
particle of a certain species. In our convention, the vacancies too are considered as a species
of particles. The model with odd (resp. even) number of species is referred to as the odd
mLPASEP (resp. even mLPASEP). We now give the precise definitions of the models.

4.2.1 The odd mLPASEP: mLPASEP with (2𝑟 + 1)-species

Each species in the odd mLPASEP is labelled by an element of LLL :=
{
𝑟, . . . , 1, 0, 1, . . . , 𝑟

}
.

The barred labels should be regarded as negative integers with the natural order relation :
𝑟 < · · · < 0 < · · · < 𝑟. The dynamics is as follows. In the bulk, the rules for exchange of
particles 𝑖 and 𝑗 (𝑖, 𝑗 ∈ LLL) between two neighbouring sites are given by

(4.2.1) 𝑖 𝑗 → 𝑗𝑖 with rate

{
1 if 𝑖 > 𝑗 ,

𝑞 if 𝑖 < 𝑗 ,

where we impose 𝑞 < 1. At the left boundary, either of the two type of transitions are
permissible: (i) a species can replace a smaller species, or (ii) a species whose label is
nonnegative can replace a higher order species. These transitions and corresponding rates are
summarized as

(4.2.2) 𝑖 → 𝑗 with rate

{
𝛼 𝑗 if 𝑟 ≤ 𝑖 < 𝑗 ,

𝛾 𝑗 if 𝑖 > 𝑗 ≥ 0.

The rates 𝛼𝑖 are independent positive parameters, whereas the 𝛾𝑖’s are defined in terms of
the 𝛼𝑖’s and 𝑞. To write the relation concisely, we define the quantities 𝜃𝑘 =

∑𝑟
𝑖=𝑘 𝛼𝑖, and

𝜙𝑘 =
∑𝑘−1

𝑖=𝑘−1 𝛼𝑖 for 𝑘 ∈ [𝑟]. Then

(4.2.3) 𝛾𝑘 =


𝜙1 (𝜙1 + 𝜃1 − 1 + 𝑞)

𝜙1 + 𝜃1
if 𝑘 = 0,

𝛼𝑘 + 𝛼
𝑘
− (1 − 𝑞) (

𝛼𝑘𝜙𝑘 + 𝛼𝑘𝜃𝑘 + 𝛼
𝑘
𝜃𝑘

)
(𝜃𝑘 + 𝜙𝑘 ) (𝜃𝑘+1 + 𝜙𝑘+1) if 𝑘 > 0.

In order that 𝛾𝑘 ’s are positive, we impose the restriction 𝜃0 > 1−𝑞. This specific choice of 𝛾𝑘 ’s
allows us to map mLPASEP onto LPASEP by colouring as explained later in Section 4.3. At
the right boundary, an unbarred species 𝑖 can replace or be replaced by its barred counterpart
with the following rates

(4.2.4)

{
𝑖 → 𝑖 with rate 𝛽,

𝑖 → 𝑖 with rate 𝛿,

where 𝛽 and 𝛿 are positive parameters. Thus, species 0 can neither enter nor exit from the right
boundary.
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4.2.2 The even mLPASEP: mLPASEP with (2𝑟)-species

The label set for all species in even mLPASEP is LLL0 ≡ LLL \ {0}. The bulk and right boundary
transitions given by (4.2.1) and (4.2.4) are unaltered. The left boundary transitions resemble
those in the odd mLPASEP, except that species 1 can also replace a higher species. More
precisely,

(4.2.5) 𝑖 → 𝑗 with rate


𝛼 𝑗 if 𝑟 ≤ 𝑖 < 𝑗 ,

𝛾′
𝑗

if 𝑖 > 𝑗 ≥ 1,
𝛾′0 if 𝑖 > 𝑗 = 1.

As before, the rates 𝛼𝑖 are independent positive parameters and the 𝛾′
𝑖
’s are defined in terms of

the 𝛼𝑖’s and 𝑞. Define 𝜃𝑘 ’s as for the odd mLPASEP and 𝜙′
𝑘
=
∑𝑘−1

𝑖=1 (𝛼𝑖 + 𝛼𝑖) for 2 ≤ 𝑘 ≤ 𝑟.
Then

(4.2.6) 𝛾′𝑘 =


𝜙′1(𝜙′1 + 𝜃1 − 1 + 𝑞)

𝜙′1 + 𝜃1
− 𝛾′0 if 𝑘 = 1,

𝛼𝑘 + 𝛼
𝑘
− (1 − 𝑞) (

𝛼𝑘𝜙
′
𝑘
+ 𝛼𝑘𝜃𝑘 + 𝛼

𝑘
𝜃𝑘

)
(𝜃𝑘 + 𝜙′

𝑘
) (𝜃𝑘+1 + 𝜙′

𝑘+1)
if 𝑘 > 1,

where the rates are chosen so that 𝜙′1+𝜃1 > 1−𝑞 and 𝛾′0 < 𝜙′1(𝜙′1+𝜃1−1+𝑞)/(𝜙′1+𝜃1). Again,
the way in which 𝛾′

𝑘
’s are defined above is crucial to the application of colouring technique.

As mentioned above, we will focus on the odd mLPASEP throughout the article. The treatment
of the even mLPASEP follows very similar lines and we relegate that discussion to Section 4.5.

4.3 Exact Phase diagram for odd mLPASEP

To derive the phase diagram, we will construct a series of exact projections from the odd
mLPASEP to the LPASEP. This strategy was successfully used to derive the exact phase
diagram for the mASEP [21]. The projection is called the 𝑘-colouring and is explained below.
We will use it to calculate densities and currents for all species of particles in all phases. Then
these results are illustrated by considering the case 𝑟 = 2. The idea of colouring is that some
species of particles will be indistinguishable and the dynamics will be the same as that of an
odd mLPASEP with fewer number of species. We emphasize that the colouring is exact in the
sense that the projection respects the dynamics both in the bulk and on the boundaries.

To be precise, we fix 𝑘 between 1 and 𝑟 . We then identify species 𝑟, . . . , 𝑘, as a new species
which we label 1𝑘 . Similarly, species 𝑘, . . . , 𝑟, are identified as 1𝑘 , and species 𝑘 − 1, . . . , 𝑘−1,
are called 0𝑘 . Each 𝑘-colouring maps odd mLPASEP onto the LPASEP with the boundary
rates given by:



66 4. The exact phase diagram of mLPASEP

Left:


1𝑘 , 0𝑘 → 1𝑘 with rate 𝜃𝑘 ,

1𝑘 → 0𝑘 with rate 𝜙𝑘 ,

1𝑘 → 0𝑘 with rate 𝜁𝑘 ,

Right:

{
1𝑘 → 1𝑘 with rate 𝛽,

1𝑘 → 1𝑘 with rate 𝛿,

where 𝜁𝑘 =
∑𝑘−1

𝑖=0 𝛾𝑖. It can be easily checked using the definition of 𝛾𝑖’s that 𝜁𝑘 = 𝜙𝑘 (𝜃𝑘 +𝜙𝑘 −
1 + 𝑞)/(𝜃𝑘 + 𝜙𝑘 ). The left boundary parameter 𝜆𝑘 = 𝜃𝑘/𝜙𝑘 and the right boundary parameter
𝑏 = 𝜅𝛽,𝛿 (which is independent of 𝑘), where

(4.3.1) 𝜅𝑢,𝑣 :=
1 − 𝑞 − 𝑢 + 𝑣 +

√︁
(1 − 𝑞 − 𝑢 + 𝑣)2 + 4𝑢𝑣
2𝑢

,

determine part of the phase diagram of the odd mLPASEP. Since there are such 𝑟 possible
colourings, the overall phase diagram of the generalized model depends on the following 𝑟 + 1
parameters: 𝜆1, . . . , 𝜆𝑟 and 𝑏. Note that 𝜆1 < · · · < 𝜆𝑟 by definition.

𝑏 = 𝜆𝑟 · · · 𝑏 = 𝜆 𝑗+1

𝑏 = 𝜆 𝑗

𝑏 = 𝜆2

𝑏 = 𝜆1

...

𝕣 · · · 𝕛 · · · 𝟙 𝟘

𝟙

. . .

𝕛· · ·𝕣

0
𝜆

𝑏

𝐴𝑟 𝐴 𝑗+1 𝐴 𝑗 𝐴2 𝐴1
0

1

· · · · · ·

Figure 4.1: A slice of the phase diagram for the odd mLPASEP determined by parameters
(𝑠1, . . . , 𝑠𝑟−1).

4.3.1 Phase diagram
We obtain the phase diagram of the odd mLPASEP by dividing the (𝑟 + 1)-dimensional phase
space appropriately. In order to find all phases, we consider the phase diagram for the model
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obtained by 𝑘-colouring for all 𝑘 simultaneously. The three phase regions in the LPASEP phase
diagram in Figure 3.1 lead to a total of 2𝑟 + 1 phase regions as follows.

• Phase 𝕣: max {𝜆𝑟 , 𝑏} < 1.

• For 1 ≤ 𝑗 ≤ 𝑟 − 1, phase 𝕛: max
{
𝜆 𝑗 , 𝑏

}
< 1 < 𝜆 𝑗+1.

• Phase 𝟘: max {1, 𝑏} < 𝜆1.

• For 1 ≤ 𝑗 ≤ 𝑟 − 1, phase 𝕛: max
{
1, 𝜆 𝑗

}
< 𝑏 < 𝜆 𝑗+1.

• Phase 𝕣: max {1, 𝜆𝑟} < 𝑏.

In order to visualize the phases, we fix real constants (𝑠1, . . . , 𝑠𝑟−1) such that 𝑠1 > · · · > 𝑠𝑟−1 >

1. Consider the two-dimensional plane determined by 𝜆𝑟 = 𝑠𝑟−1𝜆𝑟−1 = · · · = 𝑠1𝜆1. On this
plane, 𝜆 =

(∑𝑟
𝑖=1 𝜆

2
𝑖

)1/2 measures the radial distance from origin in the (𝜆1, . . . , 𝜆𝑟)-subspace.
Let 𝐴𝑖 be the point on this plane at which the hyperplanes 𝑏 = 0 and 𝜆𝑖 = 1 intersect. Then 𝐴𝑖

has coordinates given by{
(𝑠𝑖/𝑠1, . . . , 𝑠𝑖/𝑠𝑖−1, 1, 𝑠𝑖/𝑠𝑖+1, . . . , 𝑠𝑖/𝑠𝑟−1, 𝑠𝑖, 0) 1 ≤ 𝑖 < 𝑟,

(1/𝑠1, . . . , 1/𝑠𝑟−1, 1, 0) 𝑖 = 𝑟.

We draw the two-dimensional phase diagram in terms of 𝐴𝑖’s and the parameters 𝜆 and 𝑏. The
phase regions are as illustrated in Figure 4.1. The line 𝑏 = 𝜆 𝑗 is the boundary between phases
𝕛 − 𝟙 and 𝕛 for 1 ≤ 𝑗 ≤ 𝑟. We now describe the currents and densities in each phase.

4.3.2 Currents and Densities
We explain how to calculate densities and currents using 𝑘-colouring for the odd mLPASEP.
We will give all the details only for phase 𝟘 and sketch the argument for other phases. To
describe the densities and currents succinctly, we define 𝑓 (𝑥) = 1/(1 + 𝑥), 𝑓 (𝑥) = 1 − 𝑓 (𝑥),
and 𝑔(𝑥, 𝑦) = (1 − 𝑞)

(
𝑓 (𝑥) 𝑓 (𝑥) − 𝑓 (𝑦) 𝑓 (𝑦)

)
. The results are tabulated in Table 4.1 and

summarized below.

Before we go on to the calculation, we make a couple of remarks about the currents. The
currents of barred species are determined completely by their unbarred partners; specifically
𝐽𝑖 = −𝐽𝑖. This is because every species 𝑖 can enter and exit the right boundary only at the
expense of its barred partner. Moreover, since 0’s can neither enter or leave from the right
boundary, there is no current of species 0, i.e. 𝐽0 = 0.

Phase 𝟘

In phase 𝟘, the odd mLPASEP is projected onto the LD phase of the LPASEP by all colourings.
Hence, we have from

𝜌0 = 1 − 2 𝑓 (𝜆1),
𝑟∑︁
𝑖=1

𝜌𝑖 =

1∑︁
𝑖=𝑟

𝜌𝑖 = 𝑓 (𝜆1),
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and
∑𝑟

𝑖=1 𝐽𝑖 = 𝑔(𝜆1, 0) by the 1-colouring. Similarly, 2 ≤ 𝑘 ≤ 𝑟 , one obtains

𝑘−1∑︁
𝑖=𝑘−1

𝜌𝑖 = 1 − 2 𝑓 (𝜆𝑘 ),
𝑟∑︁

𝑖=𝑘

𝜌𝑖 =

𝑘∑︁
𝑖=𝑟

𝜌𝑖 = 𝑓 (𝜆𝑘 )

and
∑𝑟

𝑖=𝑘 𝐽𝑖 = 𝑔(𝜆𝑘 , 0) by 𝑘-colouring. Comparing the 𝑘 and (𝑘 + 1)-colouring, we find that
𝜌𝑘 = 𝜌

𝑘
= 𝑓 (𝜆𝑘 ) − 𝑓 (𝜆𝑘+1) and 𝐽𝑘 = 𝑔(𝜆𝑘 , 𝜆𝑘+1) for 1 ≤ 𝑘 < 𝑟. Finally, by the 𝑟-colouring,

one obtains 𝜌𝑟 = 𝜌𝑟 = 𝑓 (𝜆𝑟), and 𝐽𝑟 = 𝑔(𝜆𝑟 , 0). See Figure 4.2(c) for the densities in phase 𝟘

of the odd mLPASEP with 𝑟 = 2.

Phase Species Density 𝜌 Current 𝐽

𝕣

𝑟 𝑓 (1)
𝑟 < 𝑖 < 𝑟 0 0

𝑟 𝑓 (1) 𝑔(1, 0)

𝕛

𝑟 𝑓 (𝜆𝑟)
𝑖 < 𝑗 𝑓 (𝜆 |𝑖 |) − 𝑓 (𝜆 |𝑖 |+1)
𝑗 𝑓 (1) − 𝑓 (𝜆 𝑗+1)

𝑗 < 𝑖 < 𝑗 0
𝑗 𝑓 (1) − 𝑓 (𝜆 𝑗+1)

𝑖 > 𝑗 𝑓 (𝜆𝑖) − 𝑓 (𝜆𝑖+1) 𝑔(𝜆𝑖, 𝜆𝑖+1)
𝑟 𝑓 (𝜆𝑟) 𝑔(𝜆𝑟 , 0)

𝟘

𝑟 𝑓 (𝜆𝑟)
𝑟 < 𝑖 < 0 𝑓 (𝜆 |𝑖 |) − 𝑓 (𝜆 |𝑖 |+1)

0 1 − 2 𝑓 (𝜆1) 0
0 < 𝑖 < 𝑟 𝑓 (𝜆𝑖) − 𝑓 (𝜆𝑖+1) 𝑔(𝜆𝑖, 𝜆𝑖+1)

𝑟 𝑓 (𝜆𝑟) 𝑔(𝜆𝑟 , 0)

𝕛

𝑟 𝑓 (𝜆𝑟)
𝑖 < 𝑗 𝑓 (𝜆 |𝑖 |) − 𝑓 (𝜆 |𝑖 |+1)
𝑗 𝑓 (𝑏) − 𝑓 (𝜆 𝑗+1)

𝑗 < 𝑖 < 𝑗 0 0
𝑗 𝑓 (𝑏) − 𝑓 (𝜆 𝑗+1) 𝑔(𝑏, 𝜆 𝑗+1)

𝑖 > 𝑗 𝑓 (𝜆𝑖) − 𝑓 (𝜆𝑖+1) 𝑔(𝜆𝑖, 𝜆𝑖+1)
𝑟 𝑓 (𝜆𝑟) 𝑔(𝜆𝑟 , 0)

𝕣

𝑟 𝑓 (𝑏)
𝑟 < 𝑖 < 𝑟 0 0

𝑟 𝑓 (𝑏) 𝑔(𝑏, 0)

Table 4.1: Bulk densities and currents in each phase for odd mLPASEP. We do not write the
currents for barred species since 𝐽𝑖 = −𝐽𝑖.
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Phases 𝕛 and 𝕛

Here, the 𝑘-colouring maps phase 𝕛 to the LD (resp. HD) phase of the LPASEP and phase 𝕛 to
the LD (resp. MC) phase of an LPASEP for 𝑘 ≥ 𝑗 (resp. 𝑘 < 𝑗). In these phases, we have (i)
𝜌𝑖 = 𝜌𝑖 for all 𝑖 > 𝑗 , and (ii) all species 𝑖 with 𝑗 < 𝑖 < 𝑗 are dynamically expelled, i.e. 𝜌𝑖 = 0.
See Figures 4.2(b) and (d) for the densities in phases 𝟙 and 𝟙 of the odd mLPASEP with 𝑟 = 2.

Phases 𝕣 and 𝕣

All 𝑘-colourings now map phase 𝕣 and 𝕣 onto HD and MC phases respectively of the LPASEP.
Thus all species 𝑖 satisfying 𝑟 < 𝑖 < 𝑟 are dynamically expelled. The density and current of
species 𝑟 are then given by the 𝑟-colouring. See Figures 4.2(a) and (e) for the densities in
phases 𝟚 and 𝟚 of the odd mLPASEP with 𝑟 = 2.

(𝕛 − 𝟙) − 𝕛 coexistence line

The 𝑘-colouring maps the (𝕛 − 𝟙) − 𝕛 boundary to the HD-LD coexistence line of the LPASEP
for 𝑘 = 𝑗 , and to the LD (resp. HD) phase of the LPASEP for 𝑘 > 𝑗 (resp. 𝑘 < 𝑗). All species
𝑖 with 𝑗 < 𝑖 < 𝑗 − 1 are dynamically expelled. Moreover, species 𝑗 − 1 and 𝑗 have linear
densities on these lines. See Figures 4.2(f) and (g) for the densities on the 𝟙 − 𝟚 and 𝟘 − 𝟙

coexistence lines of the odd mLPASEP with 𝑟 = 2.
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Figure 4.2: Time-average densities in 5-species odd mLPASEP for species 2 (red circles), 1
(magenta diamonds), 0 (green boxes), 1 (blue crosses) and 2 (black triangles) for (a) phase 𝟚

(𝜆1 ' 0.36, 𝜆2 ' 0.8, 𝑏 ' 0.59), (b) phase 𝟙 (𝜆1 ' 0.37, 𝜆2 ' 2.33, 𝑏 ' 0.59), (c) phase 𝟘

(𝜆1 ' 3.04, 𝜆2 ' 6.16, 𝑏 ' 2.61), (d) phase 𝟙 (𝜆1 ' 3.04, 𝜆2 ' 6.16, 𝑏 ' 4.91), (e) phase 𝟚

(𝜆1 ' 3.02, 𝜆2 ' 6.09, 𝑏 ' 7.15), (f) 𝟘 − 𝟙 coexistence line (𝜆1 = 3, 𝜆2 ' 6.41, 𝑏 = 3), and (g)
𝟙 − 𝟚 coexistence line (𝜆1 ' 3.05, 𝜆2 = 6, 𝑏 = 6). The lattice size is 1000 for all cases.
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4.3.3 Example of 𝑟 = 2
The simplest nontrivial odd mLPASEP is the one with five species. The boundary transitions
are given by

Left:



2, 1, 0, 1 → 2 with rate 𝛼2,

2, 1, 0 → 1 with rate 𝛼1,

2, 1 → 0 with rate 𝛼0,

1, 2 → 0 with rate 𝛾0,

2 → 1 with rate 𝛾1,

Right:


2 → 2 with rate 𝛽,

1 → 1 with rate 𝛽,

1 → 1 with rate 𝛿,

2 → 2 with rate 𝛿.

In the 1-colouring, we identify species 1’s and 2’s as 11, 1’s and 2’s as 11, and 0’s as 01, such
that the rates for boundary transitions are given by

Left:


11, 01 → 11 with rate 𝜃1,

11 → 01 with rate 𝜙1,

11 → 01 with rate 𝜁1,

Right:

{
11 → 11 with rate 𝛽,

11 → 11 with rate 𝛿.

The relevant left and right boundary parameters are 𝜆1 and 𝑏 = 𝜅𝛽,𝛿 respectively. On the other
hand, we label 1’s,0’s and 1’s with 02, 2’s with 12, and 2’s with 12 in 2-colouring. Now, we
have the following boundary rates

Left:


12, 02 → 12 with rate 𝜃2,

12 → 02 with rate 𝜙2,

12 → 02 with rate 𝜁2,

Right:

{
12 → 12 with rate 𝛽,

12 → 12 with rate 𝛿.

The relevant parameters 𝜆2 and 𝑏 = 𝜅𝛽,𝛿 correspond to the left and right boundary respectively.

The phase diagram is the three-dimensional space of the parameters 𝜆1, 𝜆2 and 𝑏. The region
𝜆1 > 𝜆2 is excluded. We fix a constant 𝑠1 > 1 and consider the two dimensional plane
𝜆2 = 𝑠1𝜆1. In this plane, 𝜆 is the distance along the 𝑏 = 0 plane. This plane passes through
all the phases and, as a result, allows us to visualize all phases on a two-dimensional phase
diagram as shown in Figure 4.3. Using the colouring ideas as outlined in Section 4.3, we find
that there are five phases in the phase diagram:
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𝜆2 = 1

𝑏 = 𝜆2

𝑏 = 𝜆1

𝑏

1

0

1 𝜆1 = 1

𝜆

𝜆2
1

𝜆1 𝜆2 = 𝜆1

𝐴2
𝐴1

𝟚

𝟙

𝟘

𝟙

𝟚

Figure 4.3: Phase diagram for mLPASEP with 𝑟 = 2. The shaded region (𝜆1 > 𝜆2) is forbidden.
The plane in focus is given by 𝜆2 = 𝑠1𝜆1.

• phase 𝟚: max {𝑏, 𝜆2} < 1,

• phase 𝟙: max {𝑏, 𝜆1} < 1 < 𝜆2,

• phase 𝟘: max {1, 𝑏} < 𝜆1,

• phase 𝟙: max {1, 𝜆1} < 𝑏 < 𝜆2,

• phase 𝟚: max {1, 𝜆2} < 𝑏.

In addition, the two coexistence planes, the 𝟘 − 𝟙 phase boundary: 1 < 𝑏 = 𝜆1 , and the 𝟙 − 𝟚

phase boundary: 1 < 𝑏 = 𝜆2, appear as lines. On the 𝑏 = 0 plane, the plane 𝜆𝑖 = 1 and the
plane 𝜆2 = 𝑠1𝜆1 intersect at the point denoted by 𝐴𝑖 for 𝑖 = 1, 2. 𝐴1 and 𝐴2 have locations
(1, 𝑠1, 0) and (1/𝑠1, 1, 0).

4.4 Shock picture in the odd mLPASEP
We now use the shock picture in the LPASEP to understand the density profiles as well as the
phenomenon of dynamical expulsion in the odd mLPASEP. We will explain this picture in each
phase and phase-boundary. This picture is best understood by looking at the coexistence lines
first.

The (𝕛 − 𝟙) − 𝕛 coexistence line for 1 ≤ 𝑗 ≤ 𝑟: From the 𝑘-colouring argument, we see
that species 𝑗 − 1 and 𝑗 are phase-segregated and other species have constant densities on
this coexistence line. In other words, only species 𝑗 − 1 and 𝑗 take part in the shock on this
coexistence line. This is illustrated in the schematic plot in Figure 4.4. The shock performs a
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𝑓 (𝜆 𝑗 )

𝑓 (𝜆 𝑗+1)

𝑓 (𝜆𝑟 )
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𝑓 (𝜆 𝑗 )

𝑓 (𝜆𝑟 )

...

...
𝑗 + 1
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0 1
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𝑥

Figure 4.4: The shock picture for mLPASEP: The schematic plot shows the shock on the
coexistence line 𝑏 = 𝜆 𝑗 > 1 for the odd mLPASEP where 1 ≤ 𝑗 ≤ 𝑟. At each point 𝑥, the
densities of the 𝑘-coloured species 1𝑘 and 1𝑘 satisfy (3.6.1) for each 𝑘 .

random walk with no net drift. Moreover, species 𝑗 − 1, . . . , 𝑗 − 2 are dynamically expelled.
See Figure 4.2(f) and (g) for simulations of the odd mLPASEP with 𝑟 = 2 on the 𝟘 − 𝟙 and
𝟙 − 𝟚 coexistence lines respectively. See also Figures 4.5 (a) and (b) for instantaneous profiles
of the shock in these lines.

Phases 𝕛 and 𝕛 for 1 ≤ 𝑗 ≤ 𝑟: In phase 𝕛, the shock front is pinned to the left causing the
dynamical expulsion of species 𝑗 − 1 and higher density of 𝑗’s compared to 𝑗’s. In phase
𝕛, the 𝑗 − 1’s are again dynamically expelled because the height of the shock vanishes. See
Figure 4.2(a), (b), (d) and (e) for simulations of the odd mLPASEP with 𝑟 = 2 in phases 𝟚, 𝟙, 𝟙
and 𝟚.

Phase 𝟘: The shock picture on the 𝟘 − 𝟙 coexistence line is Figure 4.4 with 𝑗 = 1. The shock
front has positive drift in phase 𝟘 and consequently gets pinned to the right boundary resulting
in non-zero bulk density of species 0. Hence, all species have non-zero densities in phase 𝟘.
See Figure 4.2(c) for simulations of the odd mLPASEP with 𝑟 = 2 in phase 𝟘.

In addition, we note the following on the (𝕛 − 𝟙) − 𝕛 coexistence line. Species 𝑗 − 1 is
dynamically expelled on this line, although species 𝑗 −1 has non-zero bulk density. This might
seem counterintuitive because (3.6.1) suggests that either a species and its barred partner are
both present or both absent. The resolution of this apparent contradiction is the fact that (3.6.1)
only applies to the 𝑘-coloured species 1𝑘 and 1𝑘 for each 𝑘 .

To illustrate this point further, we perform a spatiotemporal simulation of the odd mLPASEP
with 𝑟 = 2 on the 𝟙− 𝟚 coexistence line. The results of the simulation are shown in Figure 4.6.
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Figure 4.5: Instantaneous shock profiles in the 5-species odd mLPASEP : Density profiles for
species 2 (red circles), 1 (magenta diamonds), 0 (green boxes), 1 (blue crosses) and 2 (black
triangles) on (a) 𝟘 − 𝟙 coexistence line (𝜆1 = 3, 𝜆2 ' 6.41, 𝑏 = 3), and (b) 𝟙 − 𝟚 coexistence
line (𝜆1 ' 3.05, 𝜆2 = 6, 𝑏 = 6), where the lattice size is 2500.

(a) (b)

Figure 4.6: The spatiotemporal evolution of the shock on the 𝟙−𝟚 coexistence line for 5-species
odd mLPASEP for 6000 time steps. Each time step equals 4000 random sequential updates in
the simulation. The plots show trajectories of species 1 (red), 0 (violet), 1 (green) and 2 (blue)
versus site position after the system reaches steady state. Particles of species 2 are not shown.
The parameters are as follows: 𝛼1 = 0.08, 𝛼0 = 0.45, 𝛼1 = 0.13, 𝛼2 = 0.33, 𝛾0 ' 0.005, 𝛾1 '
0.06, 𝑞 = 0.1, 𝛽 = 0.475, and 𝛿 = 0.35 (𝑏 = 𝜆2 = 2, 𝜆1 ' 0.98), and the lattice size is 500.
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The shock there is formed between species 1 and 2 and has zero mean velocity. Species 0 and
1 are dynamically expelled. As one can see from the simulation, particles of species 1 can
enter either on the left or the right boundary, but they eventually leave from the left boundary
because of the high density of 1’s and 2’s. They can only enter at the right boundary when the
1 − 2 shock touches the right boundary.

4.5 The even mLPASEP
We explain the salient features of the phase diagram of the even mLPASEP focusing on the
aspects that make the analysis more complicated than that for the odd mLPASEP.

The phase diagrams for the even mLPASEP with 2𝑟 species and the odd mLPASEP with (2𝑟+1)
species have identical structure as depicted in Figure 4.1. The main difference between the two
is that the 1-colouring projects the even mLPASEP to the (single-species) ASEP (see Section
1.1.1.5) so that the boundary parameters are 𝜆1 = 𝜅𝜃1,𝛾

′
0

and 𝑏 = 𝜅𝛽,𝛿. All other 𝑘-colourings
continue to project the even mLPASEP to the LPASEP with boundary parameters 𝜆𝑘 = 𝜃𝑘/𝜙′𝑘
and 𝑏 = 𝜅𝛽,𝛿, where 𝜃𝑘 =

∑𝑟
𝑖=𝑘 𝛼𝑖 and 𝜙′

𝑖
=
∑𝑘−1

𝑖=1
(
𝛼𝑖 + 𝛼𝑖

)
were defined in Section 4.2.2.
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Figure 4.7: Time-average densities in 4-species mLPASEP for species 2 (red circles), 1 (ma-
genta diamonds), 0 (green boxes), 1 (blue crosses) and 2 (black triangles) for (a) phase 𝟚

(𝜆1 ' 0.23, 𝜆2 ' 0.84, 𝑏 ' 0.65), (b) phase 𝟙 (𝜆1 ' 0.44, 𝜆2 ' 2.65, 𝑏 ' 0.75), (c) phase 0
(𝜆1 ' 2.27, 𝜆2 ' 6.5, 𝑏 ' 0.92), (d) phase 𝟙 (𝜆1 ' 1.17, 𝜆2 ' 6.45, 𝑏 ' 3.09), (e) phase 𝟚

(𝜆1 ' 1.17, 𝜆2 ' 6.45, 𝑏 ' 9.28), (f) 𝟘 − 𝟙 coexistence line (𝜆1 = 3, 𝜆2 ' 7.18, 𝑏 = 3), and (g)
𝟙 − 𝟚 coexistence line (𝜆1 ' 1.34, 𝜆2 = 6, 𝑏 = 6). For all simulations, we fix the lattice size to
be 1000.

Taking into account all possible colourings, there are 𝑟 + 1 relevant boundary parameters,
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namely, 𝜆1, . . . , 𝜆𝑟 and 𝑏. Again, the inequalities 𝜆1 < 𝜆2 < . . . < 𝜆𝑟 are satisfied. Because of
these relations among 𝜆𝑖’s, we arrive at the same phase diagram in Figure 4.1 which shows all
2𝑟 + 1 phases in the even mLPASEP. In all phases except phase 𝟘, the densities of all species
have the same expression in the even mLPASEP as given in Table 4.1. In phase 𝟘, the densities
of 1 and 1 are ( 𝑓 (𝜆1) − 𝑓 (𝜆2)) and ( 𝑓 (𝜆1) − 𝑓 (𝜆2)) respectively. We illustrate the density
profiles with simulations for the 4-species even mLPASEP in Figure 4.7.

The shock picture in the even mLPASEP is identical to that in the odd mLPASEP in all
coexistence lines except the 𝟘− 𝟙 boundary. On this coexistence line, 1’s and 1’s form a shock
with zero drift as shown in Figure 4.8. The shock is pinned to the right (resp. left) boundary in
phase 𝟘 (resp. 𝟙). In phase 𝟙, the density of these two species become equal and the height of
the shock goes to zero as the system approaches this phase along the 𝟘−𝟙 coexistence line. We
have performed simulations showing instantaneous density profiles for the even mLPASEP with
4 species on the 𝟘 − 𝟙 boundary and the results exactly match with the theoretical prediction.

𝑓 (𝜆1)

𝑓 (𝜆2)

𝑓 (𝜆𝑟 )

𝑓 (𝜆1)

𝑓 (𝜆𝑟 )

𝑓 (𝜆2)

...

...
2

𝑟

𝑟

2
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1 1𝜌

0 1
0

1

𝑥

Figure 4.8: The shock picture for the even mLPASEP on the 𝟘 − 𝟙 coexistence line.
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Chapter 5

The phase diagram for a class of
multispecies permissive asymmetric
exclusion processes

5.1 Introduction
In the present chapter, we study the phase diagram of a multispecies partially asymmetric
exclusion process with arbitrary number of species and permeable boundaries. We shall call
our model multispecies permissive ASEP (or mpASEP in short) because both the boundaries
permit a species to be replaced with any other species. We construct a colouring scheme
that projects the mpASEP onto the open single-species ASEP model. We identify all phases
as well as the coexistence regions in the multi-dimensional phase diagram. In the majority
of the phases, we observe interesting physical phenomena such as dynamical expulsion when
particles of one or more species are expelled from the lattice. Nevertheless, corresponding to
each species, we find a phase where high density of that particular species can be adopted in
the system. We provide explanation to the coarse features of density profiles by means of the
generalized shock picture. We note here that we use only colouring argument to compute the
macroscopic quantities and the phase diagram without any matrix ansatz.

The present chapter is organized in the following way. First, we define the mpASEP in Section
5.2. In Section 5.3, we present the phase diagram and all densities and currents in each phase.
The penultimate section, i.e. Section 5.4, contains discussion regarding the generalized shock
picture.

5.2 Model definition
Below, we define a multispecies model which has completely permeable boundaries. Indeed,
the boundary interactions make this model distinct from other multispecies models such as
mASEP [53, 21] and mLPASEP [25] where passage of particles is far more restricted at the
boundaries.

77



78 5. The phase diagram for mpASEP

The precise definition of multispecies permissive ASEP or mpASEP is as follows. Similar to
the open ASEP, the mpASEP is defined on an open one-dimensional lattice of size 𝐿. There are
total of (𝑟 + 1) species of particles in the mpASEP. Each species is identified with an element
of the label set 𝕃 := {0, 1, . . . , 𝑟}. The preference of rightwards hopping is determined by the
natural order relation among the species: 0 < 1 < · · · < 𝑟. One can think of 0’s as vacancies or
the slowest species, 𝑟’s as the fastest species, and any intermediate species 𝑖 (0 < 𝑖 < 𝑟) being
faster or slower than another species 𝑗 according to where 𝑖 > 𝑗 or 𝑖 < 𝑗 respectively. The left
boundary interactions are given by

(5.2.1) 𝑖 → 𝑗 with rate

{
𝛼 𝑗 if 𝑖 < 𝑗 ,

𝛾 𝑗 if 𝑖 > 𝑗 ,

where (𝛼1, . . . , 𝛼𝑟) and (𝛾0, . . . , 𝛾𝑟−1) are sets of fixed positive parameters. In the bulk
exchange of particles between neighbouring sites follows the rule

(5.2.2) 𝑖 𝑗 → 𝑗𝑖 with rate

{
1 if 𝑖 > 𝑗 ,

𝑞 if 𝑖 < 𝑗 ,

where we impose the condition 0 < 𝑞 < 1. On the right boundary particles can be replaced
with the following rates

(5.2.3) 𝑖 → 𝑗 with rate

{
𝛽 𝑗 if 𝑖 > 𝑗 ,

𝛿 𝑗 if 𝑖 < 𝑗 ,

where the parameters (𝛽0, . . . , 𝛽𝑟−1) and (𝛿1, . . . , 𝛿𝑟) are again fixed and positive. Finally, it
is useful to introduce 𝐴𝑘 :=

∑𝑟
𝑖=𝑘 𝛼𝑖, and 𝐺𝑘 :=

∑𝑘−1
𝑖=0 𝛾𝑖. Also, we define 𝐵𝑘 :=

∑𝑘−1
𝑖=0 𝛽𝑖,

and 𝐷𝑘 :=
∑𝑟

𝑖=𝑘 𝛿𝑖 in terms of the right boundary parameters. These quantities will appear as
boundary parameters when we apply the colouring technique.

Remark 1

We can define a totally asymmetric variant of the mpASEP with 𝑟 species in the following
manner. We allow 𝑞 = 0 as well as 𝛾𝑖 = 𝛿 𝑗 = 0 for 0 ≤ 𝑖 < 𝑟 and 1 ≤ 𝑗 ≤ 𝑟. Moreover, we
put restrictions on the nonzero boundary rates such that

∑𝑟
𝑖=1 𝛼𝑖 ≤ 1 and

∑𝑟−1
𝑖=0 𝛽𝑖 ≤ 1. As an

example, one checks that the model becomes the single-species TASEP for 𝑟 = 1.

5.3 The exact phase diagram for the mpASEP
We derive the phase diagram for the mpASEP by constructing projections onto the single-
species ASEP (see Section 1.1.1.5). We will refer to this projection procedure as k-colouring.
The colouring technique was used earlier to study two-species TASEP models in [22, 23, 68]
as well as to obtain the phase diagrams for mASEP in Chapter 2 and mLPASEP in Chapter 4.

The essence of the colouring argument is that a set of particles might appear indistinguishable
from the perspective of another set of particles because of the dynamical rules of the process.
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Thus an appropriate colouring, i.e. identifying particles of different species as a single species,
can project the original model onto another model with fewer number of species. We refer to
the colouring as exact if it is valid both in the bulk and the boundaries. For such a colouring
procedure applicable to the mpASEP, we define 𝑘-colouring as follows. We label every species
𝑖 < 𝑘 with 0𝑘 , and all other species 𝑖 ≥ 𝑘 with 1𝑘 . Consequently, mpASEP now resembles
the ASEP where particles with label 1𝑘 (resp. 0𝑘 ) play the role of particles (resp. vacancies).
Before we go into more details for arbitrary 𝑟, let us first understand the colouring as well as
the resulting phase diagram for the simplest nontrivial case, i.e. the case 𝑟 = 2, in the next
section. We postpone our discussion regarding the general case until Section 5.3.2.

5.3.1 Phase diagram of mpASEP with 2 species

If we set 𝑟 = 2, then mpASEP involves only two types of particles (and vacancies). For the
sake of completeness, we note all boundary interactions below:

Left:


0, 1 → 2 with rate 𝛼2,

0 → 1 with rate 𝛼1,

1, 2 → 0 with rate 𝛾0,

2 → 1 with rate 𝛾1,

Right:


1, 2 → 0 with rate 𝛽0,

2 → 1 with rate 𝛽1,

0, 1 → 2 with rate 𝛿2,

0 → 1 with rate 𝛿1.

There are two possible colourings. In the first colouring, which we call 1-colouring, we identify
1’s and 2’s as 11, and 0’s as 01. Then the 2-species mpASEP behaves exactly as the ASEP with
the boundary interaction rates given by

Left:

{
01 → 11 with rate (𝛼1 + 𝛼2),
11 → 01 with rate 𝛾0,

Right:

{
11 → 01 with rate 𝛽0,

01 → 11 with rate (𝛿1 + 𝛿2).

The relevant left and right boundary parameters are 𝑎1 = 𝜅𝛼1+𝛼2,𝛾0 and 𝑏1 = 𝜅𝛽0,𝛿1+𝛿2 respec-
tively, where

(5.3.1) 𝜅𝑢,𝑣 :=
1 − 𝑞 − 𝑢 + 𝑣 +

√︁
(1 − 𝑞 − 𝑢 + 𝑣)2 + 4𝑢𝑣
2𝑢

.

The other possibility is 2-colouring in which we label species 2 with 12, and both species 0 and
1 with 02. Again the resulting model is the ASEP but with different boundary rates,
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Left:

{
02 → 12 with rate 𝛼2,

12 → 02 with rate (𝛾0 + 𝛾1),

Right:

{
12 → 02 with rate (𝛽0 + 𝛽1),
02 → 12 with rate 𝛿2.

The phase diagram for the model just described is determined by the left and right boundary
parameters 𝑎2 = 𝜅𝛼2,𝛾0+𝛾1 and 𝑏2 = 𝜅𝛽0+𝛽1,𝛿2 respectively.

𝑎1 = 𝑏1

𝑎2 = 𝑏1𝑎2 = 𝑏2

0
0 𝑎

𝑏

𝐿2 𝐿1

𝑅1

𝑅2

𝟘𝟘 𝟘𝟙 𝟘𝟚

𝟙𝟘

𝟚𝟘
𝟙𝟙

Figure 5.1: Phases of the mpASEP for 𝑟 = 2 visualized on a two-dimensional plane that is
embedded in the (𝑎1, 𝑎2, 𝑏1, 𝑏2)-space and determined by parameters (𝜇1, 𝜈1) as shown in
(5.3.2). The coordinates of the points 𝐿𝑖 and 𝑅𝑖 are given by (5.3.4) in Section 5.3.2 for the
general case.

All phases reside in the (𝑎1, 𝑎2, 𝑏1, 𝑏2)-space. However, it is easy to check that the relevant
boundary parameters obey the restrictions 𝑎1 < 𝑎2, and 𝑏2 < 𝑏1. These constraints allow us to
visualize the phases on a two-dimensional plane that is fixed by

(5.3.2)
𝑎2 = 𝜇1𝑎1,

𝑏1 = 𝜈1𝑏2,

where 𝜇1, 𝜈1 > 1. The parameter 𝑎 =
(
𝑎2

1 + 𝑎2
2
)1/2 gives the radial distance from the origin in

the (𝑎1, 𝑎2)-subspace. Similarly, we define 𝑏 =
(
𝑏2

1 + 𝑏2
2
)1/2 in the (𝑏1, 𝑏2)-subspace.

We derive the phase diagram shown in Figure 5.1 taking into account all possible colourings.
The phase diagram consists of the following phases.
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• Phase 𝟘𝟘: max {𝑎1, 𝑎2, 𝑏1, 𝑏2} < 1.

• Phase 𝟘𝟙: max {𝑎1, 𝑏1} < 1, max {1, 𝑏2} < 𝑎2.

• Phase 𝟘𝟚: max {1, 𝑏1} < 𝑎1.

• Phase 𝟙𝟘: max {𝑎1, 1} < 𝑏1, max {𝑎2, 𝑏2} < 1.

• Phase 𝟙𝟙: max {1, 𝑎1, 𝑏2} < min {𝑎2, 𝑏1}.
• Phase 𝟚𝟘: max {𝑎2, 1} < 𝑏2.
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Figure 5.2: The time-average densities in the two-species mpASEP for species 2 (blue dotted
line), 1 (green solid line), and 0 (red dashed line) for (a) phase 𝟘𝟘 (𝑎1 ' 0.29, 𝑎2 ' 0.45, 𝑏1 '
0.61, 𝑏2 ' 0.47, (b) phase 𝟘𝟙 (𝑎1 ' 0.43, 𝑎2 ' 1.83, 𝑏1 ' 0.63, 𝑏2 ' 0.48), (c) phase 𝟘𝟚

(𝑎1 ' 1.82, 𝑎2 ' 2.98, 𝑏1 ' 0.66, 𝑏2 ' 0.51), (d) phase 𝟙𝟘 (𝑎1 ' 0.29, 𝑎2 ' 0.45, 𝑏1 '
1.46, 𝑏2 ' 0.56), (e) phase 𝟙𝟙 with 𝑏1 < 𝑎2 (𝑎1 ' 2.04, 𝑎2 ' 3.83, 𝑏1 ' 2.66, 𝑏2 ' 0.72),
(f) phase 𝟙𝟙 with 𝑎2 < 𝑏1 (𝑎1 ' 1.39, 𝑎2 ' 2.62, 𝑏1 ' 3.87, 𝑏2 ' 0.86), (g) phase 𝟙𝟙 with
𝑎2 = 𝑏1 (𝑎1 ' 1.27, 𝑎2 = 𝑏1 ' 2.15, 𝑏2 ' 1.33), (h) phase 𝟚𝟘 (𝑎1 ' 1.21, 𝑎2 ' 2.46, 𝑏1 '
6.87, 𝑏2 ' 3.3), (i) 𝟘𝟙 − 𝟙𝟙 coexistence region (𝑎1 ' 1.95, 𝑎2 ' 4.48, 𝑏1 ' 1.95, 𝑏2 ' 1.16),
and (j) 𝟙𝟙 − 𝟚𝟘 coexistence region (𝑎1 ' 1.1, 𝑎2 ' 2.84, 𝑏1 ' 6.21, 𝑏2 ' 2.84). The lattice
size is 1000 in each case.

Here, we refer to each phase using a two-letter word of the form 𝕚𝕛. Our convention is such that
the word 𝕚𝕛 signifies the following. The phase 𝕚𝕛 is mapped to the HD phase of the ASEP by
𝑘-colouring for 1 ≤ 𝑘 ≤ 𝑖. Moreover, 𝑘-colouring projects onto the LD phase for 2− 𝑗 < 𝑘 ≤ 2,
and onto the MC phase for 𝑖 < 𝑘 ≤ 2 − 𝑗 . For example, the phase 𝟙𝟘 is projected onto the HD
phase by 1-colouring, and onto the MC phase by 2-colouring. The word 𝟙𝟘 indicates the same
by our convention.

The currents in these phases are as follows. First, we note that the relation 𝐽2 = −𝐽1 − 𝐽0 is
satisfied for all phases. This is true because the 2’s can replace or be replaced by species 0
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and 1 at the boundaries. Species 2 (resp. 0) has positive (resp. negative) current in all phases.
Species 1 has zero current in phase 𝟘𝟘 and on the semi-infinite line 1 < 𝑎2 = 𝑏1. 𝐽1 is positive
or negative according to whether 𝑎2 < 𝑏1 or 𝑎2 > 𝑏1.

The densities can be easily computed as well. Here, we describe only the densities of species 2
and 1 because we have 𝜌0 + 𝜌1 + 𝜌2 = 1 in each phase. The 2’s have high density in phase 𝟚𝟘,
and low density in phases 𝟙𝟙 and 𝟘𝟚. But, 𝜌2 remains constant at 1/2 throughout the phases 𝟘𝟘
and 𝟙𝟘. Species 1 is expelled from the lattice in phase 𝟘𝟘 even though injection rates (𝛼1 and
𝛿1) of the 1’s are positive. Such a phenomenon which was observed earlier for multispecies
models like mASEP and mLPASEP is referred to as dynamical expulsion [21, 25]. Moreover,
the 1’s exhibit low density in all other phases except the phase 𝟙𝟙. The 1’s can assume either
high or low density in phase 𝟙𝟙. However, 𝜌1 varies continuously in this phase. One observes
linear density profiles for species 2 and 1 (resp. 1 and 0) on the coexistence line 1 < 𝑎2 = 𝑏2
(resp. 1 < 𝑎1 = 𝑏1) between the phases 𝟚𝟘 and 𝟙𝟙 (resp. 𝟚𝟘 and 𝟙𝟙).

For the exact expression for the densities and currents, the reader is referred to Table 5.1. The
simulation results for densities are shown in Figure B.2.

Remark 2

We consider following specializations of the boundary parameters: (1) 𝛼2 = 𝛼 = 1 − 𝛼1, 𝛽0 =

𝛽 = 1−𝛽1, 𝛾0 = 𝛾1 = 𝛿2 = 𝛿1 = 0, and (2) 𝛼2 = 𝛼 = 1−𝛼1, 𝛽0 = 𝛽, 𝛾0 = 𝛾1 = 𝛿2 = 𝛿1 = 𝛽1 = 0,
with 𝛼, 𝛽 < 1. Then, if one permits 𝑞 = 0, the 2-species mpASEP exactly corresponds to the
couple of 2-species TASEP models discussed in [67]. There the models were referred to as 𝑃1
and 𝑃2 for specializations (1) and (2) respectively. One can easily check that in the limit 𝑞 → 0
the phase diagram in Figure 5.1 translates to the phase diagrams for 𝑃1 and 𝑃2 described in
[67] for these specializations.

5.3.2 Phase diagram for mpASEP
The phase diagram for the mpASEP with 𝑟 species is composed of total 𝑟 (𝑟 + 1)/2 phases
in a 2𝑟-dimensional space. There are 2𝑟 independent parameters because of 𝑟 possible 𝑘-
colourings. On application of each 𝑘-colouring to the mpASEP, the boundary interactions
become

Left:

{
0𝑘 → 1𝑘 with rate 𝐴𝑘 ,

1𝑘 → 0𝑘 with rate 𝐺𝑘 ,

Right:

{
1𝑘 → 0𝑘 with rate 𝐵𝑘 ,

0𝑘 → 1𝑘 with rate 𝐷𝑘 .

In the bulk, 1𝑘 ’s hop forward (resp. backward) with rate 1 (resp. 𝑞). Hence the relevant
boundary parameters are 𝑎𝑘 := 𝜅𝐴𝑘 ,𝐺𝑘

, and 𝑏𝑘 := 𝜅𝐵𝑘 ,𝐷𝑘
. Since we need to consider all

colourings at the same time, a typical point in the phase diagram for the mpASEP is described
by the coordinates (𝑎1, . . . , 𝑎𝑟 , 𝑏1, . . . , 𝑏𝑟).
In spite of a large number of parameters, finding the phases simplifies considerably because
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𝑎𝑖 < 𝑎 𝑗 and 𝑏 𝑗 < 𝑏𝑖 always hold true for 𝑖 < 𝑗 . In order to describe the phases, each phase is
identified with a word consisting of two letters 𝕚, 𝕛 ∈ {𝟘, . . . , 𝕣} with 0 ≤ 𝑖 + 𝑗 ≤ 𝑟. Further,
it is convenient to use the shorthand notations 𝕛 = 𝕣 − 𝕛, and 𝕛± = 𝕛 ± 𝟙 such that 𝕛𝕛 stands for
𝕛(𝕣 − 𝕛), 𝕛𝕛± means 𝕛(𝕣 − 𝕛 ∓ 𝟙), and so on. For example, 𝕛𝕛 stands for 𝟙𝟙 for 𝑗 = 1 and 𝑟 = 2.
Then the phases are as enlisted below.

• Phase 𝟘ℓ (0 ≤ 𝑙 < 𝑟): max {𝑎𝑟−𝑙 , 𝑏1} < 1 < 𝑎𝑟−𝑙+1.

• Phase 𝟘𝕣: max {1, 𝑏1} < 𝑎1.

• Phase 𝕛ℓ (0 < 𝑗 < 𝑟, 0 ≤ 𝑙 < 𝑟 − 𝑗): max
{
𝑎𝑟−𝑙 , 𝑏 𝑗+1

}
< 1 < min

{
𝑎𝑟−𝑙+1, 𝑏 𝑗

}
.

• Phase 𝕛𝕛 (0 < 𝑗 < 𝑟): max
{
1, 𝑎 𝑗−1, 𝑏 𝑗

}
< min

{
𝑎 𝑗 , 𝑏 𝑗−1

}
.

• Phase 𝕣𝟘: max {𝑎𝑟 , 1} < 𝑏𝑟 .

The notation is such that one can easily keep track of the effect of 𝑘-colouring on each phase.
To be more specific, we consider phase 𝕚𝕛. When we project the mpASEP onto the ASEP with
the application of 𝑘-colouring, this phase maps to the HD phase for 1 ≤ 𝑘 ≤ 𝑖, to the LD phase
for 𝑟 − 𝑗 < 𝑘 ≤ 𝑟 , and to the MC phase for 𝑖 < 𝑘 ≤ 𝑟 − 𝑗 .

We visualize all phases on a two-dimensional plane that passes through each phase. We focus
on one such plane that is determined by

(5.3.3)
𝑎𝑟 = 𝜇𝑟−1𝑎𝑟−1 = · · · = 𝜇1𝑎1 ,

𝑏1 = 𝜈1𝑏2 = · · · = 𝜈𝑟−1𝑏𝑟 ,

where we fix scalars 𝜇𝑖, 𝜈𝑖 > 1 with 𝜇𝑖 > 𝜇 𝑗 and 𝜈 𝑗 > 𝜈𝑖 for 𝑖, 𝑗 ∈ [𝑟 − 1] and 𝑖 < 𝑗 . On
this plane, let 𝐿𝑖 (resp. 𝑅𝑖) be the point where the hyperplanes 𝑎𝑖 = 1 (resp. 𝑏𝑖 = 1) and
𝑏𝑖 = 0 (resp. 𝑎𝑖 = 0) intersect. Thus the coordinates of 𝐿𝑖 and 𝑅𝑖 are given by
(5.3.4)

𝐿𝑖 ≡
{
(𝜇𝑖/𝜇1, . . . , 𝜇𝑖/𝜇𝑖−1, 1, 𝜇𝑖/𝜇𝑖+1, . . . , 𝜇𝑖/𝜇𝑟−1, 𝜇𝑖, 0, . . . , 0) if 1 ≤ 𝑖 < 𝑟

(1/𝜇1, . . . , 1/𝜇𝑟−1, 1, 0, . . . , 0) if 𝑖 = 𝑟,

𝑅𝑖 ≡
{
(0, . . . , 0, 1, 1/𝜈1, . . . , 1/𝜈𝑟−1) if 𝑖 = 1,
(0, . . . , 0, 𝜈𝑖−1, 𝜈𝑖−1/𝜈1, . . . , 𝜈𝑖−1/𝜈𝑖−2, 1, 𝜈𝑖−1/𝜈𝑖, . . . , 𝜈𝑖−1/𝜈𝑟−1) if 1 < 𝑖 ≤ 𝑟

In the (𝑎1, . . . , 𝑎𝑟)-subspace, we define 𝑎 :=
(∑𝑟

𝑖=1 𝑎
2
𝑖

)1/2 which is the radial distance from
the origin; likewise, we have 𝑏 :=

(∑𝑟
𝑖=1 𝑏

2
𝑖

)1/2 for (𝑏1, . . . , 𝑏𝑟)-subspace. We describe the
structure of the phase diagram in Figure 5.3 in terms of the parameters 𝑎 and 𝑏 as well as 𝐿𝑖’s
and 𝑅𝑖’s. The phases 𝕛𝕛 and 𝕛−𝕛− coexist on the semi-infinite line 1 < 𝑎 𝑗 = 𝑏 𝑗 with 𝑗 ∈ [𝑟].
All coexistence lines appear as thick lines in the phase diagram in Figure 5.3. In addition, we
show the semi-infinite lines 1 < 𝑎𝑖 = 𝑏 𝑗 for 𝑖 > 𝑗 as dashed lines. Unlike the coxistence lines,
these lines do not separate different phases. The significance of these lines will be highlighted
in the next subsection where we discuss densities and currents.
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𝑎1 = 𝑏1

𝑎 𝑗−1 = 𝑏 𝑗−1

𝑎 𝑗 = 𝑏 𝑗−1

𝑎 𝑗 = 𝑏 𝑗

𝑎 𝑗+1 = 𝑏 𝑗

𝑎 𝑗+1 = 𝑏 𝑗+1

𝑎 𝑗+2 = 𝑏 𝑗+1

𝑎 𝑗+2 = 𝑏 𝑗+2𝑎𝑟−𝑙 = 𝑏 𝑗+1𝑎𝑟−𝑙 = 𝑏𝑟−𝑙

𝑎𝑟−𝑙+1
= 𝑏𝑟−𝑙

𝑎𝑟−𝑙+1 = 𝑏𝑟−𝑙+1𝑎𝑟 = 𝑏𝑟

00 𝑎

𝑏

𝐿1. . .𝐿 𝑗−1𝐿 𝑗𝐿 𝑗+1𝐿 𝑗+2. . .𝐿𝑟−𝑙𝐿𝑟−𝑙+1. . .𝐿𝑟

𝑅1

...

𝑅 𝑗−1

𝑅 𝑗

𝑅 𝑗+1

𝑅 𝑗+2

...

𝑅𝑟−𝑙

𝑅𝑟−𝑙+1

...

𝑅𝑟

𝟘𝟘 . . . 𝟘ℓ . . . 𝟘𝕛+ 𝟘𝕛 𝟘𝕛− . . . 𝟘𝕣

...
. . .

...
. . .

...
...

...

. . .

𝕛−𝟘 . . . 𝕛−ℓ . . . 𝕛−𝕛+ 𝕛−𝕛

𝕛−𝕛−𝕛𝟘 . . . 𝕛ℓ . . . 𝕛𝕛+

𝕛𝕛𝕛+𝟘 . . . 𝕛+ℓ

𝕛+𝕛+

. . .

ℓ𝟘 . . .

ℓℓ

...
. . .

...

. . .

...

. . .

𝕣𝟘

Figure 5.3: The schematic plot of a two-dimensional plane that shows all phases of the mpASEP.
The plane is fixed by the scalars (𝜇1, . . . , 𝜇𝑟−1, 𝜈1, . . . , 𝜈𝑟−1) in the (𝑎1, . . . , 𝑎𝑟 , 𝑏1, . . . , 𝑏𝑟)-
space. We use the following shorthand notations: 𝕛± ≡ 𝕛± 𝟙, 𝕛 ≡ 𝕣 − 𝕛, and 𝕛± ≡ 𝕣 − 𝕛±. We also
explain the notations in Section 5.3.2.
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5.3.3 Currents and densities
All densities and currents can be computed using the 𝑘-colouring. We discuss the calculations
in details for phase 𝟘𝕛, and mention only the results for rest of the phase regions below.
For our convenience, we define 𝑓 (𝑥) = 1/(1 + 𝑥), 𝑓 (𝑥) = 1 − 𝑓 (𝑥), and 𝑔(𝑥, 𝑦) = (1 −
𝑞)

��� 𝑓 (𝑥) 𝑓 (𝑥) − 𝑓 (𝑦) 𝑓 (𝑦)
���. We summarize the results in Table 5.1.

Phases 𝟘ℓ and 𝟘𝕣

The 𝑘-colourings project phase 𝟘ℓ onto the MC phase for 𝑘 ≤ 𝑟 − 𝑙 and LD phase for 𝑘 > 𝑟 − 𝑙.
Therefore densities satisfy

(5.3.5)

𝑘−1∑︁
𝑖=0

𝜌𝑖 =
1
2
=

𝑟∑︁
𝑖=𝑘

𝜌𝑖, 1 ≤ 𝑘 ≤ 𝑟 − 𝑙,

𝑘−1∑︁
𝑖=0

𝜌𝑖 = 𝑓 (𝑎𝑘 ) = 1 −
𝑟∑︁

𝑖=𝑘

𝜌𝑖, 𝑟 − 𝑙 < 𝑘 ≤ 𝑟.

From these relations, we have 𝜌0 = 1/2, and 𝜌𝑖 = 0 for 0 < 𝑖 < 𝑟 − 𝑙. Thus each species 𝑖
greater than 0 and smaller than (𝑟 − 𝑙) are dynamically expelled from the system. Other species
have positive densities as listed in Table 5.1. Similarly, for the currents we have

(5.3.6)

−
𝑘−1∑︁
𝑖=0

𝐽𝑖 = 𝑔(1, 0) =
𝑟∑︁

𝑖=𝑘

𝐽𝑖, 1 ≤ 𝑘 ≤ 𝑟 − 𝑙,

−
𝑘−1∑︁
𝑖=0

𝐽𝑖 = 𝑔(𝑎𝑘 , 0) =
𝑟∑︁

𝑖=𝑘

𝐽𝑖, 𝑟 − 𝑙 < 𝑘 ≤ 𝑟.

Straightforward calculation shows 𝐽0 = −𝑔(1, 0), 𝐽𝑖 = 0 for 0 < 𝑖 < 𝑟 − 𝑙, whereas all species
𝑖 ≥ 𝑟 − 𝑙 have positive currents: 𝐽𝑟−𝑙 = 𝑔(1, 𝑎𝑟−𝑙+1), 𝐽𝑖 = 𝑔(𝑎𝑖, 𝑎𝑖+1) for 𝑟 − 𝑙 < 𝑖 < 𝑟, and
𝐽𝑟 = 𝑔(𝑎𝑟 , 0).
For the phase 𝟘𝕣, all colourings map to LD phase. Each species have nonzero densities as well
as currents. Except species 𝑟, every species has negative currents (see Table 5.1).

See Figure B.2 (a), (b) and (c) for density profiles obtained from numerical simulations in
phases 𝟘𝟘, 𝟘𝟙 and 𝟘𝟚 for the case 𝑟 = 2.

Phases 𝕛ℓ and 𝕛𝕛

Let us first consider the phase 𝕛ℓ (with 𝕛 > 𝟘 and ℓ < 𝕛). All species 𝑖 with 𝑗 < 𝑖 < 𝑟 − 𝑙 are
dynamically expelled in this phase. These species have vanishing densities and currents. All
other species have low densities. Any species equal to or smaller (resp. greater) than 𝑗 (resp.
𝑟 − 𝑙) has negative (resp. positive) current.

The phase 𝕛𝕛 differs from other phases of the form 𝕛ℓ because no 𝑘-colouring projects phase
𝕛𝕛 onto the MC phase. No species is dynamically expelled from the system. Every species
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Phase Species Density 𝜌 Current 𝐽

𝟘ℓ

0 𝑓 (1) −𝑔(1, 0)
0 < 𝑖 < 𝑟 − 𝑙 0 0

𝑟 − 𝑙 𝑓 (1) − 𝑓 (𝑎𝑟−𝑙+1) 𝑔(1, 𝑎𝑟−𝑙+1)
𝑟 − 𝑙 < 𝑖 < 𝑟 𝑓 (𝑎𝑖) − 𝑓 (𝑎𝑖+1) 𝑔(𝑎𝑖, 𝑎𝑖+1)

𝑟 𝑓 (𝑎𝑟) 𝑔(𝑎𝑟 , 0)

𝟘𝕣

0 𝑓 (𝑎1) −𝑔(𝑎1, 0)
0 < 𝑖 < 𝑟 𝑓 (𝑎𝑖) − 𝑓 (𝑎𝑖+1) 𝑔(𝑎𝑖, 𝑎𝑖+1)

𝑟 𝑓 (𝑎𝑟) 𝑔(𝑎𝑟 , 0)

𝕛ℓ

0 𝑓 (𝑏1) −𝑔(𝑏1, 0)
0 < 𝑖 < 𝑗 𝑓 (𝑏𝑖+1) − 𝑓 (𝑏𝑖) −𝑔(𝑏𝑖+1, 𝑏𝑖)

𝑗 𝑓 (1) − 𝑓 (𝑏 𝑗 ) −𝑔(1, 𝑏 𝑗 )
𝑗 < 𝑖 < 𝑟 − 𝑙 0 0

𝑟 − 𝑙 𝑓 (1) − 𝑓 (𝑎𝑟−𝑙+1) 𝑔(1, 𝑎𝑟−𝑙+1)
𝑟 − 𝑙 < 𝑖 < 𝑟 𝑓 (𝑎𝑖) − 𝑓 (𝑎𝑖+1) 𝑔(𝑎𝑖, 𝑎𝑖+1)

𝑟 𝑓 (𝑎𝑟) 𝑔(𝑎𝑟 , 0)

𝕛𝕛

0 𝑓 (𝑏1) −𝑔(𝑏1, 0)
0 < 𝑖 < 𝑗 𝑓 (𝑏𝑖+1) − 𝑓 (𝑏𝑖) −𝑔(𝑏𝑖+1, 𝑏𝑖)

𝑗 𝑓 (𝑎 𝑗+1) − 𝑓 (𝑏 𝑗 ) sign(𝑎 𝑗+1 − 𝑏 𝑗 )𝑔(𝑎 𝑗+1, 𝑏 𝑗 )
𝑗 < 𝑖 < 𝑟 𝑓 (𝑎𝑖) − 𝑓 (𝑎𝑖+1) 𝑔(𝑎𝑖, 𝑎𝑖+1)

𝑟 𝑓 (𝑎𝑟) 𝑔(𝑎𝑟 , 0)

𝕣𝟘

0 𝑓 (𝑏1) −𝑔(𝑏1, 0)
0 < 𝑖 < 𝑟 𝑓 (𝑏𝑖+1) − 𝑓 (𝑏𝑖) −𝑔(𝑏𝑖+1, 𝑏𝑖)

𝑟 𝑓 (𝑏𝑟) 𝑔(𝑏𝑟 , 0)

Table 5.1: Densities and currents in each phase for the mpASEP. We use the convention that
𝐽 > 0 (resp. 𝐽 < 0) if flux of particles is directed towards the right (resp. left) boundary.
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other than species 𝑗 has low density everywhere in this phase. The species 𝑗 assumes high
density where 𝑎 𝑗+1 and 𝑏 𝑗 satisfies 𝑓 (𝑎 𝑗+1) + 𝑓 (𝑏 𝑗 ) < 1/2. Otherwise, density of the 𝑗’s is
low as well. It must be noted, nevertheless, that 𝜌 𝑗 varies continuously with the parameters
𝑎 𝑗+1 and 𝑏 𝑗 throughout phase 𝕛𝕛. The currents are nonzero for all species with the following
exception. There is no current of species 𝑗 on the part of the hyperplane 𝑎 𝑗+1 = 𝑏 𝑗 contained
in phase 𝕛𝕛. This part of the phase diagram is the semi-infinite line 1 < 𝑎 𝑗+1 = 𝑏 𝑗 shown as
dashed line in Figure 5.3. To explain vanishing current of the 𝑗’s on this line, we note that∑ 𝑗−1

𝑖=0 𝜌𝑖 = 𝑓 (𝑏 𝑗 ) and
∑𝑟

𝑖= 𝑗+1 𝜌𝑖 = 𝑓 (𝑎 𝑗+1) in phase 𝕛𝕛. Since correlations are expected to be
absent in the theormodynamic limit, we have

(5.3.7) 𝐽 𝑗 = (1 − 𝑞)𝜌 𝑗

(
𝑗−1∑︁
𝑖=0

𝜌𝑖

)
− (1 − 𝑞) ©­«

𝑟∑︁
𝑙= 𝑗+1

𝜌𝑙
ª®¬ 𝜌 𝑗 .

Thus 𝐽 𝑗 becomes zero for 𝑎 𝑗+1 = 𝑏 𝑗 . Furthermore, it immediately follows that 𝐽 𝑗 is positive
(resp. negative) for 𝑏 𝑗 < 𝑎 𝑗+1 (resp. 𝑏 𝑗 > 𝑎 𝑗+1) in phase 𝕛𝕛.

The simulation results for density profiles in phases 𝟙𝟘 and 𝟙𝟙 related to the case 𝑟 = 2 are
recorded in Figure B.2 (d), (e), (f) and (g).

Phase 𝕣𝟘

Every colouring projects phase 𝕣𝟘 onto the HD phase. All species have nonzero densities, as
well as currents. All but species 0 have positive currents.

The density profiles in phase 𝟚𝟘 for 𝑟 = 2 are plotted in Figure B.2 (h).

𝕛−𝕛− − 𝕛𝕛 Coexistence Line and Other Semi-infinite Lines

The 𝑘-colouring maps 𝕛−𝕛− − 𝕛𝕛 coexistence line to the HD phase for 𝑘 < 𝑗 − 1, to the LD phase
for 𝑘 > 𝑗 − 1, and to the coexistence line of the ASEP for 𝑘 = 𝑗 − 1. All species have nonzero
bulk densities, but the density profiles of species ( 𝑗 − 1) and 𝑗 are phase-segregated. These
two species have linear density profiles (see Figure B.2 (i) and (j) for simulation results related
to the case 𝑟 = 2).

It is interesting to note that, on the semi-infinite line 1 < 𝑎𝑖 = 𝑏 𝑗 with 𝑖 > 𝑗 , the densities and
currents always satisfy

(5.3.8)

𝑖∑︁
𝑚= 𝑗+1

𝜌𝑚 = 1 − 2 𝑓 (𝑎𝑖) ,
𝑗∑︁

𝑚=0
𝜌𝑚 =

𝑟∑︁
𝑛=𝑖+1

𝜌𝑛 = 𝑓 (𝑎𝑖) ,

𝑖∑︁
𝑚= 𝑗+1

𝐽𝑚 = 0.

We have already discussed the densities and currents for 𝑖 = 𝑗 + 1. For 𝑖 > 𝑗 + 1, the line
1 < 𝑎𝑖 = 𝑏 𝑗 passes through more than one phase. Thus, the functional forms of the densities
and currents for a point on this line will depend on the phase to which that point belongs.
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5.4 The generalized shock picture in the mpASEP
We describe here the generalized shock picture that we use to explain density profiles in each
phase for mpASEP. It is convenient to consider first the shock picture on the coexistence lines
in the phase diagram. Below, we will start with the coexistence lines, and then go on to discuss
other phases.

𝑓 (𝑎 𝑗 )

𝑓 (𝑎 𝑗+1)

𝑓 (𝑎𝑟 )

𝑓 (𝑏 𝑗−1)

𝑓 (𝑏 𝑗 )

𝑓 (𝑏1)

...

...𝑗 − 2

0

𝑟

𝑗 + 1

...

...

𝑗 − 1 𝑗𝜌

0 1
0

1

𝑥

Figure 5.4: The generalized shock picture for the mpASEP on the 𝕛−𝕛− − 𝕛𝕛 coexistence line in
the phase diagram in Figure 5.3. The schematic plot shows a shock formed between species
𝑗 − 1 and 𝑗 . For 𝑟 = 1, one recovers the shock picture for the ASEP shown in Figure 1.3 from
the generalized shock picture.

𝕛−𝕛− − 𝕛𝕛 Coexistence Line

A shock between species ( 𝑗 − 1) and 𝑗 forms on the boundary of the phases 𝕛−𝕛− and 𝕛𝕛 as
shown in Figure 5.4. Particles of every other species play the role of spectators, and maintain
constant density in the system. The shock undergoes a random walk with zero net drift. Thus,
the density profiles for ( 𝑗 − 1) and 𝑗 are linear, whereas 𝜌𝑖 is constant for all other species. For
𝑟 = 1, there is no other species except the 0’s and 1’s which take part in the shock. In this case,
it is easy to verify that the generalized shock picture reduces to the one displayed in Figure 1.3.

In Figure 5.5 (a) and (b), we plot instantaneous density profiles for 𝑟 = 2 obtained from
numerical simulations pertaining to the coexistence regions 𝟘𝟚 − 𝟙𝟙 and 𝟙𝟙 − 𝟚𝟘 in the phase
diagram. These simulations agree with the shock picture explained here.

Phase 𝕛−𝕛− and 𝕛𝕛

As one moves away from 𝕛−𝕛−− 𝕛𝕛 coexistence line and approaches phase 𝕛𝕛, the ( 𝑗−1)− 𝑗 shock
acquires negative drift. Consequently, the shock gets pinned to the left boundary leading to the
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Figure 5.5: Densities on the phase coexistence regions in the mpASEP for 𝑟 = 2: instantaneous
density profiles for species 2 (blue triangles), 1 (green diamonds), and 0 (red circles) on (a)
𝟘𝟙 − 𝟙𝟙 coexistence region (𝑎1 ' 1.95, 𝑎2 ' 4.48, 𝑏1 ' 1.95, 𝑏2 ' 1.16), and (b) 𝟙𝟙 − 𝟚𝟘

coexistence region (𝑎1 ' 1.1, 𝑎2 ' 2.84, 𝑏1 ' 6.21, 𝑏2 ' 2.84), where we fixed the lattice size
to be 10000.

bulk densities for phase 𝕛𝕛 listed in Table 5.1. The total density of all species 𝑖 ≥ 𝑗 is always
higher than 1/2 in phase 𝕛𝕛. However, in phase 𝕛−𝕛−, the ( 𝑗 − 1) − 𝑗 shock has positive velocity
which pins the shock to the right. Thus, densities are such that the inequality

∑𝑟
𝑛= 𝑗 𝜌𝑛 < 1/2

holds true in phase 𝕛−𝕛−.

Phase 𝕛ℓ

We consider all phases 𝕛ℓ with 0 ≤ 𝑗 < 𝑟 and 0 < 𝑙 < 𝑟 − 𝑗 . First, we consider the phase 𝕛𝕛+.
This phase can be accessed as we move along the 𝕛𝕛 − 𝕛+𝕛+ coexistence line towards the origin.
On this coexistence line, the shock is formed between species 𝑗 and 𝑗 + 1. As one reaches
phase 𝕛𝕛+, the height of the shock reduces to zero along with

∑ 𝑗

𝑚=0 𝜌𝑚 = 1/2 =
∑𝑟

𝑛= 𝑗+1 𝜌𝑛.
All densities remain unchanged in this process except for species 𝑗 and 𝑗 + 1. This is because
𝑘-colouring maps phase 𝕛𝕛+ to the MC phase rather than the coexistence line of the ASEP for
𝑘 = 𝑗 + 1, whereas the projections remain same for 𝑘 ≠ 𝑗 + 1.

Before we discuss density profiles in the rest of the phases, it is useful to understand the
dynamical expulsion of every species greater than 𝑗 and lower than (𝑟 − 𝑙 + 1) in phase 𝕛ℓ with
ℓ < 𝕛+. Let us consider the simplest case ℓ = 𝕛++ where 𝕛++ = 𝕛+𝟚. We consider the semi-infinite
line 1 < 𝑎 𝑗+2 = 𝑏 𝑗+1 on which we have 𝜌 𝑗+1 = 1−2 𝑓 (𝑏 𝑗+1). As one moves along this part of the
phase diagram towards the origin, 𝜌 𝑗+1 decreases as 𝑏 𝑗+1 decreases. Eventually, density of the
( 𝑗 + 1)’s becomes zero for 𝑏 𝑗+1 ≤ 1 when one enters the phase 𝕛𝕛++ from phase 𝕛+𝕛+. Moreover,
we observe that

∑ 𝑗

𝑚=0 𝜌𝑚 =
∑𝑟

𝑛= 𝑗+2 𝜌𝑛 = 1/2 is satisfied in phase 𝕛𝕛++. Although 𝜌 𝑗+1 vanishes
in phase 𝕛𝕛++, it is possible that the ( 𝑗 +1)’s enter the lattice because of nonzero boundary rates.
To see why such particles are driven out of the system, we must consider boundary effects near
the left and right boundaries. The densities satisfy

∑ 𝑗

𝑚=0 𝜌𝑚 (𝑥) < 1/2 <
∑𝑟

𝑛= 𝑗+2 𝜌𝑛 (𝑥) and
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𝕣𝟘

...

. . .

Figure 5.6: Schematic plot of the hyperplane 𝑏 𝑗 = 𝐶 (red dotted line) that passes through all
phases of the form 𝕛ℓ. Here, we use the notation 𝕛++ = 𝕛+ 𝟚. Some details of the phase diagram
are omitted in this plot. We have included only the essential parts that make this illustration
suitable to our discussion regarding phase 𝕛ℓ in Section 5.4.

∑ 𝑗

𝑚=0 𝜌𝑚 (𝑥) > 1/2 >
∑𝑟

𝑛= 𝑗+2 𝜌𝑛 (𝑥) at the normalized site position 𝑥 near the left and right
boundary respectively due to boundary effects. Thus the ( 𝑗 + 1)’s will be driven away from
the bulk at both the boundaries. Similarly, we can understand dynamical expulsion in phase
𝕛ℓ by considering the semi-infinite line 1 < 𝑎𝑟−𝑙 = 𝑏 𝑗+1. Indeed, one checks using (5.3.8) that∑𝑟−𝑙

𝑛= 𝑗+1 𝜌𝑛 vanishes as one approaches phase 𝕛ℓ along this line.

It suffices to understand density profiles in all phases 𝕛ℓ for fixed 𝕛. First, we fix a constant
𝐶 ∈ (1, 𝜈 𝑗/𝜈 𝑗−1), and the hyperplane 𝑏 𝑗 = 𝐶 on which 𝑏 𝑗+1 < 1 < 𝑏 𝑗 is satisfied. One
such hyperplane that passes through the phases under consideration here is indicated as the
red dotted line in Figure 5.6. The coordinate of 𝑅∗ where the hyperplanes 𝑏 𝑗 = 𝐶 and 𝑎𝑟 = 0
intersect on the two-dimensional phase diagram is given by 𝑅∗ ≡ 𝐶𝑅 𝑗 .

Now, we explain the density profiles in phase 𝕛𝕛++ starting with its adjacent phase 𝕛𝕛+ for which
we have already explained the density profiles using the shock picture. As one moves along
the hyperplane 𝑏 𝑗 = 𝐶 from phase 𝕛𝕛+ towards phase 𝕛𝕛++, 𝜌 𝑗+2 increases to ( 𝑓 (1) − 𝑓 (𝑎 𝑗+3))
( 𝑓 (1) for 𝑗 + 2 = 𝑟) at the hyperplane 𝑎 𝑗+2 = 1 which is the boundary between these phases.
The same expression for density of species ( 𝑗 + 2) remains unaltered throughout phase 𝕛𝕛++.
In constrast, the density of the ( 𝑗 + 1)’s decreases to zero. The ( 𝑗 + 1)’s stay dynamically
expelled in phase 𝕛𝕛++ as explained previously. However, other species retain their expressions
for densites in this process.

In general, as we move further along 𝑏 𝑗 = 𝐶 towards phase 𝕛𝟘, 𝜌𝑛 vanishes and 𝜌𝑛+1 becomes
( 𝑓 (1) − 𝑓 (𝑎𝑛+2)) ( 𝑓 (1) for 𝑛 = 𝑟 − 1) at the hyperplane 𝑎𝑛+1 = 1 for 𝑗 + 1 < 𝑛 < 𝑟. To reach
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𝕛ℓ starting from 𝕛𝕛+ along the line 𝑏 𝑗 = 𝐶, one must pass through the hyperplanes 𝑎𝑛 = 1 for
𝑗 + 1 < 𝑛 ≤ 𝑟 − 𝑙. In this process, 𝜌𝑖 declines to zero for 𝑗 < 𝑖 < 𝑟 − 𝑙, and 𝜌𝑟−𝑙 becomes
( 𝑓 (1) − 𝑓 (𝑎𝑟−𝑙+1) ( 𝑓 (1) for 𝑙 = 0), where functional forms of other densities remain the same
as in phase 𝕛𝕛+.
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Chapter 6

Introduction to Part II

In Part I we have studied multispecies asymmetric simple exclusion processes. In this part,
we study two important nonequilibrium phenomena, namely, one-dimensional models for (a)
nonlinear growth of interfaces and (b) turbulence. We first discuss the one-dimensional Kardar-
Parisi-Zhang (KPZ) universality class: the KPZ stochastic partial differential equation shows
universal statistical properties; a number of models for growth phenomena lie in this univer-
sality class. We next discuss the Kuramoto-Sivashinsky (KS) deterministic partial differential
equation in 1D. We summarize earlier studies that turbulent but statistically steady state lies
in the 1D KPZ universality class. Finally, we end this chapter with a brief discussion of the
1d Burgers equation with random initial conditions; evolution from such random conditions is
often considered as a simple model for turbulence.

6.1 One-dimensional Kardar-Parisi-Zhang universality class
The models belonging to the one-dimensional Kardar-Parisi-Zhang universality class are char-
acterized by the long-distance and long-time fluctuations of space and time dependent corre-
lations of a height field ℎ(𝑥, 𝑡). This universality class includes the following (to name but a
few): (a) asymmetric simple exclusion process (for TASEP, 𝛼 = 𝛽 = 1/2, see [169]), (b) Eden
model [204, 186], (c) ballistic-deposition model [165, 133, 6], (d) direct polymers in random
media [112], e)PNG (e) the KPZ stochastic partial differential equation of Kardar, Parisi, and
Zhang [128] (KPZ). We focus on the 1D KPZ equation where the nonlinearly growing surface
is kinetically roughened. Examples of such kinetically roughened surfaces include (a) slow
combustion front in paper [163, 164], (b) a growing crystal, (c) surface morphology in the
growth of bacterial colonies in agar gel, and flame-front propagation in combustible materials
(such as a densely packed wheat field) [113] , liquid crystals (see) [113, 112, 206].

The quantity of interest in the KPZ equation is a scalar variable ℎ(𝑥, 𝑡) that is interpreted as
height of the growing surface (without overhanging segments). The 1D KPZ equation is the
following equation

(6.1.1) 𝜕𝑡ℎ = 𝜈𝜕𝑥𝑥ℎ + 𝜆

2
(𝜕𝑥ℎ)2 + 𝜂 ,

95



96 6. Introduction to Part II

where 𝜂 is a Gaussian white noise in time and space:

(6.1.2) 〈𝜂(𝑥, 𝑡)𝜂(𝑥′, 𝑡′)〉 = 2𝐷𝛿(𝑥′ − 𝑥)𝛿(𝑡′ − 𝑡);

𝜈 being the diffusion constant (this term has a smoothening effect on the irregularities of the
evolving surface); 𝜆 is the strength of the non-linear contribution to the velocity (see [128]),
which originates from lateral growth (see Figure 6.1). For 𝜆 = 0, we obtain the Edwards-
Wilkinson (EW) equation:

(6.1.3) 𝜕𝑡ℎ = 𝜈𝜕𝑥𝑥ℎ + 𝜂 ,

where the non-linear term is absent. Here, the lateral growth effects are not taken into account
with the surfacing growing only along the direction perpendicular to the lateral direction as
illustrated in Figure 6.1 (also see [128]).

(a) EW growth (b) KPZ growth

Figure 6.1: Schematic illustration after [206] showing two types of growth in interfaces with
EW growth in (a) and KPZ growth in (b).

The most basic universal behaviour is observed in the scaling properties of the width 𝑤(𝑙, 𝑡)
which is defined as

(6.1.4) 𝑤(𝑙, 𝑡) :=
√︃〈 (ℎ(𝑥, 𝑡) − ℎ(𝑥, 0) − 〈ℎ(𝑥, 𝑡) − ℎ(𝑥, 0)〉𝑙)2〉

𝑙
,

where 〈·〉𝑙 is the ensemble average over regions of spatial extent 𝑙. For example, we can extract
the exponents 𝛼 and 𝛽 from the Family-Vicsek scaling [94] of 𝑤(𝑙, 𝑡), which determine the
dynamical exponent 𝑧 = 𝛼/β. For the 1D KPZ universality class, these exponents are given by

(6.1.5) 𝛼 = 1/2, β = 1/3, and 𝑧 = 3/2.

In contrast, the exponents for the EW universality class in the 1D case are given by

(6.1.6) 𝛼 = 1/2, β = 1/4, and 𝑧 = 2.

In order to trace KPZ fluctuations clearly one needs to use careful analysis. Besides, there are
various subclasses [62] of the KPZ universality class depending on the initial condition. For
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flat initial conditions, the surface height at very large 𝑡 behaves as

(6.1.7) ℎ ≈ ℎ∞𝑡 + (𝛤𝑡)1/3 𝜒 ,

where 𝜒 is a random variable distributed according to the Tracy-Widom distribution for the
Gaussian orthogonal ensemble (GOE). The Gaussian ensembles are well studied in random-
matrix theory. Thus, for an experimental system or simulations we consider, whose distrubution
for the quantity 𝜒 converges to the Tracy-Widom GOE distribution at large times

(6.1.8) 𝜒 ∼ (ℎ − ℎ∞𝑡)/(𝛤𝑡)1/3 .

For other initial conditions, we refer the reader to [62]. To summarize other prominent cases,
for wedge initial conditions, we observe Tracy-Widom distribution for the Gaussian unitary
ensemble (GUE), and for Browninian motion with initial data Baik-Rains distribution.

6.2 Kuramoto-Sivashinsky equation

The Kuramoto-Sivashinsky equation was studied in the context of various physical phenom-
ena. For example, the equation was studied in the context of (a) persistant wave propagation
in dissipative media under nonequilibrium conditions in [148], (b) the universal aspects in
reaction-diffusion systems, in particular, near instability points in nonlinear chemical kinetics
[147], (c) hydrodynamic instabilities in laminar flames in combustible media [201, 161, 199],
(d) irregular flow of a viscous fluid down a vertical plane [200], (e) the instabilities in the flow
of thin fluid films down inclined planes [197, 177], and (f) nonlinear saturation of thin flowing
films [26, 177, 181]. In [146], the authors arrived at the following equation in the complex
field 𝜓(𝑥, 𝑡), namely, the complex Ginzburg-Landau equation (CGLE) [12],

(6.2.1) 𝜕𝑡𝜓 = (1 + 𝑖𝛼)𝜕𝑥𝑥𝜓 + (1 + 𝑖𝛽)𝜓 − (1 − 𝑖𝛾) |𝜓 |2𝜓 , 𝜓 ∈ CCC , 𝛼, 𝛽, 𝛾 ∈ RRR ,

which describes the dynamical properties of spatiotemporal organization in such systems. In
the parameter regime 𝛼𝛾 > 1, where phase turbulence is observed, the phase of 𝜓(𝑥, 𝑡) in the
CGLE satisfies the Kuramoto-Sivashinsky equation. Below, we recall the derivation of the
Kuramoto-Sivashinsky equation from the CGLE (equation (6.2.1)).

We write the complex field 𝜓(𝑥, 𝑡) in the polar form 𝜓(𝑥, 𝑡) = 𝑅(𝑥, 𝑡) exp [𝑖𝜃 (𝑥, 𝑡)]. Consider-
ing the real and complex parts separately, we find that

(6.2.2)
𝑅𝑡 = 𝑅 − 𝑅3 +

(
𝑅𝑥𝑥 − 𝜃2

𝑥𝑅

)
− 𝛼

(
2𝜃𝑥𝑅𝑥 + 𝜃𝑥𝑥𝑅

)
,

𝜃𝑡 = 𝛾𝑅2 +
(
2𝜃𝑥

𝑅𝑥

𝑅
+ 𝜃𝑥𝑥

)
+ 𝛼

(
𝑅𝑥𝑥

𝑅
− 𝜃2

𝑥

)
,

where 𝑅𝑡 ≡ 𝜕𝑡𝑅, 𝜃𝑡 ≡ 𝜕𝑡𝜃, 𝑅𝑥 ≡ 𝜕𝑥𝑅, 𝜃𝑥 ≡ 𝜕𝑥𝜃, and so on. We assume that the fluctuations
in 𝑅 are negligible such that we can ignore all derivatives in our analysis [108]. Ignoring all
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derivatives of 𝑅 in the equation for 𝑅𝑡 , we find the following set of equations

𝑅2 ≈
(
1 − 𝜃2

𝑥 − 𝛼𝜃𝑥𝑥

)
,

𝑅𝑥

𝑅
≈ 1

2
(−2𝜃𝑥𝜃𝑥𝑥 − 𝛼𝜃𝑥𝑥𝑥) ,

𝑅𝑥𝑥

𝑅
≈ −𝛼

2
𝜃𝑥𝑥𝑥𝑥 .

Substituting these equations in the equation for 𝜃𝑡 , we have

(6.2.3) 𝜃𝑡 ≈ 𝛾 + (1 − 𝛼𝛾) 𝜃𝑥𝑥 − 𝛼2

2
𝜃𝑥𝑥𝑥𝑥 − (𝛼 + 𝛾) 𝜃2

𝑥 + · · · .

This truncated equation is the KS equation. We rescale the parameters and the phase as

𝑡′ = 𝑎𝑡 ,

𝑥′ = 𝑏𝑥 ,

and ℎ = 𝑐𝜃 + 𝛾 ,

with

𝑎 =
𝛼2

2(𝛼𝛾 − 1)2 ,

𝑏 =
𝛼√︁

2(𝛼𝛾 − 1)
,

and 𝑐 =
𝛼𝛾 − 1

2(𝛼 + 𝛾) .

Thus the KS equation in 1D is the following fourth-order partial differential equation (PDE):

(6.2.4) 𝜕𝑡ℎ + 𝜕𝑥𝑥ℎ + 𝜕𝑥𝑥𝑥𝑥ℎ + 1
2 [𝜕𝑥ℎ]2 = 0 ;

here we omit the superscripts of 𝑡′ and 𝑥′ to simplify the notations. We can consider ℎ(𝑥, 𝑡) as
the height of a growing interface. The time and space variables are rescaled in such a way that
all parameters have been removed. Then the only important parameter is the system size 𝐿,
where the spatial domain of definition is [−𝐿/2, 𝐿/2]. The equation in (6.2.4) can be written
in terms of the velocity field 𝑢(𝑥, 𝑡) as

(6.2.5) 𝜕𝑡𝑢 + 𝜕𝑥𝑥𝑢 + 𝜕𝑥𝑥𝑥𝑥𝑢 + 𝑢𝜕𝑥𝑢 = 0 ,

where 𝑢(𝑥, 𝑡) = 𝜕𝑥ℎ(𝑥, 𝑡).

The Kuramoto-Sivashinsky equation exhibits interesting dynamical properties. It can be con-
sidered as a model with an infinite number of degrees of freedom with spatiotemporal chaos
[171]. The global properties of the KS equation, such as nonlinear stability and attractors,
were studied in [166]. The dynamical properties of the spatiotemporal chaos in Kuramoto-
Sivashinsky equation were revealed in [119]. Moreover, the large-scale properties were studied
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in [114] by considering this equation as a simple model for fully developed turbulence in 1D.

The large-size and large-time properties of the KS equation show spatiotemporal chaos. The
system size 𝐿 controls the number of degrees of freedom. The small modes of the KS equation
are unstable and grow with time approximately as exp

[(𝑘2 − 𝑘4)𝑡] (with 𝑘 � 1); the growth
is a maximal at 𝑘𝑐 = 1/

√
2. The higher modes (𝑘 > 1) decay rapidly. The nonlinear term

transfers energy from the unstable low 𝑘 modes to the decaying high 𝑘 modes. The nonlinear
term in the equation for the velocity field 𝑢(𝑥, 𝑡) is the one-dimensional analog of the advection
term in the Navier-stokes equation. The evolving height profile displays spatiotemporal chaos.
Initially, it displays EW statistical properties; for sufficiently large system and simulation times,
the system crosses over to a regime in which we observe KPZ statistical properties [202, 115].

6.3 Burgers equation
Hydrodynamic turbulence refers to the extremely chaotic motion of stirred fluids; shows extreme
vortical structures and energy spectrum that spans a very large number of spatial and temporal
scales. A complete understanding of turbulence is still elusive. Its various aspects continue
to be a fascinating subject of study. The Navier-Stokes (NS) equation governs the flow of
Newtonian fluids, including turbulent fluids. However, the dynamical properties of the NS PDE
are extremely complicated. Given the computational difficulties, simple models of turbulence
have been proposed, in particular, in low dimensions. These models are of great utility because
they are sometimes amenable to exact analysis and compuationally less taxing than the 3D
NS equation. Moreover, numerical experiments are less expensive in these models so that
theoretical predictions can be accurately verified. One such model is the unforced Burgers
equation in 1D.

The incompressible NS equation in the three-dimensional velocity field u(x, 𝑡) is

(6.3.1)
𝜕𝑡u + u · ∇u − 𝜈∇2u =

1
𝜌
(f − ∇𝑝) ,

∇.u = 0,

where 𝜈 is kinematic viscosity of the fluid, f is the external force, 𝑝 is pressure and 𝜌 is the fluid
density. In one dimension, the NS equation without the pressure term and any incompressibility
condition is the (forced) Burgers equation:

(6.3.2) 𝜕𝑡𝑢 + 𝑢𝜕𝑥𝑢 = 𝜈𝜕𝑥𝑥𝑢 + 1
𝜌
𝑓 .

The Burgers or Bateman-Burgers equation was originally introduced by Bateman in 1915 in the
study of the surface of discontinuity in perfect fluids [30]. Later, the Burgers equation appeared
as a simple mathematical model in the investigations by Burgers [49], Hopf [116, 117] and
Cole [59].The Burgers equation was also studied for understanding (a) shocks in one dimension
[144], (b) the formation of large-scale cosmological structures in the universe [195], (c) the mass
distribution of such structures using the adhesion model in [213], and (d) shock phenomena in
model driven diffusive systems, namely, the asymmetric simple exclusion process on an open
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lattice [83].

This equation is actually same as the KPZ equation (6.1.1) with the identification 𝑢(𝑥, 𝑡) =

−𝜕𝑥ℎ(𝑥, 𝑡). The quantity ℎ(𝑥, 𝑡) which is referred to as the height of an interface in the KPZ
literature, is known as the potential in the Burgers literature and denoted by 𝜓(𝑥, 𝑡). In our
discussion here, we adhere to the standard notations apt for the Burgers equation.

The unforced Burgers equation is integrable. Let us consider the case 𝑓 = 0 and the spatial
domain of definition to be the real line. Furthermore, we shall consider the variable 𝜃 (𝑥, 𝑡)
related to the potential 𝜓(𝑥, 𝑡) as

(6.3.3) 𝜓(𝑥, 𝑡) = 2𝜈 ln 𝜃 (𝑥, 𝑡) , 𝑥 ∈ RRR .

This transformation of variables is often referred to as the Hopf-Cole transformation. Then the
equation for 𝜃 is found to be

(6.3.4) 𝜕𝑡𝜃 = 𝜈𝜕𝑥𝑥𝜃 ,

which is nothing but the heat equation (or diffusion equation). The exact solution is given by

(6.3.5) 𝜓(𝑥, 𝑡) = 2𝜈 ln
{

1√
4𝜋𝜈𝑡

∫
RRR

exp
[
1
2

(
𝜓0(𝑎) − (𝑥 − 𝑎)2

2𝑡

)]
𝑑𝑎

}
.

Here, 𝜓0(𝑎) is the initial potential. We consider the solution in the limit 𝜈 → 0 (which is not
the same as the case with 𝜈 = 0). By using the steepest descent method, we obtain

(6.3.6) 𝜓(𝑥, 𝑡) = max
𝑎

(
𝜓0(𝑎) − (𝑥 − 𝑎)2

2𝑡

)
.

Thus the solution at time 𝑡 is determined from the initial condition via the maximization in the
RHS of the last equation.

6.4 Plan of Part II
We report results in Chapters 7-8. We begin with a summary below.

In Chapter 7, we study the statistical properties of the height fluctuations in the Kuramoto-
Sivashinsky (KS) equation. We perform extensive direct numerical simulations to solve nu-
merically the KS equation for large system size 𝐿 and long time. We use Family-Vicsek scaling
to extract the KPZ exponents. Then we compute the probability distribution functions of
height fluctuations for different initial conditions. We find the Tracy-Widom and Baik-Rains
distributions.

In Chapter 8, we consider the unforced one-dimensional Burgers equation in the vanishing-
viscosity limit and study the statistical properties of the energy decay. We start with random
initial conditions, whose spectra have particular functional dependences on the wavenumber,
including (a) the initial spectrum with sharp Gaussian peak, (b) spectra with two and four power
laws. For all cases, we characterize the spectrum at different times, the energy decay and the
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growth of the integral length scale. We also compute the histogram of the Lagrangian shock
intervals at different times.
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Chapter 7

The one-dimensional
Kardar-Parisi-Zhang and
Kuramoto-Sivashinsky universality class:
limit distributions

7.1 Introduction
Fundamental investigations of the statistical properties of hydrodynamical turbulence often
use randomly forced versions of the deterministic Navier-Stokes (NS) equations (3D NSE,
in three dimensions); the latter use a non-random forcing term to produce a turbulent, but
nonequilibrium, statistically steady state (NESS). A randomly forced 3D, incompressible NS
equation (3D RFNSE), proposed first by Edwards [88] in 1964, has been studied extensively,
via renormalization-group (RG) and other theoretical [99, 75, 101, 216, 162, 34, 7, 8] and
numerical [184, 35] methods; these studies have shown that many statistical properties of
turbulence in the 3D RFNSE are akin to their 3D NSE counterparts. In particular, the wave-
number 𝑘 dependence of the energy spectrum [141, 142, 102] 𝐸 (𝑘), and even the mutiscaling
corrections [102, 2, 32, 31, 160] to the Kolmogorov phenomenology [141, 142, 102] of 1941
are similar in both these models.

Can we find such similarity between the statistical properties of NESSs in deterministic
and related stochastic partial differential equations (PDEs) that are simpler than their 3D
hydrodynamical counterparts? It has been suggested, since the 1980s, that the Kuramoto-
Sivashinsky (KS) PDE, a deterministic interface-growth model for a height field ℎ(x, 𝑡), which
is used in studies of chemical waves, flame fronts, and the surfaces of thin films flowing
under gravity [149, 201, 200, 182, 3, 56, 108], is a simplified model for turbulence [3].
It has been conjectured [215], and subsequently shown by compelling numerical studies
[121, 202, 115, 124, 42, 127], in both one dimension (1D) and two dimensions (2D), that
the long-distance and long-time behaviors of correlation functions, in the spatiotemporally
chaotic NESS of the KS PDE, exhibit the same power-law scaling as their counterparts in
the Kardar-Parisi-Zhang (KPZ) equation [128, 113, 112, 178], a stochastic PDE (SPDE), in

103
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which the height field ℎ(x, 𝑡) is kinetically roughened. The elucidation of the statistics of
ℎ(x, 𝑡) in the KPZ SPDE has played a central role in nonequilibrium statistical mechanics, in
general, and interface-growth phenomena, in particular. Early KPZ studies [128, 113] have
concentrated on height-field correlations, the width 𝑤(𝐿, 𝑡) of the fluctuating KPZ interface,
and their power-law dependences on the linear system size 𝐿 and time 𝑡, for large 𝐿 and 𝑡

(see below); for the 1D case, several results can be obtained analytically. The universality
of the power-law exponents has been demonstrated by explicit numerical calculations, e.g., in
the poly-nuclear growth (PNG) model, directed polymers in random media (DPRM), and the
asymmetric simple exclusion process (ASEP), and by experiments in turbulent liquid crys-
tals [208, 207, 205], all of which lie (in suitable parameter regimes) in the KPZ universality
class. The seminal work of Prähofer and Spohn work (recently referred to as “the 2𝑛𝑑 KPZ
Revolution” [112]) on the PNG model [173] and the mathematical studies of Johansson [125]
and Baik, Deift and Johansson [28] has led to a new set of studies of the 1D KPZ universality
class [189, 51, 122, 62, 111, 178, 183], which have led to the remarkable result that, at a point
𝑥 and at large times 𝑡,

(7.1.1) ℎ(𝑥, 𝑡) − ℎ(𝑥, 0) ≈ 𝑣∞𝑡 + (𝛤𝑡)βKPZχ𝛽 + 𝑜(𝑡βKPZ) , for 𝑡 → ∞,

where 𝑣∞ and 𝛤 are model-dependent constants (see Appendix B), the exponent βKPZ = 1/3,
and χ𝛽 is a random variable distributed according to the Tracy-Widom (TW) distribution for the
Gaussian Orthogonal Ensemble (GOE) (𝛽 = 1) and for the Gaussian Unitary Ensemble (GUE)
(𝛽 = 2), familiar from the theory of random matrices [209, 43, 1], or the Baik-Rains (BR 𝐹0)
distribution [27] (𝛽 = 0); the value of 𝛽 depends on the initial condition. We show, by extensive
direct numerical simulations (DNSs), that the result (7.1.1) holds for the NESS of the 1D KS
PDE. Thus, the correspondence between the statistical properties of these states, in the 1D KS
(PDE) and their counterparts in the 1D KPZ (SPDE), does not stop at the simple correlation
functions, investigated so far [121, 202, 115, 124]; we demonstrate that this correspondence
includes the universal limit distributions obtained in “the 2𝑛𝑑 KPZ Revolution” [112]. Such a
result has not been obtained hitherto for a spatiotemporally chaotic NESS of a deterministic
PDE.

7.2 Model and Results

The KS PDE, which predates the KPZ SPDE, is

(7.2.1) 𝜕𝑡ℎ(x, 𝑡) + 𝛥ℎ(x, 𝑡) + 𝛥2ℎ(x, 𝑡) + 1
2
(∇ℎ(x, 𝑡))2 = 0,

where ∇ ≡ 𝜕/𝜕x, 𝜕𝑡 ≡ 𝜕/𝜕𝑡, 𝛥 ≡ ∇2, and ℎ, x, and 𝑡 have been scaled such that the linear
system size 𝐿 is the only control parameter. The dynamical and long-wavelength properties of
the 1D KS PDE have been explored via DNSs in References [121, 202, 115, 120, 134]; several
mathematical results have been obtained in References [60, 126, 61].
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Figure 7.1: (Color online) Plots of ℎ(𝑥, 0) versus 𝑥 ∈ [−𝐿/2, 𝐿/2], with 𝐿 = 220, for the
six different initial conditions, IC1, IC2, IC3, IC4, IC5, and IC6 in (a), (e), (i), (m), (q), and
(u), respectively. The short-time spatiotemporal evolution of ℎ(𝑥, 𝑡) is shown, in the interval
[−100, 100], for each one of IC1-IC6 in (b),(f),(j),(n),(r), and (v) (see the videos V1-V6 in
Appendix B). The height profiles at time 𝑡𝑚 = 2 × 105 are plotted in (c), (g), (k), (o), (s), and
(w) for IC1-IC6, respectively; and the plots (d), (h), (l), (p), (t), and (x) display corresponding
limit distributions for χ (see text) in the NESSs; and in (d), (h), (l), and (x) we plot TW-GUE,
TW-GOE, BR 𝐹0, and (𝐹GOE)2 distributions to compare them with data from our DNSs. The
error bars on P(χ) are smaller than the sizes of our symbols.
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Figure 7.2: (Color online) Plot of the scaling form of the Fourier transform of the two-point
time-dependent correlation function 𝑆(𝑘, 𝛿𝑡) versus 𝑐𝛿𝑡2/3𝑘 , with the nonuniversal 𝑐 = 1.6,
computed for IC3 (see Figure 7.1(i)). We plot 𝑆(𝑘, 𝛿𝑡) for three different values of 𝛿𝑡; we
also show, for comparison, the theoretical result (orange curve PS) obtained by Prähofer and
Spohn [174] for the 1D KPZ equation.

The 1D KPZ SPDE is

𝜕𝑡ℎ(𝑥, 𝑡) = 𝜈𝛥ℎ(𝑥, 𝑡) + 𝜆

2
(∇ℎ(𝑥, 𝑡))2 + 𝜂 ,

〈𝜂(𝑥, 𝑡)𝜂(𝑥′, 𝑡′)〉 = 𝐷𝛿(𝑥 − 𝑥′)𝛿(𝑡 − 𝑡′) ,(7.2.2)

where 𝜈, the diffusivity, and 𝜆, the strength of the nonlinearity, are real parameters, and 𝜂 is a
zero-mean Gaussian white noise, with variance 𝐷.

We solve the 1D KS PDE (7.2.1), with periodic boundary conditions on a domain of size 𝐿,
by using the pseudospectral method [54, 55, 210, 214, 106, 107] and the 2/3 dealiasing rule.
For time marching we use the fourth-order, exponential time-differencing Runge-Kutta scheme
ETDRK4 [130, 64]. For reliable statistics, it is important to carry out long simulations with
large values of 𝐿; we report results with 𝐿 = 220, by far the highest spatial resolution that has
been used for a DNS of the 1D KS PDE (7.2.1); for this we have developed a CUDA C code
that runs very efficiently on a GPU cluster with NVIDIA Tesla K80 accelerators.

From our DNSs we compute ℎ(𝑥, 𝑡) for six different kinds of initial conditions, IC1-IC6,
which we depict by plots of ℎ(𝑥, 0) versus 𝑥 in Figures 7.1 (a), (e), (i), (m), (q), and (u); we
show the short-time spatiotemporal evolution of ℎ(𝑥, 𝑡), in the interval 𝑥 ∈ [−100, 100], in
Figures 7.1 (b), (f), (j), (n), (r), and (v) (see the videos V1-V6 in Appendix B). We choose
these ICs to mimic the effect of wedge, flat, stationary, wedge-to-stationary, wedge-to-flat, and
flat-to-stationary geometries in the ASEP model, which are listed in References [62, 44, 63]
as initial conditions for six different sub-classes of the 1D KPZ universality class. Previous
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numerical studies [115, 202] of the 1D KS PDE have shown that two-point, equal-time height-
field correlations show the scaling behaviors of their 1D KPZ SPDE counterparts for times
greater than a crossover time 𝑡𝑐 ' 18700 and lengths larger than the crossover size 𝐿𝑐 ' 3600.
Therefore, we use a very large system size 𝐿 = 220 and very long simulation times 𝑡𝑚𝑎𝑥 ≥ 2×105

(see Appendix B).
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Figure 7.3: (Color online) Family-Vicsek scaling [94]: (a), (c), and (e) show, for IC1-IC3,
respectively, plots of 𝑤(𝑙, 𝑡) versus 𝑙, for 𝑙 � 𝐿, and 𝑤(𝐿, 𝑡) versus 𝑡 (in the insets); 𝑡1 = 5×104,
𝑡2 = 105, 𝑡3 = 1.5 × 105, and 𝑡4 = 2 × 105. The dotted lines are log-log fits for 𝑤(𝑙, 𝑡) = 𝐴𝑙𝛼,
with 𝛼 = 0.46 ± 0.07 for IC1-IC3. In (b), (d), and (f) we plot, for IC1-IC3, respectively, the
skewness 𝜇3 and the kurtosis 𝜇4 (see text) versus the time 𝑡; black lines indicate their large-𝑡
values for TW-GUE, TW-GOE, and BR 𝐹0 PDFs in (b), (d), and (f). (See Appendix B for
similar plots for IC4-IC6.)

Our results for two-point height correlation functions are consistent with those of earlier inves-
tigations [115, 202] of the statistical properties of the spatiotemporally chaotic state of the 1D
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KS PDE: We show, e.g., the equal-time compensated spectrum 𝑘2𝐸 (𝑘) = 〈𝐿ℎ̃(𝑘, 𝑡) ℎ̃∗(𝑘, 𝑡)〉𝑡 ,
where 〈·〉𝑡 is the time average, ℎ̃(𝑘, 𝑡) is the spatial Fourier transform of ℎ(𝑥, 𝑡), and 𝑘 is
the wavenumber, in Figure B.1 of Appendix B. In addition, we calculate the time-dependent,
two-point correlation function 𝑆(𝑘, 𝛿𝑡) = 〈𝑘2 ℎ̃(𝑘, 𝑡0) ℎ̃∗(𝑘, 𝑡0 + 𝛿𝑡)〉𝑡0 in Figure B.4, for the IC3
initial condition. We find that the imaginary part of 𝑆(𝑘, 𝛿𝑡) fluctuates around zero and its
magnitude is much smaller than that of its real part, which we plot in Figure 7.2. Our data
are consistent with the scaling form of 𝑆(𝑘, 𝛿𝑡) (orange curve in Figure 7.2), which has been
obtained analytically by Prähofer and Spohn [174] for the 1D KPZ SPDE; this comparison of
𝑆(𝑘, 𝛿𝑡) for the 1D KS and 1D KPZ equations has not been made hitherto.

The scaling properties of the interface width 𝑤(𝐿, 𝑡) distinguish different universality classes
in interface-growth models;

(7.2.3) 𝑤(𝑙, 𝑡) =
(
〈[𝛥𝑙ℎ(𝑥, 𝑡)]2〉𝑥,𝑙

)1/2
,

with 𝛥𝑙ℎ(𝑥, 𝑡) = ℎ(𝑥, 𝑡) − ℎ(𝑥, 0) − 〈ℎ(𝑥, 𝑡) − ℎ(𝑥, 0)〉𝑥,𝑙 and 〈·〉𝑥,𝑙 the spatial average over a
region of spatial extent 𝑙. For 𝑡 � 1 in the 1D KPZ equation, 𝑤(𝐿, 𝑡) ∼ 𝑡β. Before crossover
occurs in systems with 𝐿 > 𝐿𝑐, the exponent β assumes the value βEW = 1/4, which is the
Edwards-Wilkinson (EW) result [89, 113] for the linear SPDE with 𝜆 = 0 in Equation (7.2.2);
finally, β assumes the KPZ value βKPZ = 1/3 in the NESS (for 𝑡 > 𝑡𝑐). Moreover, the growing
KPZ surface involves the length scale L(𝑡) ∼ 𝑡1/𝑧, where the dynamic exponent 𝑧 = 3/2; and
the width 𝑤(𝑙, 𝑡) ∼ 𝑙𝛼, for 𝑙 � L(𝑡), with 𝛼 = 1/2 [208]. We find from our DNSs of the 1D
KS equation that these Family-Vicsek scaling [94] forms are indeed satisfied as we show in
Figures 7.3 (a), (c), and (e) for IC1-IC3 (see Appendix B for IC4-IC6).

We define

(7.2.4) 𝜇𝑛 = 〈(𝛥𝐿ℎ(𝑥, 𝑡))𝑛〉/〈(𝛥𝐿ℎ(𝑥, 𝑡))2〉𝑛/2 − 3𝛿𝑛,4;

for 𝑛 = 3 (𝑛 = 4), 𝜇𝑛 is the skewness (kurtosis); we plot 𝜇3 and 𝜇4 versus time 𝑡 in the right
panel of Figure 7.3; for each initial condition, IC1-IC6, we average these quantities for 100
surfaces, over a time interval of 104, and five independent DNS runs; i.e., our overall sample
size is ' 5 × 108 data points. [For our 1D KS, 𝜇3 < 0 because of the sign of the nonlinear
term in Equation (7.2.1); we ignore the sign of 𝜇3 for it can be reversed by the transformation
ℎ(𝑥, 𝑡) → −ℎ(𝑥, 𝑡).] In addition, we calculate the probability distribution function (PDF) P(χ)
of the shifted and rescaled fluctuations, namely, χ = (ℎ(𝑥, 𝑡) − 𝑣∞𝑡)/(𝛤𝑡)1/3, when both 𝜇3
and 𝜇4 are close to their standard values for the relevant TW or BR 𝐹0 PDFs; for IC2, e.g., we
compute P(χ) when we have 𝜇3 ' 0.27 and 𝜇4 ' 0.19, which are close to the standard values
𝜇3,GOE ' 0.29 and 𝜇4,GOE ' 0.16, respectively.

For IC1, IC2, IC3, and IC4 we compare, on semilog plots, the PDFs with TW-GUE, TW-
GOE, BR 𝐹0, and (𝐹GOE)2 [62] in Figures 7.1 (d), (h), (l), and (p), respectively. For ease of
comparison, we show in Figure 7.4 that the PDFs we obtain from our DNSs of the 1D KS
Equation (7.2.1) are very close to the TW-GUE, TW-GOE, and BR 𝐹0 PDFs over at least
three orders of magnitude. Stricly speaking, we must collect data only from those two points
(𝑥 = 𝐿/4, 3𝐿/4) at which the two different type of height profiles meet in cases IC4, IC5 and
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IC6. However, this leads to inadequate statistics. Therefore, the PDFs of χ for IC4-6, which
we show in Figures 7.1 (p), (t), and (x), have been computed by using data from the regions
[7𝐿/32, 9𝐿/32] and [23𝐿/32, 25𝐿/32]; we see that this averaging procedure already leads to
PDFs (Figures 7.1 (p), (t) and (x)) that are distinctly different from TW-GUE, TW-GOE, and
BR 𝐹0 distributions.

−8 −4 0 4 8
χ

10−4

10−3

10−2

10−1

100

P(
χ
)

TW-GOE
TW-GUE
BR F0

Figure 7.4: (Color online) Semilog plots of the PDFs P(χ) from our DNSs for IC1, IC2, and
IC3; we compare these with the Tracy-Widom distributions, TW-GUE and TW-GOE, and the
Baik-Rains distributions (BR 𝐹0).

The TW distributions, for IC1 and IC2 initial conditions in the 1D KPZ equation, have been
studied in the context of 𝑁 × 𝑁 GOE (𝛽 = 1) and GUE (𝛽 = 2) random matrices. The largest
eigenvalue (after scaling with 𝑁) 𝛬 of such random matrices is

(7.2.5) 𝛬 =
√

2 + 1√
2
𝑁−2/3χ𝛽 ,

where χ𝛽 has the PDF [156]

(7.2.6) P(𝛬, 𝑁) ≈


exp[−𝛽𝑁2𝜙−(𝛬)], 𝛬 <
√

2, |𝛬 −
√

2| ∼ O(1),√
2𝑁2/3PTW,𝛽 (χ𝛽), |𝛬 −

√
2| ∼ O(𝑁−2/3),

exp[−𝛽𝑁𝜙+(𝛬)], 𝛬 >
√

2, |𝛬 −
√

2| ∼ O(1),

PTW,𝛽 (χ𝛽) denotes TW distributions, and the right and left large-deviation functions (LDFs)
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𝜙+(𝛬) and 𝜙−(𝛬), respectively, display the following asymptotic behaviors:

(7.2.7)
𝜙−(𝛬) ≈ 1

6
√

2
(
√

2 − 𝛬)3 , 𝛬 → −∞;

𝜙+(𝛬) ≈ 27/4

3
(𝛬 −

√
2)3/2 , 𝛬 → +∞.

The LDFs, which yield the probabilities of atypically large fluctuations, match smoothly with
the tails of PTW,𝛽 (χ𝛽). Because of different behaviors of the tails of P(𝛬, 𝑁), a third-order
transition [156] can be associated with 𝛬 at 𝛬𝑐 =

√
2 by defining the free energy ∝ ln 𝐹𝛽 (𝛬, 𝑁),

𝐹𝛽 (𝛬, 𝑁) being the cumulative density function (CDF) for 𝛬, for we have [156]

(7.2.8) lim
𝑁→∞

− 1
𝑁2 ln 𝐹𝛽 (𝛬, 𝑁) =

{
𝜙−(𝛬), 𝛬 <

√
2,

0, 𝛬 >
√

2.

Similarly, we define, for the KS initial conditions IC1 and IC2, the free-energy function F (ℎ),
for 𝑡, 𝐿 → ∞, as follows:

(7.2.9) F (ℎ) = lim
𝑡,𝐿→∞

− 1
𝑡2

ln 𝐹 (χ, 𝑡) ,

where ℎ = ℎ(𝑥, 𝑡)/𝑡 and 𝐹 (χ, 𝑡) is the CDF for χ at time 𝑡. Therefore, for IC1 and IC2, we
should obtain a third-order phase transition for ℎ at the critical value ℎ𝑐 = 𝑣∞; an explicit
demonstration requires much better statistics for P(χ) than is possible with our DNS.

7.3 Discussion
We have shown, by extensive pseudospectral DNSs of the 1D KS deterministic PDE, that the
statistical properties of its spatiotemporally chaotic NESS are in the 1D KPZ universality class.
This is not limited, merely, to the power-law forms of simple correlation functions and the
width of the interface. It includes, in addition, (a) the complete scaling form for the two-point
time-dependent correlation function 𝑆(𝑘, 𝛿𝑡) (Figure 7.2), (b) the skewness and kurtosis shown
in Figure 7.2, and (c) most important of all, the unversal limit distributions in Figure 7.1,
obtained in “the 2𝑛𝑑 KPZ Revolution” [112]. Such results have not been obtained hitherto
for a spatiotemporally chaotic NESS of any deterministic PDE. We conjecture that similar
conclusions should ensue for the phase-chaos regime of the 1D Complex-Ginzburg-Landau
equation [108]. Such studies are also being pursued for the 1D Calogero-Moser model [9].



Chapter 8

The characterization of decay in the
unforced 1D Burgers equation

8.1 Introduction
The Burgers equation is studied in the context of many physical phenomena. Some instances
include fluid mechanics [30], turbulence [49, 50], nonlinear acoustics [95], interstellar dynam-
ics [131], modelling of atmospheric frontogenesis [38, 45], energy spectrum of fronts [11],
adhesion model for cosmological structures [140, 109, 195], as well as modelling stellar and
interstellar jet flows [179, 139]. The Burgers equation is useful as a simple model in which
we can study the decay of Burgers turbulence (this is often the first step in understanding sim-
ilar decay of homogeneous, isotropic fluid turbulence), a problem of fundamental importance
[93, 159, 141, 142]. For a quick overview, see [110, 196, 74, 5].

Single-power-law with an exponent 𝑛 along with a large cutoff wavenumber (see the next
section) as the initial spectrum was considered in [110]. We first consider two typical cases
studied in [110] and verify that our numerical results agree with the results obtained there.
Then we consider other types of initial energy spectra 𝐸 (𝑘) with (I) a sharp Gaussian peak;
(II) combinations of two spectral ranges with different power laws as the initial spectrum; (III)
combinations of four different power laws in the initial spectrum. For each of these cases, we
compute the total energy with time. We consider four choices for the case (II) and two for
the case (III). For each of these cases, we compute the evolution of the energy spectrum, the
decay of the total energy with time, and the growth of the integral length scale as a function of
time 𝑡. This chapter is organized as follows. The Burgers partial differential equation (PDE) is
discussed in Section 8.2. We present our results in Section 8.3.

8.2 The Burgers model and methods
The one-dimensional (1D) viscous Burgers PDE is given by

(8.2.1) 𝜕𝑡𝑢 + 𝑢𝜕𝑥𝑢 = 𝜈𝜕𝑥𝑥𝑢 ,

111
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where 𝑢(𝑥, 𝑡) is the velocity field defined on the periodical interval [0, 𝐿𝑠] with 𝜈 ∈ ℝ+. We
consider the vanishing-kinematic-viscosity limit 𝜈 → 0+. We can write this equation in terms
of the potential 𝜓(𝑥, 𝑡) that is related to the velocity field as

(8.2.2) 𝑢(𝑥, 𝑡) = −𝜕𝑥𝜓(𝑥, 𝑡) .

The equation then reads

(8.2.3) 𝜕𝑡𝜓 =
1
2
(𝜕𝑥𝜓)2 + 𝜈𝜕𝑥𝑥𝜓, 𝜈 → 0+.

It is well-known that the 1D Burgers PDE is integrable. The exact solution (see Section 6.3)
was studied by Hopf [116, 117] as well as by Cole [59] in the late 1940s .

The exact solution of the 1D inviscid Burgers PDE with the initial condition 𝜓(𝑥, 𝑡0) is given
by the Legendre transform (see Appendix C) in the limit of 𝜈 → 0+:

(8.2.4) 𝜓(𝑥, 𝑡) = max
𝑎

[
𝜓(𝑎, 𝑡0) − (𝑥 − 𝑎)2

2(𝑡 − 𝑡0)

]
,

where 𝑡 > 𝑡0 (see [196, 167]). The transformation 𝜓(𝑎, 𝑡0) → 𝜓(𝑥, 𝑡) is sometimes referred to
as the aperture transform [167]. Let us denote by 𝑎(𝑥, 𝑡) the function that maps the point 𝑥 at
time 𝑡 to the point 𝑎 (at time 𝑡0); this corresponds to the maximization in the RHS of (8.2.4).
We refer to 𝑎(𝑥, 𝑡) as inverse Lagrangian function. The function 𝑎(𝑥, 𝑡) gives the (initial)
position at time 𝑡0 of a fluid particle that is at 𝑥 at time 𝑡. Thus the velocity 𝑢(𝑥, 𝑡) is found to
be [196, 167]

(8.2.5) 𝑢(𝑥, 𝑡) = 𝑢(𝑎(𝑥, 𝑡), 𝑡0) = 𝑥 − 𝑎(𝑥, 𝑡)
𝑡 − 𝑡0

.

We refer to 𝑥 as the Eulerian position (coordinate) and 𝑎(𝑥, 𝑡) as the Lagrangian position
(coordinate).

In our simulations, we consider a random initial velocity profile 𝑢(𝑥, 0) for which the Fourier
modes 𝑢̃𝑘 (0) for the wavenumber 𝑘 ≥ 0 take the form

(8.2.6) 𝑢̃𝑘 (0) =
(
𝐴 E(𝑘))1/2 exp

[−𝑘2/𝑘2
𝑐

]
𝑋
(𝑘)
𝑁

exp
[
𝑖𝑋

(𝑘)
𝑈

]
,

where 𝐴 is a positive constant, 𝑘𝑐 is a cutoff wavenumber with 𝑘𝑐 � 1; 𝑋
(𝑘)
𝑁

is a random
variable distributed according to N(0, 1) for all 𝑘 ≥ 0, where N(0, 1) is the normal distribution
with mean 0 and standard deviation 1; 𝑋

(𝑘)
𝑈

is a random variable distributed according to
U(0, 2𝜋), i.e. uniform distribution on [0, 2𝜋] for all 𝑘 ≥ 0. Then the initial (average) energy
spectrum 𝐸0(𝑘) is given by

(8.2.7) 𝐸0(𝑘) =
〈
|𝑢̃𝑘 (0) |2

〉
𝑋

(𝑘)
𝑁

,𝑋
(𝑘)
𝑈

= 𝐴 E(𝑘) exp
[−𝑘2/𝑘2

𝑐

]
,

where 〈·〉
𝑋
(𝑘)
𝑁

,𝑋
(𝑘)
𝑈

is average over realizations. The energy spectrum 𝐸 (𝑘, 𝑡) at time 𝑡 is defined
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as

(8.2.8) 𝐸 (𝑘, 𝑡) :=
〈
|𝑢̃𝑘 (𝑡) |2

〉
𝑋

(𝑘)
𝑁

,𝑋
(𝑘)
𝑈

.

Furthermore, we define the (average) energy 𝐸 (𝑡) as

(8.2.9) 𝐸 (𝑡) :=
〈∫ ∞

−∞
d𝑘 |𝑢̃𝑘 (𝑡) |2

〉
𝑋

(𝑘)
𝑁

,𝑋
(𝑘)
𝑈

,

and integral length scale as

(8.2.10) 𝐿 (𝑡) :=
1

𝐸 (𝑡)

〈∫ ∞

−∞
d𝑘 𝑘−1 |𝑢̃𝑘 (𝑡) |2

〉
𝑋

(𝑘)
𝑁

,𝑋
(𝑘)
𝑈

.

The single-power-law case

(8.2.11) E(𝑘) = |𝑘 |𝑛 ,

where the exponent 𝑛 satisfies −1 < 𝑛 < 2, was studied by Gurbatov, et al. [110] in details.
We recall here that, for −1 < 𝑛 < 1, the energy decay is self-similar with

(8.2.12) 𝐸 (𝑡) ∝ 𝑡𝑒𝐸 , where 𝑒𝐸 =
−2(𝑛 + 1)
𝑛 + 3

.

The integral length scale 𝐿 (𝑡) increases with time as

(8.2.13) 𝐿 (𝑡) ∝ 𝑡𝑒𝐼 , where 𝑒𝐼 =
2

𝑛 + 3
.

The proof for the energy decay [104] follows from noting the scaling properties of the velocity
𝑢(𝑥, 𝑡) [196]:

(8.2.14) 𝑢(𝑥, 𝑡) law
= 𝑡−

𝑛+1
𝑛+3𝑢(𝑥𝑡− 2

𝑛+3 , 1),

where “ law
= ” means both the RHS and the LHS have same the same probability distributions.

Thus, the second moments of the RHS and LHS are related as

(8.2.15)
〈
𝑢2(𝑥, 𝑡)〉

𝑋
(𝑘)
𝑁

,𝑋
(𝑘)
𝑈

= 𝑡−
2(𝑛+1)
𝑛+3

〈
𝑢2(𝑥𝑡− 2

𝑛+3 , 1)
〉
𝑋

(𝑘)
𝑁

,𝑋
(𝑘)
𝑈

.

First, we note that the energy 𝐸 (𝑡) written in terms of the velocity 𝑢(𝑥, 𝑡) is given by

(8.2.16) 𝐸 (𝑡) =
〈∫ 𝐿𝑠

0
d𝑥 𝑢2(𝑥, 𝑡)

〉
𝑋

(𝑘)
𝑁

,𝑋
(𝑘)
𝑈

= 𝐿𝑠

〈
𝑢2(𝑥, 𝑡)〉

𝑋
(𝑘)
𝑁

,𝑋
(𝑘)
𝑈

,
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where 𝐿𝑠 is the system size, and 𝑥 is any point in [0, 𝐿𝑠]. Also, we note that

(8.2.17)

〈∫ 𝐿𝑠

0
d𝑥 𝑢2(𝑥𝑡− 2

𝑛+3 , 1)
〉
𝑋

(𝑘)
𝑁

,𝑋
(𝑘)
𝑈

=

〈
𝑡

2
𝑛+3

∫ 𝐿𝑠𝑡
− 2
𝑛+3

0
d
(
𝑥𝑡−

2
𝑛+3

)
𝑢2(𝑥𝑡− 2

𝑛+3 , 1)
〉
𝑋

(𝑘)
𝑁

,𝑋
(𝑘)
𝑈

= 𝑡
2

𝑛+3

〈∫ 𝐿𝑠𝑡
− 2
𝑛+3

0
d𝑦 𝑢2(𝑦, 1)

〉
𝑋

(𝑘)
𝑁

,𝑋
(𝑘)
𝑈

= 𝐿𝑠

〈
𝑢2(𝑦, 1)〉

𝑋
(𝑘)
𝑁

,𝑋
(𝑘)
𝑈

,

where 𝑦 is any point in [0, 𝐿𝑠𝑡
− 2

𝑛+3 ]. We expect
〈
𝑢2(𝑥, 1)〉

𝑋
(𝑘)
𝑁

,𝑋
(𝑘)
𝑈

=
〈
𝑢2(𝑦, 1)〉

𝑋
(𝑘)
𝑁

,𝑋
(𝑘)
𝑈

for all

𝑥, 𝑦 ∈ [0, 𝐿𝑠] because of averaging over 𝑋 (𝑘)
𝑁

and 𝑋
(𝑘)
𝑈

(for all 𝑘). Thus, we have

(8.2.18) 𝐸 (𝑡) = 𝐸 (1)𝑡− 2(𝑛+1)
𝑛+3 .

In [110], 𝐿 (𝑡) was suggested to be related to 𝐸 (𝑡)

(8.2.19)
d
d𝑡
𝐿 (𝑡) = 𝐸 (𝑡) 1

2 .

Then, 𝐿 (𝑡) becomes

(8.2.20) 𝐿 (𝑡) = 1
2
(𝑛 + 3)𝐸 (0) 1

2 𝑡
2

𝑛+3 + 𝐿 (0).

For 1 < 𝑛 < 2, the time-dependences of 𝐸 (𝑡) and 𝐿 (𝑡) are suggested to have the log-corrected
Kida forms [110]:

(8.2.21)
𝐸 (𝑡) ∼ 𝑡−1𝜎𝜓 ln−1/2(𝑡/𝑡𝑛𝑙) ,
𝐿 (𝑡) ∼ 𝑡1/2(𝜎𝜓)1/2 ln−1/4(𝑡/𝑡𝑛𝑙) ,

where the constants 𝜎𝜓 and 𝑡𝑛𝑙 are given by

(8.2.22) 𝜎2
𝜓 =

〈∫ ∞

−∞
d𝑘 𝑘−2 |𝑢̃𝑘 (0) |2

〉
𝑋

(𝑘)
𝑁

,𝑋
(𝑘)
𝑈

, 𝑡𝑛𝑙 =
𝜎𝜓

𝐸0
,

with

(8.2.23) 𝐸0 =

∫ ∞

−∞
d𝑘 𝐸0(𝑘).

In this paramater range, we observe the Gurbatov phenomenon [110], which we define as
follows. There is a non-empty time interval 𝐼𝐺 such that there exist for all 𝑡 ∈ 𝐼𝐺 some
wavenumber 𝑘𝑡 > 0 satisfying (a) 𝐸 (𝑘𝑡 , 𝑡) > 𝐸0(𝑘𝑡), and (b) 𝜕𝑘𝐸 (𝑘, 𝑡) < 0 for all 𝑘 > 𝑘𝑡 .

Shocks appear in the velocity profile with time evolution. At the Eulerian position of the shock
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𝑥∗ at time 𝑡, we define the Lagrangian shock interval [167] as

(8.2.24) 𝛥𝑎(𝑥) = lim
𝑥→𝑥+∗

𝑎(𝑥, 𝑡) − lim
𝑥→𝑥−∗

𝑎(𝑥, 𝑡) .

We compute the unnormalized histogram 𝑁 (𝛥𝑎(𝑥)) of the Lagrangian shock intervals.
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Figure 8.1: Plots of the evolution of the energy spectrum, the energy decay, the growth of
the integral length scale, and the evolution of the histogram of the shock strengths, for the
single-power law case. We plot 𝐸 (𝑘, 𝑡) vs 𝑘 on logarithmic scales for six different times for
𝑛 = 0.5 in (a) and 𝑛 = 1.5 in (e), log10 𝐸 (𝑡) vs log10 𝑡 for 𝑛 = 0.5 in (b) and 𝑛 = 1.5 in (f),
log10 𝐿 (𝑡) vs log10 𝑡 for 𝑛 = 0.5 in (c) and 𝑛 = 1.5 in (g), and log10 [𝑁 (𝛥𝑎(𝑥))] vs log10 [𝛥𝑎(𝑥)]
for 𝑛 = 0.5 in (d) and 𝑛 = 1.5 in (h). We show the relevant local slopes in the insets in (b), (c),
(f), and (g).

8.3 Decay of the energy in the 1D inviscid Burgers equation
We present our results in the this section case by case.

8.3.1 Case 0: Single power law with −1 < 𝑛 < 2
We have considered the single power laws for 𝑛 = 0.5 and 𝑛 = 1.5 in our numerical simulations.
Our results for the energy spectrum 𝐸 (𝑘, 𝑡), the decay of energy 𝐸 (𝑡), and the growth of the
integral length scale 𝐿 (𝑡) are presented in Figures 1(a)-(f). We observe the following log-log
behaviours:
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• The equations (8.2.12) and (8.2.13) for the energy decay and the integral length scale
respectively are satisfied in the case 𝑛 = 0.5 as observed in Figures 8.1(b) and (c); note
that 𝐸 (𝑘, 𝑡) remains bounded above by 𝐸0(𝑘) for all time 𝑡 > 0, i.e. the spectrum at
time 𝑡 > 0 does not rise above the initial spectrum 𝑘0.5 in any spectral region as shown
in Figure 8.1(a) (non-Gurbatov).

• We observe the Gurbatov phenomenon for 𝑛 = 1.5; 𝐸 (𝑘, 𝑡) rises above 𝐸0(𝑘) in some
part of the spectral range for some 𝑡 > 0 with the energy decay roughly following a
𝑡−1 law and integral length scale following a 𝑡1/2 behaviour approximately. The results
are shown in Figures 8.1(e)-(g). Given this simulation data, it is not easy to find the
log-correction for 𝐸 (𝑡) and 𝐿 (𝑡).

The evolution of 𝑁 (𝛥𝑎(𝑥)), the histogram for the Lagrangian shock intervals, shows different
types of behaviour in these two cases as observed in Figures 8.1(d) and (h). For example, these
figures show that, at time 𝑡 = 100.24, only the larger shocks survive in the system for 𝑛 = 1.5 in
comparison to the case of 𝑛 = 0.5.

8.3.2 Case I: Gaussian peak
We next consider a sharp Gaussian peak in the initial spectrum. For this, we consider E(𝑘) =
exp

[−(𝑘 − 𝑘𝑐)2/2𝑘𝑐 + 2𝑘2/𝑘2
𝑐

]
, and 1 � 𝑘𝑐 � 𝑘𝑚, where 𝑘𝑚 is the maximum wavenumber.

In our simulation, 𝑘𝑚 equals (𝑁/2 − 1), with system size 𝐿𝑠 = 2𝜋 and number of gridpoints
𝑁 = 221. We can identify two prominent time intervals each being associated with two
distinct regimes of the decay of energy, with an intermediate regime between these two. At
the beginning of the energy decay, we observe that a few flat peaks appear for 𝑘 < 𝑘𝑐 whereas
several sharp peaks appear for 𝑘 > 𝑘𝑐 and the initial sharp peak at 𝑘𝑐 persists. Let us denote
by 𝑘 𝑓 (𝑡) the wavenumber of the flat peak for which 𝐸 (𝑘, 𝑡) is the highest in the spectral range
𝑘 < 𝑘𝑐. We describe the time regimes below using peaks at 𝑘𝑐 and 𝑘 𝑓 (𝑡):
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Figure 8.2: Plots of the evolution of the energy spectrum, the energy decay, the growth of
the integral length scale, and the evolution of the histogram of the shock strengths, for a
Gaussian initial spectrum. We plot (a) 𝐸 (𝑘, 𝑡) vs 𝑘 on logarithmic scale for six different times,
(b) log10 𝐸 (𝑡) vs log10 𝑡, (c) log10 𝐿 (𝑡) vs log10 𝑡, and (d) log10 [𝑁 (𝛥𝑎(𝑥))] vs log10 𝛥𝑎(𝑥) at
different times. We show the local slope in the insets in (b) and (c).

• The first regime of energy decay starts roughly at around 𝑡 ' 10−7.5 in our simulations.
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Initially, for very small wavenumbers, 𝑘 . 𝑘
1/2
𝑐 , we observe a spectral range where the

spectrum approximately behaves as 𝑐(𝑡)𝑘2 with 𝑘 𝑓 (𝑡) ' 𝑘
1/2
𝑐 ; 𝑘 𝑓 (𝑡) remain fixed in

this regime. Heights of the peaks, which appear at 𝑘 > 𝑘𝑐, are less than that of the
peak at 𝑘𝑐. 𝐸 (𝑘, 𝑡) for 𝑘 ≥ 𝑘𝑐 decreases monotonically in this time regime. 𝐸 (𝑘, 𝑡)
for 𝑘 𝑓 < 𝑘 < 𝑘𝑐 increases with time with gradual smoothening of other flat peaks in
this spectral range; the overall behaviour of this intermediate spectral range approaches
a 𝑘−2 form for large times. For 𝑘 < 𝑘 𝑓 , 𝐸 (𝑘, 0) increases until 𝑐(𝑡) ' 1/𝑘𝑐. Upto the
time 𝑡 ' 10−4.0, the energy decay is dominated by the decay of the original peak at 𝑘𝑐 as
well as other sharp peaks formed at higher wavenumbers in the beginning of this decay
regime. During this regime, the decay occurs very sharply. The local slope goes to
' −2.0 as shown in the inset of Figure 8.2(b). Also we note that the integral length scale
decreases initially within a brief time-interval (see Figure 8.2(c)) and then starts to grow.
These observations are supported by the plots in Figures 8.3 and 8.4.

• Beyond the first regime, the energy decay undergoes a crossover which is observed in
our simulations for the time interval (10−4.0, 10−2.0). 𝐸 (𝑘, 𝑡) at 𝑘 = 𝑘 𝑓 (𝑡) becomes
comparable to 𝐸 (𝑘𝑐, 𝑡), and eventually becomes poised to dominate the energy decay.
𝑘 𝑓 (𝑡) remains fixed, and the spectral character remains unaltered for 𝑘 < 𝑘 𝑓 (𝑡). The
sharp peaks in the range 𝑘 > 𝑘𝑐 decays to the extent that the overall spectral character of
the spectrum here falls off as ∼ 𝑘−2. The spectral range 𝑘 𝑓 (𝑡) < 𝑘 < 𝑘𝑐 adjusts such that
the whole spectral range beyond 𝑘 𝑓 (𝑡) follows a ∼ 𝑘−2 form by the end of the crossover
(see 8.5). Both the changes in the energy decay and integral length scale are very small
during this crossover as observed in Figures 8.2(b) and (c) respectively.

• Finally, we have another decay regime which spans over the time-interval [10−2.0, 103.5].
when there are only two spectral ranges - low wavenumber range with 𝑘2-dependence
for 𝑘 < 𝑘 𝑓 (𝑡) and high wavenumber range with ∼ 𝑘−2-dependence for 𝑘 > 𝑘 𝑓 (𝑡). The
peak position 𝑘 𝑓 (𝑡) is now a decreasing function of time. The energy decay have same
characteristics for a single power law with 𝑛 = 2. The energy decay exponent is again
nearly −1 whereas the exponent for integral length-scale is ' 0.5 (see Figures 8.2(b) and
(c)). In this regime, mostly the shocks with large Lagrangian shock intervals survive.
This is supported by the histogram of the Lagrangian shock intervals shown in Figure
8.2(d).

In summary, we note that 𝐸 (𝑡) decays fast as ∼ 𝑡−2 in the first decay regime, then slows down
as the energy decay crosses over to a regime where 𝐸 (𝑡) decays as ∼ 𝑡−1; finally 𝐸 (𝑡) decays
as ∼ 𝑡−2.

8.3.3 Case II: Composite two-range initial energy spectrum
Now we consider the cases where there are two spectral ranges with different power laws. We
assume following functional form for the initial spectrum

(8.3.1) 𝐸0(𝑘) =

𝐴1E1(𝑘) for 𝑘 < 𝑘1 ,

𝐴2E2(𝑘) for 𝑘1 ≤ 𝑘 < 𝑘2
1 ,

𝐴3E2(𝑘) exp
[−2𝑘2/𝑘2

𝑐

]
for 𝑘 ≥ 𝑘2

1 ,
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Figure 8.3: Snapshot of the system at 𝑡 = 10−7 showing the spatiotemporal evolution of
the velocity profiles for the case I. We plot 𝑢(𝑥, 𝑡) versus 𝑥 for (a) 𝑥 ∈ [0, 2.1 × 10−4], (b)
𝑥 ∈ [0, 1.1 × 10−], and (c) 𝑥 ∈ [0, 2𝜋]; we show corresponding 𝐸 (𝑘, 𝑡) versus 𝑘 in (d).

Figure 8.4: Snapshot of the system at 𝑡 = 10−5 showing the spatiotemporal evolution of
the velocity profiles for the case I. We plot 𝑢(𝑥, 𝑡) versus 𝑥 for (a) 𝑥 ∈ [0, 2.1 × 10−4], (b)
𝑥 ∈ [0, 1.1× 10−], and (c) 𝑥 ∈ [0, 2𝜋]; we show corresponding 𝐸 (𝑘, 𝑡) versus 𝑘 in (d). A ramp
and shock structure is clearly visible in the zoomed velocity profiles of 𝑢(𝑥, 𝑡).
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Figure 8.5: Snapshot of the system at 𝑡 = 10−3 showing the spatiotemporal evolution of
the velocity profiles for the case I. We plot 𝑢(𝑥, 𝑡) versus 𝑥 for (a) 𝑥 ∈ [0, 2.1 × 10−4], (b)
𝑥 ∈ [0, 1.1× 10−], and (c) 𝑥 ∈ [0, 2𝜋]; we show corresponding 𝐸 (𝑘, 𝑡) versus 𝑘 in (d). Shocks
are clearly visible in the zoomed velocity profiles of 𝑢(𝑥, 𝑡).

Figure 8.6: Snapshot of the system at 𝑡 = 10−7 showing the spatiotemporal evolution of
the velocity profiles for the case I. We plot 𝑢(𝑥, 𝑡) versus 𝑥 for (a) 𝑥 ∈ [0, 2.1 × 10−4], (b)
𝑥 ∈ [0, 1.1 × 10−], and (c) 𝑥 ∈ [0, 2𝜋]; we show corresponding 𝐸 (𝑘, 𝑡) versus 𝑘 in (d).
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The constants 𝐴1, 𝐴2, and 𝐴3 are chosen such that 𝐸0(𝑘) is continuous. The function E𝑖 (𝑘) is
given by

(8.3.2) E𝑖 (𝑘) = 𝑘𝑛𝑖 .

Let us refer to the initial spectrum of the case II with the 2-tuple 𝑛 = (𝑛1, 𝑛2). We consider
four subcases as follows:

IIa 𝑛 = (0.25, 0.75),
IIb 𝑛 = (0.5, 1.5),
IIc 𝑛 = (1.5, 0.5),
IId 𝑛 = (1.25, 1.75).

Let us describe our simulation results for the case IIa first in details. Then we briefly mention
the other cases. We remark here that in some of these cases the exponents are not very clear,
especially for 𝐿 (𝑡) given the resolution in our simulations.

8.3.3.1 Case IIa

The spectrum at time 𝑡 > 0 has one peak. We denote the peak position by 𝑘 𝑝 (𝑡). Since this
is the simplest case, let us describe the behaviour of the spectrum using detailed mathematical
expressions. The spectrum at time 𝑡 is given by

(8.3.3) 𝐸 (𝑘, 𝑡) =

𝐸0(𝑘) for 𝑘 < 𝑘′(𝑡) < 𝑘 𝑝 (𝑡) ,
𝐽 (𝑘, 𝑡) for 𝑘′(𝑡) ≤ 𝑘 ≤ 𝑘′′(𝑡) ,
𝐽 (𝑘′′(𝑡), 𝑡) (𝑘′′(𝑡)/𝑘)2 for 𝑘 > 𝑘′′(𝑡) > 𝑘 𝑝 (𝑡) .

The function 𝐽 (𝑘, 𝑡) is defined on the interval [𝑘′(𝑡), 𝑘′′(𝑡)]. 𝐽 (𝑘, 𝑡) describes smooth portion
of the continuous part of the spectrum that includes the peak at 𝑘 𝑝 (𝑡). The evolution of 𝐸 (𝑘, 𝑡)
is shown in Figure 8.7(a).

The energy decay and the growth of the integral length scale clearly show two time regimes.
𝐸 (𝑘, 𝑡) decays as ∼ 𝑡0.9 (resp. ∼ 𝑡0.8) respectively for 𝑡 ∈ [10−7, 10−2] (resp. 𝑡 ∈ [10−2, 102]).
𝐿 (𝑡) grows with an exponent greater than 0.5 throughout these two time-intervals. The variation
in the local slopes are shown insets of the plots of 𝐸 (𝑡) vs 𝑡 and 𝐿 (𝑡) vs 𝑡 in Figure 8.7(b)
and (c) respectively. The exponents for the energy decay, ' −0.9 and ' −0.8, compare well
with the values −0.77 and 0.93 respectively, which are computed using the formula for the
single-power-law case in (8.2.12) and taking into consideration the peak position 𝑘 𝑝 (𝑡). The
value of the exponent for 𝐿 (𝑡) is not very clear. The histogram for shock intervals evolves as
shown in Figure 8.7(d).

8.3.3.2 Case IIb

In this case too, there is exactly one peak at 𝑘 𝑝 (𝑡). Depending on 𝑘 𝑝 (𝑡), the spectrum has
different behaviour as observed in 8.7(e). When 𝑘1 < 𝑘 𝑝 (𝑡) < 𝑘2

1, 𝐸 (𝑘, 𝑡) is same as 𝐸0(𝑘) for
some 𝑘′ with 𝑘 < 𝑘′ < 𝑘1. Also, there is a spectral interval 𝑘′′ < 𝑘 < 𝑘′′′ with 𝑘′ < 𝑘′′ and
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Figure 8.7: Plots of the evolution of the energy spectrum, the energy decay, the growth of the
integral length scale, and the evolution of the histogram of the shock strengths, for composite
initial spectrum with two power laws. We show plots of 𝐸 (𝑘, 𝑡) vs 𝑘 on logarithmic scale for
six different times for cases IIa in (a), IIb in (e), IIc in (i), and IId in (m); plots of log10 𝐸 (𝑡) vs
log10 𝑡 for cases IIa in (b), IIb in (f), IIc in (j), and IId in (n); plots of log10 𝐿 (𝑡) vs log10 𝑡 for
cases IIa in (c), IIb in (g), IIc in (k), and IId in (o); plots of log10 [𝑁 (𝛥𝑎(𝑥))] vs log10 𝛥𝑎(𝑥) for
cases IIa in (d), IIb in (h), IIc in (l), IId in (p). We show the relevant local slopes in the insets
in (b), (c), (f), (g), (j), (k), (n) and (o).
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𝑘′′′ < 𝑘 𝑝 (𝑡), where 𝐸 (𝑘, 𝑡) ∼ 𝑘2 with 𝐸 (𝑘, 𝑡) > 𝐸0(𝑘). A continuous curve bridges these two
spectral regions. This is reminiscent of the Gurbatov phenomenon. When 𝑘 𝑝 (𝑡) < 𝑘1, i.e. in
the low wavenumber region, the peak height diminishes with time till the second spectral range
where the spectrum was proportional to 𝑘2 is vanishes. Eventually, the spectrum becomes such
that 𝐸 (𝑘, 𝑡) ≤ 𝐸0(𝑡) for all 𝑘 . Thus the memory of the initial spectral range with 𝑛2 = 1.5
lingers in the system for some time.

The energy decay occurs in mainly two regimes. In our simulation, the first regime occurs
approximately for 𝑡 ∈ [10−8, 10−3], whereas the second regime happens for 100 . 𝑡 . 103

with an itermediate transient decay. Though we observe 𝐸 (𝑘, 𝑡) ∼ 𝑡−1 in the first regime, the
situation in the second regime is not very clear. Only towards the end of the second regime
we observe that the energy decays as ∼ 𝑡−0.9 (see the inset in Figure 8.7(f)). The exponent for
𝐿 (𝑡) is not clear (see Figure 8.7(g)). Figure 8.7(h) shows the evolution of the histogram for the
shock intervals.

8.3.3.3 Case IIc

There is a single peak at 𝑘 𝑝 (𝑡) in the spectrum just as in the case IIb. Again the energy decay
takes place in two regimes. However, this case appears to be simpler as observed in the plot
of the evolution of 𝐸 (𝑘, 𝑡) in Figure 8.7(i). When 𝑘1 < 𝑘 𝑝 (𝑡) < 𝑘2

1 the decay is exactly like
the single power law case with 𝑛 = 0.5. The exponent for energy decay is approximately −0.9.
But, for 𝑘 𝑝 (𝑡) < 𝑘1, we observe the Gurbatov phenomenon, i.e. the behaviour resembles the
single power law case 𝑛 = 1.5. The reader is referred to the Figures 8.7(j) and (k) for the
relevant plots. The histograms for the Lagrangian shock intervals is shown in Figure 8.7(l).

8.3.3.4 Case IId

The evolution of 𝐸 (𝑘, 𝑡) exhibits the Gurbatov phenomenon (Figure 8.7(m)). The exponents
for energy decay and integral length scale growth are same as for 1 < 𝑛 < 2 in the the single
power law case. The exponents for the decay of the energy decay and the growth of the integral
length scale are roughly −1.0 and 0.5 (as observed in Figures 8.7(n) and (o)). The evolution
histogram for the Lagrangian shock intervals shown in Figure 8.7(p) looks different from the
those for IIa-c.

8.3.4 Case III: Composite four-range initial energy spectrum
The initial spectrum involving four main spectral ranges with power law dependence is given
by

(8.3.4) 𝐸0(𝑘) =



𝐴1E1(𝑘) for 𝑘 < 𝑘1 ,

𝐴2E2(𝑘) for 𝑘1 ≤ 𝑘 < 𝑘2
1 ,

𝐴3E3(𝑘) for 𝑘2
1 ≤ 𝑘 < 𝑘3

1 ,

𝐴4E4(𝑘) for 𝑘3
1 ≤ 𝑘 < 𝑘4

1 ,

𝐴5E4(𝑘) exp
[−2𝑘2/𝑘2

𝑐

]
for 𝑘 ≥ 𝑘4

1 ,
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Figure 8.8: Plots of the evolution of the energy spectrum, the energy decay, the growth of the
integral length scale, and the evolution of the histogram of the shock strengths, for composite
initial spectra with four power laws. We show plots of 𝐸 (𝑘, 𝑡) vs 𝑘 on logarithmic scales for
six different times for cases IIIa in (a) and IIIb in (e); plots of log10 𝐸 (𝑡) vs log10 𝑡 for cases
IIIa in (b), and IIIb in (f); plots of log10 𝐿 (𝑡) vs log10 𝑡 for cases IIIa in (c) and IIIb in (g); plots
of log10 [𝑁 (𝛥𝑎(𝑥))] vs log10 𝛥𝑎(𝑥) for cases IIIa in (d), and IIIb in (h). We show the relevant
local slopes in the insets in (b), (c), (f), and (g).
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where E𝑖 is a power law with exponent 𝑛𝑖 as in (8.3.2). Let us refer to this type of initial
conditions with the 4-tuple 𝑛 = (𝑛1, 𝑛2, 𝑛3, 𝑛4). We consider the following two choices

IIIa 𝑛 = (0.5, 1.5, 0.5, 1.5)
IIIb 𝑛 = (1.5,−1.5, 1.5,−1.5)

We describe our results case by case below. The exponents for the decay of the energy decay
and the growth of the integral length scale are not very clear in some of the temporal ranges for
these cases.

8.3.4.1 Case IIIa

The changes in the spectrum are similar to those in IIb. In fact, the first two and the last two
spectral ranges can be considered independently, in light of the discussion for case IIb. There
is only one peak, the position of which is again denoted by 𝑘 𝑝 (𝑡). When the changes appear
in the last two spectral ranges, there is no visible change in the first two spectral ranges (see
Figure 8.8(a)). Only when the peak approach the second spectral range, visible changes begin
to appear in the first spectral range as well. Thus the exponent for the energy decay and the
growth of the integral length scale fluctuate around −1.0 and 0.5 respectively (see the plots in
Figure 8.8(b)-(c)).

8.3.4.2 Case IIIb

We consider at time 𝑡 the peak in the spectrum at 𝑘 𝑝 (𝑡). When 𝑘 𝑝 (𝑡) is in the first and the third
spectral ranges ((8.3.4)), we observe phenomena which resemble the Gurbatov phenomenon.
The local slope corresponding to the exponent for the energy decay is nearly −1.0 (see Figure
8.8(f)). The exponent for the growth of the integral length scale remains constant at approx-
imately 0.5 only when 𝑘 𝑝 (𝑡) is in the first spectral range (see Figure 8.8(g)). When the peak
is in the third spectral range, the exponent rises close to the value 1 (see the inset in Figure
8.8(g)). We also observe a short period of slowing down of the energy decay and integral-length
scale-growth when 𝑘 𝑝 (𝑡) passes through the junction of the second and the third spectral range.

8.4 Conclusion
In conclusion, we have considered different types of initial spectra in cases I-III where the
energy decay can have complicated dependences on time 𝑡 in different temporal ranges. By
carrying out this study, we have gone beyond the results for simple spectral ranges, presented
in Gurbatov, et al. For similar studies on the Navier-Stokes turbulence, the reader is referred
to [159] which treats this decay using closure theory, and numerical studies involving direct
numerical simulations [158].
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Appendix A

The semipermeable TASEP and ASEP

We review the semipermeable TASEP [22] using the original terminology, but with the notation
of the mTASEP. Let us recall first the model here. The semipermeable TASEP is defined on
an open, one-dimensional lattice of size 𝐿. It involves three species, denoted with 1, 0 and 1.
The 1’s are positive charges, the 0’s are thought of as vacancies, and 1’s are negative charges.
In the bulk, these species follow totally asymmetric hopping rules with rates

10 → 01 with rate 1,
11 → 11 with rate 1,
01 → 10 with rate 1.

An the left boundary, the negative charges can be replaced with the positive charges

(A.0.1) 1 → 1 with rate 𝛼.

The positive charges can be replaced with the negative charges on the right boundary with rate

(A.0.2) 1 → 1 with rate 𝛽.

The semipermeable TASEP was originally conceived as a model of first-class particles (1’s),
second-class particles (0’s) and vacancies (1’s) where both particles hop only to the right,
and where first-class particles overtake second-class ones. In addition, 0’s are constrained to
remain in the system. This model then corresponds to the mTASEP with 𝑟 = 1. We consider
the large-size limit of the semipermeable TASEP so that the ratio of the number of 0’s to the
size of the system approaches a fixed constant, 𝜃0. The phase diagram is thus determined by
three parameters: 𝛼, 𝛽 and 𝜃0.

The phase diagram of the semipermeable TASEP was understood using two important concepts.
The first was a current-density relation, which was derived assuming the typical configuration
in the stationary distribution has uniform regions of a given density. This showed that either
𝜌1 = 𝜌1 or 𝜌1 = 1 − 𝜌1 in the bulk. The second was a colouring argument which said the
following. If one could not distinguish between 0’s and 1’s, then the dynamics were the same
as the original TASEP in the bulk between 1’s and these two. A similar argument was made
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if one could not distinguish between 1’s and 0’s. Although these identifications fail at the
boundaries, this argument gives the correct physical picture. These two ideas led to the notion
of a fat shock, a macroscopic region in which all the second class particles are present. The
width of the fat shock was then determined by the number of confined 0’s.

Figure A.1: Instantaneous picture of the fat shock in the 𝟙 − 𝟙 boundary in the semipermeable
TASEP. Each connected region is labelled with the species of a particle and the height of a
region at a given location represents the density of that species at that point.

An illustration of the fat shock is given in Figure A.1. The regions separating 1 − 0 and 0 − 1
execute synchronized random walks so that the width of the fat shock is fixed. In various
regions of the phase diagram, the fat shock has either negative, positive, or zero drift.

Phase
Densities

Current of 1’s
𝜌1 𝜌0 𝜌1

𝟘 = C
(1 − 𝜃0)/2 𝜃0 (1 − 𝜃0)/2 (1 − 𝜃2

0 )/4
𝑏, 𝜁0 < 𝑎

𝟙 = A
𝑓 (𝑎)

{
0 𝑥 < 𝑥0
(1 − 2 𝑓 (𝑎)) 𝑥 > 𝑥0

{
1 − 𝑓 (𝑎) 𝑥 < 𝑥0
𝑓 (𝑎) 𝑥 > 𝑥0

(1 − 𝑞) 𝑓 (𝑎) (1 − 𝑓 (𝑎))
𝑏, 𝜁0 < 𝑎

𝟙 = B
{
𝑓 (𝑏) 𝑥 < 𝑥1
1 − 𝑓 (𝑏) 𝑥 > 𝑥1

{
1 − 2 𝑓 (𝑏) 𝑥 < 𝑥1
0 𝑥 > 𝑥1

𝑓 (𝑏) (1 − 𝑞) 𝑓 (𝑏) (1 − 𝑓 (𝑏))
𝑎, 𝜁0 < 𝑏

A-B boundary {
𝑓 (𝑎) 𝑥 < 𝑥1
linear 𝑥 > 𝑥1


1 − 2 𝑓 (𝑎) 𝑥 < 𝑥1

or 𝑥 > 𝑥0
linear otherwise

{
linear 𝑥 < 𝑥0
𝑓 (𝑎) 𝑥 > 𝑥0

(1 − 𝑞) 𝑓 (𝑎) (1 − 𝑓 (𝑎))𝜁0 < 𝑎 = 𝑏

Table A.1: Densities and currents of the semipermeable ASEP. We have used the notation 𝜃0
for the fixed fraction of 0’s, and set 𝜁0 = (1 + 𝜃0)/(1 − 𝜃0), 𝑥0 = 1 − 𝜃0(𝑎 + 1)/(𝑎 − 1) and
𝑥1 = 𝜃0(𝑏 + 1)/(𝑏 − 1).

Since 0’s are confined to the lattice, their average current vanishes. Because of particle
conservation, the current of 1’s to the right is the same as that of 1’s to the left. We will thus
describe only the former, denoted 𝐽1. In region 𝟘 = C, the fat shock permeates the system and
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Figure A.2: Plots of the densities of particles 1 (green squares), 0 (red diamonds), and 1 (blue
circles), versus the scaled position 𝑥 = 𝑚/𝑛 for the 𝑟 = 1 semipermeable ASEP with 𝑛 = 200;
𝜃0 = 0.3 and 𝜃1 = 0.7 in the regions (a) A (𝛼 = 0.19, 𝛽 = 0.78, 𝛾 = 0.41, 𝛿 = 0.63, 𝑞 = 0.47),
(b) B (𝛼 = 0.89, 𝛽 = 0.34, 𝛾 = 0.43, 𝛿 = 0.63, 𝑞 = 0.59), (c) C (𝛼 = 0.84, 𝛽 = 0.89, 𝛾 =

0.61, 𝛿 = 0.43, 𝑞 = 0.59), and the (d) A-B boundary (𝛼 = 𝛽 = 0.34, 𝛾 = 𝛿 = 0.63, 𝑞 = 0.52).

C

B

A

𝑎

𝑏

𝜁00

𝜁0

Figure A.3: Stationary phase diagram of the semipermeable ASEP. The parameter 𝜁0 depends
on the density of species 0, 𝜃0 which is a fixed parameter in this system as 𝜁0 = (1+𝜃0)/(1−𝜃0).
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thus, all densities are constant. The density of 1’s and 1’s is 𝜌1 = 𝜌1 = (1 − 𝜃0)/2 and their
current is 𝐽1 = (1 − 𝜃2

0)/4. In region 𝟙 = A, the fat shock is pinned on the right, the density of
1’s is 𝜌1 = 𝛼 throughout and the current is 𝐽1 = 𝛼(1 − 𝛼). In region 𝟙 = B, the fat shock is
pinned on the left, the density of 1’s is 𝜌1 = 𝛽 throughout and the current is 𝐽1 = 𝛽(1− 𝛽). On
the 𝟙 − 𝟙 boundary, the two ends of the shock perform synchronized oscillations so as to keep
the width fixed. In all regions, the width is governed by the fraction 𝜃0, which is fixed.

Although the existence of the fat shock was proved rigorously only for the semipermeable
TASEP [22], the calculations of the density and current for the semipermeable ASEP in
[211] strongly suggest that they exist in the latter. The simulations in Figure A.2 attest to
this hypothesis. The formulas for the densities and currents in the semipermeable ASEP are
summarized in Table A.1. The phase diagram is shown in Figure A.3.



Appendix B

Supplemental Information for KSE

B.1 The compensated spectrum
We show the equal-time compensated spectrum 𝑘2𝐸 (𝑘) = 〈𝐿ℎ̃(𝑘, 𝑡) ℎ̃∗(𝑘, 𝑡)〉𝑡 , where 〈·〉𝑡 is the
time average and ℎ̃(𝑘, 𝑡) is the spatial Fourier transform of ℎ(𝑥, 𝑡) and 𝑘 is the wave number, in
Figure B.1. The compensated spectrum 𝑘2𝐸 (𝑘) that we present in Figure B.1 covers a much
larger range of wave numbers than in earlier simulations [115, 202].

Figure B.1: (Color online) Log-log plots of the compensated spectrum 𝑘2𝐸 (𝑘) versus 𝑘/𝑘𝑑
for the six different initial conditions IC1-IC6 (see Figure (1) of the main text). We zoom into
the region 𝛿𝑘/𝑘𝑑 = [0.005, 0.3], where the curves appear flat, and show, in the inset, how our
data compare with the line 𝑘2𝐸 (𝑘) = 1. Here, 𝑘𝑑 = 𝜋b𝐿/3c/𝐿 is the value of the maximum
wave number after dealiasing and the system size 𝐿 = 220.

B.2 Computation of the parameters 𝑣∞ , 𝛤, and β

We compute the model-dependent parameters 𝑣∞ and 𝛤 (see Equation (1) in the main paper)
from our DNS data as follows. By choosing two Kuramoto-Sivashinsky (KS) surfaces at two
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different times with 𝛿𝑡 = 100, we compute 𝛿〈ℎ(𝑥, 𝑡)〉𝐿/𝛿𝑡, where 〈·〉𝐿 is the spatial average
over our simulation domain; we plot it versus time 𝑡 in Figure B.2 (a); the 𝑡 → ∞ limit yields
𝑣∞ ' −0.86.

The exponent β appears in the Family-Vicsek scaling form:

(B.2.1) 𝑤(𝐿, 𝑡) ∼ 𝑡β, for 𝑡 → ∞,

where 𝑤(𝐿, 𝑡) is the width (see the main paper). To compute β we plot log𝑤(𝐿, 𝑡) for IC2 (the
flat initial condition) against log 𝑡 in Figure B.2 (b); a linear fit yields the exponent β ' 0.32,
which is close to the KPZ value βKPZ = 1/3.
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Figure B.2: (Color online) Plot of 〈𝛿ℎ(𝑥, 𝑡)〉𝐿/𝛿𝑡 versus 𝑡 in (a). In (b), we display log𝑤(𝐿, 𝑡)
versus log 𝑡.

In order to find the constant 𝛤, we compute 𝛴 (𝑡), the variance of (ℎ(𝑥, 𝑡) − 𝑣∞𝑡)/𝑡βKPZ , and
plot it versus 𝑡 (see the log-log plot in Figure B.3). For 𝑡 � 1, we have 𝛴 (𝑡) → 𝛤2/3Var(χ𝛽),
where Var(χ𝛽) is the variance of the random variable χ𝛽 with 𝛽 = 1 for IC2 and 𝛽 = 2 for IC1.
Given that the variances of the PDFs of χ1 and χ2 are, respectively, ' 0.638 and ' 0.813 (see
Ref. [173]), we compute 𝛤 ' 0.358 and 𝛤 ' 0.496 for IC1 and IC2, respectively.

B.3 Family-Vicsek scaling and the skewness and kurtosis for
IC4-IC6

In Figs. (B.4) (a)-(c) we show Family-Vicsek scaling for the initial conditions IC4-IC6. In
Figs. (B.4) (d)-(f) we plot the skewness and kurtosis for these initial conditions. Stricly
speaking, we must collect data only from those two points (𝑥 = 𝐿/4, 3𝐿/4) at which the two
different type of height profiles meet in cases IC4, IC5, and IC6. However, this leads to
inadequate statistics. Therefore, the skewness and kurtosis are computed by using data from
the regions [7𝐿/32, 9𝐿/32] and [23𝐿/32, 25𝐿/32].
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Figure B.3: (Color online) Log-log plots of 𝛴 (𝑡) versus 𝑡 for IC1 and IC2.
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Figure B.4: (Color online) Plots of Family-Vicsek scaling in (a)-(c), and the skewness and
kurtosis in (d)-(f) for IC4-IC6, respectively.
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B.4 Simulation details
We have used the exponential time-differencing fourth-order Runge-Kutta method (ETDRK4)
[64, 130] for time marching in our direct numerical simulation (DNS) for the 1D KS equation.
The whole simulation is programmed in CUDA C, by using the in-built Fast Fourier Transform
in CUDA to switch back and forth between Fourier and real space in our pseudospectral DNS.
Moreover, the 2/3 dealiasing rule is incorporated to avoid aliasing errors. The parameters for
our DNSs are given in Table B.1.

𝐿 𝑁 𝛿𝑥 𝛿𝑡 𝑡𝑚𝑎𝑥

220 220 1 0.01 2 − 6 × 105

Table B.1: DNS parameters: 𝐿 is the system size, 𝑁 is the number of collocation points,
𝛿𝑥 = 𝐿/𝑁 , 𝛿𝑡 is the time step, and 𝑡𝑚𝑎𝑥 is the maximum time for which we run our DNS.

The evolution of ℎ(𝑥, 𝑡) for the six initial conditions IC1-IC6 is captured in the videos that are
available at the URLs provided below:

• IC1 : https://drive.google.com/open?id=1CPqNxda1GbntAmgHDydg3xzDRsqycxrr

• IC2 : https://drive.google.com/open?id=1iL154onInbzeCTzjmRJgZ-osgf6TuhcN

• IC3 : https://drive.google.com/open?id=1xRcXlFrETj1VqUYC5fYXeZ9s0oORw-V4

• IC4 : https://drive.google.com/open?id=1RULXEHa-gz4i8vGKNzH2Q54wQo4GTemw

• IC5 : https://drive.google.com/open?id=14rmSiAmzhBFSQ84HNj_9MOn7U_MWzzyC

• IC6 : https://drive.google.com/open?id=131uJ5mBO8DCifAUovsr4i3FHN4Zh7758

B.5 Numerical scheme for DNS for KS equation
We have implemented the exponential time differencing method with Runge-Kutta scheme of
the fourth order (or ETDRK4 in short) in our CUDA C code. The method is suited to stiff
partial differential equations of the form

(B.5.1) 𝜕𝑡𝑢 = 𝑐𝑢 + 𝐹 (𝑢, 𝑡),

where c is a constant, and 𝐹 (𝑢, 𝑡) is the non-linearity. Let the numerical approximation for 𝑢(𝑡)
be denoted by 𝑢𝑛 at time 𝑡𝑛 = 𝑛ℎ, where ℎ is the time step. Given that 𝑢𝑛 is known, then 𝑢𝑛+1
is exactly given by

(B.5.2) 𝑢𝑛+1 = 𝑢𝑛𝑒
𝑐ℎ + 𝑒𝑐ℎ

∫ ℎ

0
𝑒−𝑐𝜏𝐹 (𝑢(𝑡𝑛 + 𝜏), 𝑡𝑛 + 𝜏)𝑑𝜏.

This formula is the basis for exponential time differencing methods. Using an approximation
for the integral, a fourth order Runge-Kutta scheme was derived in [64]. The scheme is given

https://drive.google.com/open?id=1CPqNxda1GbntAmgHDydg3xzDRsqycxrr
https://drive.google.com/open?id=1iL154onInbzeCTzjmRJgZ-osgf6TuhcN
https://drive.google.com/open?id=1xRcXlFrETj1VqUYC5fYXeZ9s0oORw-V4
https://drive.google.com/open?id=1RULXEHa-gz4i8vGKNzH2Q54wQo4GTemw
https://drive.google.com/open?id=14rmSiAmzhBFSQ84HNj_9MOn7U_MWzzyC
https://drive.google.com/open?id=131uJ5mBO8DCifAUovsr4i3FHN4Zh7758
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by the formulae given below.

𝐴𝑛 = 𝑢𝑛𝑒
𝑐ℎ/2 +𝑄1𝐹 (𝑢𝑛, 𝑡𝑛),(B.5.3)

𝐵𝑛 = 𝑢𝑛𝑒
𝑐ℎ/2 +𝑄1𝐹 (𝐴𝑛, 𝑡𝑛 + ℎ/2),(B.5.4)

𝐶𝑛 = 𝐴𝑛𝑒
𝑐ℎ/2 +𝑄1 [2𝐹 (𝐵𝑛, 𝑡𝑛 + ℎ/2) − 𝐹 (𝑢𝑛, 𝑡𝑛))],(B.5.5)

𝑢𝑛+1 = 𝑢𝑛𝑒
𝑐ℎ +𝑄2𝐹 (𝑢𝑛, 𝑡𝑛) + 2𝑄3

(
𝐹 (𝐴𝑛, 𝑡𝑛 + ℎ/2) + 𝐹 (𝐵𝑛, 𝑡𝑛 + ℎ/2))(B.5.6)

+𝑄4𝐹 (𝐶𝑛, 𝑡𝑛 + ℎ),

where the coefficients 𝑄1, 𝑄2, 𝑄3 and 𝑄4 are the following

𝑄1 =
ℎ

𝑧
(𝑒𝑧/2 − 1),(B.5.7)

𝑄2 =
ℎ

𝑧3 [𝑒
𝑧 (𝑧2 − 3𝑧 + 4) − 𝑧 − 4],(B.5.8)

𝑄3 =
ℎ

𝑧3 [𝑒
𝑧 (𝑧 − 2) + 𝑧 + 2],(B.5.9)

𝑄4 =
ℎ

𝑧3 [𝑒
𝑧 (4 − 𝑧) − 𝑧2 − 3𝑧 − 4], with 𝑧 = 𝑐ℎ.(B.5.10)

The KS equation is cast into the form as in (B.5.2) when we take the Fourier transform. Then
the constant 𝑐 equals (𝑘2 − 𝑘4), and the non-linearity function is given by

(B.5.11) 𝐹 (𝑢, 𝑡) = F [−0.5𝑢2
𝑥

]
,

where F [·] is the Fourier transform.
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Appendix C

Fast Legendre transform for 1D Burgers
equation

We provide the details about the solution of the 1D Burgers equation in terms of the fast
Legendre transform (FLT) on a discrete space interval. We explain very briefly the algorithm
in 1D for periodic boundary condition (PBC). More details can be found in [167].

As mentioned in Chapter 8, we fix the number of grid-points 𝑁 to be 221, and the system size
to be 𝐿 = 2𝜋. Let us describe the method for general 𝑁 with PBC.

The goal is to maximize the RHS in (8.2.4) for each of the 𝑁 gridpoints for jumping ahead to
time 𝑡 from time 𝑡0. Naively, we have to check the maximization at each and every gridpoint
for evaluating the potential at time 𝑡 at the gridpoint under consideration. Thus the search
operation is of order 𝑂 (𝑁2). Let us, only for our purpose of describing the algorithm here,
think of 𝑛 ≥ 0 as the position of the 𝑛th gridpoint obtained by dividing the periodic interval
equally into 𝑁 intervals of size 𝐿/𝑁 .

The FLT algorithm takes advantage of the following relation for the inverse Lagrangian function:

(C.0.1)
(
𝑎(𝑚) − 𝑎(𝑛)) (𝑚 − 𝑛) ≥ 0 , 𝑚, 𝑛 ∈ [0, 𝑁 [

i.e. 𝑎(𝑛) is a monotonous function of 𝑛. Because of PBC, we shall assume 𝑎(𝑛+𝑁) = 𝑎(𝑛) +𝑁 .
Now we find 𝑎(𝑛) for each and every 𝑛, but follow a different order to visit the gridpoints for the
maximization instead of visiting them in the increasing order of 𝑛. First, we visit the point 𝑛 = 0,
and find 𝑎(0) by searching in the interval [−𝑁/2, 𝑁/2[. Also, we set 𝑎(𝑁) = 𝑎(0) + 𝑁 . Then
we divide the interval [0, 𝑁] into two sub-intervals of equal length: [0, 𝑁/2] and [𝑁/2, 𝑁].
Now we visit the gridpoint 𝑁/2 which is at the boundary of these sub-intervals, and search for
𝑎(𝑁/2) within the interval [𝑎(0), 𝑎(𝑁)]. This is enough because the inequality

(C.0.2) 𝑎(0) ≤ 𝑎(𝑁/2) ≤ 𝑎(𝑁) ,

is satisfied due to (C.0.1).

After computing 𝑎(𝑁/2) we sub-divide the interval [0, 𝑁/2] into two equal sub-intervals
of length 𝑁/4, and compute 𝑎(𝑁/4) that lies in the interval [𝑎(0), 𝑎(𝑁/2)]. Similarly, we
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continue the sub-division process until we reach 𝑛 = 1 and compute 𝑎(1). Till this time, we
have the knowledge of 𝑎(0), 𝑎(1), 𝑎(2), 𝑎(4), . . . , 𝑎(𝑁/2), 𝑎(𝑁). So, in the interval [0, 2],
there are no more points where 𝑎(𝑛) has not been computed yet. Thus we move to the interval
[2, 4] and apply the sub-division process. The next interval is [4, 8] where we advance via the
application of sub-division mechanism. Carrying on in this way, we can determine 𝑎(𝑛) for
every 𝑛 ∈ [𝑁].
The way the gridpoints are visited is referred to as in-order visiting. The required number of
operations for the Legendre transform is now reduced to 𝑂 (𝑁 log2 𝑁). An example for 𝑛 = 16
can be found in [167].
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