MATH 224 : COMPLEX ANALYSIS
SPRING 2026

HOMEWORK 8

Instructor: GAUTAM BHARALI Assigned: MARCH 9, 2026

1. Let 2 C C be a non-empty open set and let f : Q@ — C be a C-differentiable function. Prove
Goursat’s Theorem —i.e., show that f € O(Q2) —by completing the following outline:

Step 1. Pick an arbitrary A := Ag1—a closed triangular region contained in €2. Appeal to
the Subdivision Lemma stated in Homework 7 to obtain a nested sequence

A S AL S AR S

where each AU) € {A;4,... ;A 45} —as per the notation of the Subdivision Lemma—and
has the properties stated in the latter lemma. Argue that ﬂjeN AU) is a singleton {z}.

Step 2. Fix € > 0. Since f is C-differentiable at z, there exists a constant § > 0 such that
[(z = 20) 7" (f(2) = f(20)) = f'(20)| < & whenever 0 < |z — z| < 6.

Let j(0) € Z, be so large that diam(AU®)) < §. Argue that

jl{ - f(x)dz] < 5% |z — 20| d|z|
AOA(9)) AAG(8))

using the preceding inequality appropriately.

Step 3. Now, using the properties of {A(j)}jzo, show that faA f(z)dz = 0. Why does this
give the desired conclusion?

2. Let a € C, A := ann(a; Ry, Ry), where 0 < Ry < Ry < +00, and f € O(A). For any non-empty
compact set K & A and any constants 71,72 > 0 such that
Ri<ri<rg <Ry and K ¢ ann(a;r,rs),

we have shown in class that

ISR f(w) N Fw) 1
fe) =2, {2m i»D(m)(w—a)"“ dw} oo+ n; {2m /{m(a,m)(w —a)~(+1) dw} (z—ay’

n=0

where the right-hand side above converges pointwise to f(z), and is absolutely convergent, for
each z € K. Show that the right-hand side converges uniformly to f on K.

Hint. Note that the assertion established in class holds true with K := ann(a; 71, 72) replacing K,
where 11 < 71 < T < 1o.

3. Let C° denote the one-point compactification of C (note that C is locally compact and Haus-
dorff). For each point (ay,az,a3) € S\ {(0,0,1)}, where S is the unit sphere in R3 with centre
(0,0,0), let
(X(al, az,as),Y (a1, az,as), 0) := the intersection of the unique line in R?® through (0,0,1) and
(a1, a9,a3) with the plane {(z1,z2,z3) € R : 23 = 0}.



Define the map f: 5% — C by

X(CLl,CLQ,CLg) + iy(alua23a3)) if (a17a27a3) S SS \ {(0507 1)})
flai,a2,a3) = ,
00, if (a1, a2,a3) = (0,0,1).

Prove that f is a homeomorphism between S% and C™.

4. Let 2 C C be a non-empty open set and let S & €2 be a non-empty set that has no limit points
in Q. Let f:(Q2\5) — C be a holomorphic function that has a pole at each a € S. Show that f
extends to a continuous function f : Q — C .

5—8. Problems 4, 5, 13, and 16 from the exercises to V-Section 1 of Conway.



