EXPLICIT UNIVERSAL BOUNDS FOR SQUEEZING FUNCTIONS
OF (C-)CONVEX DOMAINS

GAUTAM BHARALI AND NIKOLAI NIKOLOV

ABSTRACT. We prove two separate lower bounds—one for nondegenerate convex domains and
the other for nondegenerate C-convex (but not necessarily convex) domains— for the squeezing
function that hold true for all domains in C", for a fixed n > 2, of the stated class. We provide
explicit expressions in terms of n for these estimates.

1. INTRODUCTION AND STATEMENT OF RESULTS

The squeezing function of a domain D C C", denoted by sp, is defined as
sp(z) = sup{sp(z; F) | F': D — B" is an injective holomorphic map with F(z) = 0}

(in this paper, B" will denote the open Euclidean unit ball in C™ with centre 0) where, for each
F : D — B"™ as above, sp(z; F') is given by

sp(z; F) = sup{r > 0:rB" C F(D)}.

(Note that if D is unbounded, then the above-mentioned class of biholomorphic maps may be
empty, in which case sp(z) := 0.) By definition, sp is invariant under biholomorphic maps: i.e.,
for any biholomorphic map ® defined on D, sg(pyo® = sp. For this reason, the squeezing function
has proven to be of considerable utility. This function was introduced by Deng—Guan—Zhang in
[2]. It is closely related to notions introduced by Liu-Sun—Yau [7] and Yeung [12], most notably
that of holomorphic homogeneous regularity. A domain D is said to be holomorphic homogeneous
reqular if inf,cp sp(z) > 0. A number of facts concerning the complex geometry of a domain D
are known if D is holomorphic homogeneous regular: we refer the reader to Section 1 of [6] and
to the references therein.

Over the years, several families of domains have been shown to be holomorphic homogeneous
regular. We will not list these families here. Instead, we shall focus on two classes of domains
that are known to be holomorphic homogeneous regular: namely, the class of nondegenerate
convex domains and the class of nondegenerate C-convex domains (we say that a domain D is
nondegenerate if D contains no complex lines; clearly, sp = 0 if D contains a complex line).

The goal of this paper is to examine more closely an interesting property of the above-mentioned
classes as a whole. Specifically, these two classes admit universal lower bounds for the squeezing
function: by this, we mean that there exists a constant k, > 0 such that

sp(z) > kn, Vz € D and for every D C C",

where

e D is a nondegenerate convex domain, or
e D is a nondegenerate C-convex domain.

The existence of universal lower bounds follows, in the convex case, from the work of Frankel [3]
(the function sp was introduced more recently but the results in [3] can be reinterpreted in terms
of sp). In the C-convex case, it first was hinted at, to the best of our knowledge, in [§] by Nikolov—
Andreev. In this paper, we revisit this phenomenon to find explicit estimates for ,.To this end,
an observation by Nikolov—Andreev proves to be more useful. We make precise the quantitative
basis for this observation. In the process, we find two sets— for convex and C-convex domains,
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respectively —of explicit universal lower bounds. We ought to say more about this, but (after
one explanatory remark) we first present the two theorems just alluded to.

Determining when a domain D C C”, n > 2, is holomorphic homogeneous regular requires
estimating sp. To this end, it is sometimes useful to work with the squeezing function Psp —i.e.,
the squeezing function based on D of the domain D —where D is a unit ball, with respect to
some norm || - ||p, such that D is homogeneous. See, for instance, [4, [11], in which these auxiliary
squeezing functions are introduced. With this in mind, we also present explicit universal estimates
for P"sp. Now, P"sp is defined in a manner similar to sp, with D" replacing B" in the definition
above. (Here, D denotes the open unit disc in C with centre 0.) For simplicity of notation, we
shall write 5p := D"sp and set ¢, := /4" — 1/4/3. With these words, we present:

Theorem 1.1. For any nondegenerate convex domain D C C™, n > 2, the squeezing functions
sp and Sp have the following universal lower bounds:
1 1
sp(z) > —— and sp(z) > ——— Vze D.
D()_ ﬁ(20n+1) D()— on+l _ 1
Theorem 1.2. For any nondegenerate C-convexr domain D C C", n > 2, the squeezing functions
sp and Sp have the following universal lower bounds:

1 1

sp(z) > N NCEEESE > N and
Sp(2) > ! L v.en.

(V2r 4+ /27 —1)? 7 gz g
Remark 1.3. Recall that a domain D C C" is said to be C-convezx if any non-empty intersection
of D with a complex line A C C" is a simply connected domain in A. Clearly, any convex
domain is C-convex, but the converse is false. The point of Theorem is that by specifically
considering convex domains, the lower bounds obtained for them are stronger than those obtained
in Theorem The second (and weaker) set of lower bounds given in Theorem are meant
to convey, in some sense, how much stronger the lower bounds in Theorem are: namely, the
lower bounds in Theorem are, due to convexity, close to the double of those in Theorem
This is a bit reminiscent of the way the estimate provided by Kobe’s theorem for convex univalent
maps on D is the double of the estimate for univalent maps in general defined on D.

Remark 1.4. The methods used in proving the above theorems assume the fact that the domains
of interest are domains in C™, n > 2. In fact, the estimates above are uninformative when taking
n = 1. Moreover, we already know that for any planar domain D of the type considered in the
theorems above, sp =1 (by the Riemann Mapping Theorem).

We must also remark that the inequalities in Theorems and are strict. This can be
deduced by carefully examining the proofs. Since the question of a universal lower bound being
attained as an equality is of potential interest, we shall elaborate upon the latter statements after

proving Theorems [T.1] and see Section [4

The inspiration for the above theorems is the proof of [8, Theorem 1]. The latter theorem
mentions the existence of universal lower bounds for sp for C-complex domains, but the key
factor for this is somewhat implicit in its proof. This “key factor” is a set of simple inequalities,
which are presented in Proposition below. It is these simple inequalities that make possible:

e the explicit estimates in the theorems above,
e the improved estimates, even while staying within the framework of [8, Theorem 1], for
convex domains in Theorem [L.1]

We ought to mention that [3, Theorem 1.1] by Frankel can be interpreted as a statement about the
existence of universal lower bounds for the squeezing functions of nondegenerate convex domains.
Its proof relies on an argument involving affine scalings. Interestingly, the scaling approach proves
to be somewhat of a deterrent to obtaining explicit universal lower bounds for the squeezing
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function, although it serves several other purposes in [3] (also see [6])! In fact, Theorem [1.1
can also be seen as a non-scaling-based proof of the holomorphic homogeneous regularity of a
nongenerate convex domain in C", n > 2.

Proposition [2.1] will play a crucial role in the proof of Theorems [I.1] and [I.2} The next section
is devoted to this result and to a useful lemma that follows from Proposition The proofs of
Theorems [1.1] and [T.2] are presented in Sections [3] and [, respectively.

2. SOME SUPPORTING RESULTS

This section is devoted to a few results needed in the proofs of Theorems [I.1] and We first
introduce a result that is one of the key ingredients of the latter proofs. It paraphrases a useful
calculation that is given in [I0] by Nikolov et al. (also see [9] for some aspects of this calculation).
But first, we must record that a domain D C C" is said to be linearly convez if for each point
a € (C™\ D), there exists a complex hyperplane through a that does not intersect D. It turns
out (see [I, Chapter 2]) that any C-convex domain is linearly convex, which is a fact that we will
need. We will also need some notation, in presenting which we shall follow the notation used in
[10, Section 1]. Let D C C™ be a nondegenerate domain and let zg € D. There exist C-linear
subspaces Hy, ..., H,_1, and points a',...,a" € 0D, such that

Hy = C",
la* —z0|| = sup {r > 0: B.(Hy, 20) C D},
H; := C" o spanc{(a' — 20),...,(a’ — 20)}, and
la? ™ — 20| = sup{r > 0: B.(Hj, 2) C D}, j=1,...,n—1,
where, given a complex subspace V' C C", C" & V denotes the orthogonal complement of V in
C™ with respect to the standard Hermitian inner product on C™, and
B, (V,z) := {z€C": (2 —20) € V and ||z — 2| <r}.

Without loss of generality, we can assume that zg = 0. Now, suppose D is convex. For each
a’, fix a real hyperplane W;_; such that (a’ + W;_1) is a supporting hyperplane of D at a/. If D
is C-convex (but not necessarily convex), it is linearly convex. Then, for each a’, there exists a
complex hyperplane W;_; such that (a/ + W;_1) does not intersect D. If D is convex, it is also
C-convex, and we note that for each supporting hyperplane (a/ + W;_1),

W; =W;niW;, j=0,...,n—1. (2.1)
is a complex hyperplane with the property stated in the previous sentence.

Proposition 2.1. Let D be a nondegenerate C-conver domain in C™, n > 2, and assume 0 € D.
Let a? € OD, j = 1,...,n, be the points described above (taking zg = 0). Let T be the invertible

linear transformation given by
n ,
, (z,a”)
T(Z) = Z ”aj”2 €;.

j=1

Fix complex hyperplanes W, j =0,...,n — 1, as described above (which, when D is convex, are
determined by real hyperplanes W; as given by (2.1) ). Then, there exists a C-linear transformation
A such that [ Alga. := [aj k] is a lower triangular matriz each of whose diagonal entries is 1 and
such that:

(a) If D is convex, then
AoT(a +Wj_1) = {(Z1,...,Z,) €C":Re(Z;) =1}, j=1,...,n.
(b) If D is C-convex (but not necessarily convex), then

AoT(d + W) = {(Z1,...,Z,) €C": Z; =1}, j=1,...,n.
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In both cases, |ajil,..., o j—1| <1 for j=2,... n.

Remark 2.2. To clarify the notation used: each €; is a vector in (€1, .. ., €,) — the standard ordered
basis of C"; given a linear transformation 7" : C" — C", [T ]sq. denotes the matrix representation
of T relative to the standard basis; and (-, -) denotes the standard Hermitian inner product.

Proof. The existence of the matrix A is precisely the construction given in [10, Section 1]. So, all
that needs to be proved are the inequalities for |a; ;|. These inequalities are claimed in [8]. Since
these are crucial for the explicit estimates made below, we provide a proof of these inequalities.
Notice that, by construction, the discs De; C T(D), j =1,...,n. Then, from [10, Lemma 15], it
follows (and which is obvious when D is convex) that

A" = {(wy,...,wn) € C" : Jwi| + -+ + |wa| < 1} C T(D).

Suppose there exists some j : 2 < j < nand k: 1 < k < j— 1 such that |o; x| > 1. Then
|1/cj x| < 1, whence the point p := (1/a; 1)er, € A™. On the other hand, if we write

(Z1,...,Zy) == A(p),
then Z; = 1. Whether D is convex or not, this means that
Alp) € AoT(a? + W;_1) CC"\ Ao T(D),

which implies that p ¢ T(D). But this contradicts the fact that p € A™. This establishes the
desired inequalities. O

From the last proposition, we can deduce the following estimates. Recall that ¢, = /4" — 1/v/3.

Lemma 2.3. Let D C C" be as in Proposition and, for a choice of a',...,a" € 0D as
described above, let A be as given by Proposition (2.1 Then

1 n n
2n—1D C A(A"M), (2.2)
(1/cy)B™ C A(A"™). (2.3)
Proof. Let 2 denote either D™ or B". For ¢ > 0,
c? C A(A") — cA Y 2) c A" (2.4)

Following the notation of Proposition let Z; denote the j-th coordinate of a point in C". Set
(wr,...,w,) = A7(Z).

A simple argument by induction shows that:

(¥) For j > 2, wj is a linear form depending on Zi, ..., Z; where the coefficient of Z; is 1 and
the coefficient of each Z;, k = 1,...,j — 1, comprises 27=k=1 monomials that are products
of the terms in the set U _o{a1,..., 00 -1}

From (%) and the last assertion of Proposition we have:

j—1
‘w]" < |Zj!+22j*k*1\2k\, j]=2,...,n.
k=1
Therefore
jwrl + ol < 122+ (1230 + 30 12) = 302917 (25)
j=2 j=1

With these preparations, we can now give:

The proof of (2.2): By ({2.5]), for ¢ > 0:
c(1Zn] +2|Zn-1| + - +2"12Z1]) <1 VZ €D™ = cAH(D") C A™.
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From this, and since |Z;| < 1 for j =1,...,n whenever Z € D", we get:
cA7H(D") € A" whenever ¢(2" — 1) < 1.
This, in view of , implies .
The proof of : Since
|Zn| + 21 Zn 1|+ + 277 Y20 < VAl a2 11| 2],
implies that for ¢ > 0:
cncllZ| <1 VZ € B" = cA™(B") C A™.

From this, and since ||Z|| < 1 whenever Z € B", we get:
cATHB") C A™ whenever ¢,c < 1.

This, in view of (2.4]), implies (2.3)). O

3. THE PROOF OF THEOREM [L.1]
To prove Theorem we first need a simple lemma.

Lemma 3.1. Let (¢) := (/(2 =) and ¥(z) = (¥(21),...,¥(zn)). Let c € (0,1) and 7(c) :=
¢/(2+c). Then
7(c)B" C U(cB"). (3.1)

Proof. Note that

2w, |2 ow. |2\ 1/2
U(B") = qweC": +- 2 <cp.
1+w 1+ w,
We also have the simple estimate:
2(¢| 2/¢|
< V¢ € D. (3.2)
[1+¢) — 1-=[¢]
From the above, it follows that
9 9 2\ 1/2 9
] T e < [l Yw € rB".
14w 1+ wy, 1—r
From the above, it follows that for any r» > 0 such that
2
1 " < ¢, thatis , 0 <r < ¢/(2+¢),
—r
one has that rB™ C ¥(cB"). O

We are now in a position to give the

The proof of Theorem|[I.1. Fix z € D. Since s(.y and 5.y are invariant under biholomorphic maps,
we may assume without loss of generality that 0 € D and that z = 0. Furthermore, it suffices
to estimate sao7(py(0) and S4.7(py(0), where T and A are as given by Proposition By
construction, the discs De; C T(D), j =1,...,n. Then, owing to convexity,

A" C T(D). (3.3)
By Proposition 2.1}(a),
AoT(D) C {(Z1,...,Zn) €C*:ReZj <1, j=1,...,n}.

It is well known that ¥(Z) := (¢(Z1),...,¥(Z,)) —where v is as introduced in Lemma [3.1—
defines a biholomorphic map from {(Zi,...,Z,) € C" : ReZ; <1, j =1,...,n} onto D"
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Let us first estimate sp. By the last statement, it suffices to estimate sy, 401(p)(0). By (3.3),

(2.3), and Lemma
7(1/cn)B" C Yo Ao T(D).

Finally, since a scaling by 1/1/n maps D" into B", by definition (and since sy, 4o1(p)(0) = sp(2)),

we conclude that
1
sp(z) > ——— VzeD.
p(2) = Vn(2e, + 1)
By an argument analogous to the one in the previous paragraph, but using (3.3)), (2.2)), and
taking n = 1 in Lemma we get

1

T(1/(2" = 1))D" = onFi_q

D" C WoAoT(D).

Then, by definition (recall that ¥ o Ao T(D) C D),

4. THE PROOF OF THEOREM [[.2]

To prove our theorem, we need the following lemma.

Lemma 4.1. Let Qq,...,Q, be simply connected planar domains such that 0 € Q; and 1 € 09,
j=1,...,n. For each j =1,...,n, let p; be a Riemann map ¢; : (€;,0) = (D,0). Let c € (0,1]
be such that cD C Q; for each j =1,...,n. Let ®: H?:l 2 — C" be defined as

D(z) = (gp(zl),...,gp(zn)).

Set p(c) :=c/(1 ++/1+¢c)?. Then,
p(c)B" C ®(cB").

Proof. Write f; := cpj_l. Since 1 € 09, dist(0,09;) < 1 for each j =1,...,n. Thus, for each j,
the Kébe 1/4 Theorem implies that |f;(0)] < 4. We now apply the Kobe Distortion Theorem
along with the estimate for |f;(0)] to get

4[¢]

5O < g2

V¢ eD, (4.1)

foreach j =1,...,n.
Now, note that

o(cB") = {we s V/Ifiw)P++ [falwa) < c}.
By , we have

4
sllwl Vw e rB".

(1—=7)

From the last two inequalities, it follows that for any r € (0, 1) such that

VIAw) P+ 4 [fa(wn)? <

< ¢, that is, 0 < r < p(c),

(1—1r)2
one has that rB" C ®(cB") O

We are now in a position to give the
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The proof of Theorem[I.3. Fix z € D. Since s(.y and 5.y are invariant under biholomorphic maps,
we may assume without loss of generality that 0 € D and that z = 0. Furthermore, it suffices
to estimate s4o1(p)(0) and S4.1(p)(0), where T and A are as given by Proposition By
construction, the discs De; C T(D), j =1,...,n. As D is C-convex, it is linearly convex. Thus,
owing to [10, Lemma 15],

A" C T(D). (4.2)
Let 7; denote the projection of C™ onto the j-th coordinate. Because Ao T(D) is C-convex, it
follows from [I, Theorem 2.3.6] that Q; := m;(A o T(D)) is simply connected. Furthermore, it
follows from Proposition [2.1}(b) that

16893', j=1...,n.

Thus, €4,...,8, satisfy the conditions stated in Lemma For each j, let ¢; be a Riemann
map @; : (;,0) — (D,0). Finally, define @ : []%_, @ — C" as

®(2) == (p(21),.--,0(zn)).
Let us first estimate sp. As ¥ is a biholomorphic map, it suffices to estimate syo4071(p)(0). By

() and @3)

n
(1/cn)B” C AoT(D) C []
j=1
Then Lemma gives
p(1/c,)B" C ®oAoT(D) C D™,
Finally, since a scaling by 1/y/n maps D" into B", by definition (and since sgo4o1(p)(0) = sp(2)),
we conclude that
p(1/cn) 1

sp(z) > N = NoENEEaE Vz e D.

By an argument analogous to the one in the previous paragraph, but using (4.2)), (2.2)), and
taking n = 1 in Lemma we get

p(1/(2" =1))D" C ®oAoT(D).
Then, by definition (recall that ® o Ao T(D) C D"),

. n B 1
) 2 P 1) = e Ve ED,

As for the two weaker inequalities: they follow from the strict concavity of v/+ on [0, +00). 0

We end with a discussion on a point made in passing in Section [I} i.e., that the inequalities in
Theorems [I.1]and [I.2] are strict. Since the classes of domains, for which universal lower bounds are
given by these theorems, are so well-studied, the question of attaining equalities is of interest. To
make precise this question (we shall focus on sp; analogous remarks apply to 5p), some notation:
let %, denote either the class of all nondegenerate convex domains or all nondegenerate C-convex
domains in C", n > 2, and let k, > 0 be a universal lower bound for sp for the class %,. One
may ask: does there exist a domain D € 6, and zy € D such that K, = sp(zo)?

Another way to state our assertion in Section [1|is that, taking the specific values of k, given
by Theorems and the answer to the above question (or its analogue for sp) is in the
negative. To see why this is so, let us focus on sp H A necessary condition for the answer to the
above question to be, “Yes” is that, for some domain D € %, (and some zy € D), in addition to
the relation , we must also have

(1/ca)B" NA(AoT(D)) # @ (4.3)

L The reader will notice that once the condition (4.3) is stated, a quick argument can be given for sp since IB"
is a smooth manifold. The argument that we provide instead works for both sp and Sp.
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(note that A is determined by D and zp). Given the manner in which the scaling constant (1/cy,)
is arrived at in the proof of Lemma a necessary condition for the intersection in (4.3) to be
non-empty is that, for the n x n matrix [a; 1] described by Proposition one has

lajpl =1 Vk:1<k<j—1landj:2<j<n.

But the above is impossible because it is easy to show — using an argument similar to that in the
proof of Proposition 2.I]— that

ﬂj = 2,... ,n such that |Oéj’1| == |O[j,jfl| =1.
Analogous remarks apply to 5p.

Since the focus of the above discussion is Lemma [2.3] it suggests that there is scope for better
universal lower bounds. That being said, it would require very different ideas to replace the closing
arguments in the proofs of our main theorems —especially of Theorem Thus, a question that
may be more tractable than the one stated above is as follows:

Question 4.2. Let %,,, n > 2, be as introduced above. Compute

Kp = inf inf sp(z), and &K, := inf inf Sp(z).
De%6y, z€D De%6y, z€D

Is there a domain D € %, such that inf,cp sp(z) = Kk, or Q € %, such that inf,cq Sq(2) = kyp?
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