CHOLESKY DECOMPOSITION FOR SYMMETRIC MATRICES,
RIEMANNIAN GEOMETRY, AND RANDOM MATRICES
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ABSTRACT. For each n > 1 and sign pattern ¢ € {£1}", we introduce a cone of real symmetric
matrices LPM,, (¢): those with leading principal k X k minors of signs €. These cones are pairwise
disjoint and their union LPM, is an open dense cone in all symmetric matrices; they subsume
positive and negative definite matrices, and symmetric (P-,) N-; PN-, almost P-, and almost N-
matrices. We show that each LPM, matrix A admits an uncountable family of Cholesky-type
factorizations — yielding a unique lower triangular matrix L with positive diagonals — with additional
attractive properties: (i) each such factorization is algorithmic; and (%) each such Cholesky map
A L is a smooth diffeomorphism from LPMy,(e) onto an open Euclidean ball.

We then show that (ii7) the (diffeomorphic) balls LP M, (¢) are isometric Riemannian manifolds
as well as isomorphic abelian Lie groups, each equipped with a translation-invariant Riemannian
metric (and hence Riemannian means/barycentres). Moreover, (iv) this abelian metric group struc-
ture on each LP M, (€) — and hence the log-Cholesky metric on Cholesky space — yields an isometric
isomorphism onto a finite-dimensional Euclidean space. The complex version of this also holds.

In the latter part, we show that the abelian group PD,, of positive definite matrices, with its
bi-invariant log-Cholesky metric, is precisely the identity-component of a larger group with an
alternate metric: the open dense cone LPM,,. This also holds for Hermitian matrices over several
subfields F C C. As a result, (v) the groups LPM; and LPML admit a rich probability theory,
and the cones LPM,,(¢), TPM,(¢) admit Wishart densities with signed Bartlett decompositions.
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1. INTRODUCTION AND MAIN RESULTS

One hundred years since André-Louis Cholesky’s fundamental factorization of a positive definite
matrix was (posthumously) published in 1924 [5], the Cholesky decomposition is ubiquitous in
mathematics, the broader sciences, and applied fields.

The Cholesky factorization has since been extended to generic symmetric matrices, via the LDU
decomposition. Namely, let L PM,, denote the dense subset of real symmetric n x n matrices, which
have all nonzero leading principal minors. Then e.g. [23 Corollary 3.5.6] says that every matrix in
LPM, admits a unique decomposition into LDU, where L is unit lower triangular, D is diagonal
(and depends on A), and U is unit upper triangular (i.e., L, U are unipotent and D is in the torus
inside the Borel subgroup of GL,(R)).

This extension from the positive definite cone PD, to LPM, has already been extensively
studied, and is of much use. Our original goal in this work was to provide for all LP M, matrices
A a parallel factorization to LDU, but in which D depends on the leading principal minors of
A only through their signs. This search has proved richly rewarding: it led us to (a) uncover
for every matrix in LPM,,, an uncountable family of such “unique Cholesky-type factorizations”,
which we provide below. Each of these factorizations has further attractive features: (b) It is
algorithmic in nature, akin to the “usual” Cholesky decomposition; but it differs from it and
from the LDU decomposition. (c) It involves smooth diffeomorphisms from certain matrix sub-
cones LPM,(¢) (defined below) to the positive orthant, hence to an open Euclidean ball. Our
results also (d) simultaneously reveal a Riemannian manifold structure and two abelian Lie group
structures on these open sub-cones: one individually for each sub-cone and the other for their union
LPM,. (e) These structures facilitate defining probability densities on each sub-cone LPM,(¢) —
and we also introduce a novel density on the cone PD, itself — which enable stochastic modeling
and statistical sampling from these cones.

1.1. Two motivations. Before elaborating on these rich findings, we begin with two motivations
for studying these cones LP M, (¢) and seeking a parallel factorization to LDU with added proper-
ties. Our theoretical motivation arises from to the parallel theory of total positivity. Recall that a
real matrix is totally positive if the determinant of every square submatrix (termed a “minor”) is
positive. Such matrices have been studied for over a century, in numerous subfields of mathematics:
analysis, approximation theory, matrix theory, particle systems, probability, representation theory,
combinatorics, integrable systems, and Gabor analysis among others. See e.g. the monograph [27]
for more on these matrices and more general kernels.

A 1950s result due to Whitney [52] and Loewner [38] shows how to factorize totally positive matri-
ces as products of bi-diagonal matrices. This was taken forward by Berenstein-Fomin—Zelevinsky [6]
(following Lusztig [40]), who showed that this factorization yields a diffeomorphism onto an orthant.
We present their result; in it and beyond, Id,, denotes the n x n identity matrix, and £, , an ele-
mentary matrix with 1 at (u,v) position and zero otherwise.

Theorem 1.1 ([0]). Fiz positive real tuples w = (wj; : 0 < j < k <n) and w' = (w;k :0< g <
k<n), andd = (dy,...,dy,). The map sending these n? positive scalars (in this order) to

n—1 1

J n—1
A(w,w', d) H H 1d,, +w;, Egy1r) - H [1dn +w} B psr) - diag(ds, . .., dy)
k=n— :j

:7’L

is a diffeomorphism from (0, oo)”2 onto TPy (the n x n totally positive matrices).

This factorization-diffeomorphism from the 1990s has been involved in important advances, in-
cluding canonical bases, cluster algebras, plabic graphs, and the study of the totally nonnegative
Grassmannian. Note also that if one composes with e.g. the map ¥ : Bp,2(0,2,1) — (O,oo)”Q,
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sending 0,2 to 1,2 (the all-ones vector) and every other point

1 ]

)ir)s - expltan(* )”’“”2)) (1.1)

] ]

galEdl
2

x=(r1,...,2,2) = Y(x):= (exp(tan(

then one obtains a smooth diffeomorphism (e.g. [49]) from T'P,,«,, onto an open ball. (As a related
fact in the theory of the totally nonnegative Grassmannian: it too is homeomorphic to a ball, as
shown recently [I5] by Galashin—Karp-Lam.)

A more general variant of total positivity, morally going back to the works of Descartes and
Laguerre, involves the Strictly Sign Regular (SSR) matrices. These are real m x n matrices all of
whose k X k minors have the same sign €, for each k. Unlike TP matrices, for no sign pattern
€ = (€1, -+ €min(m,n)) other than (1,...,1) and (-1,1,..., (—1)min(mn)) ig a factorization as above
known. But this question also leads back to its counterpart for symmetric matrices, and suggests
a partitioning of all LPM matrices: via the signs of their principal minors.

Our second, modern motivation comes from the tremendous activity around the Cholesky and
LDU decompositions — theoretically, numerically, and in downstream applications. There has been
significant recent activity in sampling and analyzing data that lives on hyperbolic manifolds (and
not Euclidean spaces). Such problems have attracted researchers in geographic routing [33], image
and language processing [47, B2], social networks [51], and finance [28], to list a few areas and
papers. In these applications, one studies the Lobachevskian analogues of correlation matrices,
termed “Lorentz—Gram matrices” (see Section for more details). These have negative eigenval-
ues/inertia, and so for applications it is of interest to provide a mathematical framework which will
enable probability and statistics tools over cones of such matrices. We do so in this work.

Additionally, the PD cone is homeomorphic to an R-vector space via taking logarithms [2]. Our
“algorithmic” factorization, alternate to LDU, is crucial in uncovering a “log-Cholesky” alternative
below to this homeomorphism as well. This latter has the advantage that it is a linear map that
is a Euclidean space isomorphism onto PD,,, and thus onto every LPM,(¢) cone.

1.2. LPM matrices and their Cholesky factorization. Motivated by the SSR matrix cones,
we begin this work by “generalizing” the cone PD,, of positive definite n x n matrices, which is
of tremendous importance in theoretical and applied fields. The cone PD,, is defined in several
equivalent ways, of which we list three:

(1) All principal minors are positive.

(2) All leading principal minors are positive.
(3) All trailing principal minors are positive.

Akin to Theorem PD,, admits a (celebrated) factorization-diffeomorphism onto an orthant:

Theorem 1.2 (Cholesky decomposition). Let L, denote the Cholesky space of lower triangular
matrices in R™™ with positive diagonal entries. Then ® : L+ LLT is a smooth diffeomorphism [37]
between PD,, and L, which takes Borel sets to Borel sets (both inside R™*"). Thus PD,, is
diffeomorphic to an open Fuclidean ball in R +1)/2,

The final sentence — and the “orthant” claim — are because we have the smooth diffeomorphism
¥ := (log,...,log;id, ..., id) : (0,00)™™*1/2 — L, and hence the composition (via (I.1]))

w [
Bantsny/2 (Opgniny2; 1) — (0,00)"H0/2 21, 2 pp,.

The cone of SSR matrices (see the paragraph following (L.1))) leads to (i) trying to define “sign
pattern” variants of real symmetric matrices, e.g. via the above criteria for PD,,; and then (ii) try-
ing to extend the LDU factorization for such matrices [23, Corollary 3.5.6] to a family of such
factorizations. Interestingly, it is not description (1), but (2) and (3) that are the way to proceed
here. We begin by extending description (2) to other sign patterns:
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Definition 1.3 (A novel cone). Given an integer n > 1 and a sign pattern ¢ € {£1}", a real
symmetric matrix A, is said to be LPM,(€) (Leading Principal Minors with sign pattern €) if
for all 1 < k < n, the leading principal k x k minor of A is nonzero of sign €,. We say A,y is
LPM if Ais LPM,(e) for some € € {£1}":

LPM,= || LPMu(e), n>L1 (1.2)
ec{x1}n

A distinguished family of LPM matrices is the positive definite cone PD,, = LPM,(1,). LPM
matrices also include symmetric P-, N-, PN-, almost P-, and almost N- matrices, which are widely
studied in economics and game theory, mathematical programming, complexity theory, the theory
of (global) univalence of maps, and interval matrices among others. See Remark On the
theoretical side, larger classes containing various LPM,(¢) were recently studied in [10, [I7] in
broader frameworks and with different objectives.

Note that the set LPM,, is a strict subset of invertible real symmetric matrices (for instance,
it does not contain the anti-diagonal permutation matrix P, for any n > 2 — see Theorem [1.8)).
Nevertheless, we show below that it is open and dense in all symmetric matrices. Moreover, the
set LPM,(e) is nonempty for all ¢; for instance,

€1 0 o .- 0
0 €1€9 0 0

D.:=|0 0 ees .- 0 (1.3)
0 0 0 - €n_1€n

is the unique diagonal matrix in LPM,(e) with unit-modulus entries. This matrix is often used
below, notably when equipping each LPM,(¢) with a Riemannian metric (Remark and with
probability densities (Theorem [H| and Proposition .
We now proceed. As Theorem says, PD,, is homeomorphic, even diffeomorphic, to an open

Euclidean ball via the Cholesky decomposition. It is thus natural to ask if

(a) more Cholesky-type LDU factorizations of positive matrices exist — which are moreover

smooth diffeomorphisms; and the same question more generally for every cone LPM,,(¢).
(b) If yes, how one would go (smoothly) from any of these sets to any other.

The following result shows that both questions have positive answers.

Theorem A (Algorithmic and generalized Cholesky decomposition). Fiz an integer n > 1.

(1) The sets LPMy,(€), € € {£1}" are nonempty and pairwise disjoint; and their union LPM, is
open and dense in all real symmetric matrices. More strongly, given any A = AT ¢ R™",
there exists a sign pattern € and a sequence A, € LPM,(¢) such that A,, — A entrywise.

(2) Given any sign pattern € € {£1}", and a matriz B. € LPM,(¢), the map

®p, : L, — LPM,(¢) defined by L+ L-B.-LT
is a smooth diffeomorphism such that the Cholesky decomposition @g: 1s algorithmic, hence
preserves the families of Borel and Lebesgue sets.
Remark 1.4. We stress that our proof of Theorem [A| will (a) show that each Cholesky-type
factorization @E: : LB.L" — L is a diffeomorphism; and (b) provide an explicit algorithm to write
down <I>§€1. The latter should have consequences on the numerical side and in applications.

Remark 1.5. The LDU factorization sends all A € LPM,,(¢) to L- D -U, where the matrix D has
diagonal entries the ratios of successive leading principal minors of A. In contrast, our algorithmic
recipe inserts (any) fized matrix B¢ in the middle — e.g. one may take the diagonal matrix D,
— which is independent of choice of A. As a result, our algorithmic factorization-diffeomorphism
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necessarily differs from the LDU factorization. Furthermore, when ¢ = 1,, and B, = Dy, = Id,, -
so that the “D” is fixed and independent of A — the factorization specializes to the usual Cholesky
factorization over PD,,. Hence we have used “Cholesky” in naming and describing our maps.

We record some more ramifications of Theorem [A] First, ®p, is indeed a twofold extension of the
“usual” Cholesky decomposition: it firstly holds for every sign pattern e € {+1}". Additionally,
for each of these cones — including the positive definite cone for € = 1,, — we provide L,-many
Cholesky-type decompositions ® g, , one for every B, — and all of them are smooth diffeomorphisms
(not just bijections or homeomorphisms).

Second, one can move smoothly between the nonempty sets LPM,(¢) in multiple ways: either
via their diffeomorphisms to the Euclidean ball Bynn+1)/2(0,1); or by choosing any B, € LP My (e)
for each such nonempty set, and then using

®p, 0 ®y' : LPM,(e) — Ly — LPMy(¢). (1.4)
This map is a composition of two smooth diffeomorphisms. (For a third way, see Remark )

Remark 1.6. Note by Theorem |A| that one “knows” the set LPM,(¢) for any e. Namely, upon
fixing an arbitrary matrix B. € LPM,(¢) (e.g. (1.3)), the LPM,(¢) matrices are precisely LB.L",
and this is a bijection — in fact, smooth diffeomorphism — onto the space L,, of all L.

We conclude this part by noting that “modified” Cholesky factorizations of non-positive definite
matrices have previously appeared in the literature. For instance, Gill and Murray [16] introduced a
factorization A+FE = LDL" with L lower triangular and D diagonal, in the context of Newton-type
methods in numerical optimization. An alternative modified Cholesky algorithm was proposed by
Cheng—Higham [II], in which A is indefinite but A + FE is positive definite for some perturbation
E = ET and A = (PL)D(PL)" for some lower unitriangular L, diagonal D, and permutation
matrix P. (See also [20].) Our results differ in spirit as well as in explicit form from these works.

1.3. Cholesky factorizations via trailing minors. We discussed above what happens when
one considers leading principal minors. We will discuss the other two alternatives — from the list
at the start of Section [L.2]~ beginning with option (3). (Option (1) is discussed in Appendix [B])

Definition 1.7. Given an integer n > 1 and a sign pattern € € {£1}", a real symmetric matrix
Apxn is said to be TPM,,(¢) (Trailing Principal Minors with sign pattern €) if for all 1 < k < n,
the trailing principal k x k& minor of A is nonzero of sign e;. We say A, x, is TPM if A is TP M, (¢)
for some € € {£1}™

TPM,= || TPMu(e), n>1 (1.5)
ec{£1}n

Akin to Theorem [A] we record the analogous results for TPM matrices. While this can be done
“from first principles” in direct analogy to LPM matrices, our proof will go through using either a
linear or a nonlinear diffeomorphism to T'PM,,(¢) from LPM,(€"), for some sign patterns €.

Theorem 1.8 (TPM cones and the reversal map). Theorem ( 1) goes through verbatim for all
TPM,(¢). Moreover, given n > 1 and € € {£1}", and a matriz C. € TPMy,(€), the map

% : L, - TPM,(e) definedby Lw— LT C.-L

is a smooth diffeomorphism such that the “reverse Cholesky decomposition” (®¢<)~1 is algorithmic.
Hence it too preserves the families of Borel and Lebesque sets.

Also define P, € R™ " to be the anti-diagonal permutation matriz with (u,v) entry 1 if u+v =
n+ 1, and 0 otherwise; and define the “reversal” of a square matriz to be the anti-involution

<

():C™M 5 € A (P AP (1.6)
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This map is a linear (smooth) diffeomorphism : LP M, (€) «— TPM,(€). Moreover, it yields a
commuting square of (reversible) smooth diffeomorphisms for every B, € LPMy(€):

e
LeL, . L=(PLP) €L,
%{ q)Bil (1.7)

+— T«
A=LBL" € LPM,(¢) —— A=L B.L € TPM,(e)
The commuting square ([1.7]) will be useful later, in defining and relating Wishart densities on
the “dual” cones LPM,(e) and T PM,(e) for all n,e.

Remark 1.9. For brevity, we will write “diffeomorphism” to denote “smooth/C* diffeomorphism”.

1.4. Riemannian geometry (and mean). As is well-known, the positive definite cone PD,
is also convex, which implies that it admits the Euclidean metric and Euclidean geodesics (line
segments) — so the Euclidean mean of A, B is (A + B)/2. Alternately, PD,, is a Riemannian
manifold, where the geometric mean A#B = v p(1/2) [1,[7, 42, [46] aligns with a natural definition
of geodesics in PD,,, from A to B:

yap:[0,1] = PD,, defined by ~yap(t):=AY2(A7V/2BATI/2)tAY2,

Recently, Lin [37] introduced a different Riemannian manifold structure on PD,,, via the Cholesky
decomposition. It is this structure that is of interest in the current work.

As we will explain below, not all cones LPM,,(¢e) are similarly convex; thus, it is natural to seek
a Riemannian metric. The following result records such a metric’s existence and some properties.

Theorem B (Lie group structure). For everyn > 1 and sign pattern e € {£1}", the cone LPM,,(¢)
is both a Riemannian manifold (with sectional curvature zero) as well as an abelian Lie group, under
whose action the Riemannian metric is translation (bi-)invariant. In particular, the log-Cholesky
mean/barycentre of A = LD LT, A’ = KD KT € LPM,(¢) (with L, K € Ly,) is

(lij + kig)/2,  if i # ],

A@'?2 4 .= (Lo ? K)\D (L2 K)T, where LoY?K = {

The analogous results hold over every cone TP M,/(¢).

1.5. Hilbert space towers; Hermitian matrices. One may wonder if there is a familiar model
for the above (isomorphic) abelian metric groups LPM,,(¢), TPM,(¢), and L,, — perhaps including
the translation-invariant metric too. Our next result shows that this abelian metric group is
isometrically isomorphic to a flat, normed space — in fact, to a Hilbert space:

Theorem C (Hilbert space structure). The abelian metric Lie groups (from Theorem[B) Ly, and
all LPM,,(¢), TPM,(€) are isometrically isomorphic to the Euclidean space R™"+1/2 — and hence
separable and complete.

Thus in addition to real analysis, the powerful and extensive machinery of “finite-dimensional
Fuclidean space probability” immediately applies to all of these groups. Moreover, as these are
groups (in fact Hilbert spaces) of matrices — but with a different group operation than usual matrix
addition or multiplication — it may be of interest to explore random matrix theory (e.g. [14]) on
the LPM and TPM spaces, as well as connections to geometry and to ergodic theory, e.g. [22) 44].

Remark 1.10. Note that the cone PD, is convex, and so admits flat geodesics (line segments)
in Euclidean space. It was also asserted in [37, pp. 1355] that Cholesky space L,, and PD,, are
not Riemannian submanifolds of a Euclidean space. But Theorem [C] shows that actually, they are
indeed such submanifolds — to be precise, they are (isomorphic to) all of the finite-dimensional
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Hilbert space R™"+1)/2 More generally, so is LPM,, (¢) for every ¢, even if it is not always convex
(e.g. see Example [4.1] for eg = —1).

The point is that PD,, is a dense convex cone inside the positive semidefinite matrices — in the
usual Euclidean norm. But this is not (equivalent to) the metric on LP M, (€) for any € € {£1}".
For instance, the sequence {%}D)E : k > 1} is unbounded in the metric on LPM,(€), whereas %Idn
is bounded, even Cauchy in the Fuclidean norm on PD,,.

Continuing along Hilbertian lines: notice the tower of Euclidean spaces R(g) C R(g) C ---. This
is reflected in the Cholesky spaces and LPM-cones: given a sign sequence € := (e, €g,...) € {1},

L1 = LPMl((q)) — L2 = LPMQ((El, 62)) —
These embeddings form a commuting square for each n > 1:

L 0
LelL, — L= <0T 1”) € Lyt
n

%El %é’l (1.8)
A=LD.LT € LPM,(¢) —— A" := L'Do(L")T € LPM,,11(¢)

where € = (e1,...,€,), € = (€1,...,€n,€nt1), and

A 0 L 0 D 0 L 0,\"
A/ — & L, _ n — ny . € n . n .
p, (L) <0£ 6n€n+1> (05 1 > (OZ €n€n+1> <0£ 1 >

This tower of Euclidean spaces (via Theorem |C) has a union / direct limit, which in turn has a
closure. We now identify model inner product spaces for both of these.

Theorem D (Cholesky space towers). Fiz a sign sequence € = (€1,...,€p,...) € {£1}>.

(1) Let Lo denote the set of semi-infinite real lower triangular matrices with (i) all diagonal entries
n (0,00), (i) all but finitely many diagonal entries 1, and (1) all but finitely many entries
below the diagonal zero. Then Log is the direct limit of the Euclidean spaces L, under the
inclusions (1.8]), and is isomorphic to the real inner product space cqp.

(2) Analogously denote by LPMyg(€) the semi-infinite real symmetric matrices <A76X” ]D? ),

6/
wheren > 1, A € LPM,((e1,...,€,)), and € = (én€n+1; €n€nt2, €nt1€nt3,--.). Thus LPMyo(€)
is the direct limit of the Fuclidean spaces LPM, ((e1,...,€,)) under (1.8)), hence LPMy(€) =
®p, (Loo) = coo, where @p,_ (L) := LD LT

(3) Let Ly D Lgg denote the semi-infinite real lower triangular matrices L = (li;); j>1, with (i) all
diagonal entries in (0,00), (ii) >_ ;- (log 1;j)? < oo, and (iii) disi>1 l;j|> < 0o. Then Ly (and
its transfer under ®p_ ) is isomorphic to E]%Q = ¢oo as a real Hilbert space.

Thus, the Euclidean spaces LPM,((€1,...,€,)) form a nested sequence of based spaces (Rie-
mannian manifolds), whose union LPMyy(€) is again a real inner product space. In addition, the
map ®~! on the image ®(Ly) amounts to semi-infinite Cholesky decomposition.

We next turn to complex analogues of the above results. These go through without any surprises.

Theorem E (Complex matrices). Fiz an integer n > 1 and a sign pattern ¢ € {£1}". Let LS

denote the lower triangular matrices in C*™*™ with positive real diagonals. Now define LPMC (¢) to

be the subset of Hermitian matrices A € C"*™ whose leading principal k x k minor has sign € for

alll1 <k < n.

(1) The sets LPME(€) are all nonempty and pairwise disjoint; and their union over all € is open
and dense in the n x n Hermitian matrices.

(2) Given any B, € LPM{E(¢), the map @%e : LS — LPME(e), defined by L+ L - B.-L*, is a
smooth (real) diffeomorphism with (@%e)_l algorithmic.
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(3) The natural analogue of Theorem also goes through for TPMS (defined similarly).

(4) The analogues of Theorems@ and|D| go through in the complex setting; the cone LS 1S 1s0mor-
phic to the real Euclidean space R™ , while LS, and LPMS,(€) are isomorphic to ci, @ S, (for
the diagonal and off-diagonal elements, respectively) as real inner product spaces. Similarly,
L% is (linearly and isometrically) isomorphic to Eﬁ &) E% as a real Hilbert space.

We also add that since LS is smoothly diffeomorphic to an open real Euclidean ball, the remarks
made after Theorem [A] are equally valid for TPM matrices and for the complex variants of both.

1.6. The cone LPM, is a complete abelian metric group; stochastic inequalities. The
above sections showed that the cone LPM,, is partitioned into 2" pairwise diffeomorphic sub-
cones LPM,(€) (and similarly for TPM,,), each of which is (a) an abelian metric group (in fact
isomorphic to a Euclidean space); as well as (b) a Riemannian manifold with a translation-invariant
metric. Thus, each sub-cone is “parallel” to PD,,. However, a drawback is that this model does
not determine distances between elements of distinct cones LPM,,(e).

We show below that under a — very similar but subtly different — binary operation, the entire
cone LPM, can be equipped with structures (a) and (b), such that (b’) every cone LPM,(¢)
isometrically embeds as a submanifold, and (a’) PD,, remains a subgroup.

Theorem F (Larger Lie groups). The cones LPM,, TPM,, and their Hermitian counterparts
can each be given the structure of a complete separable abelian group and a Riemannian manifold —
with a bi-invariant metric — such that PD,,, together with the log-Cholesky metric, is the identity-
component subgroup of index 2". However, none of these groups embed in any Banach space.

Theorem implies that while Euclidean space probability (or even Banach space probability [35])
can not apply to LPM,, many fundamental stochastic inequalities hold nevertheless:

Theorem G (Probability). Stochastic inequalities by Hoffman-Jorgensen, Lévy—Ottaviani, Mogul’skii,
and Ottaviani—Skorohod hold over each cone in Theorem |E (and over other subfields of C).

We elaborate on this theme in Section [6.2]

Remark 1.11. Notice that the Riemannian metric in Theorem [E] restricts to the sub-cones
LPM,(¢),TPM,(¢) — and as we will show, agrees there with the metric in Theorem |Bf— for each
e € {£1}". However, these cones are all nontrivial cosets of PD,, for € # 1,,, hence not subgroups
of LPM,, or TPM,,. Viewed “dually”, the group operation on LPM,(¢) in Theorem differs from
that in Theorem [F] for every € # 1,,.

That said, certainly the inequalities in Theorem |Gfalso hold over each individual cone LP M, (¢),
TPM,(e) under the metric in Theorems |B| and [Cl We omitted saying this because far more (i.e.,
all of finite-dimensional probability) holds on these individual cones.

1.7. Wishart and other densities on LPM and TPM cones. Finally, we come to distributions
used in multivariate (statistical) analysis and random matrix theory on the positive definite cone.
As a concrete/working example, we will transfer the (inverse) Wishart and lognormal probability
densities from the PD cone to every LPM,(¢) and T'PM,(€) cone, via the following recipe.

Definition 1.12. Let n > 1 and let @) be a probability distribution with support in PD,, and
density function fg(-). Given e € {£1}", define the “transfer” distributions QLM QTPM via:

FEEM  LPMy(e) = [0,00), M= LD.L" — fo(LL") (1.9)

-
and  fIEM TPMy(e) = [0,00), M=K'D.K — fo(K"K). (1.10)

€

These make sense given the bijections ®p,_, @< from Theorems [A| and The point there was
that these maps are in fact nicer topologically — being smooth diffeomorphisms — which has the
“probability consequence” that they preserve the Borel o-algebras in both sub-cones of R™*™ —
even the Lebesgue o-algebras, being continuous. But even more holds:
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Theorem H (Random matrix theory). Let Q be the probability distribution of a continuous random
variable on PD,, (with the Lebesgue o-algebra).

(1) For all € € {#1}", the transfer probabilities under QLM QTPM equal those under Q — i.e.,
for all events/measurable subsets o/ C LPMy(€), we have

PLEM(M = LD L" € o) = Pg (®1a, © %j(M) =LLT € dyy, o @H;j(ﬂ)) ) (1.11)

This uses that at any point in Ly, the Jacobian of ®p_(L) with respect to L is lower triangular,
and the absolute value of its determinant is 2™ H;‘L:1 l?fl*j. (See Proposition for details.)
(2) Let Q@ = Wyp(X,N) be any Wishart distribution — where ¥ € PD,, and N > n > 1. Write
down the Cholesky decomposition of ¥ (as above) as LoLY, and the Bartlett decomposition of
M ~ Wp(X,N) as My = LoKleLZ. Then the signed Bartlett decomposition, defined via

M := L K\D.K{ LY, has the Wishart distribution WEFM (S, N).

-
(3) Similar results hold for M ~ QTPM,
(4) For all integers N > n > 1 and matrices ¥ € PD,,, we have

< —
M ~ WEPM (5, N) — M ~ WEPM (3, N). (1.12)

-
(5) Suppose g : R — R is a Lebesgue measurable function, and (1.12|) holds. Then E[g(M)] =
—
E [g(M)], if either side exists.

Remark 1.13. Thus, not only does Theorem [H] provide novel Wishart-type densities for random
matrices in the LPM and TPM cones, we also provide random variables “realizing” these densities
via signed Bartlett decompositions. Correspondingly — via the reversal map — the Wishart TPM
densities are precisely those for the random variables

— — < — —
M = (Lo)" (K1) "D K1Lo ~ WEPM(S,N). (1.13)

Remark 1.14. In addition to showing Theorem we introduce a novel (to our knowledge)
family of probability densities on the PD cone, which we term Cholesky-normal densities — see
Definition By above, these transfer at once to density functions on LPM and TPM cones.

On a closing note, the Cholesky decomposition and Wishart distribution have tremendous utility
in theoretical and applied fields — always on the positive definite cone. Above, we have provided
not just examples of LP M, (e) matrices, but a complete “enumeration” in Theorem [A] In addition,
we have proved a Cholesky-type decomposition on an open dense set of all real symmetric matrices,
each of which is an algorithmic Riemannian isometry. It is hoped that these results will open up
several fronts of enquiry: numerically, geometrically, in random matrix theory and probability, in
statistical multivariate analysis (and estimation), and in applications.

1.8. Organization of the paper. In Section [2, we explain why Theorem [A] holds, providing
the algorithmic Cholesky decomposition of LP M, matrices. We then show Theorem on TPM
matrices in Section 3| Next, in Section 4] we discuss how our Cholesky-type decomposition leads
to additional rigid mathematical structure, leading to the applicability on LPM,, (and TPM,) of
Riemannian geometry — in other words, we prove and elaborate on Theorem [B]

In Section [f] we show Theorems [C] and [D} the Cholesky and LPM cones, as well as their union-
closure, are real Hilbert spaces. We also show the complex analogues in Theorem [E] and then
extend some of these results to other subfields of R or C (which do not yield Hilbert spaces).

Section [6] is motivated by applying probability inequalities on LPM spaces. We first prove The-
orem [F] about the abelian metric group structure on all of LPM,,, on the direct limit LP M, and
on TPM, — over various subfields of C. We also study probability results (including Theorem
on these “bigger” cones in Section Then in Section [7| we introduce the (inverse) Wishart,
lognormal, and other distributions supported on LPM,(¢), the open dense cone LPM,,, and their
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TPM analogues, and prove Theorem [Hl Moreover, we introduce the Cholesky-normal density on
the PD cone itself; and examine how LPM, matrices with specified inertia partition into sub-cones
LPM,(e). This enables defining probability densities on inertial LPM cones. In addition to the
broad goal of developing the theory further, we also list a few specific future questions.

We conclude with two Appendices. In Appendix [A] we examine the behavior of LPM,(¢) and
T PM,(e) matrices under Kronecker products and diagonal concatenation (which we term “direct
sum”). Appendix [B| begins with option (1) at the top of Section and studies a related sub-cone
of matrices, all of whose principal £ x k minors have sign €.

2. ALGORITHMIC CHOLESKY DECOMPOSITION FOR LPM MATRICES

We begin with global notation. Let [k] := {1,...,k} for an integer £ > 0. Now given a matrix
Apxn and sets J C [m], K C [n], denote by A i the submatrix of A with rows and columns
indexed by J, K respectively.

The first goal in this section is to show:

Proof of Theorem[4]

(1) The sets LPM,(¢) are clearly pairwise disjoint across all €, and all nonempty by (1.3). Now
set to := 1, and for any A = AT € R™"\ {0}, set

t4 := min{|A| : X is a nonzero eigenvalue of some leading principal submatrix of A}.

This works for all A # 0, since if all eigenvalues are zero then A = 0 by the spectral theorem.
Now fix k € [1,n] and list the spectrum o (Ap) = {M < -+ < A }. The eigenvalues of the
linear pencils of “perturbed leading principal submatrices” are

(A +tIdg) = M+t < <\ +t), 0<t<ta.

By choice of t 4, these eigenvalues satisfy: for every 1 < j < k, the real scalar A\; 4t is nonzero,
and of a constant sign across all 0 <t < t4. Hence det(Ayy) +t Idx) has sign ¢, independent,
of t € (0,t4). As this is true for each k, we obtain the desired sign pattern € = (e1,...,€p).
Now A+t 1d,, € LPM,(¢) for t € (0,t4), and we can set e.g. A,, = A+ ﬁldn for m > 1.

This shows density; moreover, the complement of L PM,, is the union of the n hypersurfaces
in RU(n+1)/2 given by the vanishing of the n leading principal minors —i.e., Z(a11)UZ(a11a22 —
a3y) U---U Z(det(A)). As each zero-locus set is closed, the complement LPM,, is open.

(2) For any 1 < k < n, the Cauchy—Binet formula yields:

det(LB€LT)[k][k] = det(L[an}BE(L[k][n])T) (2.1)
= Z det(L[k]J) det(Be) sk det(L[k]K)T = (det L[k][k])2 det(BE)[k][k],
J,.KCln],
|J|=|K|=k
because L is lower triangular so Ly is singular unless J = [k]. Now Be € LPMy(e), so

LB.LT € LPM,(e).

We next show the bijectivity and smoothness of the reverse map <I>§€1 by induction on n,
noting that if B, realizes a sign pattern ¢, then each of its leading principal k x k submatrices
also realizes the truncated sign-subpattern (eq,...,€x), for all 1 < k < n.

Begin with the base case n = 2. Fix B, = meu

muv — u® has sign €. Now given A = <Z Ié

6006 D0 Do it oo

€ LPM5s(e) — so m has sign €; and

> € LPMj;(e), we need to solve
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for I,q > 0 and p. Clearly, | = y/a/m, whence

ac — b2 m
ac — b2 = 2@ (mv —u?) = a®(mv —u?)/m = q= \/ : 5
a mv —u
(Note that the expression inside the square root is positive, since B, A € LPMs(¢€).) Both [, q
are positive by assumption. From them, we can solve for p as well, to collectively obtain:

ac — b2 m b ug
l=+/a/m, q= \/ . p=-———. (2.3)

a muv — u?’ Im m

As I, p, g are uniquely found from A (upon fixing B.), L +— A =L <ZZ Z) LT is a bijection.

m u

Since L — L LT is a smooth map, it remains to show that A + (I,p,q) is also

smooth. First, A — a/m is a smooth and positive function on LPMjs(e€), so the map A + [ is
smooth. Since (ac — b?)/(mv — u?) > 0 on LPM>(¢), A — (I,q) is also smooth. Finally, the
formula for p and the preceding calculations show that A — (I,p,q) (or L) is a smooth map.

We next show the induction step. Suppose LPM,(¢) is nonempty for some n > 3 and some
e € {£1}". Fix a matrix in it, say Be, which we write in block form as B, = (ﬁ{p l:), with
the matrix M € LPM,,_1((e1,...,€n,_1)) and the column u € R*~1,

We now write the system to be solved as A’ = L'B.(L')T. Letting L' = (pLT an_1> with

L € R=Dx(=1) Jower triangular, p € R*!, and ¢ € (0, 00), we have

v=( D)= G )G D0 )

B LMLT L(Mp + qu)
~ "M+ qu")LT p"Mp +vg® +2qulp)”

where A’ is any element of LPM,,(e).
By the induction hypothesis, one can solve LM L” = A smoothly (and uniquely) in L. That
is, A" = A — L is a smooth map. Now equating the (1,2) or (2,1) blocks,

p=MYL'b—qu), (2.4)
and substituting this into the (2,2) block yields:
c=(L7'b —qu)' MY L™'b — qu) + 2qu" M~ (L7'b — qu) + vg?
= (bTA_lb —2qu" ML b + q2uTM_1u) + (2quTM_1L_1b — 2q2uTM_1u) + vg?.

Canceling and regrouping,
, c¢—blA™'b
LT Sy

But the theory of Schur complements says that det <£1 lc)> = (det A)(c — b” A~'b) when-

A b
9 det (bT c) det M

T T et <M u>’
det T
u v

ever A is invertible. Thus

(2.5)
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where all scalars are nonzero and the right-hand side is positive by the LPM,(¢) hypothesis.
As det A is uniformly positive or uniformly negative, A’ — ¢? is a smooth positive function
of the given data. As ¢ > 0, we obtain it uniquely — and smoothly — from A’, by taking the
positive square root of (compare with (2.3)).

Finally A’ + A+ L is smooth, so det(L) > 0 and hence L™! are also smooth in A. Hence
p is also smooth in A’, via (2.4). Thus A’ — L' is a smooth bijection; since L' — L'B.(L)T is
also smooth, we obtain the desired diffeomorphism. For the last line: continuous functions are
Borel/Lebesgue measurable, and ®p_ is a homeomorphism. O

The proof reveals that these general Cholesky-type decompositions are algorithmic, which will
have ramifications in downstream theory and applications. For completeness, we write down Al-
gorithm — which is implicit in the proof above — but using conjugate transposes in order to
incorporate the case discussed below, of entries in C or other subfields of C.

Algorithm 2.1 LPM-Cholesky

1: Input: integer n > 1, sign pattern ¢ € {+1}", matrix B, € LPMZS(e).
2: Input: matrix A € LPMS(¢), to be Cholesky-factored.
3. Return: 111 = an/(BE)H.
4: for j=2,...,ndo
5: Record the smaller lower triangular matrix obtained: L;_1 € ClU-DxG-1),
fori=1,...,7—1do
Return: l;; = 0.

end for (At this stage, only the final row of L; remains to be computed.)
/

: A b M u
9: Write A[J]M = (b* C> and (BE)[J]U] = <u* U>.

det Ay det M’

10: Return: ljj = det A7 det(Be) )
11: Compute p = (M,)_I(Lj_—llb = ljju).
12: Return: (Lj1,...,lj-1) = p’.

13: end for

Having factored the matrices in LPM, = I_lee{:tl}" LPM,(e), it is natural to ask if this fac-
torization extends to the closure, which is all real symmetric matrices. This would generalize
extending the Cholesky factorization from PD,, to positive semidefinite matrices. Unfortunately,
this extension to LPM,, fails even in the n = 2 case:

Example 2.1. Suppose n = 2 and A = (2 Zc)>, with b # 0. If one naively tries to use ({2.2)
to factorize A, then ml?> = a = 0 yields [ = 0, in which case equating the (1,2) entries yields
b = Il(mp + uq) = 0, which is false.

We also try to emulate the usual Cholesky strategy for factoring a positive semidefinite matrix,
wherein one perturbs this matrix by a multiple of the identity, say t Idy. Here |t| > 0 is small

t’ b
N

enough such that A(t') := (b et
A(t/k) € LPMy(t,—1) for all k > 1.

[

) has negative determinant for ¢ between 0 and ¢t. Then
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' - (/] 0
Now we factor A(t/k) for each k using (2.3)), as LyAcL;, where A = < 0 —t/|t €

LPMs(,—1). The (2,2) entry of Ly is

CE
. \/ b2 — t(ck +t)/k? B2k t(ck +t)
= _

|t/k| SV kR

and this grows as O(Vk) as k — oo, since b # 0. Thus the matrices L, do not have a subsequence
of convergent matrices, and this approach also fails to factorize A in the desired manner. O

Remark 2.2. Example reveals an important distinction between the positive/negative definite
cones and other LPM,, cones: the proof of Cholesky factorization for singular positive semidefinite
matrices fails to go through in the latter. One key step in this proof that does not go through is that
if Ae PD,\PD,, and A, = A+ % 1d,, is Cholesky-factored as Ay = Lka, then the operator norms
of all ||Lg|| are uniformly bounded because of the strong property that in the C*-algebra B(R"),
| Lk LT\ = ||Lg|/*. This is used to upper bound all ||L| and show that Lj admits a convergent
subsequence (in the operator norm, hence entrywise).

As the calculation in a non positive/negative definite cone LPM,,(e) would involve ||LyB.LY]|,
the sequence Lj need not remain bounded, as is the case in Example

As we will see in Section [} another approach does not work either: trying to approximate all
matrices in LPM,, — e.g. O,xn — by a sequence A,, of LPM,(¢) matrices, along a Riemannian
geodesic in the manifold LPM,(e¢). The point is that all LPM,(e) are complete, and any such
sequence A,, will be unbounded in the Riemannian metric, so this approach cannot work.

3. TPM MATRICES AND THEIR REVERSE-CHOLESKY FACTORIZATION

In this short section, we explain Theorem [I.§| via some additional structure. The key observation
is that there exist both linear and nonlinear diffeomorphisms between LPM, and T PM,:

Proposition 3.1. Given n > 1 and a sign pattern e € {£1}", define its “reversal” to be

% = (Enfnfla €n€n—2,...,€ncl, en)a Vn = 2,
and € = (e1) if n=1. Now let P, be as in Theorem . Then the maps
A P,AP,  and A~ A7 (3.1)

commute, and are linear and nonlinear smooth diffeomorphisms of order-2 between T PM, <—
LPM,,. The first sends LPM,(¢) «— TPM,(¢) and the second sends LPM,(€) <— TPMn(?).

«—
Remark 3.2. As a sanity check, note that ¢ = eforallnand e. In particular, if one fixes a matrix
B, € LPM,(¢), by Proposition the map

A — A' — PA'P,=(P,APR,)™! (3.2)
is a diffeomorphism : LPM,(¢) — LPMR(?) (where one uses P, B.'P, in Cholesky-decomposing

the cone LPMn(?)) Similarly, (3.2) is a diffeomorphism : TPM,(¢) — T PMH(?) once one fixes
B, € TPM,(¢) — again for every n > 1 and € € {£1}". This provides another choice for ¢ = ?,
alongside (1.4). In particular,

-

D. = P,D.P, = ]D)?. (3.3)
Proof of Proposition[3.1. Since P, AP, reverses the rows and columns of a square matrix, it inter-

changes the leading and trailing k£ x k principal minors for every k. As linear bijections are indeed
(smooth) diffeomorphisms, half of the result is proved. Moreover, the maps in (3.1) commute.
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For the inverse map, recall Jacobi’s complementary minor formula [25]: given integers 0 < p < n,
an invertible matrix Ay, and equi-sized subsets J = {j1 <--- <jp}, K ={k1 <--- < kp} C [n],

det A - det(A_l)Kch = (_1)j1+k1+--~+jp+kp det Ajk. (3.4)

Here J¢ := [n] \ J, and similarly for K¢. Now apply (3.4) to K = J = [k] for some 0 < k < n. If
A € LPM,(e), then the trailing principal minors of A~" are:
det A[k] [k]

detA

and this has sign e,e; if 0 < k < n. For k =n, det A~ = de}:A has sign €,. Moreover, this entire

process is reversible, so that one could have started with A € TPM,(¢) and used K = J = [k]°
instead. Finally, as LPM,, UTPM, C GL,(R), the determinant map is nonzero-valued and hence
its reciprocal is smooth, whence so is the inverse map by Cramer’s rule. [l

det(A_l)[k]c[k]c =

Proposition [3.1] immediately implies

Proof of Theorem [1.8, This is now clear using either map from (3.1). For completeness, we record
the calculations, fixing matrices B € LPMy(e) and B< € LPM,(€). Now given any L € Ly,

A=LBLY € LPM,(€) = P,AP, = (P,LP,)-P,B.P,-(P,LP,)T € TPM,(¢), (3.5)
A=LB.L" € LPM,(¢) = A =LT.B'.L™' € TPM,(e), (3.6)

where the final step in each line follows from Proposition P,B.P, and B! lie in TPM,(e).
The final assertions involving the reversal map and the commuting diagram are easily verified. [

Remark 3.3. In this proof and henceforth, we denote L=7 := (L~1)T for an invertible matrix L.

4. RIEMANNIAN GEOMETRY OF LPM MATRICES AND GROUP STRUCTURE OF EACH LPM,(¢)

Thus far, we have obtained a topological, even smooth structure of each cone LPM,(¢). We
now study how our Cholesky decomposition on LPM,(¢) leads to a Riemannian-geometric and
Lie-theoretic structure.

We begin by addressing a natural question: akin to PD,,, every LPM,(¢) is a cone — which is
moreover open, in light of the diffeomorphisms onto Cholesky space L,, or an open Euclidean ball.
But are these cones always convex? This turns out to be not always true:

Example 4.1. Given €¢; € {£1}, scalars a,c # 0 of sign €1, and b > \/ac, the matrices Ay :=

(j(:lb i(:l)) € LPM>((e1,—1)). However, AL + A_ has a positive 2 x 2 determinant.

In particular, LPM,,((e1,—1,€3,...,€,)) is not convex either, for any n > 2 and signs €; and
€3,...,6, € {1}. Indeed, one can simply block-adjoin diag(—es, €seyq, ..., €n—1€6,) to AL. O

Given this lack of convexity, not all LP M, (¢) contain every Euclidean geodesic, i.e. line segment.
However, it turns out that they all admit Riemannian manifold structures, which we now describe
in detail. The following treatment is along the lines of [37].

4.1. Riemannian metric on Cholesky space. In [37, Section 3], Lin first develops a Riemannian
structure on Cholesky space Ly, which he terms the log-Cholesky metric. Here is a summary.

Let in denote the space of real lower triangular n x n matrices. (In Lin’s notation, in — L
and L, <» £;.) Then En ~ R HD/2 g g flat space and L,, is a convex subset that is a smooth
submanifold. The tangent space at every L € L, can be identified with En We now describe the
Riemannian manifold structure of L,,.

Theorem 4.2 ([37, Section 3.1]).
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(1) The symmetric maps {gr, : Tr(Ln)? — R} rer, given by

gr(X,Y) leﬂ/w + Z%J?Jﬂ ik X = (2ij),Y = (yi5) € L, (4.1)

1>]

provide a Riemannian metric on Ln, where l;; are the diagonal entries of L.
(2) Given a square matrix L € R™*™  define its diagonal part and strictly lower triangular part,
respectively, as:

D(L) = diag(lay, - In), | Llij 1= {gﬂ ’0’;2; o (4.2)
Now the geodesic in L, starting at L in the direction X € TyL, s given by
Fo.x(t) = | L] +t| X | +D(L) exptD(X)D(L) 1), teR. (4.3)
In particular, the geodesic in Ly, from L to K in unit time is
Yo,x(t), with X =|K]— |L]+ {logD(K) —logD(L)}D(L). (4.4)

(3) The log-Cholesky metric on L, — i.e. the induced Riemannian distance between two points
L = (l;;) and K = (ki;) — is given by:
. 1/2
dr, (LK) = [ Y (lij — kij)* + > _(loglj; —logkj;)* | . (4.5)
i>] j=1

4.2. Riemannian metrics on LPM and TPM matrices. We now transport the above Rie-
mannian metric onto each cone LPM,,(¢). By Theorem [A] each of these cones is smoothly diffeo-
morphic to PD,,, which is a smooth submanifold of the (flat) vector space S,, of real symmetric
matrices. Moreover, it is easy to check that one can perturb A € LPM,(¢) by tX, for any real
symmetric matrix X and sufficiently small ||, and yet stay in LPM,(¢). Thus, the tangent space
is TA(LPM,(€)) = S,.

In the sequel, we will Cholesky-factorize matrices in LP M, (¢) using not an arbitrary matrix B,
but a specific choice: the diagonal matrix B, = D, as in . Fixing € and D., ®p, is a smooth
diffeomorphism by Theorem (In the special case PD,, with ¢ = 1,, the maps ®p_, (I)Hil were
respectively called .7, Z by Lin in [37].) Now we generalize the analysis in [37] to all e:

Theorem 4.3. Fizn > 1, a sign pattern € € {£1}", and the matriz B, = D.. Denote ® := &, .
(1) Given A € R, define A% = |A] + %]D)(A). Then for all L € L,,, the differential of ® at L is
Dp® : Tr(Ly) — Ty pr(LPM,(€)), given by (Dp®)(X) = LD.XT + XD.L". (4.6)
This is a linear isomorphism : I~Jn — S, between the tangent spaces, with inverse map given by:
(DL ®)"1(W) = L(L_IWL_T)%ID)E, VIV € S,. (4.7)
(2) LPMy(€) is a Riemannian manifold under the log-Cholesky metric:
9ro.r (W, V) = g1 (L(L*WL*T)%DE, L(L*lvrT)%De) , VLeL, W,VeS,.  (48)

(3) The diffeomorphism ® = ®p_: (L,,q) — (LPM,(€),qg) is in fact a Riemannian isometry.
Thus D®y, transfers from Ly, the Riemannian metric, geodesic, and distance to LP My (€):

IL(X,Y) = gory)((DL®)(X), (DL®)(Y)), (4.9)
Yaw (t) = @(Fa-1(4) x (1) = Fa-1(4),x () - De - Yo-1() x (8)7, (4.10)
drpa, (A, B) = dp, (271 (A), @7 (B)), (4.11)
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De in (4.10).

Proof. We begin by proving (1). Let v : (=d,9) — L, be any curve — for some § > 0 small enough
— with 4(0) = L and 7/(0) = X. (For instance Lin uses L+tX in [37]; one can also use the geodesic
Yr.x (t) from ([@.3).) Now ®(v(t)) = v(t)Dey(t)T is a curve in LPM,,(€) through LD LT, so

d

#20@®) = Y(0)Dey' (0)" ++/(0)Der(0)"
t=0

where X = L(L7*WL™T)

1
2

This gives the linear map (4.6) between the equi-dimensional spaces in and S,. It suffices to
show the map is onto. Given L € L, and W € §,,, we solve:

IDXT + XD LT =W = LWL T=D(L'X)T + (L7 X)D.. (4.12)
As L71X is lower triangular, L= XD, = (L~'WL~T).. This yields (4.7)), as D = D_!. Hence
2
the linear map Dy ® is onto (and the uniqueness of the solution also shows Dy ® is injective).
The above proves (1). Given this, the diffcomorphism & induces a Riemannian metric on
LPM,(€), and (2) follows. Moreover, [36, Definition 7.57] shows that & = &p,_ : L,, — LPM,(e)

is a Riemannian isometry. But then one deduces the properties of LPM,(¢) in (3) from the corre-
sponding analogues over L,, — and these were already shown in Theorem 4.2} O

Remark 4.4. When solving above, it was convenient for Riemannian geometry purposes
that D, be a diagonal matrix (in particular, our Cholesky-type factorization is not the LDU de-
composition). As remarked early on in , there exists a unique such matrix with unit-modulus
entries in each cone LPM,(€), TPM,(¢), though D, here can be more general.

Remark 4.5. Theorem has a natural counterpart for TPM matrices; we do not state it here.

4.3. Abelian Lie group structures compatible with ®. We now move towards the Fuclidean
space structure on each cone LPM,(¢). The metric is already introduced above; the next step is
to add in a group operation (the analogue of addition). This was introduced in [37]:

®:L, xLy, = Ly, definedby Lo K:=|L|+ |K|+D(L)D(K). (4.13)
We make two remarks here: first, the scalar multiplication and inner product operations were
not introduced in [37], they are introduced below. Second, it is somewhat misdirecting to work
with ® on the larger space L,, (as was done in [37]), because while L,, is a subset of Ly, it is not a
subgroup or a submanifold. Thus, we do not work with ® on L.
Lin then showed:
Theorem 4.6 (|37, Section 3.3]).

(1) The operation ® and the inverse map L' := —|L| + D(L)~" are both smooth, and make Ly,
into an abelian group with identity 1d,,.
(2) Given K € Ly, the differential at L € Ly, of the left (= right) translation (k is:

Dpli: X — | X]| +D(K)D(X), X € Ly, (4.14)
and the Riemannian metric is compatible with these:
§K@L((DL£K)(X), (DLKK)(Y)) = §L(X, Y) VK,LeL,, X,Y € f;n (4.15)

Thus (Ly, @,Idn,L@Sl;ﬁ) is an abelian Lie group, and g is a bi-invariant Riemannian metric.

We now carry out the same thing in each LPM cone, extending the special case of ¢ = 1,, by
Lin in [37]. Since <I>$61 are smooth Riemannian isometries from above, we use these to transfer the
group operation smoothly to LPM,(e):

A® B = dp (95 (4) @ 851 (B)) = (85 (4) © 05 (B)) - De - (95 (4) @ 251 (B))". (4.16)
Thus, <I>$€1 are group isomorphisms by definition. Combined with Theorem this yields:



CHOLESKY-FACTORING SYMMETRIC MATRICES, RIEMANNIAN GEOMETRY, AND RANDOM MATRICES 17

Theorem 4.7. For alln > 1 and € € {£1}", the space (LPMy(€), ®) is an abelian Lie group, with
identity element D. and inverse map

A (2p1(A)S" De- (51(A)T (4.17)

Moreover, the Riemannian metric g is bi-invariant with respect to this (smooth) group action.

6

Indeed, the smoothness, commutativity, and translation-invariance of ® follow from those of ©,
since @%1 are smooth group isomorphisms. Moreover, the treatment in this section can be suitably
repeated for each T'PM,,(e) — or apply the linear map A — P, AP, over LPM,(e). We thus have:

Proof of Theorem[B. All but the zero sectional curvature part for LPM,(e) follow from the above
analysis. The zero sectional curvature follows either from (the proof of) [37, Proposition 8|, or from
Theorem [C] which we prove presently. Now applying the linear isometric isomorphism of abelian
metric groups A — P, AP,, the results follow for all T'PM,(¢€) too. O

Along related lines is the following observation; the proof is direct.
Lemma 4.8. The self-maps of L, given by
L~ L, L~ Lg', Le (PLP)", L~ (PLy'P)T

form a commuting Klein-4 subgroup of maps, each of which is an isometric automorphism of the
abelian Lie group L,,. (Hence this structure transfers via ® to the Lie groups LPMy(¢), T PM,(¢€).)

The third of these maps comes from (3.1)); but note that L — L~ is neither a group-map nor

, we have L~} (11 1(/)2) and (Lh) ™! = (i (2)> So

d(L,1dg) = /4 + (log2)2  # d(L'1dy) = /1 + (log2)2.

Similarly, L™ ® (Lg')~! = (; (1)> #1dy = (Le Ly~ Also, (L7 = G 1%) # (Lo~

an isometry. For instance, for L = (

Remark 4.9. Another observation is: extend ® to all square matrices by defining [A] to be the
strictly upper triangular part of A, such that A = |A] + D(A) + [A]; and now define

Ao A=A+ |A' | +[A]+ [A] +D(A)D(A"). (4.18)
Now if A = LD.LT, A" = I'D. (L") € LPM,(¢), then A® A’ = (L ® L')D.(L* ® (L')*).
Remark 4.10 (Riemannian exponentials and logarithms; parallel transport). The above treatment
can be carried out (with minimal modifications) for the cones TPM,,(¢) as well. Moreover, in [37],
the Riemannian exponential and logarithm maps over L,, were also written down, and one can then
transfer them to each LPM,,(¢) and T PM,(e). Similarly, parallel transport along geodesics in Ly,

developed in [37], can be transported in parallel to all cones LPM,(¢) and T PM,(¢). We will not
elaborate further on the details of these “verbatim” geometric constructions to [37].

5. CHOLESKY (COMPLEX) MANIFOLDS ARE EUCLIDEAN SPACES, WHOSE UNION YIELDS HILBERT
SPACE

This section goes beyond [37] and first extends the abelian Lie group and Riemannian manifold
structure of Cholesky space from [37] (recorded in Section[d]), to that of a finite-dimensional R-vector
space — and even beyond, to an inner product space.

Theorem 5.1. Fizn > 1.
(1) Define “scalar multiplication” - : R x Ly, — Ly, via: a- L := «| L] +D(L)*. Then the map
0 (Ln,®,-) = (RM™D/2 4y defined by n(L) == (loglhy, . ..,108 L ; {lij 13> j})  (5.1)

is an R-vector space isomorphism.
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(2) Also define the form (-,-) : L2 — L,, defined by

n
(LK) =) lijhij + ) log(lj) log(kjy). (5.2)
i>j j=1

Then (-,-) is R-bilinear, and for all L, K € L,, we have

dy, (L,K)*=(L - K,L - K), where  L—'K:=LoK,'=n""(n(L)—n(K)).

Therefore (L, (-,-)) is isometrically isomorphic to the Buclidean space R™"+1D/2,
(3) These operations commute with the reversal map on Ciolesky spice - i;e_., L— f s an

isometric isomorphism of Hilbert spaces. Moreover, | L] = |L| and D(L) =D(L) on L,,.

The proofs are straightforward. Moreover, Theorem immediately implies Theorem [C]

Remark 5.2. Theorems and |C| resemble the main conclusions of [2] — which showed an analo-

gous result for an alternate structure on the cone PD,. Namely, the exponential map
exp : (Sp,+) = (PDy, ®), exp(A) ® exp(B) := exp(A + B) (5.3)

was shown to be an isometric isomorphism which makes PD,, into an abelian Lie group, with
translation-invariant metric d(exp(A), exp(B)) = || log(exp(—A/2) exp(B) exp(—A/2))||. Moreover,
defining scalar multiplication as a - exp(A4) := exp(aA) shows that exp : S, — PD, is in fact a
R-vector space isomorphism. In particular, PD,, has sectional curvature zero for this metric.

As a consequence of Theorems [5.1|(3) and we have:

Corollary 5.3. For alln > 1 and € € {£1}", the reversal map : LPMy(e) — TPDM,(€) is an
isometric isomorphism of Hilbert spaces.

Proof. Note that the Hilbert space structures on LPM,(¢),TPM,(¢) are simply transfers from

Cholesky space L,, via the maps ®p,_, P respectively. Now the result is easily verified, using (4.18))
to define ® on upper triangular matrices. ]

We now go even further beyond [37] to infinite-dimensional inner product spaces, followed by
the Hermitian analogues of them and of LPM,(¢), T PMy,(€).

Proof of Theorem[D. As we will work here and in proving Theorem [E] with the same structures
over real and complex spaces, big and small, we first write down the proposed real inner product

space operations over the largest cone L = L% & (L%R_{[)z, and can then restrict to smaller spaces:

LoK=|L|+|K|]+D(L)D(K), (5.4)

Lot = — L] +D(D)7, (5.5)
a-L=a|L]+D(L)* VaceR, (5.6)

(LK) = Y Lijkij+ Y log(lj;) log(k;;), (5.7)

i>521 j=1
dL(L,K)= (L' K,L - K):=(Le K;',Le K;'), (5.8)
n(L) = (logli1; lo1,loglaz; «..5 lnty- s lnpn—1,108lnn; ). (5.9)

One checks that these operations restrict to Ly = LY and further to Loy = Ly, — as well as that
7 is an isometric R-vector space isomorphism on these cones. Straightforward verifications now
show the real inner product structure on the (possibly complex) L-cones. E.g. 1 is compatible with
the inclusions in , so it extends from the cones L, to their direct limit Lgg. Thus Loy £ cgo; as
these are respectively dense in Ly, and ¢2, and the isometry 7 takes Cauchy sequences to Cauchy
sequences, it provides a unique extension to the closure that is consistent with its definition there.
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Having shown the results for the L-spaces, the results for the LPM (€)-cones follow as the
structures transfer via ®. For instance, the commuting squares (1.8]) imply ®p_(Lgg) = LPMyo(€).
As the isometry ®p_ is Cauchy-continuous, it extends to an isomorphism of the closures. O

We next introduce:

Definition 5.4. Given a sign sequence € € {£1}>°, define LPM (€) to be the set of real symmetric
semi-infinite matrices whose leading k x k principal minor has sign €, for all k£ > 1. Inside this,
define LPMy(€) to be the image under ®p, of Ly. Similarly define LPM®(e) D> LPMf(e).

Now just as LPMyy(€) = ®p,(Loo), it is natural to ask what is the image LPMy(€) = ®p,_ (Ly).
One can check via translating in the language of ®p_, this is precisely

. €541 det A[j-i—l} i+1] 2 o N det A[j-l—l} [+1]
Aerpue) s Y (1og T A ) <o Daon (an - o i ) <o
j>1 J=1

(5.10)

We now show the Cholesky decomposition and real Hilbert space structure for Hermitian matrices.

Proof of Theorem [E] The first part is proved in the same way as Theorem [A] Ditto for the second
part, modulo the obvious changes, e.g. [(mp + uq) ~ I(mp + uq), or LT ~» L* or bT ~ b*.

_pl2
ac — [y . m We add here that the real

a mv — |ul?’
Euclidean ball to which all LPME(e), TPME(e), and LE are diffeomorphic, is Bp.2(0,1).

The third part is proved in the same way as Theorem For the fourth part, we use the maps
defined above, as well as the real vector space map:

UC<L) = (log 111; §R(l21), %(121), log 122; %(131), %(lgl), §R(l32), %(132), log 133; e ) (5.11)

As this is again an isometric R-vector space isomorphism, the other verifications are as over R. [

The solution now uses ac — |b|?, to yield ¢ = \/

Remark 5.5 (Fréchet means and barycentres — in Hilbert space). In [37], the author used their
machinery to discuss Fréchet means of random matrices in L,, and log-Cholesky means for e.g.
PD,,-valued random matrices A with finite second moment: E[dpp, (A, Ag)?] < co. For instance,
the barycentre of finitely many matrices in either space. In [37, Proposition 9], the existence
and uniqueness of this was proved via using that L, and in are homeomorphic, so L,, is simply
connected and has zero sectional curvature, and hence one can apply results of Bhattacharya
and Patrangenaru [8] for complete, simply connected Riemannian manifolds. However, now it is
clear that one does not need [§], since the homeomorphism : L,, — L, = R™"+D/2 is in fact an
isometric isomorphism of Hilbert spaces (Theorem . Hence “usual” multivariate analysis and
finite-dimensional probability applies to it.

In fact, one can do more: Fréchet means/barycentres can also be computed in the larger (real
Hilbert) spaces LPME(IOO), LPM;S(IOO). Via the diffeomorphisms ®p_, A — A~!, these compu-

tations also carry over to every LPME (¢), LPMj,(€), and TPME(e€) —for F=R and F = C.

5.1. Towers of abelian metric groups, including over other fields. We have seen real inner
product space structures on LPME ((e1,. .., €,)), LPM (€), LPMY(€) for all € € {£1}* and n >
1. These spaces formed towers of inclusions, which we now construct over other subfields F C C.

Definition 5.6. Let I be any subfield of C.

(1) Given n > 1 and € € {£1}", define LPM]. (¢) to be the Hermitian matrices in F**" whose
leading principal k& x k minor has sign e, for all k£ > 1.

(2) Define the direct limit LPME,(e) as in Theorem (2), but with all entries in F. (We do not
work with the TPM counterpart.) Also define LPMJ,(€) as in (5.10).
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(3) Define the “completion” LY, (€) as in Theorem @(3), with all entries not real but in F.
(4) With the subscript-symbol x € {00, H}, define the unions

LPM; = || LPMj(e), LPM]:= || LPM(e), (5.12)
ee{£1}n ec{x1}>
(5) For these three choices, define the corresponding sets LY of lower-triangular matrices with
entries in F and diagonal entries in F N (0, c0).

(6) In all cases, given a (possibly semi-infinite) real symmetric matrix Be € LPM_: (€), define
®p, : LY = LPMF () via: ®p_ (L) := LBL".

Then the inner product space structure recorded in Theorems [C] and [E] also occurs here:

Theorem 5.7. Let F be any subfield of C with F N (0,00) closed under positive square rootsE|

(1) Given a subscript-symbol x € {n,00,H}, and a sign tuple/sequence €, one has a tower of
commuting diagrams of monomorphic isometries of abelian groups with bi-invariant metrics:

LY — LS b L{, — (LY, 0)
Pp, l Pp, l Pp, l ®p, J{
LPM{ ((€1)) —— LPMJX((e1,€2)) b LPME(e) —— (LPMj(€), ®) |
(5.13

Each of these is an “additive” 2-divisible subgroup of the Hilbert space (L;C{7 (,)), and it has
a translation-invariant metric induced by the restriction of the (bi-additive positive definite)
inner product.

(2) Each downward arrow ®p, or ®p_, from LE to LPMY (€), is a homeomorphism that is the
restriction of a smooth diffeomorphism.

(3) Using Theorem we can add another row of homeomorphisms (which are also group mor-
phisms) involving the cones TPML (¢), for all n,e.

(4) If F is algebraically closed E, or equals ENR, then each of these 2-divisible groups is in fact
a Q-vector subspace of Ly. More strongly, this holds if F N (0,00) is closed under taking qth
roots for all primes q > 2.

Proof. In the first part, to show that each of the maps ®p, is one-to-one, say LDL* = KD K*.
Then (K~ 'L)D. = De(L~'K)*, so both sides are diagonal. This implies K~ 'L is diagonal, with
diagonal entries of modulus 1 and in (0,00). So K~ 'L = Id,, with +' = n if x = n, else ' = co.

In the remaining parts, the closure of F N (0, 00) under positive square roots is needed in order
to Cholesky-factorize matrices in LPMY (¢), by the algorithmic proof of Theorem

This explains the hypothesis; we then proceed. We will only discuss the 2-divisibility and the
final part. First, 3 - L =%|L| + D(L)'/? inside LY,. Now by the closure of F N (0, 00) under /-, it
follows that % -L € LY for L € LE. Similarly, if the hypothesis in the final part holds, and p, ¢ are
nonzero integers, then 2 - L = 2|L| + D(L)P/%, and this has all entries in F. O

Akin to Lemma [4.8] in the complex case we again have a commuting — and larger — group of
self-maps of complex Cholesky space. More generally:

Lemma 5.8. Let F be as Theorem with F € R. Then the self-maps of LE given by
L~ L', L~ (P,LP,)*, L+—1L
1Exam1£es include (i) the constructible numbers, important in Euclidean geometry, and (ii) the (real) algebraic
numbers (Q N R or) Q. More generally, one can start with an arbitrary subfield E of R, and then (i’) inductively

adjoin at each stage, the square roots of elements in (0, 00) already obtained. This yields F with the above property.
Alternately, one can (ii’) take the algebraic closure of any subfield E C C, and then use F = E or ENR.
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pairwise commute, and generate a Boolean group (Z/27.) of isometric automorphisms of LE. These
maps are moreover Q-linear if F is as in Theorem (4), and R-linear if F = C. They transfer via
®F, to LPM} (€) for each € € {1}, and similarly to each TPM} (e).

6. ALTERNATE LIE GROUP STRUCTURE ON THE LPM, AND T'PM, CONES; PROBABILITY

We now switch tracks from Cholesky decompositions and Riemannian geometry, to exploring
towers of groups of LPM matrices with a motivation from probability theory. Theorem revealed
two towers of isomorphic subgroup-pairs that were not just Riemannian manifolds but in fact
additive subgroups of R-vector spaces with real inner products.

We now explore additional groups found in LPM spaces, which necessarily cannot embed into any
Banach space, yet possess translation-invariant metrics. We first introduce the following notation.

Definition 6.1. Define the Schur product a o b of two real tuples a,b of equal length, to be the
tuple of their coordinatewise products.

Now we have:

Theorem 6.2. Let IF be any subfield of C with FN(0,00) closed under positive square roots, and x a
subscript-symbol in {n,00,H}. Define the binary operation & on LPMY as follows: given matrices
A=LDLT and A’ = L'De (LT, with L, L' € LE (where € denotes € € {£1}" if x =n), we set:

ADA = (Lo L) (DDy) (Lo L) e LPM (eo¢€), (6.1)

(LDLT)Z' = L'D LT (6.2)

(1) This structure (and identity 1d,) makes LPMY into an abelian group that is isomorphic to

the direct product PDY x 5’5/, where ¥ = n if ¥ = n, and ¥ = oo otherwise. On the subgroup
PDF = LPMF(1,/), we have [ = ®.

(2) This group is equipped with a family of bi-invariant “LP-norms” that extend the metric on the
subgroup PDY and the discrete metric (Kronecker delta) on S;:

dp(LDLT, KD KT) = ||(dy, (L, K),1 — de.e)

\p, p € [1,00]. (6.3)

(3) If x = ¥ = n, then one can similarly equip TPM,IE with a parallel structure. If moreover
F =R or C, the cones LP]\@ILT and TPME are abelian complete separable metric Lie groups
and Riemannian manifolds with bi-invariant metric (and sectional curvature zero). Moreover,
the reversal map is an isometric isomorphism of Lie groups.

(4) The nontrivial torsion elements of LPMY are precisely the matrices De for all e € {1} \{1,}.

Before showing this result, we make two remarks. First, this result clearly implies/subsumes
Theorem [F] Second, there are other subgroups that also share these properties: let G be any
subgroup of the torsion group Sgl. Then PDF x G is a subgroup of LPMY. Thus one can write
down another tower of subgroups for G (under [J) akin to (5.13)).

Proof of Theorem[6.3.

(1) Consider the map ¢ : PDY x S35 — LPMF, given by (LL*,€) — ®p_ (L) = LD L* (where L*
denotes conjugate-transpose, not *). By “countably applying” Theorem [A| (or its proof over F,
suitably adapted to the complex case), ¢ is a group map and a bijection, which proves the first
claim. The restriction to PDY is clear.
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(2) We compute:
dy((JDer J*) B (LDLY), (JDer J*) B (KD K*))
=dy(e((JOL)(J®L)*, € o€),po((J©K)(Jo® K)* € o€))
= (dr,(J © L,J © K),1 = deroeeroer)Ip
= [I(dv, (L, K), 1 = de.e)llp

since dy,, and the discrete metric on S5 are each translation-invariant. This shows the result.

(3) The first claim is now standard, via (3.I). Now let F = R or C; then LPME = Ueeqeaye LPMFE (e)
is a disjoint union of 2"”-many cosets, each isomorphic to the complete separable metric Lie group
PDZ (which has zero sectional curvature and a bi-invariant Riemannian metric, from results
proved above). The final assertion about the reversal map is also easily verified, using that
(a) this map is anti-multiplicative; (b) it commutes with ® (including via (4.18))), conjugate,
and transpose; and (c) the metrics on these cones are defined via ®p,_ and ®°%, and these are
intertwined by the reversal map via Theorem [I.8]

(4) This follows from (1), as PDY C PD% (which is a Euclidean space), hence is torsionfree. [

Before moving on, we mention two “bigger” groups not considered so far:

Proposition 6.3. Given a field F C C as in Theorem and a sign pattern € € {£1}>°, let
LPMF(€) consist of all semi-infinite Hermitian matrices with entries in F and kx k leading principal
minor of sign €. Define their union LPM® := Ueegaiyee LPMF¥ ().

(1) Let LF denote the semi-infinite lower triangular matrices with entries in F and diagonal entries
in TN (0,00). Given Be € LPMF(€), the Cholesky map ®p, : L¥ — LPMF () is a bijection.

(2) Both (L¥,®) and hence (LPM¥ (€),®) are again isomorphic abelian groups.

(3) (LPMY¥, () is also an abelian group, with nontrivial torsion elements.

We only remark here that the algorithmic proof of Theorem [A] extends to the present case, when
carried out inductively for all n.

Notice a difference between Proposition and Theorem @ the metric in Ly = LPMy(e) does
not extend to the larger abelian group L€ = LPM C(e). Nevertheless, as we presently explain, not
only can LPMC®(€) (and hence each subgroup LPMT (€)) be given a translation-invariant metric,
it in fact embeds into a Banach space! See Theorem [6.4] over more general fields.

6.1. Real-closed fields. In this part, we venture out beyond the complex plane. One can carry
out the Cholesky decomposition over certain fields outside of C: namely, the real-closed fields
E [9] (which include R). In this setting, akin to above, one can work over the algebraic closure
F = E = E[y/—1], or more generally, F the algebraic closure of an arbitrary subfield E' C E — or
even the iterated closure under positive square roots of the positive elements. Over such fields F:

(1) One can define the cones LPM (¢) and TPM; (¢).

(2) The Cholesky decomposition algorithm in Theorem |[A| goes through, and we have a family
of bijections ®p, : LE — LPMF (¢), one for each B. € LPM} (¢). One also has the linear
and nonlinear maps relating LPMYE (¢) to TPMF (¢) and TPME(?), respectively.

(3) The map L® K := | L] + | K| +D(L)D(K) again makes L into an abelian group.

However, (to our knowledge) there is no metric naturally associated with a real-closed field! So
the Riemannian manifold and abelian Lie group structures do not go through. Nor is it clear how
to take “real scalar multiples”, because e.g. D(L)™ is not defined for general L.

Despite these absences, one can still show as above that Cholesky space LE sits inside a Banach
space. Hence so does the isomorphic group LPME (¢) (via ®p, ), and hence the larger union-groups:
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Theorem 6.4. As above, let x € {n,00}, and fix a sign sequence € € {£1}*, with ¥ = n if
*=n and * = 0o otherwise. Also let E be a real-closed field (e.g. R) and let F be any subfield of
E = E[v—1] such that F N (0,00) is closed under taking positive square roots.

(1) Then one has a tower of groups under (®,1d,, Lg"), with each pair LE, LPMF (€) indeed in
bijection via the Cholesky factorization map @fil :

LY = LPM{((e)] € [L5 = LPMS((e1,e2))] € -+~ C [Lgy = LPMgp(e) ] € [LF = LPMF(?]')
6.4

(2) The group LF = LPMF(€) additively embeds inside a real Banach space B, hence inherits its
norm. One can therefore apply Banach space probability [35)] to each of its subgroups G, e.g. G

in (6.4). Thus the expectation of a G-valued random variable makes sense (and it lives in B).

Proof. The first part is similar to the special case of E = R and E = C. For the second, we invoke
a result from a recent Polymath project [45]: a group is abelian and torsionfree if and only if it
embeds additively inside a real Banach space B. (Note that the separability of B is not assured.)
Thus it suffices to check that LF =2 LPM¥(€) is torsionfree. But if L € L¥ and 0 < k € 7Z, then

k-L=k|L]+DL)*=1d,.

Since char(F) = 0, |L| = 0; and since F is totally ordered, elements in (0,1) and (1,00) cannot
have kth power 1. So D(L) = Id,/, as desired. d

6.2. Probability inequalities for Cholesky or LPM-valued random matrices. Earlier in
this section and the previous one, we saw three kinds of abelian metric groups:

e Subgroups of (LPM} (e),®) = (Li,, ®), with F C C and F N (0,00) closed under positive
square roots. By Theorem these metric groups embed additively and isometrically
inside the Hilbert space LPMy;(€). As a result, standard Euclidean and Hilbert (hence
Banach) space probability results apply to these groups.

e Subgroups of (LPMF(e),®) = (LF,®), with E a real-closed field and F C E[/—1] having
the same y/--closure property. These groups additively embed inside Banach spaces, so a
comprehensive probability theory again applies to them [35] (including expectations).

e Then there are the abelian metric subgroups of (LPMJ,, [) studied in Theorem [6.2] (with
the parallel group structure [J, and with F C C).

The third class of groups have nontrivial torsion elements, hence do not embed in any Banach
space. As we now explain, a mass of probability inequalities nevertheless applies to these groups
(and to the other two group-classes too). The following result expands on Theorem

Theorem 6.5. Fiz € € {£1}°°, and let G be any of the following abelian groups:

o A subgroup of (LPM5,(€),®), with F C C and FN(0,00) closed under positive square roots.

o A separable subgroup of (LPMF (€),®) equipped with a norm, where F is as in Theorem .

e A separable subgroup of (LPME[, 0), with the metric d,, for some p € [1,00]. Here, F C C
and F N (0,00) is closed under positive square Toots.

Now fiz z1 € G and independent random variables X1, ..., X, € L°%(Q,G), with u a probability
measure on . Set S := X1 + -+ + Xy, with 4’ denoting either ® or 1. Also define

Un (= max dG(Zl,Sk)7 Mn = <a<X dG(IdG’Xk)’ (65)

\gn IKKN

where dg is the bi-invariant metric on G. Then the following stochastic inequalities hold in G:
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(1) Mogul’skii inequalities. Fiz a,b,c € [0,00). If 1 < m < n, then:

P, ( min da (21, Sk) < a) - min P, (dG(Sk, Sn) < b) <Py (dg(21,50) < a+b), (6.6)

P (s dofer,Si) > a) - iy B (o(Sk,50) <) < Pulda(ea,S0) > a =), (61)
(2) Ottaviani-Skorohod inequality. Fiz «, 8 € (0,00). Then:

P, (1m,3x de(z1,5) > o+ 6) - min By (da(Sh. $1) < ) <Py (dolz1,50) 2 a). (68)

(3) Lévy-Ottaviani inequality. For a > 0, define pq := maxi<p<n Py (dg(z1, Sk) > a). Then

l
IP’M(Un>a1+--'+al)<2pai+p;, Vi>2, a,...,a41 20, (6.9)
1=2

where p; := pq, if | is odd, and p) = maxi<r<n Py (da(Sk, Sn) > a1) if | is even.
(4) Hoffmann-Jgrgensen inequality. Fiz integers 0 < k,ni,...,nx € Z and nonnegative scalars

t1,...,tg, s € [0,00), and define Ip := {1 <i < k: P, (U, < ti)m*a“ < n%,}, where §;1 denotes
the Kronecker delta. Now if Zle n; <n—+1, then

k k
P, (Un > (2np — 1)t + 2 Zniti + (Z n; — 1) s) (6.10)

=2 =1

. 1 (P, (U, >t)\"™
< Py (M > 5) + Py (Un < t1)1#0 [T P (Un > 8™ [T — (M) '
i€lp i¢lo v

For a stronger version, in terms of the order statistics of the Y;, see [30, Theorem A].

As explained in [29, 30], Theorem (4) firstly goes beyond the previously known versions,
even in the most special case of R; it moreover strengthens and unifies previous results in the
Banach space literature by Kahane, Hoffmann-Jgrgensen, Johnson—Schechtman, Klass—Nowicki,
and Hitczenko-Montgomery-Smith; and it also extends these results from Banach spaces to arbi-
trary metric semigroups with a bi-invariant metric — in particular, G. The other inequalities also
generalize and strengthen previously known variants in the literature, beyond Banach spaces.

Proof. These results are, in a sense, black boxes. Namely, they were shown in [30, [31] in the more
general setting of (a) separable metric semigroups with a bi-invariant metric; and in [29] for the
strictly more general setting of (b) separable metric monoids with a left-invariant metric. As every
subgroup G in Theorem |6.5| fits into (a) and hence (b), the results apply here. Moreover, since dg
is translation-invariant, inside the expression dg(z1,20W) in all results above we can — and do —
replace 21 by 21 — 20 := 21 ® (20)5" and 2y by the identity Idg, in the abelian group (G, ®) in the
cited versions. Similarly by 21 [ (20)5" in (G, D). O

The proof of the next result uses the aforementioned Ottaviani-Skorohod inequality.

Theorem 6.6 (Lévy’s Equivalence).

(1) Fizn >1 and e € {£1}", and let F =R or C. Let G = LPM (¢) or TPME (¢), and let X}, be
independent G-valued random variables. Then the partial sums S, = X1 ® --- ® X,,, converge
almost surely to a G-valued random variable X, if and only if they converge to X in probability.

(2) The same holds for variables X}, taking values in (LPME, () or (TPME, ).

(3) If either sequence Sy does not converge in the above manner, then it diverges almost surely.
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This result was also shown in [29] B1] in the general settings (a) and (b) (as mentioned in the proof
of Theorem [6.5) — for G a complete separable metric semigroup with a bi-invariant metric. But in
the present setting, G is a complete separable metric group, in which case the result was already
proved earlier, by Tortrat [50]. It too extends previous results in the Banach space probability
literature, by It6—Nisio and by Hoffmann-Jgrgensen—Pisier.

7. (INVERSE) WISHART AND CHOLESKY-NORMAL DENSITIES ON LPM AND TPM CONES

Throughout this final section, we will work over F = R; thus, we write LPM,,(¢) = LPMEZ(e)
etc. Now recall Definition [1.12] which explained how to transfer a probability density from the
cone PD,, to any LPM,(¢) or TPM,(e). We use this to take a closer look at the (inverse) Wishart
densities, and in particular, prove Theorem [H]

We begin with the classical Wishart distribution [53] (see also Fisher [13] when n = 2). Given
integers N > n > 1 and a fixed matrix ¥ € PD,, one says a random positive definite matrix
M; ~ W, (X, N) if it has density

1
Jen M) = SRt (N /2) dot(3) V2 det(Mp) V"D 2 exp (~tr(S7IM)/2)  (T.1)
for My € PD,, and 0 otherwise, with I';, the multivariate gamma function. Now Definition [1.12
transfers this to multivariate cones — which we explicitly write out to set notation:

Definition 7.1. A random matrix M ~ WM (¢, 3 N) if it has density supported on LPME ()
and given there by

LNIDLTY) = fe n(LLT), e, HENM) = fon(Pra, 0 Pp' (M), (7.2)
Similarly, the Wishart density W, "M (¢, ¥, N) is given by its density function:
SEN(KT - PDPy - K) = fon(KTK) = fo n(81 o (@5)71(B)), (7.3)

where P, is as in Theorem B:=KT.P,D.P,- K, and the map ®% is as in Theorem

With these definitions at hand, we proceed towards Theorem [H| In it, since ®p_ sends a matrix
L (with (”;rl) degrees of freedom) to a symmetric matrix A := LD LT (with the same degrees of
freedom), we order the input and output coordinates in lexicographic order:

(lig; lors logs o5 lnay e ooy Lo, (7.4)
(a11; @21,a22; -..; Ani,-- -, ann).
We also use its reverse — the “reverse-lexicographic order”. Now we perform Jacobian calculations.

Proposition 7.2. Set ¢y := 1. The Jacobian of ®p, at any L € LE is lower triangular in the
lexicographic order ((7.4), and its determinant equals

O%p, (L)ij - »
det <8l//w 1<j<i<n QnH(ljjéj—lfj)n+l I, (7.5)
- 1<j/<i'<n Jj=1

-
Similarly, given L' = (lgj) € LR, the Jacobian of ¢ at L' € LE is upper triangular, with

De /57 n
0P ?(L,)z’ i’ .
J _ on / . An+1—j
det — = 2 | | ( n+1—j,n+1—j€j—lﬁj) ) (7.6)
oL 1<j'<i'<n j=1
1<5<i<n

e
where 0L means the reverse-lexicographic order. Moreover, the two Jacobians are related via:

oo P Oy,
— = n+1y *

. P(n+1). (7.7)

2 2

Ll
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Proof. We begin with (7.5). For this, we claim that for any n > ¢ > j > 1, the expression
aj; = (LID)ELT)U does not depend on l;, k > j or on lp;, h > 7. This is clear by direct computation:

J
aij = Linex— 16kl (7.8)
k=1
Thus the Jacobian on the left side of is lower triangular under the lexicographic order (|7.4)).
Moreover, Oa;j/0l;; equals €;_1€;l; if i > j, and 2¢;_1€;l;; if © = j. Multiplying these yields (7.5).
The next assertion is shown similarly. Finally, involves straightforward, albeit somewhat
tedious, bookkeeping. We omit the details. (|

With Proposition at hand, we explain our final main result.

Proof of Theorem [H|

(1) We begin by showing (1.11)). (We do not prove the TPM counterpart of (1.11)) as it is similar.)
First, for a random variable M = LID.L”, define

My := LL" = ®14, 0 &' (M) € PD,.

Then the right-hand side of equals / fo(My)dMy, where dM;y is the
M€y, 04’]561 (o)
Lebesgue measure on the sub-cone PD,, of n x n real symmetric matrices.
Now change variables from Mj to M. This changes the domain of integration to <7, and the
integrand can be rewritten (by definition) as feLg M(M). As the absolute value of the Jacobian

of &1, 0 CI)]]S} (and of its inverse) is 1 by Proposition (and the Chain Rule), we obtain (1.11]).

(2) This is essentially the preceding part, specialized to @ = W, (X, N).

(3) We omit these details.

(4) We next turn to , where we only prove the forward implication, as the proof of its converse
is similar. Note that the reversal map is Lebesgue measurable; thus by for @ = W,(X, N),
and for measurable 8 C T'PM,(¢),

R = LPM T
IP’(M: L D-LeR ’ M ~ W (e,E,N)) =P(M = LD.L” € P,#P,)

/ fx,n(My) dM;y
M;=LLT€dy, 0%61 (PnBPy)

B 2—nN/2 det(Ml)(N—n—l)/2

Fn(N/2) /M1=LLTE(D1(1”O¢'D€1(P”%’P”) det(E)N/2

exp (tr(—X7'"My)/2) dMy.  (7.9)

«

Change variables from My = LLT to I\I =P, LLTP, = LTE. Adjoin to the left of the
commuting square the analogous square (reversed) for € = 1,,. As all maps in these
squares are bijections by Theorems [A] and we can change variables in the domain in the
above integral:

My = &1, (L) € Pa, 0 @5 (PBP,) <= @p,(L) € P,BP,.

— —
Applying the reversal map and using (1.7)), this is if and only if @D?(L) =M; € &.
(_
This changes the domain. The Jacobian of the transformation My — Mj is a permutation
H
matrix, hence unimodular. Finally, we change the density itself: det M; = det M, and

+——1 +

tr(—X 7'My /2) = tr(—P, X7 M; P, /2) = tr(—X  M;/2).
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(—
This suggests the Wishart density with parameters N, Y. And indeed, the remaining factor is
%
det(X)~N/2 = det(X)~N/2.
(—
Thus, we can now continue the calculation in (7.9)), via changing variables : My — Mj:

— T

+—
IP’MNW%PM (M =1L D?L S g@)

—

9-nN/2 det(Mq)(V—n—1)/2 —1 « —

== /<_ o b et 1)<_ exp (tr(—E Ml)/2> dM;.
Fn(N/z) M1=LT Le®ldno(® < )—1(H) det(E)N/Q

As the right-hand side is the push-forward to TPMX(¢) of the Wishart density with parameters
p

¥, N, and the equality holds for all events & C TPMZX(¢), the proof is complete.
(5) The key observation is that if g is any function, and M = UDU” where U is orthogonal and
—

D is real diagonal, then M = P, M P, = (P,U)D(P,U)T. Now we compute, via using e.g. [21]
Section 1.2] and since all matrices below in the arguments of g are real symmetric:

%
g(M) = (P,U)g(D)(P,U)" = Py(Ug(D)UT) P, = Pog(M)P, = g(M).
If E[g(M)] exists for M ~ Weﬁf M (33, N), then compute via first using (1.12)) and then chang-

—
ing variables M ~» Mj opposite to the previous part (but still with unimodular Jacobian):

— — — —
Elg(M)] = /<_ gM)fe | (M1)dMy = / (Prng(M)Fp) f n(M1) dM1q
M;€PD,, ; M;€PD,,
- Pn g(M)fE,N(Ml)dMl Pn :PnE[g(M)]Pn
Mi€PD,
-
This shows the integrability of E[g(IM)] and completes the proof. O

Given Theorem [H] one can “glue together” probability distributions on cones for different e, via
use of a weight-set (we)ccq+1)n to generate probability distributions supported on LPMPE or on

TPM,%R — which, we remind the reader, are open and dense in all real symmetric matrices. We will
revisit this in Proposition when talking about the inertia of matrices in LPM/TPM cones.

Remark 7.3. A natural question, given Theorem [H] again involves changing variables between the
“usual” Wishart density and one on a LPM/TPM cone — or more generally, between two probability
densities. One not only changes the differential via the Jacobian (which we did in Proposition ,
but also the domain (via the map ®pq, o @ﬁj), and moreover, the density itself. For this last task,

one seeks to write LLT in terms of A := LID.L” — or more generally:
A= LDsL* € LPMS(8) interms of A= LD.L*,  for 6,e € {£1}".

This is given by first applying Algorithm to A and obtaining L; followed by L +— A= LDsLT.
Explicitly, we define sequentially for £ =1,...,n:

a§k) = ajp — Z ]l2 €16, VE<j<mn, (7.10)

where €g = 1, and 12 = ¢;_1¢; det A/ det Ajj_qjji—1) is as in (2.5) or Algorithm with B = D..
Then A is given by:

k
Q= Z le‘ 610, V1<k<j<n. (7.11)
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Both agk) and aj;, are computed by induction on & via (7.8)), or rather, its complex generalization:

k
ajp = leiei—leiE7 V1 < k S] < n. (7.12)
i=1
7.1. Additional distributions. We briefly discuss other probability distributions supported on
PD,, and their adaptations to LPM/TPM cones. The first was the Wishart family, above.

7.1.1. As a second example, one can define the complexr Wishart density [18, 19] on the cones
LPME(e), TPME (¢). We omit the definitions.

7.1.2.  The third distribution we mention is the inverse Wishart distribution. If My ~ W, (3, N)
then one can apply the change of variables M; — X; := M; !, and the resulting density (including
the Jacobian determinant) is written in terms of  := X! as:

gan(Xy) = _det(@)M? det(Xq) "NV HD2 oxp(—tr(QX17Y)/2), Xy € PD,. (7.13)
’ 2nN/2T,, (N /2)

Recall by Proposition that if M is supported on LPMX(¢) then X = M~ is supported on
TPM,]?(?). Thus, Definition Theorem Proposition and (3.2)) combine to yield:
Proposition 7.4. Fix integers N > n > 1 and a sign pattern e € {+1}".

(1) If M ~ Wy(e, %, N) on LPME(c), then M~ ~ W 1('e, 71 N) on TPME(€).
(2) The TPM analogue also holds.
— —
As a consequence, P,M 1P, = (M)~! ~ Wn_l(?, ()1, N) on LPM}}(?) in part (1).
7.1.3. The fourth family is that of PD-matrix-variate lognormal distributions of type I [48] Sec-
tion 2.4]. This uses the result in [2] that the addition and scalar multiplications
A" ® B' := exp(log(A4’) + log(B')), a! A" = exp(alog(A'))

make PD,, isomorphic to an R-vector space (see Remark . Given this, one can transfer using
Definition and Theorem [H| this distribution to the cones LPM,,(¢),TPM,(e). One can then

— —
also create densities via M ~ M~ M, or (M)~L.

7.1.4. Cholesky-normal densities. Our fifth candidate is a novel family of densities defined on the
PD cone itself. This is a parallel construction to the preceding type-I lognormal densities; for its
definition we need the Euclidean space isomorphism map 71 defined in Theorem [5.1}

Fix n > 1 and suppose Aq,..., A, are i.i.d. PD,-valued random matrices, such that

E[no®p! (A)] =no®d (M),  Cov(no®d (4;)=%¢€ PD sy
for some M, € PD,,. Then by SLLN and CLT, their log-Cholesky average/barycentre satisfies:

~ 1 & B s
Api=®q, on | = Zn o <I>Id1n(Aj) =5 M,,
m j=1 (7.14)

vm (77 ) q)I_di (;{m) —no (I)I_di (Mo)> = N(O, i)
Thus, we introduce:

Definition 7.5. A PD,-valued random variable M} is said to have a Cholesky-normal distribution
with parameters M, € PD,, and X € PD(n+1), if no @ (Mq) ~ N(no @y (M), Y).
2 n n

Remark 7.6. Using Definition we transfer this density to every cone LPM,(¢), T PM,(e).
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7.1.5. The notion of the canonical geometric mean leads Schwartzman in [48, Section 3.3] to
propose PD-matrix-variate lognormal distributions of type II — which one can again transfer to all
cones LPM, (¢), TPMy,(e).

Given the extensive work into studying the Wishart family on the cone PD,, it will be interesting
to analyze in depth the above densities over parallel and larger cones, with multivariate analysis,
random matrix theory, and statistical applications (e.g. [12, [48]) in mind.

7.2. Inertia and LPM cones. We conclude with some inertia results that are motivated by
modern considerations. An area of much recent interest and activity involves embedding data and
graphs/discrete structures in hyperbolic manifolds, and it features in multiple applied fields (see
the “modern” part of Section . This follows classical explorations of embedding metric spaces
into hyperbolic manifolds, by Krein with Iokhvidov [26] following Krein’s announcement [34].

Thus, suppose we sample points x(1),...,z(n) — say under some distribution — from hyperbolic
space (2 (with a different, indefinite inner product [-,-]), or from the “unit sphere” in it, termed
Lobacheuvsky space:

o0
L:={x=(x0,x1,...) €LE :xo>0and [z,2] =1}, where [z,y]:= zoyo — ijyj.
j=1
In the case of (positively curved) Euclidean and Hilbert spheres S” C S, the metric d(z,y)
for z,y € S is recovered from Euclidean Gram matrices via: arccos(x,y). In a precise parallel,
the hyperbolic metric equals arccosh[z,y] on £. Thus, modern hyperbolic data analysis as well
as classical hyperbolic metric embeddings both require working with hyperbolic Gram matrices
([(9), z(5)])}'j=1 — which were termed Lorentz-Gram matrices by Loewner in [39]. Now classical
results of Krein and others show the following characterization: Lorentz—Gram matrices are precisely
the real symmetric matrices with diagonal entries 1 and exactly one positive eigenvalue. If we further
assume such n X n matrices are nonsingular, then they have precisely n — 1 negative eigenvalues.

This brings to our attention the invariant of inertia: the numbers of positive, negative, and zero
eigenvalues. Restricting ourselves to the open dense cones of Hermitian matrices with nonsingular
leading/trailing principal submatrices, our goal here is to partition matrices with a fixed inertia
into LPM,(¢) or TPM,(€) cones.

We begin with notation. Given integers 0 < £ < n and an arbitrary subfield F C C, let
InE(k‘) denote the matrices in LPM_} with exactly k negative eigenvalues (and all entries in F).
For instance, Inf(0) = PDE = LPMF(1,). Note that since each such matrix is invertible and
Hermitian, the remaining n — k values must be positive, and so the complete inertia is specified by
just (n, k). We call k the negative inertia of the matrix.

Thus, the LPM-cone admits two partitions (though the second covers all of LPM,. only when
F N (0,00) is closed under positive square roots):

LPMy = || Inf(k)= || LPM;(e).
0<k<n ee{£1}n
Are these two “compatible”, i.e. is every factor in the first partition equal to a union of “entire
pieces” from the second? (Dually, does every matrix in a fixed LPMZE (¢) have the same inertia?)
The next result explores this property in detail.
Theorem 7.7. Fizn > 1 and a subfield F C C.

(1) Given e € {£1}", every matriz in LPMF (¢) has the same negative inertia, which equals 9(1;¢).
Here, 9(1;€) denotes the number of sign changes in the sequence €y = 1,€1,€9,. .., €y.

(2) The number of LPME (¢) cones sitting inside Inf (k) is (}) (so these add up to 2™ = #{e}).
Thus if F N (0,00) is closed under positive square roots, then Int (k) = Lo(:e)=k LPME(e).
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(3) Define In(e) := 9(1;¢), the inertia of every matriz in LPME (¢). Then In(?) = In(e).
Analogous statements hold for the cone TPME .

Proof.

(1) This is shown using a “non-orthogonal spectral theorem”, which is a consequence of Sylvester’s
law of inertia (over C). This result was stated only over the reals in [4], but is valid over C too:

Lemma 7.8 ([4, Lemma 2.3]). Let0 < s,t < s+t < n be integers. Ifuy,...,us,vy,...,vy € C"
are linearly independent, then the Hermitian matriz uiuy + - - - +usuy — vivy — - -+ — v;vy has
exactly s positive and t negative eigenvalues.

Now since F C C, every matrix in LPME(¢) € LPME(¢) has a Cholesky decomposition
A = LD L* over C. Writing L = [c1]---|cy,] in column form, A = LD LT = > j=1(De)jjeies,
and so by Lemma it has exactly k negative eigenvalues, where k is the number of negative
entries in D.. One checks this is precisely ¥(1;€), since if we set €y := 1, then an entry
(De);; = €j—1¢€; is negative if and only if €;_1 — €; changes sign.
(2) Immediate, since € € {£1}" +— D is a bijection.
(3) This holds via , because D, = D! and P,D-! P, have the same number of —1 entries. [J

We end by defining probability distributions supported on the inertial cones Inﬂs(k‘) - LPM}f.
This allows us to sample from them, which generalizes sampling from the cone Ink(0) = PD,:

Proposition 7.9. Fiz integersn > 1 and 0 < k < n, and let Q be as in Theorem [H|

(1) If Q is supported on PD,, then the following “cloning” of Q is supported on In® (k): the union
of the transferred distributions (as in Deﬁnition or Theorem @)

L @™ || LPME() - [0,%). (7.15)
e:¥(1;e)=k ( ) ¥(1;e)=k

(2) One can replace the denominator (}) by 2" and take the union over all € € {£1}", to obtain
a distribution supported on the open dense cone LPME, which clones the distribution Q on
PD,,.

(3) The analogous statements for the TPM cones also hold true.

7.3. Further questions. In addition to the broader goals of developing in detail the numerical,
geometric, probabilistic, statistical, and applied ramifications of our results above, we end with a
few specific mathematical questions that naturally emerge from this work. The first question has
to do with Example which showed that all cones LPM,,(¢) are not convex if ea = —1.

Question 7.10. For which n > 1 and sign patterns e is the cone LPM,(e) — or TPMn(?) —
convex?

Another question is as follows.

7

Question 7.11. Can one extend these Cholesky-type factorizations in a “consistent” manner to
the entire real symmetric / Hermitian cone — which subsumes the usual Cholesky decomposition of
the positive matrices PD,,?

Our final concrete question is a hands-on one about Wishart densities on LPM/TPM cones.
Question 7.12. What are the moments of the Wishart density WLP M (%, N) - or equivalently (by
Theorem [H ', of WTP M E N)? How about the moments of the other densities introduced above?
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APPENDIX A. DIRECT SUMS AND TENSOR PRODUCTS OF LPM CONES

In this section, we describe additional operations on the cones LPME TPME. We have already

seen the reversal map € — ‘€ in the context of (3.1), and € o € in the context of the [J operation on
LPMY, TPME. Here is another operation, this time relating sign patterns of different lengths.

Proposition A.1. Given sign patterns e € {£1}" € € {£1}" for n,n’ > 1, define their direct
sum (which is associative but not commutative)

Also define the direct sum of matrices A, A’ to be A @ A’ := (

€@ = (€1,...,€n; €n€ls... en€) € {1} (A1)

A O

ol A’> ; and fir a subfield F C C.
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(1) Then | ,s, L is a nonabelian semigroup under &, with the operations J & — and — & J both

n

isometries : LE — L£+n, for alln,n’ >1 and J € LH:L,, under the log-Cholesky metrics (4.5)):
dyp (JOLJOK)=dys (LK) =dz  (LOJK@J),  VLKEL, (A.2)
(2) The operation @ 1is compatible with the Cholesky-decomposition maps ®. Namely,
Dege = De @ Do, and ~ B.® B € LPM,(¢ ®¢€) VB. € LPME (¢), Bo € LPMY,(€).
Moreover, ®p.gp,(L ® L) = ®p. (L) ® ®p,(L') for all L € Ly, L’ € Lyy.
(3) The set fP\A/lE = |_| H LPM? (¢) and is a nonabelian semigroup under ®, and

nzlec{£l1}n

~ /'\_/IF
Op = | |(®p)ecyn | | Ly — LPM,

n=1 n>1

is a semigroup monomorphism. (Thus, Pp .
L’VL

(4) The following sets are also semigroups under @:

+PDf,:=| |+PD; c LPMf:= || || LPM;(e). (A.3)
n>1 nzlec{£1}n

= (Pp,)ec{x1yn for each n.)

The maps |_|n>1 by, : |_|n>1 LE — +PDF,, sending L — £LL* are semigroup morphisms.
More generally, fix m > 1 and a sign pattern e € {+1}™. Then the sets | |, LE  and

Ls1 LPME  (e9™) are nonabelian semigroups under ©, and the map Ll>1 P g, between them

is a semigroup monomorphism, which is onto if FN (0, 00) is closed under positive square roots.

—~—F

—F
Proof. We only explain (3) the assertions involving LPM . First, the operation on LPM | is:
(Aﬁ)ee{il}" ® (Be’)e/e{il}”’ = (Ae @ Be’)(e,e’)e{il}”+"”
where we index the terms on the right using that the map : (e,¢') — € @ €’ is one-to-one, hence a

bijection of {£1}"+". Next, dp is injective by Theorem and given L € L, and L' € L, for
some n,n’ > 1 (which may be equal), we compute using part (2) and the above bijection:

L e@me ] @)= L ®p, (L) Pp, (L) =| |@p, (L& L). O
ee{£1}n €/€{i1}n/ €”:e@e’€{:|:1}"+”/ Pz

We collect together additional facts into two results: the first for the metric groups (LPMF (€), ®)
for all n, e, and the second for their unions (LPME, ().

Theorem A.2. Fiz F C C with F N (0,00) closed under positive square roots. Let B, := D, Ve.
(1) For all € € {il}"/ and J € Ly, the following maps are isometries under ®:

— @ JDoJ* : LPM (€) — LPML (e ®¢€),

n

JDoJ* @ — : LPM,. (¢) — LPMy,, (€ @e).

n

(2) The operation & is a(n additive and not bi-additive) map of 2-divisible abelian groups : LP M} (¢)x

LPM,(€) < LPM;} (€& ¢€), all under .

3) If moreover F = R or C, then @ : LPMF(e) x LPMF,(¢) — LPMF, (e & €) is in fact an
n n n+n

R-linear isometric monomorphism of real Fuclidean spaces, which translates to the embedding

D (RMHD/2 5 RY WD/ [ ]|g) e (ROFOH2HD/2 1 5) or R? x ROV < RO (This

also shows that the inclusions here and in part (3) are R-linear, not R-bilinear.)

The analogous statements for TPM matrices also hold true.
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Theorem A.3. Setting as in Theorem[A.3

(1) The group operation [ is also compatible with @: the operation @ is an additive map of abelian

groups : LPM} x LPM}, < LPM, ., all under [J.
(2) Theorem (1) extends to all of LPME: for all € € {+1}", J € Ly, and p € [1,00], the

maps — ® JDoJ* and JDaJ* & — : LPM! — LPME+n' are isometries under d, (6.3)).
— «—
(3) The analogous statements for TPM matrices also hold true. Moreover, e ® € = ¢ @ ?; and if

<

— - — —
n=mn', then eoe = € o€ (see Definition . More generally, A B=B & A.

Proof. The proofs of all but the final part here (and all of Theorem [A.2)) are omitted, as they reveal
no surprises. Next, the second equation in the final part emerges out of the explicit computations
used in proving part (1); and the final assertion is straightforward.
To show the first equation in the final part, by part (2) it suffices to consider one matrix each
from LPM,(€¢), LPM,:(€"); we choose D, D, respectively. Now the first assertion follows via ((3.2)):
Dg&, = PnJrn/]D)e_EBle,PnJrn/ = PnJrn/ (]D)E D De/)Pn+n’ = (Pn’DE/Pn’) D (Pn]D)ePn) = ]D);—/ D ]D)? ]
Remark A.4. Proposition and Theorems and have “real-closed” variants (except for
the assertions about metrics and Euclidean spaces). Here one works with F as in Theorem and
the proofs are verbatim as those above. ]

anB algB
We next come to the tensor/Kronecker product of matrices: A® B := aztB anB - | This

operation enjoys several compatibility properties: it is associative, behaves well with transposes
((A® B)T = AT @ BT) and with conjugation, hence with the complex-adjoint. The tensor product
of upper/lower triangular matrices has the same property; it is also multiplicative: (A®C)(B®D) =
AB ® CD when all terms are defined; and it distributes over addition in either factor.

However, ® does not behave well (distribute) with @©. E.g. say A = (CCL Z) € R?*2, Then
aB 0 bB 0 aB b B 0 0
~n_ | 0O aB" 0 0B n_|eB dB 0 0
ABOB) =15 o ap o |0 WEBDSUASE)I=1 4 .5 p
0 ¢B" 0 daB 0 0 ¢B dB

These matrices are permutationally similar/conjugate, but are not always equal — which is required
when considering leading principal minors.

Similarly, it is not universally true that (A® A')® B # (A® B) ® (A’ ® B). To see this, suppose
A=IDL", A = L'D(L)", B= KDsK”. Then the left-hand side equals

(A®AY®B=(Le L')D(Le L) @ (KDsKT)
=(LoLl)oK)(D.aDs) (Lo L) K)",
while the right-hand side equals
(AeB)® (A ®B)=[(Lo K)® (L' ® K)]|(D. @ Ds)[(LT @ KT) ® (L) @ KT)].
By Theorem [A] we need to check if the Cholesky factors agree:
(LolYoK=(Le K)o (L'®K),

and this is not universally true.
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Other properties that do not hold universally — on the Cholesky level — are:

Lo(KeOK') #(LeoK)e (Lo K'),
(Lol Y@ (KoK') #(Leo K)o (L'® K'), (A.4)
dy, (J®L,J®K) #dy,(L,K),
and so they do not hold on the level of LPM spaces either. However, a few properties do hold —

for instance, it may not be immediately obvious that if A € LPM,,(¢) and Ay € LPM,/(€') then
Ac ® Ao € LPM,, (e ® €'). We show this now, not just over R but more generally.

Theorem A.5. Let E be a real-closed field and F C E = E[\/—1]. Fiz integers n,n’ > 1 and sign
patterns €,0 € {£1}" and € ,8' € {£1}". Define the tensor product of €, € via the equation

Dege :=De @ Dy (A5)

n
(2) The tensor product behaves well with reversal and with componentwise products:

(1) The set ||, LE is a nonabelian monoid under ®, with identity (1)1x1.

— . <
e =€x¢, (e@€)o (@) = (e0d) @ (€ o). (A.6)

— —
More strongly, A® B=A® B for all square matrices Ay xn, Bp/xn’ -
(3) The operation ® is compatible with the Cholesky decomposition: with F as in Theorem |6./

Op (L®L)=%p (L)@ &, (L), VLeLy L'eLy,. (A7)

More generally, ®p,op,(L ® L') = ®p,(L) ® ®p,(L') for all L € L}, L' € LY, and B. €
LPME(e), Bs € LPMFE,(€).
(4) The sets +PDF, ¢ LPME defined in (A.3) are nonabelian monoids under ®, with identity
(1)1x1. More precisely, for alln,n’ > 1, e € {1}, and € € {£1}", we have
LPME (€)@ LPME,(€) C LPME, (e ® €). (A.8)
Moreover, & = |_|n>1 ®1q,, s a monoid monomorphism : | |, LY — +PDf,, which is surjective
if FN(0,00) is closed under positive square roots.

Similar assertions hold for tensor products of TPM matrices.
Proof. The first part is easy. Next, computing the sign patterns on both sides of the equations
Pnn’]De®5’Pnn’ = (Pn ® Pn’)(De ® ]D)e’)(Pn ® Pn’) = PDe Py, ® PyDe Py, (Ag)
(De @ Der)(Ds ® Dyr) = DD @ Der Dy

yields . The next line and the third part follow from the tensor product and the reversal map
being compatible with usual multiplication, transposes, etc. We now show the final part. The first
assertion about +P D}, follows from . To show , write A = LD.L* and Ay = L'Dy(L')*
via Theorem [6.4] over F ~~ E[\/—1]; now follows from (A.7). Finally, the claims about ®
follow from Theorems and |A] (or their real-closed analogues in Theorem [6.4)). 0

Remark A.6. For completeness, we record that the direct sum and inertia interact via:
In(e®€') =In(e) + In(€') + L, 2. €. (A.10)

This is an explicit calculation, with two cases for €, _1¢, = £1. It also suggests a similar “explicit”
— but perhaps cumbersome — formula for In(e ® €’), which we do not pursue here.
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APPENDIX B. SSRPM MATRICES

Here we return to Section [I.2] where we listed three possible approaches to generalize the notion
of positive definiteness to other sign patterns. The second was via leading principal minors, and led
to the Cholesky factorization-diffeomorphisms for LP M, (¢) matrices. The third led to TPM,(¢)
matrices. We now explore the first option listed there.

Definition B.1. Given n > 1 and a sign pattern € € {£1}", a real symmetric matrix A, x, is said
to be SSRPM,(¢€) (Strictly Sign-Regular Principal Minors with pattern €) if every principal k x k
minor of A is nonzero with sign €. We say A, xy, is SSRPM if A is SSRPM,,(e) for some e.

Clearly, SSRPM, (e) C LPM,(e) for all n and e. At the same time, SSRPM,(1,) = PD, =
LPM,(1,) = TPM,(1,) by the classical Sylvester criterion. This immediately gives the same
result for negative definite matrices:

SSRPM,(e,) = —PD, = LPMy,(e;,) for e, :=(=1,(=1)2...,(=1)").

n

Akin to both of these, it is natural to ask if for any other sign pattern ¢, the leading principal
minors determine the signs of all principal minors. As we now explain, this does not happen for
any other sign pattern; in doing so, we also identify all diagonal SSRP M, matrices.

Lemma B.2. Fiz an integer n > 1 and a sign pattern e € {£1}". Then SSRPM,(¢) C LPM,(e).
Moreover, the following are equivalent:

(1) Equality holds: SSRPM,(¢) = LPM,(e).
(2) SSRPM,(€) contains a diagonal matriz.
(3) e=1,, ore, (defined above).

Via (3.1), the same statement holds for T PMy(e).

Proof. The inclusion is obvious. Next, for € = 1,,, we have LP,(1,) = PD,, = SSRPM,(1,), by
Sylvester’s criterion. By taking negatives, we get the desired equality for €, = (—1,(=1)2,...,(=1)").
Thus (3) = (1). Conversely, suppose € is any other sign pattern. Then the diagonal matrix with
(1,1) entry €; and (k, k) entry er/ex—1 for k > 1, belongs to LPMy(e) — in particular, this set is
never empty. But by choice, this diagonal matrix has both 1 and —1 as diagonal entries. Thus it
is not in SSRPM,,, proving (1) = (3).

Finally, if D € SSRPM,(¢) is diagonal then all diagonal entries have the same sign + or —, in
which case € = 1,, or €,. Conversely, if £D € (0,00)" then it is clear that D € SSRPMy(e) for
e =1, or¢,. Thus (2) <= (3). The proof for T'PM,, matrices indeed follows via A — P, AP,. O

Remark B.3. Let € € {£1}"\{1,,¢, }. In light of the inclusion SSRPM,(¢) C LPM,(¢), we now
explain why a variant of Theorem [A] does not hold for SSRPM matrices. Indeed, both directions of
the earlier bijection L +— LB.L* do not exactly work out. Namely: let B, € SSRPM,,(¢). Hence
B, € LPM,(¢), so by Theorem |A} {LB.LT : L € L,} equals all of LPM,(€) and not merely the
proper subset SSRP M, (¢). Viewed “dually”, indeed every A € SSRPM,(e) admits a Cholesky
decomposition, but so do (other) matrices A € LPM,(e) \ SSRPM,(e).

Given Remark we finish by discussing a basic question: do such matrices exist? More
precisely, is the set SSRPM,(¢) nonempty for all n > 1 and all e € {£1}"? As we now show via
examples, the answer is indeed “yes” for n < 3; and for general n we provide 2n + 4 distinct € for
which such matrices exist. We are unaware of other € (e.g. for n > 6) for which such matrices exist.

The first class of (2n 4 2)-many examples of € are “nicer” than is required: not only are all k x k
principal minors for each fixed k of the same sign, but they have the same value, and even stronger:
the submatrices are all the same. (This restrictiveness means that we obtain only 2n 4 2 out of the
2™ possible sign patterns.)
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Example B.4. We show that the following 2n + 2 sign patterns are realizable for all n:
ER = (1 —1,p), EWo(=1,(=1)%,...,(-1)"), 0<k<n.
To realize these, let a,b € R and let

b a --- b
M(a,b,n) :==blyxp+(@a—0)1d, =1 . . . - (B.1)
b b --- a

This is a real symmetric n X n Toeplitz matrix with diagonal entries a and off-diagonal entries b.
As the only nonzero eigenvalue of the rank-one b1, «,, is its trace nb, hence all but one eigenvalues
of M(a,b,n) are (a — b), and the remaining one is a + (n — 1)b. As any principal k& X k submatrix
of M(a,b,n) is M(a,b, k), all k x k principal minors of M(a,b,n) are (a + (k — 1)b)(a — b)*~L.

As we want all minors nonzero, we have a # 0; and either a > b or a < b. We consider three
sub-cases for each; in all of them, M(a,b,n) € SSRPM,(¢), and we write down the sign pattern
e € {£1}". First for the cases when a > b:

(1) If a > b >0, then € = 1,,. (This sign pattern also occurs in the next case.)
(2) If @ > 0 > b, then based on the value of b/a, € = (1x; —1,,—) is possible for any 1 < k < n.
(3) If 0 > a > b, then e = —1,,.

Now for the three cases where a < b:

(4) Firstifa < b <0, then e = (—1,1,...,(—1)"). (This sign pattern also occurs in the next case.)

(5) Ifa < 0 < b, then we see that the sign pattern e = (—=1,1,..., (=1)k; (=1)k (=D)L (—1)1)
is possible for any 1 < k < n, depending on the value of b/a.

(6) Finally, if 0 < a < b, then € = (1,—1,...,(=1)""1).

Notice that the last three cases precisely correspond to the first three, under A — —A. (|

Remark B.5. The real symmetric matrices discussed and classified above include positive and
negative definite matrices, but also: symmetric N-matrices (ones whose all principal minors are
negative) [24], symmetric almost P-matrices (det(A) < 0 but all proper principal minors are posi-
tive), and symmetric PN-matrices (ones whose k x k minors have sign (—1)¥=1) [41]. These matrix
classes (including their non-symmetric counterparts) have been widely studied in a multitude of
theoretical and applied fields, see the remarks after Definition [T.3]

Example B.6. Another cone of structured (real symmetric) matrices is that of the (symmetric)
almost N-matrices [I7] — these have positive determinant but all proper principal minors negative.
We construct a 3-parameter family of such matrices for each n > 3; for n = 2 it is easy to construct
examples. Thus, let n > 3, and choose scalars a, b, ¢ satisfying:

(n — 2)b? (n—1)b?
a+(n—3)b <¢ a+(n—2)b

One checks that the final inequalities for ¢ are consistent; and moreover,

0>a>b, < 0. (B.2)

(n—1)b* <ac+(n—2)bc<(n—1)bc = c<b.
Now we present the matrices in question. Let M(a,b,c,n) € R™™™ have all off-diagonal entries
b, the (n,n) entry ¢, and all other diagonal entries a, i.e.,

M(a,b,c,n) = M(a,b,n) + (¢ — a)Epy,

where M (a,b,n) is as in (B.1]).
We claim that M (a,b,c,n) is a symmetric almost N-matrix, i.e. in SSRPM,((—1,...,—1,1)) if
a, b, ¢ satisfy (B.2). To show the claim, first note that all diagonal entries are negative from above.
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Next, any principal k x k minor of the leading principal (n — 1) X (n — 1) submatrix M (a,b,n — 1)
equals (@ — b)*(a + (k — 1)b) < 0 (see Example .

All other principal minors contain the (n,n) entry ¢, and hence are of the form M(a,b,c, k).
Thus, it suffices to show that

det M(a,b,c,k) <0 < det M(a,b,c,n), V2<k<n-—1

We now compute det M (a, b, ¢, k) by expanding along the first column and linearity in it. Since
the first column equals (a,b,...,b)T + (c — a)e;, we get:

det M (a,b,c, k) = det M(a,b,k) + (¢ —a)det M(a,b, k — 1)
= (a—=b)"2[(a—b)(a+ (k—1)b) + (c—a)(a+ (k —2)b)]
= (a— )2 [ca — b* + (k — 2)b(c — b)] .

To determine the signs of these determinants, since a > b we may consider f(2),..., f(n—1), f(n),
where f(k) := ca—b*+ (k—2)b(c—b). But f(k) is an arithmetic progression with common step-size
b(c — b), which is positive by and the following computation. Thus, it suffices to verify that
f(n—1) <0< f(n), ie.,

ca —b* + (n—3)b(c—b) <0 < ca—b*+ (n—2)b(c —b).
Rearranging and solving for ¢, this is precisely equivalent to the bounds on ¢ in . O
Our final, (2n + 4)th example is the “negative” of the preceding matrix cone:
Example B.7. Let A be any symmetric almost N-matrix. Then
—A € SSRPM,(¢), where e=(1,(—=1)' ..., (=1)""2; (=1)").
We end with a natural question.

Question B.8. Is the set SSRPM,(¢) nonempty for all n and sign patterns e € {£1}"? (It is
mentioned in [I0] that explicit matrices can be found for all n < 5 and all €.)
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