LECTURE NOTES: 2023 AIS ON LIE THEORY

LECTURER: APOORVA KHARE

In these lectures, we will study the basics of Lie algebras, including nilpotent and
solvable Lie algebras — their examples, basic properties, and structure theory. We will
then move to semisimple Lie algebras and their decomposition into simple ideals, via
the Killing form. These notes closely follow the textbook [1] by Humphreys.

1. BASICS OF LIE ALGEBRAS
Scribes: Rahul Kaushik and Tejbir Lohan

Definition 1.1. A Lie algebra L over a field F is an F-vector space with a map
[-,:] : L x L — L satisfying the following axioms:
(1) [-, -] is F-bilinear,
(2) [x, x]—()forallmGL
() [z, ly, 2] + [y. [z, 2l] + [z, [, y]] = 0 for all 2, y, 2z € L.

In this case, the map [-, -] is also known as the Lie bracket in L.

Axiom [3] of Definition [I.1]is called the Jacobi identity. Note that Axiom [2] of Defi-
nition implies that [z,y] = —[y, 2| for all z,y € L, and the converse is also true if
char(FF) # 2.

Example 1.2. Let L be an F-vector space equipped with a map [-,:] : L x L — L

such that [z,y] := 0 for all z,y € L. Such a pair (L, [-,]) is said to be an abelian Lie
algebra.

Remark 1.3. Let L be a Lie algebra over a field F with Lie bracket [-,]. In view of
the Jacobi identity, we have

[z, [y, 2]] = [[z, 9l 2] = [, [y, 2] + [, [y, 2]) = =y, [2, 2],

where z,y, z € L. Therefore, [z, [y, z]] is not always equal to [[x,y], z]. Hence, the Lie
bracket [-, -] is not always associative.

Definition 1.4. An associative algebra A over a field F is an F-vector space with an
F-bilinear map - : A x A — A that is associative:

r-(y-2)=(x-y) -zforalxyze A,
that distributes over addition:
r-(y+2)=z-y+zx-2, (x+y)-z=x-2+y-2, foralxyzeA,
and for which we moreover have a multiplicative identity 1 € A, satisfying:

l-z=z-1=z, forallze A
1
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Example 1.5. Let (A, -) be an associative F-algebra. Define a map [-,-] : Ax A — A
such that
[z,y] =z -y—y-zforall x,y € A.

Then A is a Lie algebra. In this case, the Lie bracket [-,-] is called the commutator
bracket. Note that [-,-] = 0 if and only if A is commutative. (This is one way to
understand the nomenclature in Example [1.2} that said, the reason why one uses
“abelian” and not “commutative” in that situation is because abelian Lie algebras
exponentiate to “abelian-by-discrete” Lie groups; in particular, the Lie algebra of an
abelian Lie group is abelian.)

Let A := Endg(V) be the associative algebra of endomorphisms of an F-vector space
V. Then A with the commutator bracket is a Lie algebra, and is also denoted by gl(V).

Definition 1.6. A subspace L, of a Lie algebra L is said to be a (Lie) subalgebra if
L, is closed under the Lie bracket of L, i.e., [L,, L,] C L,. Here, [L,, L,] is defined to
be the F-span of [z,y] for all z,y € L,.

A Lie algebra is said to be linear if it is a Lie subalgebra of gl(V') for some finite-
dimensional F-vector space V. Let V = F" be a F-vector space of dimension n.
Then the Lie algebra L := gl(V) has dimension n? and is also denoted by M,, ., (F),
the algebra of n x n matrices over F (upon fixing an ordered basis of F"). Further,
{E;;|1 <14,7 <n}is a basis of L, where E; ; denotes the elementary matrix having
(i,7)-th entry 1 and all other entries zero. Note that M,,.,(F) is not abelian for n > 1.

Example 1.7. Let sly(F) C gl(F?) be the set of 2 x 2 matrices over F with trace zero,

ie.,
sly(F) = { (CCL _ba> ]a,b,ce]F}.

Therefore, sly(IF) with the commutator bracket is a three-dimensional Lie algebra. Note

. . 01 0 0 1 0
that {e, f,h} is a basis of sly(IF), where e = (O O> = (1 0), and h = (0 _1).

More generally, sl,,(F) := {n x n matrices with trace zero} equipped with the com-
mutator bracket is a Lie subalgebra of gl(F") for every n > 1, called the special linear
Lie algebra.

Let L = gl(F™). Then [L,L] =

s, (IF). T herefore, for a Lie algebra L, [L,L] = L
may not hold. However, [sl,(F), s, (F)] = sl,(F

).

Example 1.8. Let J = , where I,, denotes the n x n identity matrix. Then

-1,
J defines a nondegenerate bilinear form @ on F?", given by
Q(z,y) =y Jx for all 2,y € F?",

where ¢y denotes the transpose of y. Define

592, (F) == {0 € gl(F*") | Q(6(),y) = —Q(z, $(y)) for all z,y € F*"}.
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In matrix notation,

5pon(F) = {¢ € gl(F*") [ '] = —J}.
Then sp,, (F) with the commutator bracket is a Lie algebra, called the symplectic Lie
algebra.

The Lie algebra gl(C") is an example of a reductive Lie algebra, and sl,,(C), sp,, (C)
are examples of simple Lie algebras. (These terms are defined later.)

Example 1.9. Let t,(F) := {upper triangular matrices in M,,«,(F)}. Then t,(F) with
the commutator bracket is a Lie algebra. Further, t,(F) is an example of a solvable Lie
algebra (also defined later).

Example 1.10. Let 9, (F) := {diagonal matrices in M,,«,,(F)}, and n,(F) := {strictly
upper triangular matrices in M,,x,,(F)}. Then 0,(F) and n,(F) with the commutator
bracket are examples of nilpotent Lie algebras, and they satisfy:

t,(F) =0, (F) & n,(F).
Definition 1.11. A derivation of a Lie algebra L is a linear map 6 : L — L satisfying
dlx,y] = [0x,y] + [x,0y] for all x,y € L.

Let Der(L) C gl(L) be the set of all derivations of L. Then Der(L) with the com-
mutator bracket is a linear Lie algebra.

Example 1.12. Let L be a Lie algebra. For x € L, define its adjoint action adx :
L — L via

adz(y) == [z,y] forally € L, ie., adz=[z,—]
Then the Jacobi identity is equivalent to two different statements:

(1) adz being a derivation on L, for all x € L. These maps ad x are called inner
derivations on L.

(2) The set of inner derivations being a Lie subalgebra of Der(L) C gl(L). Indeed,
the Jacobi identity is equivalent to:

lad z,ad y| = ad[x, y], Va,y € L. (1.1)
Definition 1.13. A subspace I C L is called an ideal if [L,I] C I.

Example 1.14. The following statements hold.
(1) n,(F) is an ideal of t,(IF).
(2) Any subspace of an abelian Lie algebra L is an ideal of L.
(3) The Lie subalgebra (from above) InnDer(L) := {adx : x € L} of Der(L) is in
fact an ideal, since [0, ad ] = ad §(z) in gl(L), for all § € Der(L) and x € L.
(4) {0}, L, and [L, L] are ideals of L.
(5) The center of L is Z(L) := {x € L|[z,L] = 0}. It is an ideal of L. O

The Lie algebra t,(IF) Nsl,(IF) is called a Borel subalgebra of sl (F).

Definition 1.15. A Lie algebra L is simple if it is not abelian and the only ideals of
L are {0} and L.
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Note that if L is a simple Lie algebra, then Z(L) =0 and [L, L] = L.
Example 1.16. Let char(F) # 2. Then sly(F) is simple. To see this, recall the basis

{e, f,h} of sly(F), where e = (8 é) = (? 8), and h = (é _01) Note the

following relations between these basis elements:
le, fl="h, [h,e] =2e, and [h, f]=-2f. (1.2)

Suppose that [ is a non-zero ideal of sly(F). So there exists an element x = ae+bf+ch €
I such that (a, b, c) # (0,0,0). By applying ad e twice on x, we have

ade(ade(z)) = —2be € 1.

Similarly, by applying ad f twice on z, we get —2af € I. Now we have two cases.

(1) Either @ or b is non-zero. Since char(F) # 2, we have either e € [ or f € I.
Now [ C L is an ideal, so using Equation , we have [ = L.

(2) If a=b=0, then ¢ # 0. Since x € I, so h € I. Thus using Equation (|1.2)), we
have e, f € I, and now [ = L.

Thus, sly(IF) does not have a non-zero proper ideal and [sly(F),sly(F)] # 0. Hence,
sly(IF) is a simple Lie algebra whenever char(F) # 2.

Example 1.17. Let char(F) = 0. Then sl,,(FF) is a simple Lie algebra.

Definition 1.18.

(1) The quotient of a Lie algebra L by an ideal I can be equipped with the Lie
bracket [x + I,y + I| = [x,y] + I, to yield a Lie algebra denoted by L/I.
(2) A linear map ¢ : L — L’ is a homomorphism of Lie algebras if

¢lz,y] = [9(x), ¢(y)] for all z,y € L.

(3) Let ¢ : L — L' be a Lie algebra homomorphism. Then
e ¢ is called a monomorphism if ¢ is one-one.
e ¢ is called an epimorphism if ¢ is onto.
e ¢ is called an isomorphism if ¢ is bijective.

Theorem 1.19 (Isomorphism Theorems). The following statements hold.

(1) Let ¢ : L — L' be a Lie algebra map. Then ker(¢) C L is an ideal, and
L/ker(¢) ~ Im(p). Also, if I C ker(¢) is an ideal of L, then there exisls a
unique homomorphism ¢ : L/I — L' such that ¢ = ¢om, wheren : L — L/I
18 the natural quotient map.

(2) Suppose I C J C L are ideals of L. Then J/I is an ideal of L/I, and ﬁT/f ~L/J.

(3) If I,J are ideals of L, then

I+J 1
J T InJ
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2. MORE BASICS; NILPOTENT LIE ALGEBRAS AND ENGEL’S THEOREM
Scribes: Prachi Saini and Sahanawaj Sabnam

In this section we continue to work over an arbitrary field F. All F-vector spaces will
be assumed to be finite-dimensional, unless stated otherwise.

2.1. Representations and automorphisms. We begin with more basics.

Definition 2.1. Given a Lie algebra L, a representation is defined to be an F-linear
map p : L — gl(V') (for some vector space V', not necessarily finite-dimensional) that
satisfies: p[x,y] = [px, py] for all x,y € L, i.e. p is a Lie algebra homomorphism.

Example 2.2 (Examples of Lie algebra representations).

(1) For every (L, V), the zero map on L yields the trivial representation (on V).

(2) The adjoint map ad : L — gl(L) is a representation of L on L. This follows
from Equation (|1.1)).

(3) (a) If L = sl,,; and V = F*" then id : L — gl(V) is a Lie algebra

representation, where id is the identity map.
(b) In general, any Lie subalgebra L of gl(V') (i.e. linear Lie algebra) has the
“standard representation” on V of the above form.

(4) Suppose p; is a representation of L on V; (which is not necessarily finite-
dimensional), for all ¢ in some index set I. Then @®crp; : L — gl(®;V;) is
also a representation of L.

(5) If V, W are representations of L, then so is V ® W, with the L-action given by

(bv © pw)(@) (0 ® ) == py () () ®w + v pw (&) (w).
Remark 2.3. Note by the Isomorphism Theorems [1.19(1) that ad(L) = L/Z(L). If

now L is simple, then Z(L) =0, and so L = ad(L) C gl(L). In particular, every simple
L is linear.

We next discuss automorphisms of Lie algebras: these are simply Lie algebra iso-
morphisms : L — L, and they comprise the group Aut(L).

Example 2.4. Assume L is linear, i.e. L C gl(V).
(1) For all g € GL(V), define

Ad, : gl(V) — gl(V), T+ grg .

If L is closed under conjugation by g, Ad, is a Lie algebra automorphism of L.
(2) For this example, assume I has characteristic zero.
Given xz € L C gl(V) such that ad z is nilpotent (i.e., there exists an integer
k > 0 such that (adz)* = 0 on L), we assert that exp(adx) € Aut(L).

Proof. Note that exp(7T') is well-defined for 7' a nilpotent endomorphism of
gl(V), since the series Idgy + T + E—,Q + --- terminates after finitely many
terms.
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Moreover, exp(—ad z) is a two-sided inverse for exp(ad ), since —ad x and
ad x commute. Alternately, n := exp(adz) — 1 is a polynomial in ad z without
constant term, hence nilpotent. Therefore if (ad z)* = 0, then n* = 0, so

(I4+n)'=1—n+n*—--E£9" L

It remains to show that exp(adx) preserves the Lie bracket in L, which is
the commutator bracket induced from gl(V'). For this, it suffices to show that

exp(adz)(y - z) = exp(ad z)(y) - exp(ad x)(2), Yy, z € gl(V).

But this follows by computing via the (iterated) Leibnitz rule, setting 0 :=
ad z with 6% = 0:

exp(9)(yz) =

Dy S S T expld) ) expl)(2)

=0 1=0 i+j=l =0 7=0

O

(3) Now say T' = adx € gl(L), with x itself nilpotent. (This implies adz being
nilpotent, as we will presently see; but is not implied by it, as = Idy shows.).
Then we claim that

exp(ad x) = Adexpa, (2.1)

and now (1) above directly implies this is a Lie algebra automorphism — we do
not need the iterated Leibnitz rule calculation in (2) above.

To see the claim, note that adz = [, — r,, where [, /r, denote the opera-
tions in gl(gl(V)) of multiplying by x on the left/right. Since ,,r, commute,
exp(ad z) = exp(l, —r;) = exp(l,)-exp(—r,), where both exponentials are sums
of finitely many terms because z is nilpotent. Applying to y € L, we have:

exp(ad z)(y) = exp(ly) - exp(=72) (y) = exp(z) - y - exp(=2) = Adexp(y).
(4) An important special case of (3) and Equation (2.1)) is realized when L = sly(F)

and [F has sufficiently large characteristic. Let e = <8 é) Jf = (? 8) Jh =
1

((1] _01) ,and g := exp(e) exp(—f) exp(e). Then one checks that g = (—01 0)'

Next, let 0 := exp(ade)exp(ad(—f))exp(ade). We claim that o is a Lie
algebra automorphism of sly(IF), by computing its action on the above basis:

ole)=—f o(f)=—e, o(h)=—h.

This can be checked explicitly, or by (i) noting that Ad, has precisely this effect
on the basis; and then (ii) applying (2.1]) thrice.
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2.2. Nilpotent Lie algebras. In the rest of this lecture, and the next, we will study
certain classes of Lie algebras in which the commutator [L, L] “reduces”.

Definition 2.5. Let L be a (possibly infinite-dimensional) Lie algebra over a field F.
(1) Define the lower central series of L to be the chain

=L D> L['~=[LL] D ... D LF:=[L L.
(2) A Lie algebra L is nilpotent if Lk = 0 for some k > 1.

Example 2.6. Any abelian Lie algebra is nilpotent. Moreover, the set n,(F) of all
strictly upper triangular n x n matrices forms a nilpotent Lie algebra.

Lemma 2.7 (Basic properties).

(1) All subalgebras and quotients of a nilpotent Lie algebra L are nilpotent.
(2) If L is nilpotent and nonzero, then its center Z(L) # 0.
(3) If L/ Z(L) is nilpotent, then so is L.

Proof.

(1) Let K = K° C L = L° be a subalgebra. By induction on 7 > 0, one shows that

K= [K, K] C L'. Thus, if L is nilpotent then so is K.
Similarly, if 7 : L — K, then 7([z,y]) = [r(x),7(y)]. So by induction on

i >0, (L") C K by surjectivity, this inclusion is an equality. Thus, if L is
nilpotent then so is K.

(2) Let k be the smallest integer such that L* = 0. Hence L*~1 #£ 0 but [L, L*7!] =
0. Therefore L*~! C Z(L).

(3) Since L/Z(L) is nilpotent, there exists an integer k¥ > 1 such that (L/Z(L))* =
0. Hence L* C Z(L), so L1 =0 and L is nilpotent. O

We now state two sufficient conditions for ad x to be nilpotent, where z € L.

Lemma 2.8. L is any Lie algebra over F (possibly infinite-dimensional).
(1) If x € gl(V') is nilpotent, then so is ad x.
(2) If L is nilpotent, then ad x is nilpotent for all x € L.

Proof.

(1) This follows by considering left and right multiplication in gl(V'), denoted by
l:, 7. (see the calculations after Equation (2.1])). Since z is nilpotent, so are
lz,72; and they commute. But in any F-algebra (or even ring), the sum and
difference of two commuting nilpotents is again nilpotent, so adxz = [, — r, is

nilpotent.

(2) If L is nilpotent then L* = 0 for some k > 0, i.e. [L,[L,---,[L,L]---]] = 0.
This can be rephrased as follows: (adzi)(adzsy)---(adxy) = 0 on L for all
x1,...,7, € L. In particular, (ad x)*¥ = 0. Hence ad x is also nilpotent. O

It turns out that the converse to Lemma [2.§)(2) is also true! This is the main result
in this subsection, and is named after Engel. Its proof requires a preliminary result,
which asserts that every nilpotent linear Lie algebra has a simultaneous eigenvector.
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Theorem 2.9. Let L be a Lie subalgebra of gl(V), V' # 0 finite-dimensional. If L

consists of nilpotent endomorphisms, there exists 0 £ v € V' such that L - v = 0.

Proof. We proceed by induction on d := dim L. The result is trivial for d = 0, and for
d =1 it holds because a single nilpotent linear transformation always has at least one
eigenvector, corresponding to its unique eigenvalue 0.

For the induction step, we begin by choosing an ideal in L of codimension one. Begin
with any Lie subalgebra K C L. Now K acts via ad on L, hence on L/K via nilpotent
maps. By the induction hypothesis, there exists a vector z + K # K in L/K such that
K-(x+K)=0 e [K,z+ K| C K, ie. [z,K] C K. In other words, x ¢ K is in the
normalizer

Np(K):={x € L|[z,K] C K}.

The Jacobi identity implies that N (K) is a subalgebra of L. Thus, the induction
hypothesis has allowed us to construct a strictly larger subalgebra in L than any proper
subalgebra K, since from above we have K C Ny (K). Now we let K be a maximal
proper subalgebra of L (since dim L < oo). Then N (K) = L (by the preceding ar-
gument), which means that K is an ideal of L. Moreover, if dim L/K > 1 then the
inverse image in L of a one-dimensional subalgebra of L/K would be a proper subal-
gebra properly containing K, which contradicts the maximality of K. This concludes
the first step, of identifying an ideal K in L of codimension one.

The second step is to identify a suitable (nonzero) simultaneous 0-eigenspace for K,
which we will then show is L-stable. This is clear from the induction hypothesis: we
work with Wy :={w e V| K -w =0} #0.

The third step is to claim that W, is stable under L. For this, choose arbitrary
x € Lyye K,we Wy Then y-zw =z -yw — [z,yjw = 0 (since K is an ideal). So
L-Wy CW.

Finally, we complete the proof. Write L = K @ Fz for any z € L\ K. Now the
nilpotent endomorphism z sends W, to Wy, so there exists nonzero v € W, for which
z-v=20. Hence L-v = 0. 0J

This result implies the converse to Lemma [2.§(2):
Theorem 2.10 (Engel). If all elements of L are ad-nilpotent, then L is nilpotent.

Proof. By hypothesis, the algebra ad L C gl(L) satisfies the assumptions of Theo-
rem [2.9] Hence there exists 0 # v € L such that [L,v] = 0, and hence Z(L) # 0. Now
we induct on dim L > 0. When dim L = 1, the result clearly holds. Else L/Z(L) con-
sists of ad-nilpotent elements and has smaller dimension than L, so L/Z(L) is nilpotent
by the induction hypothesis. Hence so is L, by Lemma [2.7)(3). O

Another consequence of Theorem is that every nilpotent Lie algebra essentially
consists of strictly upper triangular matrices:

Corollary 2.11. Let L be a Lie subalgebra of gl(V'), with V' of finite dimension n,
and say L consists of nilpotent endomorphisms. Then there exists a chain of subspaces
(also called a flag)

0= CViChC GV, =V
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such that L - V; C V;_y for all i > 0. In other words, there exists a basis of V relative
to which the matrices of L are all in n,(F) (strictly upper triangular).

Proof. This is by induction on d := dim V', with the d = 1 case obvious (since every
nilpotent 1 x 1 matrix is zero). For the induction step, by Theorem there exists
0 # v € V killed by L. Set Vy := 0 and V; := Fv. Now V/V; has smaller dimension,
so by the induction hypothesis (applied to the homomorphic image of L in gl(V/1})),
there exists a flag in V/V} with the desired property. Combining V; with the lift of this
flag to V yields the desired flag in V. U

3. SOLVABLE LIE ALGEBRAS AND LIE’S THEOREM

Scribes: Yogesh Kumar Prajapaty and Muthuraj T.

Definition 3.1. Define the derived series of a Lie algebra L by
LO.=p LW =[O LV vi > 0.
We say that L is solvable if there exists a positive integer n such that L™+ = 0.

Observe that all abelian Lie algebras, the upper triangular matrices t,(F), and the
strictly upper triangular matrices n,(F) are examples of solvable Lie algebras. Also
note that for each i > 0, the subspace L is in fact an ideal of L.

We now state some basic properties of solvable Lie algebras, used below.

Lemma 3.2. Suppose L is a Lie algebra (not necessarily finite-dimensional) over an
arbitrary field F, and K C L s a subspace.

(1) Suppose K is a sub-algebra of L. If L is solvable, then so is K.

(2) Suppose K is an ideal of L. Then L is solvable if and only if K and L/K are
solvable.

(3) If I and J are solvable ideals of L, then so is I + J.

Proof.

(1) Suppose L is solvable, i.e. L") = 0 for some n. Observe that K® C L®,
Hence K™+t =0 and K is solvable.

(2) If L is solvable, then K is solvable from part (1). Let 7 : L — L/K be the
natural surjection. Note that m(L®) = (L/K)® for all i, so L/K is also solv-
able. Conversely, suppose K and L/K are solvable, say K™ =0 = (L/K)™)
for some n and m. Therefore L™ C K, and hence L™t C K = (0. Hence
L is solvable.

(3) Let I and J be two solvable ideals of L. Considering the short exact sequence
0—>I1—>1+J— (I+J)/J — 0, by the previous part it suffices to show
(I 4+ J)/J is solvable. But by the Isomorphism Theorems [1.19 (I + J)/J =
I/(InJ), which is solvable since I is solvable. O

The final part above implies that upon summing over all solvable ideals I of a finite-
dimensional Lie algebra L, we have:
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Corollary 3.3. Every finite-dimensional Lie algebra L over F contains a unique largest
solvable ideal.

Definition 3.4. The maximum solvable ideal of a finite-dimensional Lie algebra L is
called its radical, and is denoted by Rad(L). If Rad(L) = 0, then L is said to be a

semisimple Lie algebra.

Example 3.5. We know that every simple Lie algebra L has only two ideals, namely 0
and L = [L, L] = LW, This implies L = L for every i > 0, and in particular, L is not
solvable. As Rad(L) is an ideal of L (hence either 0 or L), it follows that Rad(L) = 0.
Thus, every simple Lie algebra is an example of a semisimple Lie algebra.

Remark 3.6. Unlike solvability of Lie algebras, it is not true that nilpotency is re-
spected by short exact sequences. Indeed, if K is an ideal of L, and K,L/K are
nilpotent, then it follows for some m > 0 that L™ C K. But then we have that
(ad K)"(L™) = 0 for some n, and not (ad L)"(L™) = L™*" = 0. A concrete example
is given by the short exact sequence

0— n,(F) = t,(F) = 2,(F) — 0, n > 1.

Now we state and prove the main result of this lecture. Henceforth, we work over
an algebraically closed field F of characteristic zero. All vector spaces (including Lie
algebras) below will be assumed to be finite-dimensional, unless declared otherwise.

Theorem 3.7 (Lie’s Theorem). Let L be a solvable Lie subalgebra of gl(V'), with V
finite-dimensional. Then L stabilizes some flag of subspaces in V.

In other words, for a solvable linear Lie algebra, there exists a basis with respect to
which the matrices of all of L are upper triangular. The proof of this result proceeds
similarly to that of Engel’s theorem. Thus, we first state and prove a technical result
on solvable Lie algebras.

Theorem 3.8. Let L be a solvable Lie subalgebra of gl(V'). Then V' contains a common
eigenvector for all x € L.

Proof. The proof is by induction on dim L, with the result immediate if dim L = 0. If
dim L = 1, say L = Fz, then as F is algebraically closed and dimV < oo, V has a
nonzero eigenvector v for x, hence for all of L = Fz. We now come to the induction
step, whose proof is split into several parts for ease of exposition.

(1) We first isolate an ideal K in L of codimension 1.

Indeed, since L/[L, L] is an abelian Lie algebra, let K be an ideal (i.e., any
subspace) in L/[L, L] of codimension 1. Then any lift K of K to L is an ideal
of L (since [L, K] C [L, L] C K) of codimension one.

(2) Next, we isolate a simultaneous eigenspace for K, from which we will eventually
choose the desired eigenvector for L. This is clear from the induction hypothesis:
K has a simultaneous eigenvector, i.e. there exists A € K* and a nonzero vector
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v € V such that k- v = Ak)v, Vk € K. Let W) denote the simultaneous
K-eigenspace of all such vectors:
Wy ={weV|k-w=\k)wVk e K} #0.

(3) Now for the most involved step: to show that L - W, C W,.
Indeed, let © € L, k € K, and 0 # w € W,. We need to prove that
k- zw = \k)rw. But

k-azw = zkw — [k, z]w = zA(k)w — A([k, z])w.

Thus, it suffices to show that A([k, z]) = 0.
Let n > 0 be the largest integer such that w,xw,... 2" "w are linearly
independent vectors in V. Define Wy := 0 and the chain of subspaces

n—1

W; = span{w, zw, ..., z" 'w}, 1<i<n.

Then dim W; = i Vi, and the action of x on W; is given by z'w — z*lw for
0 < i < n—1, where z"w is a linear combination of w, . .., 2" 'w. In particular,
this shows that «(W;) C Wi,1 and 2(W,,)) CW,, = W1 = Wyi0=---.

We next claim, using induction on ¢, that K stabilizes each W;. Indeed,

Ko™ lw=x- Ko ?w+ [k, 2]a"%w, VE € K (3.1)

which implies the claim using the induction hypothesis and that K is an ideal.
Now with respect to the ordered basis (w, zw, ..., z" 'w) of W,, we claim that
the matrix of any k' € K is upper triangular with all diagonal entries A(K’).
More precisely, we show by induction on ¢+ — and continuing the computation
in (3.1 — that K'z'w = M(K')x*w mod W;. Indeed, the i = 0 case is an equality,
and for the induction step,
Frw = Kao™lw

= ak'z"'w — [, k]2 'w (now use induction on K" 'w)

= (MK 'w +w') — [z, K]z w, (where w' € W;_,)

= MK)2'w + (zw' — [z, k]2 w) (again use induction)
ME)z'w  mod W;.

Finally, choose k' = [k,z] € K; then tr(k’) = 0. But £’ is upper triangu-
lar from above, with trace nA([k,z]). Since F has characteristic 0, we have
A([k, z]) = 0, which completes the proof of this step.

(4) In the last step, write L = K @ Fz for some z € L\ K. As z preserves Wy

(and F is algebraically closed), z has an eigenvector v in W). But then v is a
simultaneous eigenvector for all of L.

O

Proof of Lie’s Theorem|3.7. The proof is by induction on d := dim V', with the d = 1
base case clear. For the induction step, first note by Theorem [3.§ that L has a common
eigenvector, say v € V. Define V := 0 and V; := Fv. Now the homomorphic image of
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L in gl(V/V}) is solvable, hence stabilizes a flag in V//V} by the induction hypothesis.
The lift of this flag to V| together with Vj, provides the desired flag stabilized by L. [

Corollary 3.9. Let L be a solvable Lie algebra. Then there is a chain of ideals of L,
0=Ly CLC--CL,=1L

such that dim L; = 1.

Proof. Apply Lie’s theorem to the adjoint action of L on itself. 0

As a final corollary of Lie’s theorem (or the preceding corollary), we relate solvability
and nilpotency of Lie algebras. It is not hard to check using the definitions that if a
Lie algebra L is nilpotent, then it is solvable. The converse, however, is not true, as
may be verified using L = t,(F) consisting of the upper triangular matrices, for any
n > 2. This Lie algebra is solvable but not nilpotent. The following alternate criterion
goes both ways:

Corollary 3.10. If L is solvable and ad x € [L, L] then ad x is nilpotent. Furthermore,
[L, L] is nilpotent. Conversely, if [L, L] is nilpotent then L is solvable.

Proof. Suppose L' := LW = [L, L] = L' is nilpotent. Now we claim that the derived
series L'®) = L*+1) and lower central series L'® of L' are related by: L'®) C L'*.
Indeed, the base case is an equality, and for the induction step, we compute:

L/(k+1) _ [L,(k),L/(k)] C [L/, L/k] — L/k+1.

Since L’ is nilpotent, L’**! = 0 for all large enough k, and hence L' = L™ is solvable
from above. But then so is L. One can alternately argue as follows: [L, L] is nilpotent
and hence solvable, L/[L, L] is abelian and hence solvable, and so L is solvable by
Lemma [3.2/2).

Conversely, suppose L is solvable. Reformulating Corollary [3.9, there is a basis
{x1,...,2,} of L such that L; = span{zy,...,z;}, and so ad L C t,(FF). Therefore
lad L,ad L] = adp[L, L] C n,(F). Hence ady z is nilpotent for every « € [L,L]. By
Engel’s Theorem, [L, L] is nilpotent. O

4. JORDAN DECOMPOSITION, CARTAN’S CRITERION, AND THE KILLING FORM
Scribes: Ananya Gaur and Chaithra P.
4.1. Jordan Decomposition. Recall the well-known expression — in matrix form —

of a single endomorphism over an algebraically closed field F, as a direct/block-sum of
Jordan blocks as follows:

A1 0 - 00
OoXx1 -+ 00
00 X -~ 00
A = S = Js+ Jn,
00 0 - Al

o
o
)
)
>~
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where J; = A -1d is a scalar matrix; J,, = A — J; is strictly upper triangular and hence
nilpotent; and Js, J,, commute.

The goal is to write down such a decomposition in a systematic manner for every
endomorphism, and also to show that it is unique. First, we define the notion that will
generalize Jg:

Definition 4.1. An element x € End(V) is called semisimple if and only if = is
diagonalizable, i.e. V has a basis of eigenvectors for z. (Recall here that we are working
over a finite-dimensional vector space V over an algebraically closed field F).

Proposition 4.2. Let V be a finite-dimensional vector space over F = F, and let
x € End(V).

(1) There exist unique xs, x,, € End(V') satisfying: © = xs+x,, where x4 is semisim-
ple, x, is nilpotent, and x4, x, commute.

(2) There exist polynomials p(T), q(T') without constant term such that x5 = p(x), T, =
q(x). In particular, x,,x, commute with any endomorphism commuting with
x.

(3) If AC B CV are subspaces, and x maps B into A, then x5 and x, also map
B into A.

The decomposition z = x4 + x,, is called the Jordan—Chevalley Decomposition of
x.

Proof. Let the eigenvalues of x be ay, as, . . ., ax with respective multiplicities my, ma, ..., my
(thus, x has characteristic polynomial Hle(T — a;)™). Define V; := ker(z — a;1d)™;
then the first claim is that V' is the direct sum &,V;, with each V; stable under z. Indeed,
that each V; is z-stable holds because if v; € V; then (z—a;)™ (zv;) = x-(z—a;)™v; = 0.
As for the direct sum decomposition, it is immediate if £ = 1; and if £ > 1 then note
that the polynomials p;(T') := []; (T — a;)™ collectively have ged 1, so there exist
polynomials ¢; such that >, p;(T)q;(T") = 1. Now given v € V, set v; := p;(x)q;(x) - v.
Then (z — a;)™v; =0 for all ¢, and ) ,v; = 1-v = v, so that V = . V;. Finally, to
show this sum is direct we use that p;(7) and (7" — a;)™ are coprime, so there exist
polynomials r;, s; such that p;(T)r;(T) + (T" — a;)™'s;(T) = 1. Now if >, v; = 0 with
each v; € V;, then since p;(z)v; = 0 for j # i, we have:

0 =ri(z)pi(z) - Zvj =ri(z) - pi(x)v; = (1 = si(x)(x — a;)™)v; = v; — s4(x) - 0 = vy, Vi.

Next, on each V;, x has the characteristic polynomial (7" — a;)™. Use the Chinese
Remainder Theorem for the ring F[T] to find a polynomial p(T") such that

p(T) =a; mod (T — a;)™ Vi, T|p(T).

(This last divisibility is redundant if any eigenvalue a; = 0.) In particular, p(T") has
no constant term. Now define ¢(7") := T — p(T'); this too has zero constant term. Set
zs := p(x) and z, := q(z). As xy is just a polynomial in z, it stabilizes each V; and
the restriction of xy, — a; is zero on V; by our first congruence. This implies that x,
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acts diagonally with a single eigenvalue a; on V;, and hence is semisimple. Moreover,
qT)=T—-p(T)=T—a; mod (T —a;)™, and so z"*™ = () on all V; and hence on
V', meaning that z,, is nilpotent. Moreover, x4, x,, commute as they are polynomials in
x.

This proves (1) and (2) except for the uniqueness of x4, z,. Now let x = s+n be any
decomposition such that s is semisimple, n is nilpotent, and s and n commute. Then
s,n also commute with x = s+n and hence with p(z) = zg, ¢(x) = z,,. Now as x, s are
commuting semisimple endomorphisms, they are simultaneously diagonalizable, and so
s — s is semisimple. Similarly, x,, — n is nilpotent since x,,, n commute:

=n"=0 = (2,—n)"""t=0. (4.1)

Thus, from the decompositions of x we have z, — s = x,, — n, where the left-hand side
is semisimple and the right-hand side is nilpotent. Thus, this common endomorphism
must be zero (consider its eigenvalues), proving uniqueness.

Finally, to show (3), note that z maps B into A, and hence so does every polynomial
(without constant term) in x — in particular, so do xs and z,. O

We next show that the adjoint map behaves well with respect to the Jordan—
Chevalley decomposition.

Lemma 4.3. If x € gl(V) is nilpotent or semisimple, then so is ad x.

Proof. Suppose ™ = 0. Write ad z as the difference of left- and right-multiplication
by x —ie., adx = A\, — p,; note that these are commuting endomorphisms inside
End(End(V)). Clearly \” = A\;» = 0 and p? = 0, so (adz)**~! = 0 by the calculation
in Equation (4.1)).

Next, assume that z is semisimple on V; thus V has an ordered eigenbasis B :=
(v1,...,v), say, with zv; = q;u; for each i. Take E;; to be the basis of gl(V) with
respect to B; thus, E;;(v,) = d;x(v;) for all 4, j, k. We now show that the E;; are an
eigenbasis of gl(V') for ad z, as follows: fixing arbitrary 4, j, we compute for each k:

(ad z(Eij))(vr) = 2(Eij(vr)) — Eij(x(vr)) = 2(djr0:) — ardjpvi = (a; — a;)0550;
= (a; — a;) Eij(vg).

Since this holds for all k, by linearity we obtain ad z(E;;) = (a; — a;)E;; in gl(V), for
all ¢, . Hence the E;; are an eigenbasis for ad z, as desired. U

Corollary 4.4. Let V be a finite-dimensional vector space and x € End(V'), with Jor-
dan decomposition r = x4+ x,. Then adx = ad x4+ ad x,, is the Jordan decomposition
of adz in End(End(V)).

Proof. Since ad is linear, ad x = ad x5 + ad x,,. By Lemma ad x4 is semisimple and
ad x,, is nilpotent. Moreover, by the Jacobi identity, [ad x4, ad x,] = ad[z,, z,] = 0.
Now the conclusion follows by Proposition [4.2)(1). O
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4.2. Cartan’s Criterion. Recall that a Lie algebra is semisimple if it has no radical.
In practice, it is not clear how to compute the radical of a Lie algebra. Thus, it is
of interest to find an alternate, constructive criterion to determine the semisimplicity
of a Lie algebra. This will be presented in the next lecture, using Cartan’s criterion
which we now show. An important step in proving Cartan’s criterion is given by the
following technical lemma.

Lemma 4.5. Let A C B be two subspaces of gl(V') with dimV < oco. Set
M :={z e gl(V)|[z,B] C A}.
Suppose x € M satisfies tr(xy) = 0 for ally € M. Then x is nilpotent.

Proof. An interesting feature of this proof is that while the result is algebraic, and
goes through over any algebraically closed field of characteristic zero, the proof uses
the topology of Q (as a subset of R). Alternately, (the final step of) the proof uses
analysis, i.e. the total ordering of Q C R.

Let x+ = s + n be the Jordan decomposition of x. We need to show that s = 0.
First write x in upper-triangular Jordan canonical form with respect to some basis
v1,...,V;, with the corresponding diagonal entries ay, ..., a; respectively. Thus n is
strictly upper triangular (and hence nilpotent), while the eigenvalues of s are a; for the
eigenbasis-vector v; for i = 1,... k.

It now suffices to show that each a; = 0. For this, let £ C F be the Q-span of
{ai,...,a;}. Then it suffices to show that £ = 0, and we will instead show that
E* =0.

Fix f € E* ie., f: E — Q. Then f is uniquely determined by {f(a;)}, and we
choose the unique y € gl(V') (which is in fact semisimple) such that y(v;) = f(a;)v; for
all . With E;; as in the proof of Lemma [4.3]

(ad s)(Eyy) = (a; — a;)(Ey),  (ady)(Ey) = (f(a:) — flay))(Ey).  (4.2)

By Lagrange interpolation, there exists a polynomial r(7T") € F[T] such that r(a; —
a;j) = f(a;) — f(a;) for all i,j. Notice that this is well-defined: if a; — a; = ay — a,
then f(a;) — f(a;) = f(ar) — f(a;) by the linearity of f. Moreover, using i = j gives
that 7(0) = 0, i.e. r is without constant term.

Now we claim that ady = r(ad s). Indeed, applying both sides to any basis vector
E;; yields the same quantity, via Equation (4.2):

(ady)(Eij) = (f(a:) — f(ay))Eij = r(a; — a;) By = r(ad s)(Ey), Vi, j.

Since (by Corollary ad s is the semisimple part of ad x, by Proposition it
equals a polynomial (without constant term) applied to adz. Since ady = r(ads),
we can also write ad y as a polynomial (without constant term) applied to ad z. Now
[z, B] C A, i.e. adz maps B into A, so by the preceding sentence ady does the same.
But then y € M by definition, and hence tr(xy) = 0 by hypothesis. Since (from
the opening paragraph) x is upper triangular with respect to the basis of v;, and y is
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diagonal, we compute:
k
0=tr(zy) = Z a; f(a;).
i=1

Applying f again on both sides, and since all f(a;) are rational,

k

Z f(ai)2 = 0

=1

And this is where we use the order topology on Q: as f(a;) € Q, we get f(a;) = 0 for
all 2. Thus f vanishes on their span E, i.e. f =0 in £E* as desired. Hence £* =0. [

We can now state the main result of this subsection.

Theorem 4.6 (Cartan’s criterion). Let L be a subalgebra of gl(V'), with V finite-
dimensional. Suppose that tr(xy) = 0 for all x € [LL],y € L. Then L is solvable.

Proof. By Corollary [3.10] it suffices to show that [L, L] is nilpotent, i.e. (via Engel’s
theorem) that adjz zj « is nilpotent for all z € [L, L], hence simply that every z € [L, L]
is nilpotent. For this we will apply Lemma 4.5, but first we note a trace calculation
that will be useful here (and later):

Lemma 4.7. Let V' be a finite-dimensional vector space, and z,y,z € gl(V)). Then
tr([z, y]z) = tr(zly, 2]).

Proof. Since trace is “commutative”, we compute:
[z, 9)2) = tr(eys — yaz) = ti(oys — v2y) + tr([oz,y) = t(aly, 2). O

We now return to the proof of Cartan’s criterion. Set A = [L, L] and B = L, with
the idea of applying Lemma[d.5] Then M equals {z € gl(V) | [z, L] C [L, L]}. Clearly,
LCM.

We are given that tr(zy) = 0 for all z € [L, L],y € L; but to apply Lemma ,
we need this to hold for all y € M. For this, let © = [a,b] € [L, L] (so it suffices to
show ad z is nilpotent), and let y € M. Now compute using Lemma 4.7 tr([a,bly) =
tr(alb,y]) = 0, where the second equality is because a € L and [b,y] € [L, L]. Hence
by Lemma x = [a,b] € [L, L] is nilpotent, and we are done. O

We conclude this subsection with a consequence of Cartan’s criterion that naturally
motivates the Killing form and its use in the next subsection (and lecture).

Corollary 4.8. Let L be a (finite-dimensional) Lie algebra over F as above, such that
tr(adxady) =0 for all x € [L, L],y € L. Then L is solvable.

Proof. By Cartan’s criterion (and the hypotheses), ad L C gl(L) is solvable. But
ad L = L/Z(L), and Z(L) is abelian, hence solvable. Therefore so is L. O
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4.3. Killing Form.

Definition 4.9. Let L be a (finite-dimensional) Lie algebra. The Killing form of L is
the bilinear form x : L x L — F, given by (x,y) — k(z,y) := tr(ad z ad y).

Here are some basic properties of k.

(1) k is bilinear, as the trace and ad are both linear maps.

(2) K is symmetric.

(3) k is “associative” in the sense that x([x,ylz) = k(z[y, z]) for all z,y,z € L.
This follows directly from Lemma [4.7]

Definition 4.10. The radical of the Killing form « of L is given by Rad(k) := {y €
L|k(x,L) =0}. We say that the Killing form is nondegenerate if its radical is zero.

We end with two observations. First, Lemma implies that Rad(x) is an ideal
of L. (We will see next time that it is also solvable, using Corollary ) Indeed, if
x € Rad(k) and y € L, then we compute using associativity:

k([x,y], 2) = k(x, |y, 2]) =0 Vze L.

Second, the nondegeneracy of the Killing form seems like a hard-to-verify condition.
In fact one can rewrite it in terms of a concrete matrix:

Proposition 4.11. Let V' be a finite-dimensional vector space over F with basis vy, . .., vy,
and f:V xV — F a bilinear form on V. Define the matriz Agxi := (f(vi,0;))F,-1
Then f is nondegenerate if and only if det(A) # 0.

Proof. det A = 0 if and only if there exists 0 # w = (cy,...,cx)T € F* such that
Aw =0,
if and only if the ith coordinate of this product is zero for all 4, i.e.

k
Zf(vi,vj)cj = O, VZ,
j=1

if and only if f(—,v) for v:=3_,c;u; € V kills every v; and hence vanishes on all of
v,
if and only if v € Rad(f). O

5. SEMISIMPLE LIE ALGEBRAS: NONDEGENERATE KILLING FORM, SIMPLE IDEAL
DECOMPOSITION

Scribes: FElanchearan R.S. and V. Sathish Kumar

We continue to work over an algebraically closed field ' of characteristic zero, and
with finite-dimensional F-vector spaces and Lie algebras.

We begin from the end of the preceding lecture, where we saw how an “abstract”
condition like nondegeneracy of the Killing form s of a Lie algebra L, can be con-
cretely verified by fixing a basis {z;} and then examining the determinant of the matrix
with entries x(x;, ;). We now show that the same condition in fact characterizes the
semisimplicity of L — i.e., the relatively more “abstract” condition that Rad(L) = 0.
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Theorem 5.1. Let L be a Lie algebra, with Killing form k. Then L is semisimple if
and only if k is nondegenerate. Equivalently, Rad(L) = 0 if and only if Rad(k) = 0.

Example 5.2.

(1) If L is abelian, then the Killing form is identically zero (since, adz = 0 Vo € L).
(2) Let L = sly(F). Then the matrix of the Killing form s with respect to the
0 0 4
ordered basis {e,h, f} is [0 8 0 |. Thus the Killing form is nondegenerate,
4.0 0
and so sly(F) is semisimple by Theorem [5.1]

We next outline the proof of Theorem[5.1] First, we will show that Rad(x) C Rad(L)
for every L. (The converse is not true in general; consider e.g. the solvable Lie algebra
L = t(FF).) We will then show that any nonzero solvable ideal intersects Rad(x) non-
trivially, so if Rad(k) is zero then L is semisimple. We now proceed along the above
lines.

Lemma 5.3. If I C L is an ideal of a (finite-dimensional) Lie algebra L, then r; =
RplI x I on I X I.

Proof. Let {x1,x2,..., 2} be a basis of I. Extend this basis to a basis B of L. With

respect to B, the matrix of adx for any x € I will look like (Ac)ixr Biocnt ,
On—kxk  On—kxn—k
since I is an ideal. Therefore, the matrix of adzada’ for x, 2’ € I will look like

(AxAx’ kan—k

. But the matrix of ad z|; - ad /| is precisely A, A, . O
On—kxk On—kxn—k

Lemma 5.4. For any Lie algebra L, Rad(k) is a solvable ideal of L (hence contained
in Rad(L)).

Proof. That Rad(k) is an ideal was shown just before Proposition [£.11] That it is
solvable follows from Lemma and Cartan’s criterion (more precisely, from its con-

sequence in Corollary . O

Remark 5.5. Note that the converse of Cartan’s criterion for solvability (Theorem [4.6)
is also true — namely: If L is a solvable linear Lie algebra, then tr(xzy) = 0 for all
x € [L,L], y € L. Indeed, by Lie’s theorem, one can think of L as a Lie subalgebra
of the Lie algebra of upper triangular matrices ¢,(F). So any element y € L will be
upper triangular and any = € [L, L] will be strictly upper triangular. Therefore xy is
also strictly upper triangular, so that tr(zy) = 0.

Exercise. Compute x, Rad(k) for to(F) and verify the converse of Cartan’s criterion.

Proof of Theorem[5.1. The only if part follows immediately from Lemma [5.4] Con-
versely, it suffices to show that every nonzero solvable ideal nontrivially intersects
Rad(x). In turn, for this it is enough to show that every abelian ideal is contained
in Rad(x). This is because the last non-zero ideal in the derived series of L is always
abelian. (Note that an abelian ideal is not necessarily contained in the center of L.)
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Now, let a be an abelian ideal of L, and z € a. To show x € Rad(k), choose any
y € L and note that the operator ¢ := adzady sends L into a, whence ¢? sends L
to zero. In particular, ¢ is nilpotent, and so k(z,y) = tr(¢) = 0 for all y € L. Hence
x € Rad(k), i.e. a C Rad(x) as desired. O

Definition 5.6. Say M C L is a subspace. Define M+ := {z € L|k(x, M) = 0}.
Observe that M~ is an ideal if M is, by the associativity of the Killing form.

Lemma 5.7. If L is a semisimple Lie algebra and M s an ideal of L, then L =
M @ M+*. Moreover, M, M* are semisimple.

Proof. The Killing form of L, restricted to the ideal M N M, is identically zero.
Therefore M N M~ is a solvable ideal of L (by Lemma and Cartan’s criterion). But
L is semisimple. This implies that M N M+ = {0}. Next, since s is nondegenerate
by Theorem , dim M + dim M+ = dim L. Taking dimensions on both sides of the
Isomorphism Theorem|[1.19]3), we have: dim(M+M*) = dim M+dim M*—0 = dim L.
Hence L = M @& M+,

We next claim that k), is nondegenerate, which would imply by Theorem that
every ideal M in L is semisimple (hence, so is M~1). Indeed, suppose x;(m, M) = 0 for
some m € M. Recall by definition (and Lemma [5.3)) that sy (m, M) = k(m, M+) =
0. This implies by the preceding assertions in this proof (and Lemma that

krp(m, L) = kp(m, M + M™*) = kpr(m, M) + kg (m, M*) = 0.

Since L is semisimple, this implies (again by Theorem that m = 0, completing the
proof.

(Another proof that M is semisimple: Since L = M @& M~ any ideal of M is also
an ideal for L, for if J is an ideal of M then [J, M+] C M N M=+ = {0}. Therefore if J
is a solvable ideal of M, then it is so for L. Now since L is semisimple, J = {0}.) O

Remark 5.8. The “ideal” assumption on M in the preceding lemma cannot be weak-
ened to “subspace”. For example, let the subspace M = Fe C L = sly(C). Then
M C M+, so MM+ # 0 and M+ M~* # L (since dim M +dim M+ = dim L because
kg, is nondegenerate).

These results imply the following decomposition of any semisimple Lie algebra, which
essentially follows from Lemma [5.7]

Theorem 5.9. Let L be a semisimple Lie algebra over F.

(1) There exist ideals L1, ..., Ly of L, each of which is a simple Lie algebra, and
such that L =Ly ® Lo & ... ® Ly. (In particular, K, = k|, by Lemma )
(2) Ewvery simple ideal of L is isomorphic to L; for some 1 <i <t.

Proof. We first show (1). If L is semisimple but not simple, then it has a nonzero proper
ideal M; but then Lemma |5.7| implies L = M & M+ with M, M+ semisimple — and of
smaller dimension. If both M, M~ are simple then we stop; else we repeat the previous
action. Continuing this way, we eventually obtain the desired decomposition (1) of L
into a direct sum of simple ideals.
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To show (2), let I be a simple (hence nonzero) ideal of L. Then [ is semisimple from
above, and so I = [I,I] C [I,L] C I, so [I,L] = I. This implies ®;[I, L;] = I, with
each summand an ideal. But since [ is simple, this implies that there exists a unique
ip € [1,t] for which I = [I, L;,] C L;,; and [I, L;] = 0 for all other i. Now since L;, is
simple, it follows that I = L;,,. O

We end by showing that every derivation of a semisimple Lie algebra is inner. This
requires the calculation made long ago, in Example [1.14)3).

Theorem 5.10. If L is a semisimple Lie algebra, then all derivations are inner deriva-
tions: Der(L) = ad(L) = L.

This requires the following lemma in linear algebra, which is left to the reader as an
exercise:

Lemma 5.11. Let D be a finite-dimensional F-vector space (over any field) and k :
D x D — F be a bilinear form. Suppose k is nondegenerate when restricted to M x M
for some subspace M C D. Then D = M & M*, where M+ := {5 € D| (6, M) = 0}.

Proof of Theorem[5.10, We write D := Der(L) and M := ad(L) for this proof. Recall
that M is an ideal of D, since [0,adz] = add(x) for x € L and 6 € D. From this
it follows that the Killing form rkp of D restricts to ry on ad(L), by Lemma [5.3]
Moreover, since L is semisimple, so is M = ad(L) = L, and hence Ky = Kp|yxa 18
nondegenerate (by Theorem. All of this implies that D = M @M+ by Lemma .

Now let § € M*. Then for all z € L we have ad §(x) = [6,ad ] € MNM=*. Therefore
ad §(z) = 0. But since L was semisimple (and so the adjoint map is injective), it follows
that §(z) = 0. Since x was arbitrary, we have § = 0, and hence D = M as desired. [
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