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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Positive definite matrices

A real symmetric matrix A € R"*" is positive definite (A € PD,,) if any of the
following holds:

@ ulAu >0 forall 0#ueR".
@ The eigenvalues of A are all in (0, 00).
© A = BT B for some invertible B € R**™,

@ There exists a basis of R", say x1,...,Xy, such that A is its Gram
matrix: a;; = (X;,%;) for all 1 < 4,57 < n.

© The principal minor det A7y is positive, for all I C [n] :={1,...,n}.
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Positive definite matrices

A real symmetric matrix A € R"*" is positive definite (A € PD,,) if any of the
following holds:

@ ulAu >0 forall 0#ueR".
@ The eigenvalues of A are all in (0, 00).
© A = BT B for some invertible B € R**™,

@ There exists a basis of R", say x1,...,Xy, such that A is its Gram
matrix: a;; = (X;,%;) for all 1 < 4,57 < n.

© The principal minor det A7y is positive, for all I C [n] :={1,...,n}.

@ The Leading Principal Minor (LPM) det Ak > 0 for all 1 < k < n.

We will weaken this condition, and study the larger matrix class.
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

The Cholesky factorization

One hundred years ago, the following fundamental fact appeared:

Theorem (Cholesky, in Benoit's publication, 1924)

For any positive definite matrix A, there exists a unique matrix L satisfying:
© L is real and lower triangular.
@ L has diagonal entries in (0, 00).
© A=LL"T.
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

The Cholesky factorization

One hundred years ago, the following fundamental fact appeared:

Theorem (Cholesky, in Benoit's publication, 1924)

For any positive definite matrix A, there exists a unique matrix L satisfying:
© L is real and lower triangular.
@ L has diagonal entries in (0, 00).
© A=LL"T.

Definition

This is called the Cholesky factorization of A. Let Cholesky space L,, consist
of all L satisfying (1) and (2) above.

Cholesky decomposition: widely used in numerical analysis, statistics, and
downstream applications. E.g., it is of interest to Cholesky-factor covariance
matrices — these are Gram matrices of vectors in Euclidean space.
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

The Cholesky factorization

One hundred years ago, the following fundamental fact appeared:

Theorem (Cholesky, in Benoit's publication, 1924)

For any positive definite matrix A, there exists a unique matrix L satisfying:
© L is real and lower triangular.
@ L has diagonal entries in (0, 00).
© A=LL"T.

Definition

This is called the Cholesky factorization of A. Let Cholesky space L,, consist
of all L satisfying (1) and (2) above.

Cholesky decomposition: widely used in numerical analysis, statistics, and
downstream applications. E.g., it is of interest to Cholesky-factor covariance
matrices — these are Gram matrices of vectors in Euclidean space.

What about decomposing symmetric matrices with negative eigenvalues?
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1. LPM cones and generalized

Cholesky factorization



The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

LDU decomposition

For generic real (symmetric) matrices, one has the LDU decomposition.

Definition

Given n > 1, denote by LPM,, the cone of symmetric matrices in R"*™ with
nonzero Leading Principal Minors.
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

LDU decomposition

For generic real (symmetric) matrices, one has the LDU decomposition.

Definition

Given n > 1, denote by LPM,, the cone of symmetric matrices in R"*™ with
nonzero Leading Principal Minors.

Every LP M,, matrix can be uniquely decomposed into LlDLlT, where L1 is
lower triangular with all diagonal entries 1, and D is diagonal.

This is different in spirit than the Cholesky decomposition in PD,,.
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

LDU decomposition

For generic real (symmetric) matrices, one has the LDU decomposition.

Definition

Given n > 1, denote by LPM,, the cone of symmetric matrices in R"*™ with
nonzero Leading Principal Minors.

Every LP M,, matrix can be uniquely decomposed into LlDLlT, where L1 is
lower triangular with all diagonal entries 1, and D is diagonal.

This is different in spirit than the Cholesky decomposition in PD,,.

Is there a generalization of the Cholesky decomposition, e.g. to LP M, — which
specializes to the Cholesky on positive definite matrices?

Apoorva Khare, |ISc Bangalore 4



The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Studying the LPM cone: |

To answer this, we first revisit the LPM cone: all Leading Principal Minors # 0,
i.e., are positive or negative.
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Studying the LPM cone: |

To answer this, we first revisit the LPM cone: all Leading Principal Minors # 0,

i.e., are positive or negative. So e.g. for 2 x 2 LPM matrices, 2 choices:
a1 =+, det(A) =+, ann = —, det(A) =+
ail = —|—, det(A) = -, ail = —, det(A) = —.

In general?

Apoorva Khare, |ISc Bangalore 5



The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Studying the LPM cone: |

To answer this, we first revisit the LPM cone: all Leading Principal Minors # 0,

i.e., are positive or negative. So e.g. for 2 x 2 LPM matrices, 2 choices:
a1 =+, det(A) =+, ann = —, det(A) =+
ail = —|—, det(A) = -, ail = —, det(A) = —.

In general? 2" choices:
@ aq1 is positive or negative,
@ ai1a22 — ai2a21 is positive or negative,
9

@ det(A) is positive or negative.
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Studying the LPM cone: |

To answer this, we first revisit the LPM cone: all Leading Principal Minors # 0,

i.e., are positive or negative. So e.g. for 2 x 2 LPM matrices, 2 choices:
a1 =+, det(A) =+, ann = —, det(A) =+
ail = —|—, det(A) = -, ail = —, det(A) = —.

In general? 2" choices:
@ aq1 is positive or negative,
@ ai1a22 — ai2a21 is positive or negative,

@ det(A) is positive or negative.

Collect together € = (€1,...,en) € {—1,1}", where ¢, = sign of k x k LPM.

Definition

Given a sign pattern € € {—1,1}", define
LPMy(€) := { all real symmetric Ay with sgn(det Ajgxx)) = €x for all k}.
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Studying the LPM cone: |l

LPMy(€) := {A real symmetric : sgn(det A« (x)) = €x Vk}.

Examples of LPM,, (e):
@ If all ¢, =1, then LPM,,(1,) = PD,, — positive definite matrices.

@ What is the e for negative definite matrices?
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Studying the LPM cone: |l

LPMy(€) := {A real symmetric : sgn(det A« (x)) = €x Vk}.

Examples of LPM,, (e):
@ If all ¢, =1, then LPM,,(1,) = PD,, — positive definite matrices.

@ What is the e for negative definite matrices?
Then —A € PD,, so det Ak has sign (—1)k.

Proposition

© The cone LPM,, is a disjoint union / can be partitioned:

LPMy, = |.gq_1,1y» LPMn(e).
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Studying the LPM cone: |l

LPMy(€) := {A real symmetric : sgn(det A« (x)) = €x Vk}.

Examples of LPM,, (e):
@ If all ¢, =1, then LPM,,(1,) = PD,, — positive definite matrices.

@ What is the e for negative definite matrices?
Then —A € PD,, so det Ak has sign (—1)k.

Proposition

© The cone LPM,, is a disjoint union / can be partitioned:
LPMy = | |.c(_y,1yn LPMa(e).

@ LPM, is open and dense in all real symmetric matrices.
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Studying the LPM cone: |l

LPMy(€) := {A real symmetric : sgn(det A« (x)) = €x Vk}.

Examples of LPM,, (e):
@ If all ¢, =1, then LPM,,(1,) = PD,, — positive definite matrices.

@ What is the e for negative definite matrices?
Then —A € PD,, so det Ak has sign (—1)k.

Proposition

© The cone LPM,, is a disjoint union / can be partitioned:
LPMy = | |.c(_y,1yn LPMa(e).

@ LPM, is open and dense in all real symmetric matrices.

© The complement of LPM,, in symmetric matrices has zero Lebesgue
measure.
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Extending the Cholesky decomposition to the LPM cone

Every LP M, (€) has a unique diagonal matrix with entries +1:

€p€1 0 0 e 0
0 €1€2 0 0
D, := 0 0 eez .- 0 , where € := 1.
0 0 0 cee €Ep_1€n
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Extending the Cholesky decomposition to the LPM cone

Every LP M, (€) has a unique diagonal matrix with entries +1:

€p€1 0 0 e 0
0 €1€2 0 0
D, := 0 0 eez .- 0 , where € := 1.
0 0 0 cee €Ep_1€n

E.g. for e = 1,,, the cone LPM,(1,) = PD,, contains Dy = Id,.

Question: An “LDU-alternative” is LD L™ Is this in LPM,(e) for all €?
(“Usual” Cholesky: true for e = 1,.)
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Cholesky decomposition of LPM matrices

Extending the Cholesky decomposition to the LPM cone

Every LP M, (€) has a unique diagonal matrix with entries +1:

€p€1 0 0 e 0
0 €1€2 0 0
D, := 0 0 eez .- 0 , where € := 1.
0 0 0 cee €Ep_1€n

E.g. for e = 1,,, the cone LPM,(1,) = PD,, contains Dy = Id,.

Question: An “LDU-alternative” is LD L™ Is this in LPM,(e) for all €?
(“Usual” Cholesky: true for e = 1,.)

Answer: Yes! ~~ Natural candidate for “generalized Cholesky decomposition:
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Extending the Cholesky decomposition to the LPM cone

Every LP M, (€) has a unique diagonal matrix with entries +1:

€p€1 0 0 e 0
0 €1€2 0 0
D, := 0 0 €263 - 0 , where €y := 1.
0 0 0 cee €Ep_1€n

E.g. for e = 1,,, the cone LPM,(1,) = PD,, contains Dy = Id,.

Question: An “LDU-alternative” is LD L™ Is this in LPM,(e) for all €?
(“Usual” Cholesky: true for e = 1,.)

Answer: Yes! ~~ Natural candidate for “generalized Cholesky decomposition:

Theorem (K.—Vishwakarma, 2025)

Letn > 1 and e € {—1,1}". For every matrix A € LPM,,(€), there exists a
unique L € L,, such that A = LD.LT.
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Extending the Cholesky decomposition to the LPM cone

Every LP M, (€) has a unique diagonal matrix with entries +1:

€p€1 0 O e O
0 €1€2 0 0
D, := 0 0 €263 - 0 , where ¢ := 1.
0 0 0 cee €Ep_1€n

E.g. for e = 1,,, the cone LPM,(1,) = PD,, contains Dy = Id,.

Question: An “LDU-alternative” is LD L™ Is this in LPM,(e) for all €?
(“Usual” Cholesky: true for e = 1,.)

Answer: Yes! ~~ Natural candidate for “generalized Cholesky decomposition:

Theorem (K.—Vishwakarma, 2025)

Letn > 1 and e € {—1,1}". For every matrix A € LPM,,(€), there exists a
unique L € L,, such that A = LD.LT. That is, we have a bijection:

®p, : L, - LPM,(¢); L+~ LD.L".

(The usual Cholesky decomposition is ®'.)
1
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Cholesky-factoring all symmetric matrices?

Fact: The Cholesky decomposition for PD,, extends to all psd matrices PD,,.

What about other cones? E.g., perturb — factorize — take limit?
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Cholesky-factoring all symmetric matrices?

Fact: The Cholesky decomposition for PD,, extends to all psd matrices PD,,.

What about other cones? E.g., perturb — factorize — take limit?

0 2
@ Example: A = (2 2>.

@ Approximate by Ay := A+ £Idy € LPMa((+1,—1)).
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Cholesky-factoring all symmetric matrices?

Fact: The Cholesky decomposition for PD,, extends to all psd matrices PD,,.

What about other cones? E.g., perturb — factorize — take limit?

0 2
@ Example: A = (2 2>.
@ Approximate by Ay := A+ £Idy € LPMa((+1,—1)).

@ Writing Ay, = LyD LT, we see that (L1,)2,2 = O(vk) — ool Not
convergent.
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Cholesky-factoring all symmetric matrices?

Fact: The Cholesky decomposition for PD,, extends to all psd matrices PD,,.

What about other cones? E.g., perturb — factorize — take limit?
@ Example: A = (g ;)
@ Approximate by Ay := A+ £Idy € LPMa((+1,—1)).

@ Writing Ay, = LyD LT, we see that (L1,)2,2 = O(vk) — ool Not
convergent.

(First) difference between PD and other LPM cones:

If A is positive semidefinite (but not pd),

and Ay = (A+ £1d) = Ly LY is “usual’ Cholesky-factored,
then ||Ly|| is uniformly bounded!
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Cholesky-factoring all symmetric matrices?

Fact: The Cholesky decomposition for PD,, extends to all psd matrices PD,,.
What about other cones? E.g., perturb — factorize — take limit?
0 2
@ Example: A = (2 2>.
@ Approximate by Ay := A+ £Idy € LPMa((+1,—1)).

@ Writing Ay, = LyD LT, we see that (L1,)2,2 = O(vk) — ool Not
convergent.

(First) difference between PD and other LPM cones:

If A is positive semidefinite (but not pd),

and Ay = (A+ £1d) = Ly LY is “usual’ Cholesky-factored,
then ||Ly|| is uniformly bounded!

Reason: In the C*-algebra B(R"),
1AKI = 1L Li | = | L.

Not true in other LPM cones.
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Cholesky decomposition is algorithmic

Further properties of ®p_?7

E.g., ®p. is clearly a smooth bijection on an open set. What about @ﬁ:?
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Cholesky decomposition is algorithmic

Further properties of ®p_?7

E.g., ®p. is clearly a smooth bijection on an open set. What about @ﬁ:?
(Eg. ®(z) =a at 2 =0.)

Theorem (K.—Vishwakarma, 2025)

For alln > 1 and e € {—1,1}", the map (I)H;j is an algorithmic smooth
diffeomorphism : LPM,,(¢) — L.
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Cholesky decomposition is algorithmic

Further properties of ®p_?7

E.g., ®p. is clearly a smooth bijection on an open set. What about @ﬁ:?
(Eg. ®(z) =a at 2 =0.)

Theorem (K.—Vishwakarma, 2025)

For alln > 1 and e € {—1,1}", the map (I)H;j is an algorithmic smooth
diffeomorphism : LPM,,(¢) — L.
Moreover, the smooth diffeos <I>]:D'§: preserve the Borel and Lebesgue sets.
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The cone of LPM matrices Introduction
Cholesky decomposition of LPM matrices

Cholesky decomposition is algorithmic

Further properties of ®p_?7

E.g., ®p. is clearly a smooth bijection on an open set. What about @ﬁ:?
(Eg. ®(z) =a at 2 =0.)

Theorem (K.—Vishwakarma, 2025)

For alln > 1 and e € {—1,1}", the map (I)H;j is an algorithmic smooth
diffeomorphism : LPM,,(¢) — L.
Moreover, the smooth diffeos <I>]:D'§: preserve the Borel and Lebesgue sets.

@ See our preprint for the algorithm.

@ As a result, “good” structures on Cholesky space L,, (of lower triangular
matrices with positive diagonals) transfer to every LP M, (¢).

@ We will explore several such structures: Riemannian manifolds, abelian
Lie groups, and more.

Apoorva Khare, |1ISc Bangalore



2. Riemannian manifold
structure(s); Lie group



Riemannian metric, abelian Lie group, and. ..
Riemannian, Lie group, and other structures Jacobian calculations; TPM matrices; inertia; SSRPM

Riemannian metric on the PD cone

Another difference between the PD cone and other LPM cones:

The PD cone is a Riemannian manifold (Bhatia—Holbrook, ... ):
d(Av B) = ” lOg()‘l)v e IOg()"ﬂ)H?

where \; are the (positive!) eigenvalues of AB™! — or of B~Y/24B71/2,

Question: What about other LPM cones?
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Riemannian metric, abelian Lie group, and. ..
Riemannian, Lie group, and other structures Jacobian calculations; TPM matrices; inertia; SSRPM

Riemannian metric on the PD cone

Another difference between the PD cone and other LPM cones:

The PD cone is a Riemannian manifold (Bhatia—Holbrook, ... ):

d(Av B) = ” lOg()‘l)v e IOg()"ﬂ)H?
where \; are the (positive!) eigenvalues of AB™! — or of B~Y/24B71/2,
Question: What about other LPM cones? Not clear.

Recently, an alternative Riemannian structure was proposed — not on PD,,, but
on Cholesky space L,,!
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Riemannian metric, abelian Lie group, and. ..
Riemannian, Lie group, and other structures Jacobian calculations; TPM matrices; inertia; SSRPM

Riemannian metric on Cholesky space

Theorem (Lin, SIMAX 2019)

The space L, is a Riemannian manifold, with the following properties:

@ The tangent space at each L € L,, is the lower triangular flat space
Rn(n+1)/2 )

@ For tangent vectors X,Y at L € L, the Riemannian metric is

n
IL(X,Y) = injyzj + ijjyjjlj_]?'
j=1

i>]

© The Riemannian distance between L = (1;;) and K = (ki;) in Ly, is

" 1/2
du, (L, K) = (Z(lij —kij)® + ) (logl;; —log kjj)2> :
j=1

>3
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Riemannian metric on Cholesky space

Theorem (Lin, SIMAX 2019)

The space L, is a Riemannian manifold, with the following properties:

@ The tangent space at each L € L,, is the lower triangular flat space
Rn(n+1)/2 )

@ For tangent vectors X,Y at L € L, the Riemannian metric is

n
IL(X,Y) = injyzj + ijjyjjlj_]?'
j=1

i>]

© The Riemannian distance between L = (1;;) and K = (ki;) in Ly, is

" 1/2
du, (L, K) = (Z(lij —kij)® + ) (logl;; —log kjj)2> :
j=1

>3

Corollary: These structures transfer to every cone LPM,,(€), via the
diffeomorphism ®p, .
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Riemannian metric, abelian Lie group, and. ..
Riemannian, Lie group, and other structures Jacobian calculations; TPM matrices; inertia; SSRPM

Abelian Lie group structure

Given a square matrix A, define D(A) to be diag(ai1,...,ann) = Aold,.
Now define |A] := A —D(A).

Theorem (Lin, SIMAX 2019)

Cholesky space L, is also an abelian Lie group, with identity 1d,,, and the
product and inverse given by:

LoK=|L|+|K|+DL)DK), Lg'=-|L|+DI)"

Moreover, the Riemannian metric is bi-invariant under this group structure.
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Abelian Lie group structure

Given a square matrix A, define D(A) to be diag(ai1,...,ann) = Aold,.
Now define |A] := A —D(A).

Theorem (Lin, SIMAX 2019)

Cholesky space L, is also an abelian Lie group, with identity 1d,,, and the
product and inverse given by:

LoK=|L|+|K|+DL)DK), Lg'=-|L|+DI)"

Moreover, the Riemannian metric is bi-invariant under this group structure.

@ Lin moreover shows that this manifold L,, has zero sectional curvature.

@ This naturally leads to asking: is this manifold in fact
flat Euclidean space ?

Lin writes in his work: ... the so-called Cholesky manifold in [17] is a
Riemannian submanifold of a Euclidean space, while our Riemannian
manifold to be proposed is not.”
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Riemannian metric, abelian Lie group, and. ..
Riemannian, Lie group, and other structures Jacobian calculations; TPM matrices; inertia; SSRPM

Cholesky space is Euclidean space!

However, in fact L,, is Euclidean spacel!

Theorem (K.—Vishwakarma, 2025)

@ Define “scalar multiplication” - : R X L,, — L,, via:
a-L:=a|L]+D(L)*. Then the map

n: (L’ﬂ, ©, ) — (Rn(n+1)/27 =+, )

defined by n(L) = ({lz] 11> ]} 2 loglu, e 710g lnn),
is an R-vector space isomorphism.
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Cholesky space is Euclidean space!

However, in fact L,, is Euclidean spacel!

Theorem (K.—Vishwakarma, 2025)

@ Define “scalar multiplication” - : R X L,, — L,, via:
a-L:=a|L]+D(L)*. Then the map

n: (L’ﬂ, ©, ) — (Rn(n+1)/27 =+, )

defined by n(L) = ({lz] 1> ]} ; logli, ..., log lnn),
is an R-vector space isomorphism.
@ Also define the form (-,-) : L2 — L,, defined by
(LK) == lijkij + Y _log(l;;) log(kj;).
i>j j=1

Then (-, -) is R-bilinear,
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Cholesky space is Euclidean space!

However, in fact L,, is Euclidean spacel!

Theorem (K.—Vishwakarma, 2025)

@ Define “scalar multiplication” - : R X L,, — L,, via:
a-L:=a|L]+D(L)*. Then the map

n: (L’ﬂ, ©, ) — (Rn(n+1)/27 =+, )

defined by n(L) = ({lz] 1> ]} ; logli, ..., log lnn),
is an R-vector space isomorphism.
@ Also define the form (-,-) : L2 — L,, defined by
(LK) == lijkij + Y _log(l;;) log(kj;).
i>5 j=1
Then (-,-) is R-bilinear, and for all L, K € L,, we have
du, (L, K)’ = (L-'K,L-'K), L-'K:=LeKy" =n '(n(L)-n(K)).

So (L, (-, -)) is isometrically isomorphic to Euclidean space R (172,
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3. Jacobian calculations;

probability densities



Riemannian metric, abelian Lie group, and. ..
Riemannian, Lie group, and other structures Jacobian calculations; TPM matrices; inertia; SSRPM

Are all LP M, cones equally big?

We saw that LPM,, = | |, LPM,(e),
and each cone LP M, (¢) is diffeomorphic to L.

@ Thus one can do “change of variables”, and switch between PD,, and
each LPM, (e).

Apoorva Khare, |ISc Bangalore 14
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Are all LP M, cones equally big?

We saw that LPM,, = | |, LPM,(e),
and each cone LP M, (¢) is diffeomorphic to L.

@ Thus one can do “change of variables”, and switch between PD,, and
each LPM, (e).

@ Question: Are the cones “equally big"? l.e., what is (the determinant of)
the Jacobian of the transfer map ®p, o @' : PD, — LPMy(e) ?
Is its modulus 17
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Riemannian, Lie group, and other structures Jacobian calculations; TPM matrices; inertia; SSRPM

Are all LP M, cones equally big?

We saw that LPM,, = | |, LPM,(e),
and each cone LP M, (¢) is diffeomorphic to L.

@ Thus one can do “change of variables”, and switch between PD,, and
each LPM, (e).

@ Question: Are the cones “equally big"? l.e., what is (the determinant of)
the Jacobian of the transfer map ®p, o @' : PD, — LPMy(e) ?
Is its modulus 17 Yes!

Theorem (K.—Vishwakarma, 2025)

Set €p := 1. The Jacobian of ®p_ at any L € L,, is lower triangular in the
lexicographic order, and its determinant equals

a(I)De(L)iJ' _ on - n4+1—j
det (7811-/]-/ recien = 2 H(l”ej,le]) .
1

<i'<n =t

Hence the Jacobian-determinant of ®p, o @1511 is 1.
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Riemannian metric, abelian Lie group, and. ..
Riemannian, Lie group, and other structures Jacobian calculations; TPM matrices; inertia; SSRPM

Consequences of Jacobian calculations

@ Firstly: yes, for any n all cones LPM, (¢) are “equally big"!l So, we have
extended the Cholesky factorization on PD,, to all of LPM,,, which is 2"
times “as big".
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Consequences of Jacobian calculations

@ Firstly: yes, for any n all cones LPM, (¢) are “equally big"!l So, we have
extended the Cholesky factorization on PD,, to all of LPM,,, which is 2"
times “as big".

@ Second: the “transfer maps” ®p, o <I>H§11 are all
Lebesgue measure-preserving smooth diffeomorphisms.

Corollary (K.—Vishwakarma, 2025)

Fix n > 1, and let u be any probability density that
@ is absolutely continuous w.r.t. Lebesgue measure, and
@ has equal mass on each LPM,,(¢€) cone.

Then the Cholesky algorithm fails with probability 1 — 2™", but our
“generalized Cholesky decomposition” works w.p. 1.
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Algorithm to detect € and L7

Our generalized Cholesky decomposition is “nice” algorithmically too —
one can adopt usual Cholesky algorithms to detect € too.

E.g.: adapt the Cholesky—Banachiewicz and Cholesky—Crout algorithms to
compute the decomposition “fast”:

LPM-Cholesky factorization: obtaining € and L from A:

Apoorva Khare, IISc Bangalore 16
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Algorithm to detect € and L7

Our generalized Cholesky decomposition is “nice” algorithmically too —
one can adopt usual Cholesky algorithms to detect € too.

E.g.: adapt the Cholesky—Banachiewicz and Cholesky—Crout algorithms to
compute the decomposition “fast”:

LPM-Cholesky factorization: obtaining € and L from A:

@ Input: integer n > 1 and matrix A € LPMY, to be Cholesky-factored.
@ Set g :=1.
@ Forj=1,...,n:

@ €5 = Sigl’l (6]‘,1 (ajj — Zz;ll €i71€i|lji|2))-

i—1
o ljj = [ei-1€) (%‘j - Yo fi—lGi\ljz‘P)
e Fork=j4+1,...,n:
] ljk =0.
) lk]' = ej;jiej (akj — 22;11 €i—1€ilkim)-
@ Output/Return: ¢, L (such that A = LD.LT).
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Additional consequences of Jacobian calculations

@ One can do multivariate analysis/integration on every cone LPM,,(¢) by
reducing to the PD-cone! (Recall that <I>]Djf: preserved Borel/Lebesgue
sets, and hence their o-algebras.)
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Additional consequences of Jacobian calculations

@ One can do multivariate analysis/integration on every cone LPM,,(¢) by
reducing to the PD-cone! (Recall that @%: preserved Borel/Lebesgue
sets, and hence their o-algebras.)

@ This also allows us to “transfer” probability densities — like the Wishart
distribution — from PD,, to every cone LPM,(¢€). In particular, by
“averaging” we obtain probability distributions supported on the entire
open dense cone LPM,,.

@ Thus, the Cholesky decompositions / transfer maps ®p_ o <I>H§11 naturally
lead to random matrix theory on LPM-cones.
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TPM matrices — trailing principal minors

Yet another characterization of A = A” being positive definite:

If and only if the trailing principal minors are all > 0.

Thus — define
TPM,(e) := {all real symmetric A,,x, with kth TPM of sign €, Vk }.
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TPM matrices — trailing principal minors

Yet another characterization of A = A” being positive definite:
If and only if the trailing principal minors are all > 0.

Thus — define
TPM,(e) := {all real symmetric A,,x, with kth TPM of sign €, Vk }.

This approach proceeds completely parallel to the LPM results — everything
goes through “as expected” — because of a linear transition map:

Theorem (K.—Vishwakarma, 2025)

Let P, be the anti-diagonal n x n permutation matrix.

For all n > 1, the map ®(M) := (P, M P,)" is a linear (smooth)
diffeomorphism : L,, — L,

Apoorva Khare, |ISc Bangalore 18
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TPM matrices — trailing principal minors

Yet another characterization of A = A7 being positive definite:

If and only if the trailing principal minors are all > 0.

Thus — define
TPM,(e) := {all real symmetric A,,x, with kth TPM of sign €, Vk }.

This approach proceeds completely parallel to the LPM results — everything
goes through “as expected” — because of a linear transition map:

Theorem (K.—Vishwakarma, 2025)

Let P, be the anti-diagonal n x n permutation matrix.
For all n > 1, the map ®(M) := (P, M P,)" is a linear (smooth)
diffeomorphism : L,, — Ly, as well as : LP My, (¢) «— T'PM,(¢) for all e.

This yields a UDL-type factorization of “almost all’ symmetric matrices. Once
again, this is not the same as the one in the literature, but generalizes the
Cholesky decomposition instead.
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Inertia of LPM matrices

By Sylvester's law and the Cholesky-type factorization ‘1’15517 every matrix in
LPM,(€) has the same inertia as D.. What is its inertia?

@ Equivalently, how many negative eigenvalues does it have?

@ For 0 < k < n, for how many e does D, have exactly k negative
eigenvalues?

(Questions motivated by covariance/Gram matrices of vectors in Lobachevsky
space — where modern data can live.)
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Inertia of LPM matrices

By Sylvester's law and the Cholesky-type factorization ‘1’15517 every matrix in
LPM,(€) has the same inertia as D.. What is its inertia?

@ Equivalently, how many negative eigenvalues does it have?

@ For 0 < k < n, for how many e does D, have exactly k negative
eigenvalues?

(Questions motivated by covariance/Gram matrices of vectors in Lobachevsky
space — where modern data can live.)

Theorem (K.—Vishwakarma, 2025)

@ Forn>1 andee {—1,1}", the diagonal matrix D. has precisely ¥(1; €)
negative eigenvalues. Here, ¥(1;¢€) denotes the number of sign changes in
the sequence €0 = 1,€1,€2,...,6n.
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Inertia of LPM matrices

By Sylvester's law and the Cholesky-type factorization ‘1’15517 every matrix in
LPM,(€) has the same inertia as D.. What is its inertia?

@ Equivalently, how many negative eigenvalues does it have?

@ For 0 < k < n, for how many e does D, have exactly k negative
eigenvalues?

(Questions motivated by covariance/Gram matrices of vectors in Lobachevsky
space — where modern data can live.)

Theorem (K.—Vishwakarma, 2025)

@ Forn>1 andee {—1,1}", the diagonal matrix D. has precisely ¥(1; €)
negative eigenvalues. Here, ¥(1;¢€) denotes the number of sign changes in
the sequence €0 = 1,€1,€2,...,6n.

@ The number of LPM,,(€) cones — i.e., the number of matrices D. —
whose negative inertia is k, is precisely (}).
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Inertia of LPM matrices

By Sylvester's law and the Cholesky-type factorization ‘1’15517 every matrix in
LPM,(€) has the same inertia as D.. What is its inertia?

@ Equivalently, how many negative eigenvalues does it have?

@ For 0 < k < n, for how many e does D, have exactly k negative
eigenvalues?

(Questions motivated by covariance/Gram matrices of vectors in Lobachevsky
space — where modern data can live.)

Theorem (K.—Vishwakarma, 2025)

@ Forn>1 andee {—1,1}", the diagonal matrix D. has precisely ¥(1; €)
negative eigenvalues. Here, ¥(1;¢€) denotes the number of sign changes in
the sequence €0 = 1,€1,€2,...,6n.

@ The number of LPM,,(€) cones — i.e., the number of matrices D. —
whose negative inertia is k, is precisely (}).

As an amusing corollary: by counting, we just showed (7) +--- + (1) = 2"!
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SSRPM matrices

What happens if we go back to the “Sylvester” definition of PD matrices?

A = AT s positive definite <= all principal minors are positive.
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SSRPM matrices

What happens if we go back to the “Sylvester” definition of PD matrices?
A = AT s positive definite <= all principal minors are positive.
Generalization: Given a sign pattern € = (e1,...,€,) € {£1}", definean n x n

real symmetric matrix to have the
SSRPM property (Strictly Sign Regular Principal Minors), if:

@ all 1 x 1 principal minors (= diagonal entries) are nonzero, with sign €1;
@ all 2 x 2 principal minors are nonzero, with sign es;
o ...

@ all n x n principal minors (= determinant) is nonzero with sign €.
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SSRPM matrices

What happens if we go back to the “Sylvester” definition of PD matrices?

A = AT s positive definite <= all principal minors are positive.

Generalization: Given a sign pattern € = (e1,...,€,) € {£1}", definean n x n
real symmetric matrix to have the
SSRPM property (Strictly Sign Regular Principal Minors), if:

@ all 1 x 1 principal minors (= diagonal entries) are nonzero, with sign €1;
@ all 2 x 2 principal minors are nonzero, with sign es;
o ...

@ all n x n principal minors (= determinant) is nonzero with sign €.

Examples:
@ If all ex = 1, these are precisely the positive definite matrices (Sylvester).
@ If all ¢, = (—1)*, these are the negative definite matrices.
© (What about other €7)
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SSRPM matrices (cont.)

What is the pressing question, in this case?

@ Factorization — does every SSRPM matrix have a generalized Cholesky
factorization?
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Riemannian, Lie group, and other structures

SSRPM matrices (cont.)

What is the pressing question, in this case?
@ Factorization — does every SSRPM matrix have a generalized Cholesky

factorization?
Answer: Yes — because SSRPM,,(¢) C LPM,(¢) for all n,€!

21
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SSRPM matrices (cont.)

What is the pressing question, in this case?
@ Factorization — does every SSRPM matrix have a generalized Cholesky

factorization?

Answer: Yes — because SSRPM,,(¢) C LPM,(¢) for all n,€!

@ The question that remains unanswered is. ..
Existence: Do SSRPM matrices exist for all n > 1 and all e € {£1}" 7

Apoorva Khare, IISc Bangalore
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SSRPM matrices (cont.)

What is the pressing question, in this case?

@ Factorization — does every SSRPM matrix have a generalized Cholesky
factorization?

Answer: Yes — because SSRPM,,(¢) C LPM,(¢) for all n,€!

@ The question that remains unanswered is. ..
Existence: Do SSRPM matrices exist for all n > 1 and all e € {£1}" 7

Answer: Known via numerical computations/search for n < 5.

Open for n > 6.

Apoorva Khare, IISc Bangalore

21



Riemannian metric, abelian Lie group, and
Riemannian, Lie group, and other structures Jacobian calculations; TPM matrices; inertia; SSRPM

erences

[1] Apoorva Khare and Prateek Kumar Vishwakarma.
Cholesky decomposition for symmetric matrices,
Riemannian geometry, and random matrices.
Preprint, 2025.

[2] Zhenhua Lin.
Riemannian geometry of Symmetric Positive
Definite matrices via Cholesky decomposition.
SIAM J. Matrix Anal. Appl., 2019.

Apoorva Khare, |ISc Bangalore 22



	The cone of LPM matrices
	Introduction
	Cholesky decomposition of LPM matrices

	Riemannian, Lie group, and other structures
	Riemannian metric, abelian Lie group, and…
	Jacobian calculations; TPM matrices; inertia; SSRPM


