PROBLEM SET: BROWNIAN MOTION

COMPILED BY MANJUNATH KRISHNAPUR

Problem 1. Let X ~ N,(0,%). Show that

n/2
E[Xl . Xn] = ZHO—MM,M,‘Q
M i=1

where the sum is over matchings M = {{Mi1, M1,}, {Mp1, Mpy}, ...} of theset {1,2,...,n}. For
example, if n = 4, the possible matchings are {{1,2},{3,4}}, {{1,3},{2,4}}, {{1,4},{2,3}}.

Problem 2. Let Z ~ N(0,1). Let f : R — R be a C! function such that |f(x)], | f'(x)| are bounded
by ¢ for some a < 1.

(1) Show that E[Zf'(Z)] = E[f(Z)].

(2) Deduce that E[Z?"] = 2n—1) x (2n —3) x ... x 3 x 1.

Problem 3. If X ~ N,(0,A) and Y ~ N, (0, B) are independent, what is the distribution of Zy =
cos X +sinfY, where 0 < 6 < 7.

Problem 4. Let Z ~ N(0,1). Show that for any 0 < p < 1, the shortest interval I = [a, b] such that
P{Z € I} = pis the one withb = —a.

Problem 5. For any interval I = [a,b], let V(I) = fab ¢ denote its “Gaussian volume” and let
S(I) = ¢(a) + ¢(b) (defined by taking limits if a = —oco or b = +c0) denotes its “Gaussian surface
area”. Show that among all intervals with given volume p € (0,1), the one with the least surface

area is of the form (—oo, b] or [a, ).

Problem 6. Let Z ~ N(0, 1). Derive the tail bounds
ce 2t < P{Z >t} < e 2t

for some ¢ > 0, as follows.

(1) Show that E[e??] = ¢®”/2 for t € R (in fact for ¢ € C) and hence deduce the upper bound.
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(2) Show that the Radon-Nikodym derivative of N(0,1) w.rt. N(t 1) is e **2 and hence
deduce that P{Z >t} > (®(a) — %)e_t(t+“)+%t2 for any t,a > 0. Deduce the lower bound.

Problem 7. Let y = p3 ® 2 @ ... be a product probability measure on RN, where j are probabil-

ity measures on RR.
(1) For any & > 0, show there is a compact K C RN such that u(K) > 1 —e.

(2) If each py gives strictly positive measure to each open subset of IR, show that the same is

true of y on RN.

Problem 8. Show that there is no probability measure y on C[0, 1] whose finite dimensional dis-
tributions are given by
Wiy, ty = Ky & Kty ®...® X,

where oy, 0 < t < 1, are given non-degenerate probability distributions on IR.

Problem 9. Let ty,...,t, > 0. Show that the following are equivalent.
(1) Wy,..., W, are jointly Gaussian with zero means and E[WiW]-] =t N\t forall i, .

(2) Wi, Wo — Wy, W3, Wy, ..., W,, — W,,_; are independent Gaussians with zero means and vari-

ances tq,tp —t1,t3 —to, ...ty — ty_1, respectively.

Problem 10. Let Z;, ..., Z, be ii.d. standard Gaussians and let M, = max{Z, ..., Z,}. Show that

P{M, > (1+¢)/2logn} < n~* for any ¢ > 0. Deduce that lim sup \/2412? <1las.

Problem 11. Let W be standard Brownian motion. Lets < t < u.
(1) Find the conditional distribution of W; given (W;, W,,).

(2) Find the conditional distribution of (Ws, W,,) given W;.

Problem 12. Suppose Xi, ..., Xp,41 are jointly Gaussian with zero means and covariance E[X;X;| =
t;ifi <j,where0 <t; <... < ty,41 are fixed.
(1) Conditional on Xj, X3, ..., X241, show that Xp, Xy, ..., Xy, are independent Gaussians
with
Xox ~ N((1 — ) Xog—1 + e Xokr1, k(1 — )

— _fa—hn

where ) = g
(2) Using the first part, describe how you would construct the random variables W (k/2™),
0 <k <2" and m > 0, from a sequence of i.i.d. standard Gaussian random variables.

Here W is Brownian motion.



[Remark: In class we used general facts about Gaussians to construct W(t), t € D, a dense count-
able subset of [0, 1]. This exercise gives an easier construction, specific to the particular covariance

structure of Brownian motion]

Problem 13. Let K : [0,1] x [0,1] — R be a positive definite kernel (meaning that (K(t;,t;)); < is
symmetric and positive definite forany n > 1andany 0 <t < ... <t, <1).
(1) Show that d(t,s) := \/K(t,t) + K(s,s) — 2K(t,s) is a metric on [0, 1].

(2) If X is a Gaussian process with mean zero and covariance K, what does the distance d mean

in terms of X?

[Note: Positive semi-definiteness of K is sufficient for this problem, except that d is then a pseudo

metric, not a metric.]

Problem 14. Let K and d be as in the previous problem. If d(t,s) < C|t — s|® for some C < oo and
¢ > 0, show that there exists a Gaussian process X = (X})c[o,1) With zero mean, covariance K and

such that t — X; is continuous a.s. (Use results proved in class).

Problem 15. If W is standard Brownian motion, show that forany 0 < t; < ... <,
1
P{Wt] < WtZ < ... < th} = 27

Deduce that almost surely, there is no interval of positive length on which W is increasing.

Problem 16. Let W be standard Brownian motion and let V ~ Exp(1) be independent of W.
Define X(t) = W(t) for t # V and X(V) = 0. Show that X and W have the same finite dimen-
sional distributions. But X is not a Brownian motion, does this not contradict what we said about

uniqueness of Brownian motion?

Problem 17. Let X(t) = W(t) —tW(1) for 0 < t < 1, where W is a Brownian motion. What are

the finite dimensional distributions of X?

Problem 18. Let ¢ : Ry — IRy be a strictly increasing continuous unbounded function with a

right derivative at 0. Let X(t) = W((P(S)/)t, a Gaussian process with zero means and Var(X;) = t.
9

Show that X is a Brownian motion if and only if ¢(¢) = at for some a > 0.

Problem 19. If W is SBM in d dimensions, for which v € R? is t (W(t),v) a SBM in one

dimension?



Problem 20. If W, B are standard Brownian motions on time interval [0,1], show that the fol-
lowing are also standard Brownian motions on [0,1]. (1) —W(t), 2) W(1 —¢t) — W(1), (3) (W(t) +
B(1)/V2, (4 Wty + (W(1/2) ~ B(1/2) + BO),. 1, 6) W(DL,o + (W(1/2) + B(t—1/2)1,. ;.

Problem 21. Let W = (W;)p<¢<1 be a standard Brownian motion and let 0 < s < 1 be fixed. Let
Xi=Wis—Wsfor0<t<1l—sand X; =W; —Ws +Wi_(1-y) for1—s <t < 1. Show that X is

a standard Brownian motion.

Problem 22. Let Wy be standard Brownian bridge. Fix s € (0,1) and define X(t) = Wy(t +s) —
Wo(s) for0 <t <1-—sand X(t) = Wo(t — (1 —s)) — Wyp(s) for 1 —s < t < 1. Show that X is also

a standard Brownian bridge.

Problem 23. Let W be standard Brownian motion in one dimension. Show that the distributions

of following pairs of C[0, 1]-valued random variables are singular.
(1) (Wi)o<t<1 and (2Wi)o<t<1.
(2) (Wi)o<t<1 and (War)o<t<1-
(3) (Wi)o<i<1 and (Wi + t1/4)g<i<1.

Problem 24. The fractional Brownian motion with index H € (0,1) is a stochastic process X =
(Xt)o<t<1 such that the finite dimensional distributions are jointly Gaussian with zero means and
covariances given by

1
E[X;X;] = E(t2H + 82— |t —s2H).

Show that such a process with continuous sample paths exists and the sample paths are Holder(y)
for every v < H. [Note: Assume that the given covariance is positive semi-definite. Showing that

is not straightforward.]

Problem 25. Use Kolmogorov-Centsov theorem directly to show that w.p.1., the Brownian bridge

and the Ornstein-Uhlenbeck processes are Hélder(% + ¢) for any € > 0 (restrict the time interval to
[0, 1]).

£2"]
Problem 26. Let Q,(t) := ¥ (W((k+1)/2") — W(k/2"))?> where W is standard BM. For fixed
k=0

t > 0, show that Q,(¢) s



Problem 27. Let Q,(t) be as in the previous problem. Show that (Q,(t)), is a reverse martingale
and hence deduce that Q,,(t) %3 t.

Problem 28. Let W be standard Brownian motion. Let f : Ry — R be a compactly supported
continuous function (this is more than needed). Show that Xy = fooo f(t)W(t)dt is a Gaussian
random variable and find its mean and variance. What is the covariance between X and X,?

Problem 29. Show that Wiener measure is tight. In other words, given € > 0, there is a compact
set K. C C[0,1] such that P{W € K} > 1 —e.

Problem 30. Show that any open subset of Cy[0,1] = {f € C[0,1] : f(0) = 0} has positive Wiener
measure. In other words, show that P{[|W — f||sup0,1] < €} > 0 forany f € Co[0,1] and any & > 0.

Problem 31. Let f € C[0,1] and W = (W;);<1 be SBM in one dimension. Show that W + f is
nowhere differentiable w.p.1.

Problem 32. Let W be Brownian motion and let Wy be Brownian bridge, both on [0,1]. If T < 1,
show that the distributions of (W (t))o<t<T and (Wy(t))o<t<T are mutually absolutely continuous.

Problem 33. Let W, be i.i.d. SBMs on [0,1]. Let W,, = W,, + f,, where f,, € C[0,1] with f,(0) = 0.
Let ¢ and 7 (probability measures on C[0, 1]N) be the distributions of (W, W5, ...) and (W1, Wa, .. )
respectively . Find conditions on ( f, ), under which i is absolutely continuous or singular to .

Problem 34. Let W = (W(t))>0 and f € C[0,00) with f(0) = 0. Show that the distribution of
W + f is absolutely continuous to the distribution of W if f(t) = fot ¢(s)ds for some g € L*(IR)
and singular otherwise. [Hint: You may use the previous problem]

Problem 35. If 4 and v are two probability measures on (Q), F) and dv = gdpu, the relative entropy
(also called Kullback-Leibler divergence) is defined as D(v||u) = [, glog g dv.

(1) Find D(pp||po) if pp = Ny(b, I;) for b € R,

(2) Find D(pgl|py) if py is the distribution of W + f, where W = (W;)o<;<1 is SBM and f is in
the Cameron-Martin space.



Problem 36. Let Wy be the Brownian bridge. For f € C[0,1] with f(0) = 0 = f(1), let s denote
the distribution of Wy + f. For which f are pf and pg singular and for which f are the mutually ab-
solutely continuous? [Note: Go over the proof of Cameron-Martin theorem and make appropriate

modifications]

Problem 37. Let f : [0,00) — R be a C! function. Show that

[ 0w = o - [ W

[Remark: Our definition of the Wiener integral on the left side was via approximation by step

functions.]

Problem 38. Let f € 1o, L?[0, T]. Let M; = fo s)and let A; = fo f?(s)ds. Show that M;
and M? — A; are both martingales.

Problem 39. Define the process X = (X(t))=0 by X(t) = [;~(s* = (s — )% )dW(s).
(1) Show that this is a well-defined process for —5 < a < 2
(2) Show that E[| X () — X(s)|?] = ca|t — s|* for some constant ¢, > 0.

(3) Deduce that X can be modified to become the fractional Brownian motion.

Problem 40. Recall that M; = max{W;:s < t}. Let T = min{t > 0: W; = M;}. Show that
W(T + t) — W(T) is not a Brownian motion.

Problem 41. Let T = max{t < 1: W; = 0}. Show that W(T +t) — W(T) is not a Brownian motion.
Problem 42. Let M = max{W; : 0 < t < 1}. Show that M has a continuous distribution.

Problem 43. Let T = min{t : W; = 1}. Show that 7 < o a.s.

Problem 44. Let f : R; — R4 be a function and let Vy = limsup; %

(1) Show that V¢ is a constant, a.s.
(2) Give a non-trivial f (strictly increasing function such that f(0) = 0) for which Vy = 0 a.s.

and another for which Vi =0 as.



Problem 45. Let W be 2-dimensional SBM. Show that the event that W[0,¢] C H for some ¢ > 0
and some half-space H has zero probability. [Note: A half-space is a set of the form H = {x €
R?: {x,u) > 0} for some unit vector u € R%.]

Problem 46. Let W be d-dimensional SBM. Show that W|0, €] N C # for any open cone C and any
e > 0, almost surely. By an open cone, we mean a set of the form {x € R” : (x,v) < r} for some

unit vector v and some r > 0 (in particular, the origin is not in the cone).

Problem 47. Let W be SBM. Show that almost surely, there exist (random) times t; > t, > ... = 0
such that W (t;) > t;j/‘l and W(tyj_1) < t%j/fl for all j.

Problem 48. Let Wy, ..., W, be independent Brownian motions started at x; < ... < x,. Let E
be the event that W;(t) # W;(t) for all i # j and for all t < T. Show that the joint density of

(Wi(T),...,Wu(T)) on the event E is equal to det(pr(y; — xi))ij<n at (y1,...,¥n) withy; < ... <

Yn. Here pr(z) = ﬁeﬂyn.

Problem 49. Does Blumenthal’s zero-one law hold for any RCLL process?

Problem 50. Let W be one-dimensional SBM and let Z, = {t: W(t) = x} for any x € R.
(1) Show that Z, is unbounded, a.s.

(2) Show that every point of Z, is an accumulation point.

Problem 51. Let R be the first zero of SBM after time ¢t = 1. What is the density of R? [Hint: Use
the arcsine law for the last zero on [0, 1]]

Problem 52. Let W; = (X;,Y;) be SBM in R?. Let T = inf{t : Y; = —1}. Show that X; has Cauchy
distribution with density W for some b > 0. [Note: In fact b = 1. Extra points if you can

show that!]

Problem 53. We know that W; and t((W;/+/t)? — 1) are martingales. Find similar martingales that
are of the form t9/2Q;(W;/+/t) where Q, is a polynomial of degree d, for d = 3, 4.

Problem 54. Let T = inf{t > 0: W(t) = 1 + 2t}. Show that P{7 < oo} < 1.



Problem 55. Let B be planar Brownian motion started at (1,1) and let T be the first time that B
hits one of the co-ordinate axes. Show that E[t7] < co if and only if p < 1.

Problem 56. Let 0 < 2 < x < b. Find the probability that Brownian motion started at x has
probability hits the parabola v/a + t before hitting the parabola v/b + t, and vice versa.

Problem 57. Let Wy be standard Brownian bridge and let T = arg max |[Wo(t)|. Show that T ~
Unif[0, 1]. o

Problem 58. Let A C IR? be a set of zero Lebesgue measure. Let W be SBM in d-dimensions. Show
that {t > 0: W(t) € A} has zero Lebesgue measure (in IR ), almost surely.

Problem 59. Let X; be a continuous, square integrable submartingale and assume (the fact) that
we can write X; = M; + A where M is a continuous martingale and A; is an increasing continuous
process.

(1) Compute E[X; | F;] and derive the formal relation %AHM‘M:O = %E[XH” | .7-}”

(2) Apply this to X; = (W2 — t)? to show that (W? — t)% — fot 4W2ds is a martingale.

u=0"

o(t)
—t )0§t<1

Problem 60. Let W° be standard Brownian bridge. Show that (V\ll is a martingale.

Problem 61. Let M; = maxo<s<; W; be the running maximum of Brownian motion.

(1) Show that P{Mr > b,/2Tloglog T} < Goe TP ; for large enough T.

(2) Letb > A > 1and let T, = A Show that MTk 1 < by/2Tyloglog Tj for all but finitely
many k, almost surely.

. Wf
(3) Conclude that hrtrL So};lp Vlogiogt <las

Problem 62. Let Z, be i.i.d. N(0,1) variables and form the series Fy(t) := v2 YN Z, S0t for
N>1landt € [0,1].

72
(1) Show that [Fy(t) = Fu(D)? < T wer 7+ 05" T | 775

(2) Deduce that E[|| Foy — FNHsup] < < for some g > 0and C < 0.

(3) Conclude that Fy converges uniformly on [0, 1], a.s. and hence defines a random continu-
ous function Fe.

(4) Use the identity }_,~; M = complete to say that Fs is a Brownian bridge.
8



Problem 63. Let j be a finite measure on [0,1] and let L(f) = [ fdpu.
(1) Show that L is continuous on C[0, 1].
(2) Conclude that [ S, (t)du(t) N J W(t)du(t). Here S, is the continuous piecewise linear
function that takes the values S;/+/n at times k/n, 0 < k < n, where S, = X7 + ...+ X;

with X i.i.d. with zero mean and unit variance.

% fort = % (for

0 <k < n)and let S, be linear in each interval [(k — 1) /n,k/n] so that S, is continuous.
(1) If ¢ € C[0,1], show that [ ¢(£)S,(£)dt 5 [} @(t)W(t)dt.

Problem 64. Let X; be i.i.d. with zero mean and unit variance and let S,,(t) =

n
(2) Use the first part to show that # Y kX 4N (0, 3).
k=1

Problem 65. Can you generalize the strategy in the previous problem to deduce that

1 < d
k=1

Problem 66. Let X be i.i.d. random variables. If ¢ € C[0,1], show that 5 Y7 | X,g(k/n) LN
N(0, 0?) for appropriate choice of p and ¢ (which you must find).

Problem 67. Let U, be i.i.d. Uniform|0, 1] and let F,(t) = % Y i—11u,<¢. Itis a fact that the RCLL
processes /n(F,(t) — t)o<t<1 converge in distribution to a C[0, 1]-valued random variable. Find
the limit.

Problem 68. Let y =0.46; +0.3 65+ 0.1 _3 + 0.2 §, (point masses 0.4,0.3,0.1,0.2at1, -2, -3,b

respectively).

(1) For what value of b does there exist a stopping time T with finite mean such that W(t) ~ u

and what is E[7] in that case?

(2) For the above choice of b, describe as explicitly as possible a stopping time 7 that does not

use any extra randomness other than W.

Problem 69. Find stopping time T(without randomization) so that W(t) ~ 1N(—2,1) + sN(2,1).



Problem 70. Let a < 0 < b and let 7 be the first time that a standard Brownian motion hits 4 or b.
Find E[7] and E[7?]. [Note: Do it for b = —a if not in general]

Problem 71. Prove Skorokhod embedding for finitely supported distributions by completing the
following induction step Let 4 = p16a, + ...+ pids, be a probability measure with zero mean.

(1) For k = 2 we may take T = 7, A Ty, (the standard gambler’s ruin problem).
(2) If k > 3, then find b such that P{7,, < 7,} = p1. Set T = 17,, on the event 7,, < 7. On

the complementary event, let T = 1, + 7/, where 7’ solves the embedding problem for the

reduced measure (supported on k — 1 points)

1
1_p (p25a2 b+ +pk5uk b)
w.r.t. the Brownian motion W (- + Tb> — W(t).
(3) From the explicit form of b and E[t'] = [ x?dv(x), check that E[t] = [ x?du(x

Problem 72. Let L(A) = A{t <1:W(t) € A} for A € B(R).
(1) Show that £(-) and E[L(-)] are measures.

(2) Find an expression for E[L(A)].

Problem 73. Let ¢ : R, — R, be an increasing continuous function. Let V,, = A{t > 0: W(t) >
¢(t)}-
(1) Give a reasonable sufficient condition on ¢ that ensures that V,, < co a.s.

(2) For ¢(t) = t, find E[V,;] and Var(V,,).

Problem 74. Let X;,;, 1 < j < n < oo, be a triangular array of random variables satisfying the

conditions of Lindeberg-Feller central limit theorem.

Problem 75. Show that H 7 is harmonic on R3\ {(0,0,0)} but (II 5 ”> is not a martingale for
3-dimensional standard Brownian motion. [Note: To contrast with the pomt that if u is harmonic

on all of R® and does not grow too fast, then u(B;) is a martingale.]

1Aditya Priya gave this beautiful method in a solution to a problem in the 2023 final exam.
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