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Preface

About the book

What is statistics and what is probability?

Sometimes statistics is described as the art or science of decision making in the face of
uncertainty. Here are some examples to illustrate what it means.EXAMPLE 1. Recall the apocryphal story of two women who go to King Solomon with achild, each claiming that it is her own daughter. The solution according to the story useshuman psychology and is not relevant to recall here. But is this a reasonable question thatthe king can decide?Daughters resemble mothers to varying degrees, and one cannot be absolutely sure ofguessing correctly. On the other hand, by comparing various features of the child with thoseof the two women, there is certainly a decent chance to guess correctly.If we could always get the right answer, or if we could never get it right, the questionwould not have been interesting. However, here we have uncertainty, but there is a decentchance of getting the right answer. That makes it interesting - particularly because therecould be worse methods and better methods. For example, we can have a debate between
eyeists and nosists and earists as to whether it is better to compare eyes or noses or ears inarriving at a decision.The decision is rather easy if one women is Japanese and the other is Kenyan. It getsharder if the two women are close relatives, because they themselves are similar and theirchildren may be expected to have similar features1.EXAMPLE 2. The IISc cricket team meets the Basavanagudi cricket club for a match.Unfortunately, the Basavanagudi team forgot to bring a coin to toss. The IISc captain helpfullyoffers his coin, but can he be trusted? What if he spent the previous night doctoring the coinso that it falls on one side with probability 3/4 (or some other number)?Instead of cricket, they could spend their time on the more interesting question of check-ing if the coin is fair or biased. Here is one way. If the coin is fair, in a large number oftosses, common sense suggests that we should get about equal number of heads and tails. Sothey toss the coin 100 times. If the number of heads is exactly 50, perhaps they will agree thatit is fair. If the number of heads is 90, perhaps they will agree that it is biased. What if thenumber of heads is 60? Or 35? Where and on what basis to draw the line between fair andbiased? Again we are faced with the question of making decision in the face of uncertainty.1Genetic testing is of course an almost error-free way of deciding, but here we imagine a time before 1950when we did not know the science or technology of DNA testing.
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EXAMPLE 3. A psychic claims to have divine visions unavailable to most of us. You areassigned the task of testing her claims. You take a standard deck of cards, shuffle it well andkeep it face down on the table. The psychic writes down the list of cards in some order -whatever her vision tells her about how the deck is ordered. Then you count the numberof correct guesses. If the number is 1 or 2, perhaps you can dismiss her claims. If it is 45,perhaps you ought to be take her seriously. Again, where to draw the line?The logic is this. Roughly one may say that surprise is just the name for our reaction toan event that we á priori thought to have low chance of occurring. Thus, we approach theexperiment with the belief that the psychic is just guessing at random, and if the results aresuch that under that random-guess-hypothesis they have very small probability, then we arewilling to be surprised, that is willing to discard our preconception and accept that she is apsychic.How low a probability is surprising? In the context of psychics, let us say, 1/10000. Oncewe fix that, we must find a number m ≤ 52 such that by pure guessing, the probability toget more than m correct guesses is less that 1/10000. Then we tell the psychic that if shegets more than m correct guesses, we accept her claim, and otherwise, reject her claim. Thisraises the following question.
QUESTION 4. For a deck of 52 cards, find the number m such that

P(by random guessing we get more than m correct guesses) < 110000 .
Summary: There are many situations in real life where one is required to make decisionsunder uncertainty. In particular, the psychic question shows us that we are required to cal-culate chances (under the assumption that the psychic is guessing at random). There are agreat many other situations where we are required to compute probabilities under specificassumptions. The results of these computations allow us to decide whether or not somethingthat has happened should be deemed extra-ordinary or was it to be expected anyway.For the sake of clarity, we may divide the task into two parts. One of computing prob-abilities under precise mathematical assumptions. Another of deciding what mathematicalassumptions are reasonable in a given situation. Once we agree on the second part (whatassumptions/models are reasonable), then we can use probability computations from the firstpart to make decisions in real-life problems. The first aspect is essentially the subject of prob-
ability, the second is the subject of statistics2. In this course, we first discuss the conceptsand techniques of probability and then come to a few of the kind of problems encounteredin statistics.
Probability: Probability theory is a branch of pure mathematics, and forms the theoreticalbasis of statistics. In itself, probability theory has some basic objects and their relations (likereal numbers, addition etc for analysis) and it makes no pretense of saying anything about

2These remarks are meant as a rough guide as we enter the course. Don’t mistake it for an all-encompassingdescription of the two fields!
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the real world (or makes the pretense of not saying anything about the real world). Axiomsare given and theorems are then deduced about these objects, just as in any other part ofmathematics.But a very important aspect of probability is that it is applicable. In other words, thereare many real-world situations in which it is reasonable to take a model in mathematicalprobability, and it turns out to reasonably replicate features of the real-world situation.In the example above, to compute the probability one must make the assumption that thedeck of cards was completely shuffled. In other words, all possible arrangements of the 52cards are assumed to be equally likely. Note that there are 52! ≈ 1068 such arrangements!Whether this assumption is reasonable or not depends on how well the card was shuffled,whether the psychic was able to get a peek at the cards, whether some insider is informingthe psychic of the cards etc. All these are non-mathematical questions, and must be decidedon other basis.This relationship between a mathematical model and the real world is no different thaninany other field of mathematics that applies to the real world. For example, Euclidean planegeometry is a branch of mathematics, based on clearly stated axioms. Triangles, rectangles,hexagons etc., are objects that are well-defined mathematical objects. In a real life situation,say when you are trying to figure out how much carpet is needed to cover a room, you mayinvoke one of these as a model for the room. For most rooms, a rectangle may be a goodmodel but not a triangle.
However...: Probability and statistics are very relevant in many situations that do not in-volve any uncertainty on the face of it. Sometimes we introduce randomness, or assumerandomness to do something or to analyse the situation. Here are some examples.

EXAMPLE 5. Sample survey. A news organization wishes to predict the outcome of anelection, a month before the election. Assuming that the voters have already decided who theywill vote for, there is no randomness in the situation. It is just that no one knows the minds ofthe voters, hence the result is unknown and we loosely say things like “candidate A may winor candidate B may win”, even though the result is already determined. To know the mindof the voters, the organization conducts an opinion poll - that is, they ask a small number ofpeople (“sample”) who they will vote for, and use that data to predict the percentage of votersfor various candidates. It turns out that reliable results are obtained only if the samples arechosen randomly from the population. Asking your family members or friends (or for lackof it, facebook friends) is guaranteed to give unreliable results.
EXAMPLE 6. Compression of data. Large files in a computer can be compressed to a .zipformat and uncompressed when necessary. How is it possible to compress data like this? Togive a very simple analogy, consider a long English word like invertebrate. If we take a noveland replace every occurrence of this word with “zqz”, then it is certainly possible to recoverthe original novel (since “zqz” does not occur anywhere else). But the reduction in size byreplacing the 12-letter word by the 3-letter word is not much, since the word invertebrate
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does not occur often. Instead, if we replace the 4-letter word “then” by “zqz”, then the totalreduction obtained may be much higher, as the word “then” occurs quite often.This suggests the following optimal way to represent words in English. The 26 mostfrequent words will be represented by single letters. The next 26 × 26 most frequent wordswill be represented by two letter words, the next 26× 26× 26 most frequent words by three-letter words, etc. Assuming there are no errors in transcription, this is a good way to reducethe size of any text document! Now, this involves knowing what the frequencies of occurrencesof various words in actual texts are. Such statistics of usage of words are therefore clearlyrelevant (and they could be different for biology textbooks as compared to 19th centurynovels).
EXAMPLE 7. There are situations where the question has no randomness, but we introducerandomness to solve something. This is true of many algorithms to search or sort or othertasks. This cannot be explained right now (and we may not go into it in this course), but letus give a simple reason to say why introducing randomness is a good idea in many situations.In the game of rock-paper-scissors, two people simultaneously shout one of the three words,rock, paper or scissors. The rule is that scissors beats paper, paper beats rock and rock beatsscissors (if they both call the same word, they must repeat). In a game like this, althoughthere is complete symmetry in the three items, it would be silly to have a fixed strategy.In other words, if you decide to always say rock, thinking that it doesn’t matter which youchoose, then your opponent can use that knowledge to always choose paper and thus win! Inmany games where the opponent gets to know your strategy (but not your move), the beststrategy would involve randomly choosing your move.
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Part 1

Probability





CHAPTER 1
The setting of discrete probability

1. Discrete probability spaces

DEFINITION 8. Let Ω be a finite or countable1 set. Let p : ΩÏ [0, 1] be a function such that∑
ω∈Ωp(ω) = 1. Then (Ω, p) is called a discrete probability space.

The set Ω is called the sample space and p(ω) (often we write pω for simplicity of notation)are called elementary probabilities.Any subset A ⊆ Ω is called an event. Its probability is defined as P(A) = ∑ω∈A pω .Any function X : ΩÏ R is called a random variable. For a random variable we define its
expected value or mean as E[X] = ∑

ω∈ΩX(ω)pω .
All of probability in one line
Take an (interesting) probability space (Ω, p) and an (interesting) event A ⊆ Ω. Find
P(A).
This is the mathematical side of the picture. It is easy to make up any number of probabilityspaces. Just take a finite set and assign positive numbers to each element of the set so thatthe total is 1. The simplest way is to take a finite set Ω and define p(ω) = 1#Ω for each ω ∈ Ω.
EXAMPLE 9. Let N ≥ 1 and let Ω = [N] (recall that [N] denotes the set {1, 2, . . . , N}). Let

p(ω) = 1
N for each ω ∈ [N]. This is clearly a valid probability space.

But to have any content, we must understand the situations where a probability spacecan be used. In the following section, we start with “real-life" contexts and write down theprobability spaces that could reasonably describe them. In the section after, we write downprobability spaces like above, and then try to imagine situations where they could be applicable.
1.1. Probability in the real world. In real life, there are often situations where thereare several possible outcomes but which one will occur is unpredictable in some way. Forexample, when we toss a coin, we may get heads or tails. In such cases we use words such as

probability or chance, event or happening, randomness etc. What is the relationship betweenthe intuitive and mathematical meanings of words such as probability or chance?In a given physical situation, we choose one out of all possible probability spaces that wethink captures best the chance happenings in the situation. The chosen probability space is
1For those unfamiliar with countable sets, it will be explained in some detail later.
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then called a model or a probability model for the given situation. Once the model has beenchosen, calculation of probabilities of events therein is a mathematical problem. Whetherthe model really captures the given situation, or whether the model is inadequate and over-simplified is a non-mathematical question. Nevertheless that is an important question, and canbe answered by observing the real life situation and comparing the outcomes with predictionsmade using the model2.Now we describe several random experiments (a non-mathematical term to indicate a“real-life” phenomenon that is supposed to involve chance happenings) in which the previouslygiven examples of probability spaces arise. Describing the probability space is the first stepin any probability problem.
EXAMPLE 10. Physical situation: Toss a coin. Randomness enters because the coin mayturn up head or tail and that it is inherently unpredictable. What is a good probability modelfor this situation?Since there are two outcomes, the sample space Ω = {0, 1} (we use 1 for heads and 0for tails, you may use any two symbols instead) is a clear choice. What about elementaryprobabilities? If the coin looks symmetrical, there is no reason to prefer one face over theother, so we are tempted to assign p0 = p1 = 12 . Then we have a probability model for thetossing of a fair coin.If the coin does not look symmetrical, we cannot decide by pure thought what the proba-bilities should be. It must come either from some theory or experiment. In general, we shallhave to take p1 = p and p0 = 1− p for some p ∈ [0, 1]. This is a valid probability space.There is always an approximation in going from the real-world to a mathematical model.For example, a real coin can land on its side. If the coin is very thick, then it might be closerto a cylinder which can land in three ways and then we would have to modify the model...
EXAMPLE 11. Toss n fair coins. Now the outcome of the experiment will tell us the resultof the first toss, of the second toss and so on. HenceΩ = {0, 1}n = {ω : ω = (ω1, . . . , ωn) with ωi = 0 or 1 for each i ≤ n}.Let pω = 2−n for each ω ∈ Ω. Since Ω has 2n elements, it follows that this is a valid assignmentof elementary probabilities.
Can the probability space in Example 11 serve as a good model for the tossing of the samecoin, n times in succession? The answer is yes, provided that the coin forgets the outcomeson the previous tosses. While that may seem obvious, it would be violated if our “coin” wasa hollow lens filled with a semi-solid material like glue (then, depending on which way the
2Roughly speaking we may divide the course into two parts according to these two issues. In the probabilitypart of the course, we shall take many such models for granted and learn how to calculate or approximatelycalculate probabilities. In the statistics part of the course we shall see some methods by which we can arrive atsuch models, or test the validity of a proposed model. Do not take this division too seriously.
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coin fell on the first toss, the glue would settle more on the lower side and consequently thecoin would be more likely to fall the same way again). This is a coin with memory!
EXAMPLE 12. Randomly throw r distinguishable balls into m labelled bins. The outcomeof this experiment will tell us for each ball which urn/bin it went into. HenceΩ = {ω : ω = (ω1, . . . , ωr) with 1 ≤ ωi ≤ m for each i ≤ r}.The cardinality of Ω is mr (since each co-ordinate ωi can take one of m values). Hence, if weset pω = m−r for each ω ∈ Ω, we get a valid probability space.
The next example is more involved and interesting.
EXAMPLE 13. Real-life situation: Imagine a man-woman pair. Their first child is random,for example, the sex of the child, or the height to which the child will ultimately grow,etc cannot be predicted with certainty. How to make a probability model that captures thesituation?

A possible probability model: Let there be n genes in each human, and each of the genescan take two possible values (Mendel’s “factors”), which we denote as 0 or 1. Then, let Ω =
{0, 1}n = {x = (x1, . . . , xn) : xi = 0 or 1}. In this sense, each human being can be encoded asa vector in {0, 1}n .To assign probabilities, one must know the parents. Let the two parents have gene se-quences a = (a1, . . . , an) and b = (b1, . . . , bn). Then the possible offsprings gene sequencesare in the set Ω0 := {x ∈ {0, 1}n : xi = ai or bi, for each i ≤ n}. Let L := #{i : ai 6= bi}.Then #Ω0 = 2L .One possible assignment of probabilities is that each of these offsprings is equally likely.In that case we can capture the situation in the following probability models.(1) Let Ω0 be the sample space and let px = 2−L for each x ∈ Ω0.

(2) Let Ω be the sample space and let
px =

2−L if x ∈ Ω00 if x 6∈ Ω0.
The second one has the advantage that if we change the parent pair, we don’t have to changethe sample space, only the elementary probabilities. What are some interesting events? Hy-pothetically, the susceptibility to a disease X could be determined by the first ten genes, saythe person is likely to get the disease if there are at-most four 1s among the first ten. Thiswould correspond to the event that A = {x ∈ Ω0 : x0 + . . . + x10 ≤ 4}. (Caution: As far as Iknow, reading the genetic sequence to infer about the phenotype is still an impractical taskin general).

Reasonable model? There are many simplifications involved here. Firstly, genes aresomewhat ill-defined concepts, better defined are nucleotides in the DNA (and even thenthere are two copies of each gene). Secondly, there are many “errors” in real DNA, even
13



the total number of genes can change, there can be big chunks missing, a whole extrachromosome etc. Thirdly, the assumption that all possible gene-sequences in Ω0 are equallylikely is incorrect - if two genes are physically close to each other in a chromosome, thenthey are likely to both come from the father or both from the mother. Lastly, if our interestoriginally was to guess the eventual height of the child or its intelligence, then it is not clearthat these are determined by the genes alone (environmental factors such as availability offood etc. also matter). Finally, in case of the problem that Solomon faced, the informationabout genes of the parents was not available, the model as written would be useless.
REMARK 14. We have discussed at length the reasonability of the model in this exampleto indicate the significant effort needed to find a sufficiently accurate but also reasonablysimple probability model for a real-world situation. Henceforth, we shall omit such caveatsand simply switch back-and-forth between a real-world situation and a reasonable-lookingprobability model as if there is no difference between the two. However, thinking about theappropriateness of the chosen models is much encouraged.

2. Examples of discrete probability spaces

Let us start with two important examples of that include many other examples, althoughthat may not be apparent on the surface.
EXAMPLE 15. Sampling with replacement from a population. Define Ω = {ω ∈ [N]k : ωi ∈[N] for 1 ≤ i ≤ k} with pω = 1/Nk for each ω ∈ Ω. Here [N] is the population (so the sizeof the population is N) and the size of the sample is k. Often the language used is of a boxwith N coupons from which k are drawn with replacement. That is, coupons are drawn oneafter another, and after each draw the coupon is returned to the box before the next one isdrawn. Here are many examples that are special cases of this:
(1) Toss k fair coins (Example 11). This is sampling with replacement from {0, 1}, where0 stands for tail and 1 stands for head.
(2) Roll a fair die k times. This is sampling with replacement from {1, 2, . . . , 6}.
(3) Throw r balls uniformly at random into m bins (Example 12). Here N = m and

k = r.
(4) Record birthdays in a group of k people. Here N = 365. Of course, simplificationsare involved, such as ignoring the leap years, ignoring the possibility of there beingtwins in the group, assuming that all days of the year are equally likely to be abirthday, and so on.
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EXAMPLE 16. Sampling without replacement from a population. Now we takeΩ = {ω ∈ [N]k : ωi are distinct elements of [N]} ,
pω = 1

N(N − 1) . . . (N − k + 1) for each ω ∈ Ω.
Here are some special cases of sampling without replacement.(1) Deal 5 cards from a shuffled deck. Here N = 52 (population size) and k = 5 (samplesize). Although you may feel that what is dealt is an unordered set, there is no harmin thinking of it as an ordered tuple, by drawing the cards one after another.
(2) Conduct a survey by sampling 100 people from a population of 10000 people. Here

N = 10000 and k = 100.
(3) Students in a class of 25 stand in a line. Here N = 25 and k = 25.
(4) Throw k balls randomly into N bins, where each bin has a capacity of at most one.

EXAMPLE 17. Non-uniform sampling. In Example 15 and Example 16 we assumed that allcoupons are equally likely to show up on any draw. We can allow for more general situationwhere there are numbers a1, . . . , aN ≥ 0 such that a1 + . . . + aN = 1. This does not changethe sample spaces, but the elementary probabilities do change.
I Sampling k times with replacement: Ω = [N]k and p(ω) = aω1aω2 . . . aωk for ω =(ω1, . . . , ωk). It can also be written as ar1(ω)1 ar2(ω)2 . . . arN (ω)

N where rj (ω) = ∑N
i=1 1ωi=j(number of times jth coupon is drawn).

I Sampling k times without replacement: Ω = {ω ∈ [N]k : ωi are distinct elements of [N]}and p(ω) = aω1 aω21−aω1
aω31−(aω1+aω2 ) . . . aωk1−(aω1+...+aωk−1 ) .In both cases, one can check that p(ω) do sum up to 1, by summing over ωk , then over ωk−1and so on.

EXAMPLE 18. Shuffle a deck of 52 cards. This is a special case of sampling withoutreplacement with N = k = 52. Therefore, Ω = S52, the set of all permutations3 of [52] and
p(π) = 152! for π ∈ S52.

EXAMPLE 19. Place r indistinguishable balls in m distinguishable urns at random. Nowwe come to the case when the balls are indistinguishable. Since the balls are indistinguishable,we can only count the number of balls in each urn. The sample space isΩ = {(`1, . . . , `m) : `i ≥ 0, `1 + . . .+ `m = r}.
3We use the notation [n] to denote the set {1, 2, . . . , n}. A permutation of [n] is a vector (i1, i2, . . . , in) where

i1, . . . , in are distinct elements of [n], in other words, they are 1, 2, . . . , n but in some order. Mathematically, wemay define a permutation as a bijection π : [n] Ï [n]. Indeed, for a bijection π , the numbers π(1), . . . , π(n) arejust 1, 2, . . . , n in some order.
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We give two proposals for the elementary probabilities.
(1) (Maxwell-Boltzmann statistics): Let pMB(`1,...,`m) = r!

`1!`2!...`m! 1
mr . These are the probabilitiesthat result if we place r labelled balls in m labelled urns (which is a special case ofsampling with replacement r times from a [m]), and then erase the labels on theballs.

(2) (Bose-Einstein statistics): Let pBE(`1,...,`m) = 1(m+r−1
m−1 ) for each (`1, . . . , `m) ∈ Ω. Elementaryprobabilities are chosen so that all distinguishable configurations are equally likely.

That these are legitimate probability spaces depend on two combinatorial facts.
EXERCISE 20. (1) Let (`1, . . . , `m) ∈ Ω. Show that the number of ways to place rdistingushale balls into m bins so that there are exactly `j balls in the jth bin is equalto r!

`1!`2!...`m! . Hence or otherwise, show that ∑
ω∈ΩpMB

ω = 1.
(2) Show that #Ω = (m+r−1

m−1 ). Hence, ∑
ω∈ΩpBEω = 1.

The two models are clearly different. Which one captures reality? We can arbitrarilylabel the balls for our convenience, and then erase the labels in the end. This clearly yieldselementary probabilities pMB . Or to put it another way, pick the balls one by one and assignthem randomly to one of the urns. This suggests that pMB is the “right one”.This leaves open the question of whether there is a natural mechanism of assigning ballsto urns so that the probabilities pBE shows up. No such mechanism has been found. Butthis probability space does occur in the physical world. If r photons (“indistinguishable balls”)are to occupy m energy levels (“urns”), then empirically it has been verified that the correctprobability space is the second one!4
EXAMPLE 21. Toss a coin till a head turns up. Ω = {1, 01, 001, 0001, . . .} ∪ {0̄}. Let uswrite 0k1 = 0 . . . 01 as a short form for k zeros (tails) followed by 1 and 0̄ stands for thesequence of all tails. Let p ∈ [0, 1]. Then, we set p0k1 = qkp for each k ∈ N. We also set

p0̄ = 0 if p > 0 and p0̄ = 1 if p = 0. This is forced on us by the requirement that elementaryprobabilities add to 1.Let A = {0k1 : k ≥ n} be the event that at least n tails fall before a head turns up. Then
P(A) = qnp + qn+1p + . . . = qn .

4The probabilities pMB and pBE are called Maxwell-Boltzmann statistics and Bose-Einstein statistics. Thereis a third kind, called Fermi-Dirac statistics which is obeyed by electrons. For general m ≥ r, the sample spaceis ΩFD = {(`1, . . . , `m) : `i = 0 or 1 and `1 + . . . + `m = r} with equal probabilities for each element. In words, alldistinguishable configurations are equally likely, with the added constraint that at most one electron can occupyeach energy level.
16



EXAMPLE 22. Gibbs measures. Let Ω be a finite set and let H : Ω Ï R be a function.Fix β ≥ 0. Define Zβ = ∑
ω e−βH(ω) and then set pω = 1

Zβ e
−βH(ω). This is clearly a validassignment of probabilities.This is a class of examples from statistical physics. In that context, Ω is the set of allpossible states of a system and H(ω) is the energy of the state ω. In mechanics a systemsettles down to the state with the lowest possible energy, but if there are thermal fluctuations(meaning the ambient temperature is not absolute zero), then the system may also be foundin other states, but higher energies are less and less likely. In the above assignment, for twostates ω and ω′, we see that pω/pω′ = eβ(H(ω′)−H(ω)) showing that higher energy states are lessprobable. When β = 0, we get pω = 1/|Ω|, the uniform distribution on Ω. In statistical physics,

β is equated to 1/κT where T is the temperature and κ is Boltzmann’s constant.Different physical systems are defined by choosing Ω and H differently. Hence thisprovides a rich class of examples which are of great importance in probability.
It may seem that probability is trivial, since the only problem is to find the sum of pω for

ω belonging to the event of interest. This is far from the case. The following example is anillustration.
EXAMPLE 23. Percolation. Fix m,n and consider a rectangle in Z2, R = {(i, j) ∈ Z2 : 0 ≤

i ≤ n, 0 ≤ j ≤ m}. Draw this on the plane along with the grid lines. We see (m + 1)nhorizontal edges and (n + 1)m vertical edges. Let E be the set of N = (m + 1)n + (n + 1)medges and let Ω be the set of all subsets of E . Then |Ω| = 2N . Let pω = 2−N for each ω ∈ Ω.An interesting event is
A = {ω ∈ Ω : the subset of edges in ω

connect the top side of R to the bottom side of R}.
This may be thought of as follows. Imagine that each edge is a pipe through which watercan flow. However each tube may be blocked or open. ω is the subset of pipes that are open.Now pour water at the top of the rectangle R. Will water trickle down to the bottom? Theanswer is yes if and only if ω belongs to A.Finding P(A) is a very difficult problem. When n is large and m = 2n, it is expected that

P(A) converges to a specific number, but proving it is an open problem as of today!5
We now give two non-examples.
EXAMPLE 24. A non-example - Pick a natural number uniformly at random. Thesample space is clearly Ω = N = {1, 2, 3, . . .}. The phrase “uniformly at random” suggeststhat the elementary probabilities should be the same for all elements. That is pi = p for all

i ∈ N for some p. If p = 0, then ∑i∈N pi = 0 whereas if p > 0, then ∑i∈N pi = ∞. This
5In a very similar problem on a triangular lattice, it was proved by Stanislav Smirnov (2001) for which hewon a fields medal. Proof that computing probabilities is not always trivial!
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means that there is no way to assign elementary probabilities so that each number has thesame chance to be picked.This appears obvious, but many folklore puzzles and paradoxes in probability are basedon the faulty assumption that it is possible to pick a natural number at random. For example,when asked a question like “What is the probability that a random integer is odd?”, manypeople answer 1/2. We want to emphasize that the probability space has to be defined first,and only then can probabilities of events be calculated. Thus, the question does not makesense to us and we do not have to answer it!6
EXAMPLE 25. Another non-example - Throwing darts. A dart is thrown at a circulardart board. We assume that the dart does hit the board but were it hits is “random” in thesame sense in which we say the a coin toss is random. Intuitively this appears to make sense.However our framework is not general enough to incorporate this example. Let us see why.The dart board can be considered to be the disk Ω = {(x, y) : x2 + y2 ≤ r2} of givenradius r. This is an uncountable set. We cannot assign elementary probabilities p(x,y) for each(x, y) ∈ Ω in any reasonable way. In fact the only reasonable assignment would be to set

p(x,y) = 0 for each (x, y) but then what is P(A) for a subset A? Uncountable sums are not welldefined.We need a branch of mathematics called measure theory to make proper sense of un-countable probability spaces. This will not be done in this course although we shall later saya bit about the difficulties involved. The same difficulty shows up in the following “randomexperiments” also.
(1) Draw a number at random from the interval [0, 1]. Ω = [0, 1] which is uncountable.
(2) Toss a fair coin infinitely many times. Ω = {0, 1}N := {ω = (ω1, ω2, . . .) : ωi =0 or 1}. This is again an uncountable set.

REMARK 26. In one sense, the first non-example is almost irredeemable but the secondnon-example can be dealt with, except for technicalities beyond this course. We shall latergive a set of working rules to work with such “continuous probabilities”. Fully satisfactorydevelopment will have to wait for a course in measure theory.
6For those interested, there is one way to make sense of such questions. It is to consider a sequence ofprobability spaces Ω(n) = {1, 2, . . . , n} with elementary probabilities p(n)

i = 1/n for each i ∈ Ωn . Then, for a subset
A ⊆ Z, we consider Pn(A∩Ωn) = #(A∩ [n])/n. If these probabilities converge to a limit x as n Ï ∞, then we couldsay that A has asymptotic probability x. In this sense, the set of odd numbers does have asymptotic probability1/2, the set of numbers divisible by 7 has asymptotic probability 1/7 and the set of prime numbers has asymptoticprobability 0. However, this notion of asymptotic probability has many shortcomings. Many subsets of naturalnumbers will not have an asymptotic probability, and even sets which do have asymptotic probability fail to satisfybasic rules of probability that we shall see later. Hence, we shall keep such examples out of our system.
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3. Some probability calculations

PROBLEM 27. A coin is tossed n times. What is the probability that one gets exactly kheads?This is a special case of sampling with replacement n times from {1, 2}. If the coin hasprobability p of falling head, then a1 = p and a0 = q (where q = 1 − p). Hence Ω = {0, 1}nand pω = p
∑

i ωiqn−
∑

i ωi (observe that ∑i ωi is the number of heads and ∑i(1 − ωi) is thenumber of tails).The event of interest is Bk = {ω : ∑n
i=1 ωi = k}. For each ω ∈ B, we have p(ω) = pkqn−kand there are (nk) elements in Bk . Therefore P(Bk) = (n

k
)
pkqn−k . These numbers are calledbinomial probabilities, due to the appearance of the binomial coefficients. We shall encounterthem repeatedly in the course.

PROBLEM 28. A die is rolled n times. What is the chance that the face j turns up nj times,for j = 1, 2, . . . , 6.This is sampling with replacement n times from [6]. Hence Ω = [6]n . Let pj denote theprobability of the jth face turning up on a roll (so p1+. . .+p6 = 1). Then, p(ω) = pr1(ω)1 . . . pr6(ω)6 ,where rj (ω) = 1ω1=j + . . . + 1ωn=j is the number of times the jth face turns up. The event ofinterest is A = {ω : rj (ω) = nj for 1 ≤ j ≤ 6}.Assume that n1 + . . . + n6 = n (otherwise P(A) = 0). If ω ∈ A, then p(ω) = pω1 . . . pωn =
pn11 . . . pn66 . Although elements of Ω may have different elementary probabilities, all elementsof A have exactly the same elementary probability! The number of elements in A is n!

n1!...n6!(why?). Therefore,
P(A) = n!

n1! . . . n6!pn11 . . . pn66 .

More generally, consider the problem of throwing r distinguishable balls at random into mlabelled bins where each ball can fall into the bins with probabilities p1, . . . , pm . Then, theprobability that we have exactly rj balls in the jth bin, for 1 ≤ j ≤ m, is given by
r!

r1! . . . rm!pr11 . . . prmm .

These are called multinomial probabilities.
PROBLEM 29. In a party there are k people. Here are some events of interest.
I All the people are born in the same month.
I At least two people have the same birthday.
I Every month has someone’s birthday.

The third one requires some new ideas, we deal with it after we talk about inclusion-
exclusion (but you are encouraged to try it first!). We work out the first and second. The firstis really a simple exercise, but the second one is a famous problem known as the birthday
problem or birthday paradox, because of the surprising answer.
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FIGURE 1. Frequencies of birthdays in the United States of America from 1969to 1988. Data taken from Andrew Gelman.

First we write down the probability space, which is the one of sampling k times withreplacement from [N] where N = 365. We ignore leap year and assume that all days of theyear are equally likely to be birthdays (see Figure 3). Thus, Ω = [N]k and p(ω) = N−k for all
ω ∈ Ω.
I Let di be the number of days in the ith month, for 1 ≤ i ≤ 12. The event A thatall n people are born in the same month is the disjoint union of A1, . . . , A12, where Ai isthe event that all n people are born in the ith month. It is clear that #Ai = dki , and hence#A = dk1 + . . .+ dk12. Therefore,

P(A) = 1
Nk (dk1 + . . .+ dk12).

To get an idea of its value, take di = N/12 for simplicity. Then P(A) = 112k−1 . Even for k = 6,this chance is smaller than 10−5.
I The event of interest is that there is at least one day of the year that has at least twobirthdays. In other words,

B = {ω = (ω1, . . . , ωk) : ωi = ωj for some i 6= j}.

It is difficult to count the number of elements in B (you are encouraged to try!). Turns out, itis easier to count the complementary event
Bc = {ω = (ω1, . . . , ωk) : ω1, . . . , ωk are distinct}.
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Indeed, the cardinality of Bc is N(N−1) . . . (N−k+1), whence #B = #Ω−#Bc = Nk−N(N−1) . . . (N − k + 1). Thus,
P(B) = 1− N(N − 1) . . . (N − k + 1)

Nk = 1− k−1∏
j=1
(1− j

N

)
.

If k > N , the probability is obviously one. The reason this is called a “paradox” is that even for
k much smaller than N , the probability becomes significantly large. Recalling that N = 365,here are the probabilities for a few special cases7.

k 5 15 25 35 45
P(B) 0.027 0.253 0.569 0.814 0.941

The surprise is that the probability is much higher than what most people expect. Most peoplecompare the number of people, say 25, to the number of days which is 365. What matters isthe number of pairs of people (since any pair can have the same birthday with a chance of1/365), which is (252 ) = 300 which is comparable to 365.
I The third event of having a birthday in each month requires a new idea, that of

inclusion-exclusion principle. We shall see it later.
EXAMPLE 30. “Psychic” guesses a deck of cards. The sample space is Ω = S52×S52 andif the person is guessing at random, then p(π,σ ) = 1/(52!)2 for each pair (π, σ ) of permutations.In a pair (π, σ ), the permutation π denotes the actual order of cards in the shuffled deck, and

σ denotes the order guessed by the psychic.An interesting random variable is the number of correct guesses. This is the function
X : Ω Ï R defined by X(π, σ ) = ∑52

i=1 1πi=σi . Correspondingly we have the events Ak =
{(π, σ ) : X(π, σ ) ≥ k}, which is the event of getting at least k guesses right.

7These computations can be done exactly on a computer. But here is a useful idea. For |x| ≤ 12 we have
e−x−x2 ≤ 1− x ≤ ex (the right side inequality holds for all x ∈ R). Therefore, P(B) ≥ 1−∏k−1

j=1 e− j
N = 1− e− k(k−1)2N .Similarly you can get an upper bound.
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4. Countable and uncountable

DEFINITION 31. An set Ω is said to be finite if there is an n ∈ N and a bijection from Ωonto [n]. An infinite set Ω is said to be countable if there is a bijection from N onto Ω.
Generally, the word countable also includes finite sets. If Ω is an infinite countable set,then using any bijection f : NÏ Ω, we can list the elements of Ω as a sequence

f (1), f (2), f (3) . . .so that each element of Ω occurs exactly once in the sequence. Conversely, if you can writethe elements of Ω as a sequence, it defines an injective function from natural numbers ontoΩ (send 1 to the first element of the sequence, 2 to the second element etc).
EXAMPLE 32. The set of integers Z is countable. Define f : NÏ Z by

f (n) =
12n if n is even.
−12 (n − 1) if n is odd.

It is clear that f maps N into Z. Check that it is one-one and onto. Thus, we have found abijection from N onto Z which shows that Z is countable. This function is a formal way ofsaying the we can list the elements of Z as0,+1, −1,+2, −2,+3, −3, . . . .It is obvious, but good to realize there are wrong ways to try writing such a list. For example,if you list all the negative integers first, as −1, −2, −3, . . ., then you will never arrive at 0 or1, and hence the list is incomplete!
EXAMPLE 33. The set N×N is countable. Rather than give a formula, we list the elementsof Z× Z as follows.(1, 1), (1, 2), (2, 1), (1, 3), (2, 2), (3, 1), (1, 4), (2, 3), (3, 2), (4, 1), . . .The pattern should be clear. Use this list to define a bijection from N onto N× N and henceshow that N× N is countable.
EXAMPLE 34. The set Z×Z is countable. This follows from the first two examples. Indeed,we have a bijection f : NÏ Z and a bijection g : N×NÏ N. Define a bijection F : Z×ZÏ N×Nby F (n,m) = f (g(f−1(n), f−1(m))). Then, F is one-one and onto. This shows that Z×Z is indeedcountable.
EXAMPLE 35. The set of rational numbers Q is countable. Recall that rational numbersother than 0 can be written uniquely in the form p/q where p is a non-zero integer and qis a strictly positive integer, and there are no common factors of p and q (this is called the

lowest form of the rational number r). Consider the map f : QÏ Z× Z defined by
f (r) =

(0, 1) if r = 0(p, q) if r = p
q in the lowest form.
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Clearly, f is injective and hence, it appears that Z × Z is a “bigger set” than Q. Next definethe function g : ZÏ Q by setting g(n) = n. This is also injective and hence we may say that“Q is a bigger set than N.But we have already seen that N and Z×Z are in bijection with each other, in that sense,they are of equal size. Since Q is sandwiched between the two it ought to be true that Q hasthe same size as N, and thus countable.This reasoning is not incorrect, but an argument is needed to make it an honest proof.This is indicated in the Schröder-Bernstein theorem stated later. Use that to fill the gap inthe above argument, or alternately, try to directly find a bijection between Q and N.
EXAMPLE 36. The set of real numbers R is not countable. The extraordinarily proof ofthis fact is due to Cantor, and the core idea, called the diagonalization trick is one that canbe used in many other contexts.Consider any function f : N Ï [0, 1]. We show that it is not onto, and hence not abijection. Indeed, use the decimal expansion to write a number x ∈ [0, 1] as 0.x1x2x3 . . . where

xi ∈ {0, 1, . . . , 9}. Write the decimal expansion for each of the numbers f (1), f (2), f (3), . . . . asfollows.
f (1) = 0.X1,1X1,2X1,3 . . .
f (2) = 0.X2,1X2,2X2,3 . . .
f (3) = 0.X3,1X3,2X3,3 . . .
· · · · · · · · · · · ·

Let Y1, Y2, Y3, . . . be any numbers in {0, 1, . . . , 9} with the only condition that Yi 6= Xi,i . Clearlyit is possible to choose Yi like this. Now consider the number y = 0.Y1Y2Y3 . . . which is anumber in [0, 1]. However, it does not occur in the above list. Indeed, y disagrees with f (1) inthe first decimal place, disagrees with f (2) in the second decimal place etc. Thus, y 6= f (i) forany i ∈ N which means that f is not onto [0, 1].Thus, no function f : NÏ [0, 1] is onto, and hence there is no bijection from N onto [0, 1]and hence [0, 1] is not countable. Obviously, if there is no onto function onto [0, 1], therecannot be an onto function onto R. Thus, R is also uncountable.
EXAMPLE 37. Let A1, A2, . . . be subsets of a set Ω. Suppose each Ai is countable (finite isallowed). Then ∪iAi is also countable. We leave it as an exercise. [Hint: If each Ai is countablyinfinite and pairwise disjoint, then ∪Ai can be thought of as N× N].
LEMMA 38 (Schröder-Bernstein). Let A, B be two sets and suppose there exist injective

functions f : A Ï B and g : B Ï A. Then, there exists a bijective function h : A Ï B.

This makes it much easier to show that a set is countable as it is generally easier to findinjections in both directions than to find a bijection. Before sketching a proof (irrelevant tothe rest of the course), let us make a general definition.
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DEFINITION 39. Let A and B be sets. We say that the cardinality of A is at most thecardinality of B and write |A| ≤ |B| if there is an injection from A into B. If there is abijection from A onto B, then we say that A and B have the same cardinality and write
|A| = |B|.

In these terms, the Schröder-Bernstien theorem can be rephrased as saying that if |A| ≤
|B| and |B| ≤ |A|, then |A| = |B|. We omit the proof of the Schröder-Bernstien theoremas itis irrelevant to the rest of the course8.So far, we have seen many countable sets and some uncountable ones such as R. Cantor’sdiagonalization method can be adapted to show that given any set A, there is a set of strictlylarger cardinality. Recall that the power set of a set A is the set of all subsets of A. We denoteit by P(A).

PROPOSITION 40. If A is a non-empty set, then there is no surjective function from A onto
P(A).

PROOF. Let f : A Ï P(A) be a function. Let S = {x ∈ A : x 6∈ f (x)}. Then S ∈ P(A), butthere it is not in the range of f . On the contrary, if it were, say S = f (y), then either y ∈ Sor y 6∈ S. But by the definition of S, if y ∈ S, then S should not contain y and if y 6∈ S, then
S should contain y! Thus S 6= f (y) for any y , showing that f is not a surjection. �

On first sight this looks different from Cantor’s diagonalization trick, but it is in fact thesame. If A = N, subsets of A can be identified with sequences of zeros and ones in theobvious fashion (one in the kth position means k belongs to the subset). Thus, we may write
f (n) = (xn,1, xn,2, . . .) where xn,j ∈ {0, 1}. The diagonalization procedure constructs a newsequence y such that yn 6= xn,n , which means that yn = 1 if xn,n = 0 and yn = xn,n = 0. Theassociated subset {n : yn = 1} is precisely the set S in the above proof.

5. On infinite sums

There were some subtleties in the definition of probabilities which we address now. Thedefinition of P(A) for an event A and E[X] for a random variable X involve infinite sums(when Ω is countably infinite). In fact, in the very definition of probability space, we had thecondition that ∑ω pω = 1, but what is the meaning of this sum when Ω is infinite? In this
8For those interested, we describe the idea of the proof somewhat informally. Consider the two sets A and

B (assumed to have no common elements) and draw a blue arrow from each x ∈ A to f (x) ∈ B and a red arrowfrom each y ∈ B to g(y) ∈ A. Start at any x ∈ A or y ∈ B and follow the arrows in the forward and backwarddirections. There are only three possibilities (this uses the fact that f and g are injections)(1) The search closes, and we discover a cycle of alternating blue and red arrows.
(2) The backward search ends after finitely many steps and the forward search continues forever.
(3) Both the backward and forward searches continue forever.In the first and third case, just use the blue arrows to define the function h. In the second case, if the first elementof the chain is in A, then use the blue arrows, and if the first element is in B, then use the red arrows (but inreverse direction) to define the function h. Check that the resulting function is a bijection!
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section, we make precise the notion of infinite sums. In fact we shall give two methods ofapproach, it suffices to consider only the first.
5.1. First approach. Let Ω be a countable set, and let f : Ω Ï R be a function. We wantto give a meaning to the infinite sum ∑

ω∈Ω f (ω). First we describe a natural attempt and thenaddress the issues that it leaves open. To avoid discussion of trivialities, assume that Ω is aninfinite set.
The idea: By definition of countability, there is a bijection φ : N Ï Ω which allows us to listthe elements of Ω as ω1 = φ(1), ω2 = φ(2), . . .. Consider the partial sums xn = f (ω1) + f (ω2) +
. . . + f (ωn). If limnÏ∞ xn exists and is equal to L, we could define L to be the infinite sum∑

ω∈Ω f (ω).The problem is that this may depend on the bijection φ chosen. For example, if ψ :
N Ï Ω is a different bijection, we would write the elements of Ω in a different sequence
ω′1 = ψ(1), ω′2 = ψ(2), . . ., the partial sums yn = f (ω′1) + . . . + f (ω′n) and then define ∑ω∈Ω f (ω)as the limit L′ = lim

nÏ∞
(f (ω′1) + . . .+ f (ω′n)).Is it necessarily true that L = L′? Not in general, as an example given later shows. But ifall arrangements do give the same limit, then there is no ambiguity.

DEFINITION 41. Suppose that limnÏ∞(f (φ(1) + . . .+ φ(n))) exists and has the same value Lfor all bijections φ : NÏ Ω, then we say that ∑ω∈Ω f (ω) converges and has the value L.
While unambiguous, this appears impossible to check! How can we go over all bijectionsfrom N to Ω and check that they give the same answer. This is where the following theoremcomes in handy.
THEOREM 42. Let f : ΩÏ R where Ω is countable. The following are equivalent:

(1)
∑

ω∈Ω f (ω) converges according to Definition 41.

(2) For some bijection ψ : NÏ Ω, the series
∑

n |f (ψ(n))| converges.

The second condition is called absolute convergence. We only give a proof that (2) ÍÑ (1),which is the useful part. The reason for (1) ÍÑ (2) is indicated in Example 47.
PROOF THAT (2) ÍÑ (1). The proof is in two steps, first for non-negative f and then forgeneral f .
Non-negative f : Let φ, ψ be two bijections from N to Ω and write ωi = φ(i), ω′i = ψ(i) forsimplicity of notation. Let xn = f (ω1) + . . . + f (ωn) and x′n = f (ω′1) + . . . + f (ω′n). Since f ≥ 0,both (xn) and (x′n) are increasing sequences and hence converge in [0,+∞], to L = supn xnand L′ = supn x′n respectively. As ψ is surjective, for any n, there is some mn (possibly verylarge) such that {ω1, . . . , ωn} ⊆ {ω′1, . . . , ω′mn}. But then xn ≤ x′mn . This shows that L ≤ L′.Similarly, L′ ≤ L and therefore, L = L′.
General f : ΩÏ R: Fix bijection φ, ψ as before and define the partial sums xn, x′n in thesame way. In addition, define yn = |f (ω1)| + . . . + |f (ωn)| and y ′n = |f (ω′1)| + . . . + |f (ω′n)|. By
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assumption yn and y ′n converge to the same finite number. Observe that |f | − f is a non-negative functions whose partial sums under φ are yn − xn while under ψ they are y ′n − x′n .By the first part, lim(yn −xn) and lim(y ′n −x′n) exist and are equal (but possibly equal to +∞).Therefore (note the use of finiteness of lim yn here)
limxn = lim(xn − yn) + lim yn = lim(x′n − y ′n) + lim y ′n = limx′ncompleting the proof. �

REMARK 43. The proof shows that for a non-negative f ,∑
ω∈Ω f (ω) = sup{∑

ω∈A
f (ω) : A ⊆ Ω is finite}

where both sides may be +∞.
The usual properties of summation, without which life would not be worth living, remainvalid.
EXERCISE 44. Let f , g : Ω Ï R+ and a, b ∈ R. If ∑ f and ∑ g converge absolutely, then∑(af +bg) converges absolutely and ∑(af +bg) = a

∑
f +b

∑
g . Further, if f (ω) ≤ g(ω) forall ω ∈ Ω, then ∑ f ≤

∑
g .

Here is a more general and useful fact that we state without proof.
THEOREM 45 (Fubini’s theorem for sums). Let U = S × T, where S, T (and hence also U)

are countable sets. Let h : U Ï R be absolutely summable. Then,∑
u∈U

h(u) =∑
s∈S

∑
t∈T

h(s, t) =∑
t∈T

∑
s∈S

h(s, t).(1)
The middle term in (1) is to be understood as follows: Fix s and form the function

hs : T Ï R by hs(t) = h(s, t). Then hs is absolutely summable for each s, and hence its sum
Ls is well-defined. The function s 7Ï Ls on S is also absolutely summable, and its sum is whatis meant by ∑s∈S

∑
t∈T h(s, t). Similarly for the last term in (1).As a corollary, we can prove an extension of Exercise 44 for a countable family of func-tions.

COROLLARY 46. Let fn : ΩÏ R for n ∈ N. Assume that
∑(ω,n)∈Ω×N |fn(ω)| < ∞. Then∑

n∈N

∑
ω∈Ω fn(ω) = ∑

ω∈Ω f (ω)
where f (ω) = ∑n∈N fn(ω). If fn ≥ 0 for all n, the equality holds without any condition, except
that both sides could be +∞.

PROOF. Define h : Ω× NÏ R by h(ω, n) = fn(ω). Then∑
ω∈Ω

∑
n∈N

h(ω, n) =∑
ω
f (ω),

∑
n∈N

∑
ω∈Ωh(ω, n) = ∑

n∈N

∑
ω∈Ω fn(ω).
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Fubbini’s theorem (check the conditions!) says that the two iterated sums are equal. �

EXAMPLE 47. This example will illustrate why we refuse to assign a value to ∑ω f (ω) insome cases. Let Ω = Z and define f (0) = 0 and f (n) = 1/n for n 6= 0. At first one may liketo say that ∑n∈Z f (n) = 0, since we can cancel f (n) and f (−n) for each n. However, followingour definitions
f+(n) =

 1
n if n ≥ 10 if n ≤ 0, f−(n) =

 1
n if n ≤ −10 if n ≥ 0.

Hence S+ and S− are both +∞ which means our definition does not assign any value to thesum ∑
ω f (ω).Indeed, by ordering the numbers appropriately, we can get any value we like! For example,here is how to get 10. We know that 1 + 12 + . . .+ 1

n grows without bound. Just keep addingthese positive number till the sum exceeds 10 for the first time. Then start adding thenegative numbers −1 − 12 − . . . − 1
m till the sum comes below 10. Then add the positivenumbers 1

n+1 + 1
n+2 + . . . + 1

n′ till the sum exceeds 10 again, and then negative numbers tillthe sum falls below 10 again, etc. Using the fact that the individual terms in the series aregoing to zero, it is easy to see that the partial sums then converge to 10. There is nothingspecial about 10, we can get any number we want!
One last remark on why we assumed Ω to be countable.
REMARK 48. What if Ω is uncountable? Take any f : Ω Ï R+. Define the sets An =

{ω : f (ω) ≥ 1/n}. For some n, if An has infinitely many elements, then clearly the onlyreasonable value that we can assign to ∑ f (ω) is +∞ (since the sum over elements of Anitself is larger than any finite number). Therefore, for ∑ f (ω) to be a finite number it isessential that An is a finite set for each set.Now, a countable union of finite sets is countable (or finite). Therefore A = ⋃
n An is acountable set. But note that A is also the set {ω : f (ω) > 0} (since, if f (ω) > 0 it must belong tosome An). Consequently, even if the underlying set Ω is uncountable, our function will haveto be equal to zero except on a countable subset of Ω. In other words, we are reduced to thecase of countable sums!

6. Exercises

Note: It is good practise to write the probability space before calculating the probability!
PROBLEM 1. From a box with 100 coupons labelled 1, 2, . . . , 100, two are sampled one after anotherwithout replacement. Assume that all possible results have the same probability. What is the probabilitythat (a) the first number is odd? (b) the second number is odd? (c) both numbers are odd?
PROBLEM 2. Repeat the previous problem if the two coupons are sampled with replacement.
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PROBLEM 3. On a chessboard, a white piece and the black king are placed on two distinct squareschosen at random (assume all possibilities are equally likely). What is the chance that the black kingis in a position of check if the white piece placed is (a) a rook? (b) a bishop?
PROBLEM 4. A standard deck of cards is shuffled. What is the chance that the (a) the aces are alltogether (four consecutive cards)? (b) the spades occur in the natural order (i.e., A,1,2,. . . ,10,J,Q,K)?
PROBLEM 5. A drunken man returns home and tries to open the lock of his house from a bunchof n keys by trying them at random till the door opens. Find the probability of the event that he opensit on the kth attempt in both the following cases: (1) He is so drunk that he may try the same keyseveral times. (2) He is moderately drunk and remembers which keys he has already tried.
PROBLEM 6. On a book shelf, there are 52 books, and exactly 2 books have titles starting with anygiven letter in the English alphabet. If the books are arranged at random, what is the chance that thefirst letters of the title are ordered?
PROBLEM 7. A deck of 52 cards is shuffled well and 3 cards are dealt. Find the probability of theevent that all three cards are from distinct suits.
PROBLEM 8. Place b indistinguishable blue balls and r indistinguishable red balls into m labelledbins, uniformly at random. Find the probability of the event that the first bin contains balls of bothcolors.
PROBLEM 9. A coin with probability p of turning up H (assume 0 < p < 1) is tossed till we get a

TH or a HT (i.e., two consecutive tosses must be different, eg., TTH or HHHT). Find the probabilityof the event that at least 5 tosses are required.
PROBLEM 10. In a sequence of coin tosses, show that the chance that m heads appear before ntails is equal to ∑m+n−1

k=m (m+n−1
k
).

PROBLEM 11. Let x = (0, 1, 1, 1, 0, 1) and y = (1, 1, 0, 1, 0, 1). A new 6-tuple z is created at randomby choosing each zi to be xi or yi with equal chance, for 1 ≤ i ≤ 6 (A toy model for how two DNAsequences can recombine to give a new one). Find the probability of the event that z is identical to x.
PROBLEM 12. From a group of W women and M men, a team of L people is chosen at random(of course L ≤ W +M). Find the probability of the event that the teams consists of exactly k women.
PROBLEM 13. Place r distinguishable balls in m labelled bins in such a way that each bin containsat most one ball. All distinguishable arrangements are deemed equally likely (this is known as Fermi-Dirac statistics). Find the probability that the first bin is empty.
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PROBLEM 14. If r balls are placed in n bins at random, what is the probability that there is noempty bin if (a) r = n, (b) r = n + 1, (c) r = n + 2.
PROBLEM 15. A box contains 2N coupons labelled 1, 2, . . . , 2N . Draw k coupons (assume k ≤ N)from the box one after another (1) with replacement, (2) without replacement. Find the probability ofthe event that no even numbered coupon is in the sample.
PROBLEM 16. A fair die is rolled repeatedly till a six shows up. What is the probability that no fiveappeared?
PROBLEM 17. Find the probability of the event that the total number of tosses of a coin is at least

N if (a) the coin is tossed till we get two consecutive heads, (b) the coin is tossed till we get two (notnecessarily consecutive) heads.
PROBLEM 18. A die is thrown till we see the number 6 turn up five times (not necessarily insuccession). Find the probability that the number 1 is never seen.
PROBLEM 19. Three fair dice are rolled and the numbers that turn up are added. A probabilistreasoned that 11 and 12 are both equally likely, because there are six ways that either of them couldarise: 11 = 6 + 4 + 1 = 6 + 3 + 2 = 5 + 5 + 1 = 5 + 4 + 2 = 5 + 3 + 3 = 4 + 4 + 3

12 = 6 + 5 + 1 = 6 + 4 + 2 = 6 + 3 + 3 = 5 + 5 + 2 = 5 + 4 + 3 = 4 + 4 + 4Is this reasoning correct? In an experiment of 10000 trials, 11 showed up 1264 times while 12 showedup 1211 times.
PROBLEM 20. Suppose the probability for any person to be born on the kth day of the year is pk ,1 ≤ k ≤ 365, where p1 + . . . + p365 = 1. For two unrelated people, what is the chance that they havethe same birthday? For what choice of (p1, . . . , p365) is the probability maximized or minimized?
PROBLEM 21. In a class with 108 people, one student gets a joke by e-mail. He/she forwards it toone randomly chosen classmate. The recipient does the same - chooses a classmate at random (couldbe the sender too) and forwards it to him/her. The process goes on like this for 20 steps and stops.What is the probability that the first person to get the mail does not get it again? What is the chancethat no one gets the e-mail more than once?
PROBLEM 22. Write the probability spaces for the following experiments. Coins and dice may notbe fair!(1) A coin is tossed till we get a head followed immediately by a tail. Find the probability of theevent that the total number of tosses is at least N .

(2) A die is thrown till we see the number 6 turn up five times (not necessarily in succession).Find the probability that the number 1 is never seen.
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(3) A coin is tossed till the first time when the number of heads (strictly) exceeds the number oftails. What is the probability that the number of tosses is at least 5.
(4) (Extra exercise for fun! Do not submit this part) In the previous experiment, find the prob-ability that the number of tosses is more than N .

PROBLEM 23. (Feller, II.10.8) What is the probability that among k digits (a) 0 does not appear; (b)1 does not appear; (c) neither 0 nor 1 appears; (d) at least one of the two digits 0 or 1 does not appear?Let A and B represent the events in (a) and (b). Express the other events in terms of A and B.
PROBLEM 24. (Feller, II.10.20) From a population of N elements a sample of size k is taken. Find theprobability that none of m prescribed elements will be included in the sample, assuming the sampleto be (a) without replacement, (b) with replacement. Compare the numerical values for the twomethods when (i) N = 100, m = k = 3, and (ii) N = 100, m = k = 10.
PROBLEM 25. (Feller, II.10.39) If r1 indistinguishable red balls and r2 indistinguishable blue ballsare placed into n cells, find the number of distinguishable arrangements.
PROBLEM 26. (Feller, II.10.40) If r1 dice and r2 coins are thrown, how many results can be distin-guished?
PROBLEM 27. A deck of n cards labelled 1, 2, . . . , n is shuffled well. Find the probability that thedigits (a) 1 and 2, (b) 1, 2, and 3, appear as neighbours in the order named. Find the probability thatthey occur in the order named, not necessarily consecutively.
PROBLEM 28. A deck of n cards labelled 1, 2, . . . , n is shuffled well. Find the probability that thedigits (a) 1 and 2, (b) 1, 2, and 3, appear as neighbours in the order named.
PROBLEM 29. (Feller, II.12.1) Prove the following identities for n ≥ 2. [Convention: Let n be apositive integer. Then (ny) = 0 if y is not an integer or if y > n].

1− (n1
) + (n2

)
− . . . = 0(

n1
) + 2(n2

) + 3(n3
) + . . . = n2n−1

(
n1
)
− 2(n2

) + 3(n3
)
− . . . = 0

2.1(n2
) + 3.2(n3

) + 4.3(n4
) + . . . = n(n − 1)2n−2

PROBLEM 30. (Feller, I.12.10) Prove that(
n0
)2 +(n1

)2 + . . .+(nn
)2 = (2n

n

)
.
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PROBLEM 31. (Feller, I.12.20) Using Stirling’s formula, prove that 122n (2nn ) ∼ 1√
πn . [Convention:

an ∼ bn is shorthand for lim
nÏ∞

an
bn = 1].

PROBLEM 32. Two positive integers m ≤ N are fixed. A box contains N coupons labelled 1, 2, . . . , N .A sample of m coupons is drawn.(1) Write the probability space in the following two ways of drawing the sample.(a) (Sampling without replacement). A coupon is drawn uniformly at random, then a secondcoupon is drawn uniformly at random, and so on, till we have m coupons.
(b) (Sampling with replacement). A coupon is drawn uniformly at random, its number isnoted and the coupon is replaced in the box. Then a coupon is drawn at random fromthe box, the number is noted, and the coupon is returned to the box. This is done mtimes.

(2) Let N = k+ ` where k, ` are positive integers. We think of {1, 2, . . . , k} as a sub-population ofthe whole population {1, 2, . . . , N}. For each of the above two schemes of sampling (with andwithout replacement), calculate the probability that the sample of size m contains no elementsfrom the sub-population {1, 2, . . . , k}.
PROBLEM 33. A particular segment of the DNA in a woman is ATTAGCGG and the correspondingsegment in her husband is CTAAGGCG . Write the probability space for the same DNA segment inthe future child of this man-woman pair. Assume that all possible combinations are equally likely, andignore the possibility of mutation.
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CHAPTER 2
Events and their probabilities

1. Basic rules of probability

So far we have defined the notion of probability space and probability of an event. Butmost often, we do not calculate probabilities from the definition. This is like in integration,where one defines the integral of a function as a limit of Riemann sums, but that definitionis used only to find integrals of xn , sin(x) and a few such functions. Instead, integrals ofcomplicated expressions such as x sin(x) + 2 cos2(x) tan(x) are calculated using substitutionrule, integration by parts and other such rules. In probability we need some similar rulesrelating probabilities of various combinations of events to the individual probabilities.
PROPOSITION 34. Let (Ω, p·) be a discrete probability space.

(1) For any event A, we have 0 ≤ P(A) ≤ 1. Also, P(∅) = 0 and P(Ω) = 1.

(2) Finite additivity of probability: If A1, . . . , An are pairwise disjoint events, then P(A1 ∪
. . . ∪ An) = P(A1) + . . .+ P(An). In particular, P(Ac) = 1− P(A) for any event A.

(3) Countable additivity of probability: If A1, A2, . . . is a countable collection of pairwise
disjoint events, then P(∪Ai) = ∑i P(Ai).

All of these may seem obvious, and indeed they would be totally obvious if we stuck tofinite sample spaces. But the sample space could be countable, and then probability of eventsmay involve infinite sums which need special care in manipulation. Therefore we must givea proof. In writing a proof, and in many future contexts, it is useful to introduce the followingnotation.
Notation: Let A ⊆ Ω be an event. Then, we define a function 1A : ΩÏ R, called the indicator
function of A, as follows.

1A(ω) =
1 if ω ∈ A,0 if ω 6∈ A.

Since a function from Ω to R is called a random variable, the indicator of any event is arandom variable. All information about the event A is in its indicator function (meaning, ifwe know the value of 1A(ω), we know whether or not ω belongs to A). For example, we canwrite P(A) = ∑ω∈Ω 1A(ω)pω .Now we prove the proposition.
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PROOF. (1) By definition of probability space P(Ω) = 1 and P(∅) = 0. If A is any event,then 1∅(ω)pω ≤ 1A(ω)pω ≤ 1Ω(ω)pω . By Exercise 44, we get∑
ω∈Ω 1∅(ω)pω ≤∑

ω∈Ω 1A(ω)pω ≤∑
ω∈Ω 1Ω(ω)pω.

As observed earlier, these sums are just P(∅), P(A) and P(Ω), respectively. Thus,0 ≤ P(A) ≤ 1.
(2) It suffices to prove it for two sets (why?). Let A,B be two events such that A ∩B = ∅.Let f (ω) = pω1A(ω) and g(ω) = pω1B(ω) and h(ω) = pω1A∪B(ω). Then, the disjointnessof A and B implies that f (ω)+g(ω) = h(ω) for all ω ∈ Ω. Thus, by Exercise 44, we get∑

ω∈Ω f (ω) +∑
ω∈Ω g(ω) = ∑

ω∈Ωh(ω).
But the three sums here are precisely P(A), P(B) and P(A∪B). Thus, we get P(A∪B) =
P(A) + P(B).

(3) This is similar to finite additivity but needs a more involved argument. We leave itas an exercise for the interested reader. �

EXERCISE 35. Adapt the proof to prove that for a countable family of events Ak in acommon probability space (no disjointness assumed), we have
P

(⋃
k
Ak

)
≤
∑
k

P(Ak).
DEFINITION 36 (Limsup and liminf of sets). If Ak , k ≥ 1, is a sequence of subsets of Ω, wedefine

lim supAk = ∞⋂
N=1

∞⋃
k=N Ak, and lim infAk = ∞⋃

N=1
∞⋂
k=N Ak.In words, lim supAk is the set of all ω that belong to infinitely many of the Aks, and lim infAkis the set of all ω that belong to all but finitely many of the Aks.Two special cases are of increasing and decreasing sequences of events. This means

A1 ⊆ A2 ⊆ A3 ⊆ . . . and A1 ⊇ A2 ⊇ A3 ⊇ . . .. In these cases, the limsup and liminf are thesame (so we refer to it as the limit of the sequence of sets). It is ∪kAk in the case of increasingevents and ∩kAk in the case of decreasing events.
EXERCISE 37. Events below are all contained in a discrete probability space. Use countableadditivity of probability to show that(1) If Ak are increasing events with limit A, show that P(A) is the increasing limit of

P(Ak).
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(2) If Ak are decreasing events with limit A, show that P(A) is the decreasing limit of
P(Ak).

Now we re-write the basic rules of probability as follows.
The basic rules of probability:(1) P(∅) = 0, P(Ω) = 1 and 0 ≤ P(A) ≤ 1 for any event A.

(2) P
(⋃

k
Ak
)
≤
∑
k
P(Ak) for any countable collection of events Ak .

(3) P
(⋃

k
Ak
) = ∑

k
P(Ak) if Ak is a countable collection of pairwise disjoint events.

2. Inclusion-exclusion formula

In general, there is no simple rule for P(A ∪ B) in terms of P(A) and P(B). Indeed,consider the probability space Ω = {0, 1} with p0 = p1 = 12 . If A = {0} and B = {1}, then
P(A) = P(B) = 12 and P(A ∪ B) = 1. However, if A = B = {0}, then P(A) = P(B) = 12 asbefore, but P(A∪B) = 12 . This shows that P(A∪B) cannot be determined from P(A) and P(B).Similarly for P(A ∩ B) or other set constructions.However, it is easy to see that P(A∪B) = P(A)+P(B)−P(A∩B). This formula is not entirelyuseless, because in special situations we shall later see that the probability of the intersectionis easy to compute and hence we may compute the probability of the union. Generalizing thisidea to more than two sets, we get the following surprisingly useful formula.

PROPOSITION 38 (Inclusion-Exclusion formula). Let (Ω, p) be a probability space and let
A1, . . . , An be events. Then,

P

( n⋃
i=1Ai

) = S1 − S2 + S3 − . . .+ (−1)n−1Sn
where

Sk = ∑
1≤i1<i2<...<ik≤nP(Ai1 ∩ Ai2 ∩ . . . ∩ Aik ).

We give two proofs, but the difference is only superficial. It is a good exercise to reasonout why the two arguments are basically the same.
FIRST PROOF. For each ω ∈ Ω we compute its contribution to the two sides. If ω 6∈ ⋃n

i=1 Ai ,then pω is not counted on either side. Suppose ω ∈ ⋃n
i=1 Ai so that pω is counted once on theleft side. We count the number of times pω is counted on the right side by splitting into casesdepending on the exact number of Ais that contain ω.Suppose ω belongs to exactly one of the Ais. For simplicity let us suppose that ω ∈ A1 but

ω ∈ Aci for 2 ≤ i ≤ n. Then pω is counted once in S1 but not counted in S2, . . . , Sn .
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Suppose ω belongs to A1 and A2 but not any other Ai . Then pω is counted twice in S1(once for P(A1) and once for P(A2)) and subtracted once in S2 (in P(A1 ∩ A2)). Thus, it iseffectively counted once on the right side. The same holds if ω belongs to Ai and Aj but notany other Aks.If ω belongs to A1, . . . , Ak but not any other Ai , then on the right side, pω is added ktimes in S1, subtracted (k2) times in S2, added (k3) times in Sk and so on. Thus pω is effectivelycounted (
k1
)
−
(
k2
) + (k3

)
− . . .+ (−1)k−1(k

k

)
times. By the Binomial formula, this is just the expansion of 1− (1− 1)k which is 1. �

SECOND PROOF. Use the definition to write both sides of the statement. Let A = ∪ni=1Ai .LHS = ∑
ω∈A

pω = ∑
ω∈Ω 1A(ω)pω.

Now we compute the right side. For any i1 < i2 < . . . < ik , we write
P (Ai1 ∩ . . . ∩ Aik ) = ∑

ω∈Ωpω1Ai1∩...∩Aik (ω) = ∑
ω∈Ωpω

k∏
`=1 1Ai` (ω).

Hence, the right hand side is given by adding over i1 < . . . < ik , multiplying by (−1)k−1 andthen summing over k from 1 to n.
RHS = n∑

k=1(−1)k−1 ∑
1≤i1<...<ik≤n

∑
ω∈Ω pω

k∏
`=1 1Ai` (ω)

= ∑
ω∈Ω

n∑
k=1(−1)k−1 ∑

1≤i1<...<ik≤n pω
k∏
`=1 1Ai` (ω)

= −
∑
ω∈Ωpω

n∑
k=1

∑
1≤i1<...<ik≤n

k∏
`=1(−1Ai` (ω))

= −
∑
ω∈Ωpω

 n∏
j=1(1− 1Aj (ω)) − 1

= ∑
ω∈Ωpω1A(ω).

because the quantity n∏
j=1(1 − 1Aj (ω)) equals −1 if ω belongs to at least one of the Ais, and is

zero otherwise. Thus the claim follows. �

As we remarked earlier, it turns out that in many settings it is possible to compute theprobabilities of intersections. We give an example now.
36



EXAMPLE 39. Let Ω = S52 × S52 with pω = 1(52!)2 for all ω ∈ Ω. Consider the event
A = {(π, σ ) : π(i) 6= σ (i) ∀i}. Informally, we imagine two shuffled decks of cards kept side byside (or perhaps one shuffled deck and another permutation denoting a “psychic’s predictions”for the order in which the cards occur). Then A is the event that there are no matches (orcorrect guesses).Let Ai = {(π, σ ) : π(i) = σ (i)} so that Ac = A1∪. . .∪A52. It is easy to see that P(Ai1∩Ai2 . . .∩
Aik ) = 152(52−1)...(52−k+1) for any i1 < i2 < . . . < ik (why?). Therefore, by the inclusion-exclusionformula, we get

P(Ac) = (521
) 152 −

(522
) 152× 51 + . . .+ (−1)51(5252

) 152× 51× . . . × 1
= 1− 12! + 13! − 14! + . . . − 152!
≈ 1− 1

e ≈ 0.6321
by the expansion ex = 1 + x1! + x22! + x33! + . . . at x = −1. Hence P(A) ≈ e−1 ≈ 0.3679.

EXAMPLE 40. Place r distinguishable balls in m distinguishable urns at random. Let A bethe event that some urn is empty. The probability space is Ω = {ω = (ω1, . . . , ωr) : 1 ≤ ωi ≤ m}with pω = m−r . Let A` = {ω : ωi 6= `} for ` = 1, 2 . . . ,m. Then, A = A1 ∪ . . . ∪ Am .It is easy to see that P(Ai1 ∩ . . . ∩ Aik ) = (m− k)rm−r for any i1 < . . . < ik . Therefore, inthe inclusion-exclusion formula, Sk = (mk ) (m−k)r
mr . As Sm = 0 (meaning that all urns cannot beempty), the inclusion-exclusion formula becomes

P(A) = (m1
)(1− 1

m

)r
−
(
m2
)(1− 2

m

)r + . . .+ (−1)m−1( m
m− 1

)(1− m− 1
m

)r
.

The last term is zero (since all urns cannot be empty). I don’t know if this expression can besimplified any more.But here is a fun consequence. If r < m, then at least one bin must be empty, hence
P(A) = 1. This gives the identity

m−1∑
k=1 (−1)k−1(m

k

)(m− k)r = mr for 1 ≤ r < m.(2)
Try proving this directly!

Recall the problem that we asked earlier and postponed the solution of: To find theprobability that every month has the birthday of someone in a group oof k people. If weassume that all the months are of equal size, then the above example with m = 12 and r = ksolves that question. We leave it as an exercise to solve it in general, if the ith month has didays.
2.1. Number of occurrences. We mention two useful formulas that can be proved onlines similar to the inclusion-exclusion principle. If we say “at least one of the events A1, A2, . . . , Anoccurs”, we are talking about the union, A1∪A2∪. . .∪An . What about “at least m of the events
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A1, A2, . . . , An occur”, how to express it with set operations? It is not hard to see that this setis precisely
Bm = ⋃

1≤i1<i2<...<im≤n(Ai1 ∩ Ai2 ∩ . . . ∩ Aim ).
The event that “exactly m of the events A1, A2, . . . , An occur” can be written as

Cm = Bm \ Bm+1 = ⋃
S⊆[n]
|S|=m

(⋂
i∈S

Ai

)⋂⋂
i6∈S

Aci

 .

We give two proofs of the following proposition, the first is combinatorial, similar to the proofwe gave earlier for the inclusion-exclusion formula. Later we give a different kind of proof.
PROPOSITION 41. Let A1, . . . , An be events in a probability space (Ω, p) and let m ≤ n.

Let Bm and Cm be as above. Then,

P(Bm) = n∑
k=m(−1)k−m( k − 1

k −m

)
Sk

= Sm −
(
m1
)
Sm+1 +(m + 12

)
Sm+2 −

(
m + 23

)
Sm+3 + . . .(3)

P(Cm) = n∑
k=m(−1)k−m( km

)
Sk

= Sm −
(
m + 11

)
Sm+1 +(m + 22

)
Sm+2 −

(
m + 33

)
Sm+3 + . . .(4)

PROOF. If ω belongs to less than m of the Ais, then pω is not counted on either side of (4).If ω belongs to exactly ` of the Ais for some ` ≥ m, then pω is counted (`k) times in Sk , hencethe total coefficient of pω on the right side of (4) is(
`
m

)(
m0
)
−
(

`
m + 1

)(
m + 11

) + ( `
m + 2

)(
m + 22

)
− . . .

= `!
m!(` − m)!

((
` − m0

)
−
(
` − m1

) + (` − m2
)
− . . .

) = (
`
m

)(1− 1)`−m
which is 1 if ` = m and 0 if ` > m. This proves (4).Next, Bm is the disjoint union of Cm, Cm+1, . . ., hence using (4),

P(Bm) = n∑
r=m

n∑
k=r(−1)k−r(kr

)
Sk = n∑

k=m Sk
k∑

r=m(−1)k−r(kr
)

= n∑
k=m Sk(−1)k−m( k − 1

k −m

)
where we used the identity ∑k

r=m(−1)r(kr) = (−1)mm
k
( k
m
). �
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EXERCISE 42. Return to the setting of exercise 38 but with n cards in a deck, so thatΩ = Sn ×Sn and p(π,σ ) = 1(n!)2 . Let Am be the event that there are exactly m matches betweenthe two decks.
(1) For fixed m ≥ 0, show that P(Am)Ï e−1 1

m! as n Ï ∞.
(2) Assume that the approximations above are valid for n = 52 and m ≤ 10. Find theprobability that there are at least 10 matches.

2.2. Alternate proof of the inclusion-exclusion formula. Here we give another proofof the inclusion-exclusion formula, using the beautiful and important notion of generating
functions. Let A1, A2, . . . , An be events in a probability space (Ω, p). For any k ≥ 0, let Ckdenote the set of ω ∈ Ω that belong to exactly k of the Ais. The generating function of thesequence (P(C0), . . . ,P(Cn)) is defined as φ(z) = ∑k≥0 P(Ck)zk .Observe that ω ∈ Ck if and only if 1A1 (ω) + . . .+ 1An (ω) = k. Hence, we may rewrite

φ(z) = ∑
ω∈Ωpωz

1A1 (ω)+...+1An (ω) = ∑
ω∈Ωpω

n∏
j=1 z

1Aj (ω)

= ∑
ω∈Ωpω

n∏
j=1(1 + (z − 1)1Aj (ω))

where we used the obvious fact that zε = 1 + (z − 1)ε if ε is 0 or 1. Now, ∏n
j=1(1 + aj ) =∑n

k=0∑j1<...<jk aj1 . . . ajk . Therefore,
φ(z) = ∑

ω∈Ωpω
n∑

k=0(z − 1)k ∑
j1<...<jk

1Aj1 (ω) . . . 1Ajk (ω)
= n∑

k=0(z − 1)k ∑
j1<...<jk

∑
ω

1Aj1 (ω) . . . 1Ajk (ω)
= n∑

k=0(z − 1)kSk.
Expanding (z − 1)k by the binomial theorem and collecting the powers of z together gives

φ(z) = n∑
r=0 z

r
n∑

k=r
(
k
r

)(−1)k−rSk.
Compare with the definition of φ(z) and equate the coefficients of zr to get

P(Cr) = n∑
k=r
(
k
r

)(−1)k−rSk.
This gives the second part of Proposition 40. The first part of Proposition 40 follows fromthis as before (or can you find a direct generating function proof starting from ψ(z) =∑

k P(Bk)zk?).
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2.3. An application to number theory*. If two numbers are picked at random, what isthe chance that they are co-prime? As there is no way to pick a number uniformly at randomfrom the infinite set N, we interpret this problem as follows:Let Ω = [N]× [N] and let p((i, j)) = 1
N2 for all (i, j) ∈ Ω. Let

αN = P{(a, b) ∈ Ω : g.c.d.(a, b) = 1}.Find lim
NÏ∞

αN , if it exists.
Enumerate the primes below N as p1 < p2 < . . . , pm . Let Ek = {(a, b) : pk divides both a and b}be the event that (a, b) has a common factor of pk . Then E = ∪mi=1Ek is the event that (a, b)have a common factor other than 1. For i1 < . . . < ik , the event Ai1,...,ik is the subset of all(a, b) such that both a and b are divisible by pi1 . . . pik . Hence

P{Ai1 ∩ . . . ∩ Aik} = 1
N2
(⌊ N

pi1 . . . pik
⌋)2

Ï 1
p2
i1 . . . p2

ik
as N Ï∞.

Therefore, Sk = ∑i1<...<ik 1
p2
i1 ...p2

ik
. Hence (there is some lack of rigor here, can you spot it?)

lim
NÏ∞

αN = 1−∑
i

1
p2
i
−
∑
i<j

1
p2
i p2

j
+ ∑

i<j<k

1
p2
i p2

j p2
k

+ . . .

=∏
k

(1− 1
p2
k

)
.

This product over all primes is a positive number between 0 and 1, and that is our answer.In fact, Euler showed that this number is 6
π2 . Again ignoring some issues of infinite series(which can be justified), this can be seen as follows:∏

k

11− 1
p2
k

=∏
k

(1 + 1
p2
k

+ 1
p4
k

+ 1
p6
k

+ . . .
)

=∑(rj )
1

pr11 pr22 . . .
(sum is over rj ≥ 0 satisfying ∑

j
rj < ∞)

= ∞∑
n=1

1
n2

using the fundamental theorem of Arithmetic. It is well-known (also due to Euler) that thissum is π26 .

2.4. An application to counting trees*. A tree is a connected graph that has no cycles.Cayley showed that there are nn−2 trees with vertex set [n] (two such trees are equal if their
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edge sets are equal). For example, when n = 3, the trees are 1—2—3, 1—3—2 and 2—1—3.We prove Cayley’s theorem by inclusion-exclusion1.Let Tn denote the set of trees with vertex et [n]. Let bn = #Tn . Pick a tree uniformlyat random from Tn and denote it T . Let Ak be the event that vertex k is a leaf of T (i.e., kappears in exactly one edge). Then A1∪ . . . ∪An has probability 1, since every tree must havea leaf. By inclusion-exclusion,
1 = S1 − S2 + S3 + . . .+ (−1)n−1Sn = 0.

Let us compute Sk . Fix i1 < . . . < ik and consider Ai1 ∩ . . . Aik . This means that vertices
i1, . . . , ik are all leaves. To do that, first we must choose a tree whose vertex set is [n] \
{i1, . . . , ik}, which can be done in bn−k ways. Then the k leaves can be attached to any of the
n−k vertices, which can be done in (n−k)k ways. Therefore, P{Ai1 ∩ . . . Aik} = bn−k

bn (n−k)k .Therefore, Sk = (nk)bn−kbn (n − k)k and we arrive at
bn = n−1∑

k=1(−1)k−1bn−k
(
n
k

)(n − k)k.
where we dropped k = n term as b0 = 0 (all vertices can’t be leaves). Further, For k = 1, 2, 3,by direct enumeration it is easy to check that bk = kk−2 is valid. Inductively assume that
bk = kk−2 for k < n. Then

bn = n−1∑
k=1(−1)k−1(n

k

)(n − k)n−2.
Now refer to the identity (2) with r = n − 2 which shows that the right side sum is nn−2,provided n ≥ 3. Thus inductively we have proved that bn = nn−2.

3. Bonferroni’s inequalities

Inclusion-exclusion formula is nice when we can calculate the probabilities of intersectionsof the events under consideration. Things are not always this nice, and sometimes that maybe very difficult. Even if we could find them, summing them with signs according to theinclusion-exclusion formula may be difficult as the example 39 demonstrates. The idea behindthe inclusion-exclusion formula can however be often used to compute approximate values
of probabilities, which is very valuable in most applications. That is what we do next.We know that P(A1 ∪ . . . ∪ An) ≤ P(A1) + . . . + P(An) for any events A1, . . . , An . This isan extremely useful inequality, often called the union bound. Its usefulness is in the factthat there is no assumption made about the events Ais (such as whether they are disjoint or

1Thanks to Koushik Ramachandran for telling me about this proof. He pointed to the book by SantoshVenkatesh for this proof. On second thoughts, we used the identity (2) in this proof, and that identity was provedusing inclusion-exclusion applied to balls in urns. It makes one wonder if one can “cancel” the two applicationsof inclusion-exclusion and write a more direct proof by mapping this problem of counting trees to that of ballsin urns.
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not). The following inequalities generalize the union bound, and gives both upper and lowerbounds for the probability of the union of a bunch of events.
LEMMA 43 (Bonferroni’s inequalities). Let A1, . . . , An be events in a probability space(Ω, p) and let A = A1 ∪ . . . ∪ An . We have the following upper and lower bounds for P(A).

P(A) ≤ m∑
k=1(−1)k−1Sk, for any odd m.

P(A) ≥ m∑
k=1(−1)k−1Sk, for any even m.

PROOF. We shall write out the proof for the cases m = 1 and m = 2. When m = 1, theinequality is just the union bound
P(A) ≤ P(A1) + . . .+ P(An)which we know. When m = 2, the inequality to be proved is

P(A) ≥∑
k

P(Ak)−∑
k<`

P(Ak ∩ A` )
To see this, fix ω ∈ Ω and count the contribution of pω to both sides. Like in the proof of theinclusion-exclusion formula, for ω 6∈ A1 ∪ . . . ∪ An , the contribution to both sides is zero. Onthe other hand, if ω belongs to exactly r of the sets for some r ≥ 1, then it is counted once onthe left side and r −

(r2) times on the right side. Not that r − (r2) = 12r(3− r) which is alwaysnon-positive (one if r = 1, zero if r = 2 and non-positive if r ≥ 3). Hence we get LHS ≥ RHS.Similarly, one can prove the other inequalities in the series. We leave it as an exercise.The key point is that r − (r2) + . . .+ (−1)k−1(r
k
) is non-negative if k is odd and non-positive if

k is even (prove this). Here as always (xy) is interpreted as zero if y > x. �

Of particular importance are the first layer of inequalities,
n∑
i=1 P(Ai)− ∑

1≤i<j≤nP(Ai ∩ Aj ) ≤ P(A1 ∪ . . . ∪ An) ≤ n∑
i=1 P(Ai).

The right side inequality is called the “union bound” and we use it all the time. The left sideinequality is less common, but often useful. There is no guarantee that these inequalities areuseful. It can happen that S1 ≥ 1 and S1 − S2 ≤ 0, in which case we get the true but uselessbounds for the probability!Here is an application of these inequalities.
EXAMPLE 44. Return to Example 39. We obtained an exact expression for the answer, butthat is rather complicated. For example, what is the probability of having at least one emptyurn when n = 40 balls are placed at random in r = 10 urns? It would be complicated to sumthe series. Instead, we could use Bonferroni’s inequalities to get the following bounds.

m
(1− 1

m

)r
−
(
m2
)(1− 2

m

)r
≤ P(A) ≤ m

(1− 1
m

)r
.
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If we take r = 40 and m = 10, the bounds we get are 0.1418 ≤ P(A) ≤ 0.1478. Thus, weget a pretty decent approximation to the probability. By experimenting with other numbersyou can check that the approximations are good when r is large compared to m but nototherwise. Can you reason why?
EXAMPLE 45. Consider the birthday problem with a a group of m people. Let A be theevent that at least two people have the same birthday. Then A = ⋃m−1

i=1 ⋃m
j=i+1 Ai,j , where Ai,jis the event that the ith person and the jth person have the same birthday. Then P(Ai,j ) = 1365and P(Ai,j ∩ Ak,` ) = 13652 if {i, j} 6= {k, `} (consider both cases, where {i, j} and {k, `} aredisjoint, and where they intersect in one element). Now the number of sets whose union isunder consideration is m(m−1)/2. Therefore, in the inclusion-exclusion formula, S1 = m(m−1)2×365and S2 < m2(m−1)24×365 .For example, with m = 23, we get S1 = 0.69... and S2 = 0.48... so the bounds we get are0.11 ≤ P(A) ≤ 0.69, which are not very good bounds. But they show that the probability isneither close to zero, nor to 1. Do the bounds get better or worse for larger m? Althoughworse than the exact answer, this method makes it more transparent why there is no paradox.What we should compare with the number of days in a year is not the number of people,but the number of pairs of people. When m = 25, there are 253 pairs of people, which iscomparable to 365.

EXAMPLE 46 (Thomson’s (Lord Kelvin’s) version of the birthday paradox). Pour a glass ofwater (has about 1023 molecules) into the oceans of the world (have about 1045 molecules),stir the oceans well enough that it gets mixed up, then scoop out a glass of water from theoceans. What is the chance that at least one of the molecules that you poured in was scoopedback? Naively one thinks the chance is abysmally close to zero, but it is in fact more than90%! To see this, observe that the probability that none of the poured molecules was scoopedback is
(1045 − 1)× (1045 − 1023 − 1) . . . (1045 − 1023 + 1)(1045)1023 = 1023−1∏

k=1
(1− k1045

)
.

Using 1 − x < e−x , this is seen to be less than e−5 < 0.007, which means that the comple-mentary event has more than 0.993 probability.Again, the correct way to think about the situation is not to compare the glass with theocean, but that the number of pairs of molecules (first from first glass, second from secondglass) is about 121023 × 1023 = 5 × 1045, which is comparable to 1045. What do Bonferroni’sinequalities give in this problem?
4. Simulation

So far we have seen a few techniques to calculate probabilities of various interestingevents. Important and useful as they are, there are a vast number of situations where they do
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not allow one to compute probabilities. Here are some examples that are minor modificationsof problems that we have solved.
I Birthday problem: Calculate the probability that in a group of n people there are atleast k with a common birthday. When k = 2 we have solved this, but even for k = 3 it takessome effort to derive an exact formula, and it gets worse with larger k. But if we were in asituation where this probability was of practical use, it is much easier to get the answer usingsimulation. For example, with n = 130 and k = 3, a simple code conducting the experiment10000 times gave the probability of 0.89 (and repeating this entire exercise gives consistentresults).
I Balls in bins: When r balls are thrown into m bins, find the probability no bin has lessthan k balls. If r < km, then the probability is zero! But it is not easy to calculate it exactly.With m = 10, r = 50 and k = 2, a simulation with 10000 repetitions of the experiment yieldeda probability of 0.59 approximately.
I Among all 5 × 5 matrices with entries that are 0 or 1, one is selected uniformlyat random. What is the chance that it is singular? This can be calculated exactly on acomputer, since the total number of such matrices if 225 = 33554432 which can be handledon a computer. But if the size of the matrix is increased to 10 × 10, it becomes impossible.Anyway, this is a difficult probability to calculate. By simulating the random experiment 10000times, I got the answer of 0.63 approximately.
There are innumerable problems of probability that can be simulated on a computer, evenvery complicated ones, but are nearly impossible to analyse mathematically.

5. Exercises

PROBLEM 1. (Feller, III.6.3) Find the probability that in five tossings a coin falls head at least threetimes in succession.
PROBLEM 2. (Feller, III.6.1) Ten pairs of shoes are in a closet. Four shoes are selected at random.Find the probability that there will be at least one pair among the fours shoes selected.
PROBLEM 3. A deck of cards is shuffled and dealt to four players (13 cards each).(1) Find the chance that at least one of the players has all cards of the same suite.

(2) Find the chance that at least one of the players has all four cards of the same type (i.e., allfour aces or all sevens etc.).
PROBLEM 4. Let A1, A2, A3, . . . be events in a probability space. Write the following events in termsof A1, A2, . . . using the usual set operations (union, intersection, complement).(1) An infinite number of the events Ai occur.

(2) All except finitely many of the events Ai occur.
(3) Exactly k of the events Ai occur.
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PROBLEM 5. (Feller, I.8.1) Let A1, . . . , An be events in a probability space (Ω, p) and let 0 ≤ m ≤ n.Let Bm be the event that at least m of the events A1, . . . , An occur. Mathematically,
Bm = ⋃

1≤i1<i2<...<im≤n(Ai1 ∩ Ai2 ∩ . . . ∩ Aim ).
Show that

P(Bm) = Sm −
(
m1
)
Sm+1 +(m + 12

)
Sm+2 −

(
m + 23

)
Sm+3 + . . .

where Sk = ∑
1≤i1<i2<...<ik≤nP(Ai1 ∩ Ai2 ∩ . . . ∩ Aik ).

PROBLEM 6. Recall the problem of matching two shuffled decks of cards, but with n cards in eachdeck, so that Ωn = Sn × Sn and p(π,σ ) = 1(n!)2 for each (π, σ ) ∈ Ω. Let Am be the event that there areexactly m matches between the two decks2.(1) For fixed m ≥ 0, show that P(Am)Ï e−1 1
m! as n Ï ∞.

(2) Assume that the approximations above are valid for n = 52 and m ≤ 10. Find the probabilitythat there are at least 10 matches.[Remark: You may use the result of the previous problem to solve this one].
PROBLEM 7. Suppose n couples at a circular table. Show that the chance that no pair sits next toeach other is 1

n! n∑
k=0(−1)k 2n2n − k

(2n − k
k

)(n − k)!
PROBLEM 8. Place rn distinguishable balls in n distinguishable urns. Let An be the event that atleast one urn is empty3.(1) If rn = n2, show that P(An)Ï 0 as n Ï ∞.

(2) If rn = Cn for some fixed constant C , show that P(An)Ï 1 as n Ï ∞.
(3) Can you find an increasing function f (·) such that if rn = f (n), then P(An) does not convergeto 0 or 1? [Hint: First try rn = nα for some α, not necessarily an integer].

PROBLEM 9. A box contains N coupons labelled 1, 2, . . . , N . Draw mN coupons at random, withreplacement, from the box. Let AN be the event that every coupon from the box has appeared at leastonce in the sample.(1) If mN = N2, show that P(AN )Ï 1 as N Ï∞.
2Strictly speaking, we should write An,m , since the An,m ⊆ Ωn but for ease of notation we omit the subscript

n. Similarly, it would be appropriate to write pn and Pn for the probabilities, but again, we simplify the notationwhen there is no risk of confusion.3Similar to the previous comment, here it would be appropriate to write Pn(An) as the probability spaces arechanging, but we keep the notation simple and simply write P(An).
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(2) If mN = CN for some fixed constant C, show that P(AN )Ï 0 as N Ï∞
(3) Can you find an increasing function f (·) such that if mN = f (N), then P(AN ) does not convergeto 0 or 1? [Hint: See if you can relate this problem to the previous one].

PROBLEM 10. Let A1, . . . , An be events in a common probability space. Let B be the event that at
least two of the Ais occur. Prove that

P(B) = S2 − 2S3 + 3S4 − . . .+ (−1)m(m− 1)Sm
where Sk = ∑1≤i1<i2<...<ik≤n P{Ai1 ∩ . . . ∩ Aik} for 1 ≤ k ≤ n.Not for submission: More generally, youmay show that the probability that at least ` of the Ais occur is equal to

S` −
(
`1
)
S`+1 +(` + 12

)
S`+2 −

(
` + 23

)
S`+3 + . . .(5)

PROBLEM 11. Continuing with the notation of the previous problem, assume the formula given in(5) holds. If C is the event that exactly ` of the events Ais occur, then show that
P(C) = S` −

(
` + 1
`

)
S`+1 +(` + 2

`

)
S`+2 − . . .+ (−1)n−`Sn.(6)

[Hint: If you want to prove this directly, without using (5), that is also okay.]
PROBLEM 12. Let ∨A = min{a : a ∈ A} and ∧A = max{a : a ∈ A} for any finite subset A of R, withthe convention that ∧∅ = 0. Show that for any finite non-empty set A,

∨A = ∑
B⊆A

(−1)|B|−1 ∧ B.

PROBLEM 13. If r distinguishable balls are placed at random into m labelled bins, write an expres-sion for the probability that each bin contains at least two balls.
PROBLEM 14. A deck of cards is dealt to four players (13 cards each). Find the probability that atleast one of the players has two or more aces.
PROBLEM 15. Let p be the probability that in a gathering of 2500 people, there is some day of theyear that is not the birthday of anyone in the gathering. Make reasonable assumptions and argue that0.3 ≤ p ≤ 0.4.
PROBLEM 16. Two numbers are picked at random from [N] where N is very large. What is thechance that the two numbers have no common factor (other than 1). The answer depends on N , butwe are asking for the answer as N Ï∞.
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PROBLEM 17. Consider the problem of a psychic guessing the order of a deck of shuffled cards.Assume complete randomness of the guesses. Use the formula in (6) to derive an expression for theprobability that the number of guesses is exactly ` , for 0 ≤ ` ≤ 52. Use meaningful approximationto these probabilities and give numerical values (to 3 decimal places) of the probabilities for ` =0, 1, 2, . . . , 6.
PROBLEM 18. Two tennis players serve alternately. The game stops when one of them loses onher own serve (a simplified rule! If you don’t like this, you can then repeat the problem with the rulethat the game stops when one of them is 2 points ahead for the first time). Let the probability of thefirst player (respectively second) losing on her serve be p1 (respectively p2). Find the probability thatthe first player wins. What is the number if both are expert players with p1 = 0.01 and p2 = 0.02 orvice versa? When pi are small, does it matter significantly who starts first?
PROBLEM 19. Place rm distinguishable balls in m distinguishable bins. Let Am be the event that atleast one bin is empty4.(1) If rn = m2, show that P(Am)Ï 0 as m Ï∞.

(2) If rm = Cm for some fixed constant C , show that P(Am)Ï 1 as n Ï ∞.
(3) Can you find an increasing function f (·) such that if rm = f (m), then P(Am) does not convergeto 0 or 1? [Hint: First try rm = mα for some α, not necessarily an integer].

PROBLEM 20. Based on probability models and some experiments, a scientist finds that the chancefor two given people to have the same fingerprint pattern (in reality only some features of the fin-gerprint pattern are compared, and that is what we mean) is 10−10. Is this a good enough assurancethat we can use this system to distinguish any two people in Karnataka (which has a population of 7crore)?

4Here it would be appropriate to write Pm(An) as the probability spaces are changing, but we keep the notationsimple and simply write P(An).
47





CHAPTER 3
Independence and conditioning of events

1. Independence - a first look

We remarked in the context of inclusion-exclusion formulas that often the probabilities ofintersections of events is easy to find, and then we can use them to find probabilities of unionsetc. In many contexts, this is related to one of the most important notions in probability.
DEFINITION 21. Let A,B be events in a common probability space. We say that A and Bare independent is P(A ∩ B) = P(A)P(B).
EXAMPLE 22. Toss a fair coin n times. Then Ω = {ω : ω = (ω1, . . . , ωn), ωi is 0 or 1} and

pω = 2−n for each ω. Let A = {ω : ω1 = 0} and let B = {ω : ω2 = 0}. Then, from the definitionof probabilities, we can see that P(A) = 1/2, P(B) = 1/2 (because the elementary probabilitiesare equal, and both the sets A and B contain exactly 2n−1 elements). Further, A∩B = {ω : ω1 =1, ω2 = 0} has 2n−2 elements, whence P(A ∩ B) = 1/4. Thus, P(A ∩ B) = P(A)P(B) and hence
A and B are independent.

If two events are independent, then the probability of their intersection can be found fromthe individual probabilities. How do we check if two events are independent? By checkingif the probability of the event is equal to the product of the individual probabilities! It seemstotally circular and useless! There are many reasons why it is not an empty notion as weshall see.Firstly, in physical situationsdependence is related to a basic intuition we have aboutwhether two events are related or not. For example, suppose you are thinking of bettingRs.1000 on a particular horse in a race. If you get the news that your cousin is getting mar-ried, it will perhaps not affect the amount you plan to bet. However, if you get the news thatone of the other horses has been injected with undetectable drugs, it might affect the bet youwant to place. In other words, certain events (like marriage of a cousin) have no bearing onthe probability of the event of interest (the event that our horse wins) while other events (likethe injection of drugs) do have an impact. This intuition is often put into the very definitionof probability space that we have.For example, in the above example of tossing a fair coin n times, it is our intuition that acoin does not remember how it fell previous times, and that chance of its falling head in anytoss is just 1/2, irrespective of how many heads or tails occured before1 And this intuition was
1It may be better to attribute this to experience rather than intuition. There have been reasonable people inhistory who believed that if a coin shows heads in ten tosses in a row, then on the next toss it is more likely toshow tails (to ‘compensate’ for the overabundance of heads)! Clearly this is also someone’s intuition, and different
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used in defining the elementary probabilities as 2−n each. Since we started with the intuitivenotion of independence, and put that into the definition of the probability space, it is quiteexpected that the event that the first toss is a head should be independent of the event thatthe second toss is a tail. That is the calculation shown in above.But how is independence useful mathematically if the conditions to check independenceare the very conclusions we want?! The answer to this lies in the following fact (to beexplained later). When certain events are independent, then many other collections of eventsthat can be made out of them also turn out to be independent. For example, if A,B,C,Dare independent (we have not yet defined what this means!), then A ∪ B and C ∪ D are alsoindependent. Thus, starting from independence of certain events, we get independence ofmany other events. For example, any event depending on the first four tosses is independentof eny event depending on the next five tosses.
2. Conditional probability and independence

DEFINITION 23. Let A,B be two events in the same probability space.(1) If P(B) 6= 0, we define the conditional probability of A given B as
P
(
A
∣∣∣B) := P(A ∩ B)

P(B) .

(2) We say that A and B are independent if P(A ∩ B) = P(A)P(B). If P(B) 6= 0, then Aand B are independent if and only if P(A ∣∣∣∣∣∣ B) = P(A) (and similarly with the rolesof A and B reversed). If P(B) = 0, then A and B are necessarily independent since
P(A ∩ B) must also be 0.

What do these notions mean intuitively? In real life, we keep updating probabilities basedon information that we get. For example, when playing cards, the chance that a randomlychosen card is an ace is 1/13, but having drawn a card, the probability for the next card maynot be the same - if the first card was seen to be an ace, then the chance of the second beingan ace falls to 3/51. This updated probability is called a conditional probability. Independenceof two events A and B means that knowing whether or not A occured does not change thechance of occurrence of B. In other words, the conditional probability of A given B is thesame as the unconditional (original) probability of A.
EXAMPLE 24. Let Ω = {(i, j) : 1 ≤ i, j ≤ 6} with p(i,j) = 136 . This is the probability spacecorresponding to a throw of two fair dice. Let A = {(i, j) : i is odd} and B = {(i, j) : j is 1 or 6}and C = {(i, j) : i + j = 4}. Then A ∩ B = {(i, j) : i = 1, 3, or 5, and j = 1 or 6}. Then, it iseasy to see that

P(A ∩ B) = 636 = 16 , P(A) = 1836 = 12 , P(B) = 1236 = 13 .
from ours. Only experiment can decide which is correct, and any number of experiments with real coins showthat our intuition is correct, and coins have no memory.
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In this case, P(A ∩ B) = P(A)P(B) and hence A and B are independent. On the other hand,
P(A ∩ C) = P{(1, 3), (2, 2)} = 118 , P(C) = P{(1, 3), (2, 2), (3, 1)} = 112 .Thus, P(A ∩ C) 6= P(A)P(C) and hence A and C are not independent.This agrees with the intuitive understanding of independence, since A is an event that de-pends only on the first toss and B is an event that depends only on the second toss. Therefore,

A and B ought to be independent. However, C depends on both tosses, and hence cannot beexpected to be independent of A. Indeed, it is easy to see that P(C ∣∣∣∣∣∣ A) = 19 .
EXAMPLE 25. Let Ω = S52 with pπ = 152! . Define the events

A = {π : π1 ∈ {10, 20, 30, 40}}, A = {π : π2 ∈ {10, 20, 30, 40}}.
Then both P(A) = P(B) = 113 . However, P(B ∣∣∣∣∣∣ A) = 351 . One can also see that P(B ∣∣∣∣∣∣ Ac) = 451 .In words, A (respectively B) could be the event that the first (respectively second) card isan ace. Then P(B) = 4/52 to start with. When we see the first card, we update the probability.If the first card was not an ace, we update it to P(B ∣∣∣∣∣∣ Ac) and if the first card was an ace, weupdate it to P(B ∣∣∣∣∣∣ A).
Caution: Independence should not be confused with disjointness! In fact, they are polesapart. If A and B are disjoint, P(A ∩ B) = 0 and hence A and B can be independent if andonly if one of P(A) or P(B) equals 0. Intuitively, if A and B are disjoint, then knowing that Aoccurred gives us a lot of information about B (that it did not occur!), so independence is notto be expected.

EXERCISE 26. If A and B are independent, show that the following pairs of events are alsoindependent.(1) A and Bc .
(2) Ac and B.
(3) Ac and Bc .

Total probability rule and Bayes’ rule: Let A1, . . . , An be pairwise disjoint and mutuallyexhaustive events in a probability space. Assume P(Ai) > 0 for all i. This means that Ai∩Aj = ∅for any i 6= j and A1 ∪ A2 ∪ . . . ∪ An = Ω. We also refer to such a collection of events as apartition of the sample space.
PROPOSITION 27. Let A1, . . . , An partition the sample space as above. Let B be any event.

Then,

(1) (Total probability rule). P(B) = P(A1)P(B ∣∣∣∣∣∣ A1) + . . .+ P(An)P(B ∣∣∣∣∣∣ An).
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(2) (Bayes’ rule). Assume that P(B) > 0. Then, for each k = 1, 2, . . . , n, we have

P(Ak ∣∣∣∣∣∣ B) = P(Ak)P(B ∣∣∣∣∣∣ Ak)
P(A1)P(B ∣∣∣∣∣∣ A1) + . . .+ P(An)P(B ∣∣∣∣∣∣ An) .

PROOF. The proof is merely by following the definition.(1) The right hand side is equal to
P(A1)P(B ∩ A1)

P(A1) + . . .+ P(An)P(B ∩ An)
P(An) = P(B ∩ A1) + . . .+ P(B ∩ An)

which is equal to P(B) since Ai are pairwise disjoint and exhaustive.
(2) Without loss of generality take k = 1. Note that P(A1 ∩ B) = P(A1)P(B ∣∣∣∣∣∣ A1). Hence

P(A1 ∣∣∣∣∣∣ B) = P(A1 ∩ B)
P(B)

= P(A1)P(B ∣∣∣∣∣∣ A1)
P(A1)P(B ∣∣∣∣∣∣ A1) + . . .+ P(An)P(B ∣∣∣∣∣∣ An)where we used the total probability rule to get the denominator. �

EXERCISE 28. Suppose Ai are events such that P(A1 ∩ . . . ∩ An) > 0. Then show that
P(A1 ∩ . . . ∩ An) = P(A1)P(A2 ∣∣∣∣∣∣ A1)P(A3 ∣∣∣∣∣∣ A1 ∩ A2) . . .P(An ∣∣∣∣∣∣ A1 ∩ . . . ∩ An−1).

EXAMPLE 29. Consider a rare disease X that affects one in a million people. A medicaltest is used to test for the presence of the disease. The test is 99% accurate in the sense thatif a person has no disease, the chance that the test shows positive is 1% and if the person hasdisease, the chance that the test shows negative is also 1%.Suppose a person is tested for the disease and the test result is positive. What is thechance that the person has the disease X?Let A be the event that the person has the disease X. Let B be the event that the testshows positive. The given data may be summarized as follows.(1) P(A) = 10−6. Of course P(Ac) = 1− 10−6.
(2) P(B ∣∣∣∣∣∣ A) = 0.99 and P(B ∣∣∣∣∣∣ Ac) = 0.01.What we want to find is P(A ∣∣∣∣∣∣ B). By Bayes’ rule (the relevant partition is A1 = A and A2 = Ac),

P(A ∣∣∣∣∣∣ B) = P(B ∣∣∣∣∣∣ A)P(A)
P(B ∣∣∣∣∣∣ A)P(A) + P(B ∣∣∣∣∣∣ Ac)P(Ac) = 0.99× 10−60.99× 10−6 + 0.01× (1− 10−6) = 0.000099.

The test is quite an accurate one, but the person tested positive has a really low chance ofactually having the disease! Of course, one should observe that the chance of having diseaseis now approximately 10−4 which is considerably higher than 10−6.A calculation-free understanding of this surprising looking phenomenon can be achievedas follows: Let everyone in the population undergo the test. If there are 109 people in the
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population, then there are only 103 people with the disease. The number of true positives isapproximately 103×0.99 ≈ 103 while the number of false positives is (109−103)×0.01 ≈ 107.In other words, among all positives, the false positives are way more numerous than truepositives.
The surprise here comes from not taking into account the relative sizes of the sub-populations with and without the disease. Here is another manifestation of exactly the samefallacious reasoning.

Question: Person X is introverted, very systematic in thinking, pedantic in talking and quiteabsent-minded. You are told that X is a doctor or a mathematician. What do you guess -doctor or mathematician?As we saw in class, most people answer “mathematician”. Even accepting the stereotypethat a mathematician is more likely to have all these qualities than a doctor, this answerignores the fact that there are perhaps a hundred times more doctors in the world thanmathematicians! In fact, the situation is identical to the one in the example above, and themistake is in confusing P(A∣∣B) and P(B∣∣A).
3. Independence of three or more events

DEFINITION 30. Events A1, . . . , An in a common probability space are said to be independentif P (Ai1 ∩ Ai2 ∩ . . . ∩ Aim ) = P(Ai1 )P(Ai2 ) . . .P(Aim ) for every choice of m ≤ n and every choiceof 1 ≤ i1 < i2 < . . . < im ≤ n.
The independence of n events requires us to check 2n equations (that many choices of

i1, i2, . . .). Should it not suffice to check that each pair of Ai and Aj are independent? Thefollowing example shows that this is not the case!
EXAMPLE 31. Let Ω = {0, 1}n with pω = 2−n for each ω ∈ Ω. Define the events A =

{ω : ω1 = 0}, A = {ω : ω2 = 0} and C = {ω : ω1 +ω2 = 0 or 2}. In words, we toss a fair coin ntimes and A denotes the event that the first toss is a tail, B denotes the event that the secondtoss is a tail and C denotes the event that the first two tosses are both heads or both tails.Then P(A) = P(B) = P(C) = 12 . Further,
P(A ∩ B) = 14 , P(B ∩ C) = 14 , P(A ∩ C) = 14 , P(A ∩ B ∩ C) = 14 .Thus, A,B,C are independent pairwise, but not independent by our definition because P(A∩

B ∩ C) 6= 18 = P(A)P(B)P(C).Intuitively this is right. Knowing A does not given any information about C (similarly with
A and B or B and C), but knowing A and B tells us completely whether or not C occurred!Thus it is right that the definition should not declare them to be independent.

EXERCISE 32. Let A1, . . . , An be events in a common probability space. Then, A1, A2, . . . , Anare independent if and only if the following equalities hold: For each i, define Bi as Ai and
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Aci . Then
P(B1 ∩ B2 ∩ . . . ∩ Bn) = P(B1)P(B2) . . .P(Bn).

Note: This should hold for any possible choice of Bis. In other words, the system of 2n equal-ities in the definition of independence may be replaced by this new set of 2n equalities. Thelatter system has the advantage that it immediately tells us that if A1, . . . , An are independent,then A1, Ac2, A3, . . . (for each i choose Ai or its complement) are independent.
4. Subtleties of conditional probability

Conditional probabilities are quite subtle. Apart from the common mistake of confusing
P(A ∣∣∣∣∣∣ B) for P(B ∣∣∣∣∣∣ A), there are other points one sometimes overlooks. In fact, most of theparadoxical sounding puzzles in probability are based on confusing aspects of probability. Letus see one.

QUESTION 33. A man says “I have two children, and one of them is a boy”. What is thechance that the other one is a girl?
There are four possibilities BB,BG,GB,GG , of which GG has been eliminated. Of theremaining three, two are favourable, hence the chance is 2/3 that the other child is a girl.This is a possible solution. If you accept this as reasonable, here is another question.
QUESTION 34. A man says “I have two children, and one of them is a boy born on aSunday”. What is the chance that the other one is a girl?
Does the addition of the information about the boy change the probability? One opinionis that it should not. The other is to follow the same solution pattern as before. Write downall the 2 × 2 × 7 × 7 possibilities: BBss (boy, boy, sunday, sunday), BBsm, etc. The giveninformation that one is a boy who was born on Sunday eliminates many possibilities andwhat remain are 27 possibilities BGt∗, GB ∗ t , BBt∗, BB ∗ t where ∗ is any day of the week.Take care to not double count BBtt to see that there are 27 possibilities. Of these, 14 arefavourable (i.e., the other child is a girl), hence we conclude that the probability is 14/27.Is the correct answer 14/27 as calculated here or is it 2/3 (since the information of theday of birth of the boy is irrelevant, why should we change our earlier answer of 2/3?)?We leave it as food for thought. If you want a hint, the point is that to compute conditionalprobabilities, it is not enough to know what the person said, but also what else he could

have said. Not realizing this point is the main source of confusion in many popular puzzlesin probability.
5. Significance of conditional probability in life and the universe

There are two points we make in this section. One is that conditional probability is oftenthe way we think of probabilistic situations. The second is on practical and philosophicalsignificance of Bayes’ rule.
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5.1. Defining a probability space via conditional probabilities. So far all our probabilityspaces were defined by giving a sample space and specifying elementary probabilities. Evenwhen we started with a word-description of a situation, translating it into a probability spacewas straightforward. But in some situations, conditional probability is in-built into the verydescription of the situation. Rather than talk in generalities, this is best explained by anexample. This example is of considerable importance, and lends itself to many generalizations.
EXAMPLE 35 (Pólya’s urn scheme). An urn has 1 blue and 1 red ball. A ball is drawnuniformly at random, its colour noted, and returned to the urn along with an additional ball

of the same colour. Repeat the process, each time drawing a ball uniformly at random fromthe urn, and returning it with another ball of the same colour. To keep it specific, let us saywe stop after the third ball is drawn.What is the probability space? The outcome of the experiment is just the sequence ofcolours of the balls drawn. Hence the sample space is
Ω = {R,B}3 = {(ω1, ω2, ω3) : ωi ∈ {R,B}}.

What are the elementary probabilities? To take one example, p(R,B,B) ought to be 12 × 13 × 24 .The reason is that there is a chance of 12 of the first ball being red, then there are two redand one blue in the urn, so the chance of the second ball being blue is 13 after which thereare two red and two blue, so the chance of drawing a blue is 24 . In other words, we arecomputing the elementary probabilities using the rule in Exercise 28, writing p(R,B,B) =
p(R)p(B|R)p(B|R,B) (hopefully the notation is self-explanatory; by p(B|R,B) we mean thechance of drawing a blue, given that the first two draws were red and blue, respectively). Bysimilar reasoning, we can write the full list of elementary probabilities as

p(R,R,R) = p(B,B,B) = 12 × 23 × 34 p(R,R,B) = p(B,B,R) = 12 × 23 × 14
p(R,B,R) = p(B,R,B) = 12 × 13 × 24 p(R,B,B) = p(B,R,R) = 12 × 13 × 24The problems lends itself to many generalizations, such as changing the initial compositionof the urn, having more than two colours, different replacement rules (can put some balls ofthe same colour and/or some balls of the opposite colour) etc.

EXERCISE 36. If the initial urn has b blue and r red balls, and the experiment is carriedout till n balls are drawn, show that Ω = {0, 1}n (where 0 = R and 1 = B) and
p(ω1, . . . , ωn) = b(b + 1) . . . (b + k − 1)r(r + 1) . . . (r + ` − 1)(b + r)(b + r + 1) . . . (b + r + n − 1)where k = ω1 + . . .+ ωn and ` = n − k. The surprise is that the probability depends only onthe number of blue and number of red drawn, not the order!
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5.2. Some implications of the Bayes’ rule. We have already seen some applications ofBayes’ rule. In general, it is an important ingredient in sifting evidence. We explain it withtwo examples.
EXAMPLE 37. In a city there are two ethnic groups of people, a minority group A (5% ofthe population) and a majority group B (95%). One day, in a dark alley, an incident of theftoccurs. When giving evidence to the police, the victim says that the perpetrator looked likehe was from group A.Since there are possibilities of making mistakes, the police check the ability of the victimto identify which group a person belongs to, by testing him against a large number of people.It turns out that he is right 90% of the time. Can they conclude that they might as well restricttheir search to members of group A?Assuming the same crime rate by members of either group, a standard application ofBayes’ rule tell us that P(criminal ∈ A ∣∣∣∣∣∣ victim says A) is equal to

P(victim says A ∣∣∣∣∣∣ criminal ∈ A)P(criminal ∈ A)
P(victim says A ∣∣∣∣∣∣ criminal ∈ A)P(criminal ∈ A) + P(victim says A ∣∣∣∣∣∣ criminal ∈ B)P(criminal ∈ B)
= 0.9× 0.050.9× 0.05 + 0.1× 0.95 = 0.32 . . .
This is much smaller than 0.9, which is the answer that many are tempted to give right-away.Thus we see that not taking the base rate (i.e., that group A is a minority) into account givesa false impression.

Clearly the above situation is of relevance in society, when we pass judgements on groupsof people. The next example is not about avoidance of mistakes, but places Bayes’ rule as oneof the fundamental modes of sifting evidence to arrive at conclusions about the world.
EXAMPLE 38. A standard application of Bayes’ rule is to the following artificial lookingproblem: Urn-A has two red and one blue ball and Urn-B has two blue and one red ball. Afair die is thrown and if it turns up 6, then Urn-B is chosen and otherwise Urn-A is chosen.Balls are drawn uniformly at random, with replacement, from the chosen urn. You are nottold the result of the die throw or which urn is chosen, but only that the first four balls drawnare B,R,B, B. What is the chance that the first urn was chosen?We leave the solution of this to you, but talk about its meaning. Instead of the two urns,imagine two (or more) hypothesis. They could be two theories about some aspect of naturelike Lamark’s theory v/s Darwin’s or that the space is flat as opposed to the space is curved etc.They could also be not-exactly-scientific hypotheses like “God exists v/s God does not exist",“Dosas in Vidyarthi bhavan are better than those in Janatha hotel v/s the reverse statement"etc. How do we come to any conclusion about such matters?We imagine two competing hypotheses to be two different urns, and each observationof the world as a ball drawn from the urn that corresponds to the true hypothesis. Witheach draw, we update our conditional probabilities of the two hypotheses. Perhaps when itis overwhelmingly large (like 0.95) or small (like 0.05), we stop experimenting and decide
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to accept the hypothesis that has higher conditional probability. Although in many real-lifesituations, there is no hope of having actual numbers to calculate the conditional probabilities,Bayes’ rule may be taken as a caricature of the way we reason about the world.
5.3. When unlikely events happen. . . Imagine two disjoint events A and B in a probabil-ity space having probabilities 2−20 and 2−40 respectively. Then the event A ∪ B is also highlyunlikely, with a probability of 2−20 + 2−40. If we know that A ∪ B did indeed occur, what isthe chance that it happened through A rather than B? One can apply Bayes’ rule, althoughdirect calculation is easier in this case, to see that

P(A ∣∣∣∣∣∣ A ∪ B) = 11 + 2−20 , P(B ∣∣∣∣∣∣ A ∪ B) = 2−201 + 2−20 .In other words, given A ∪ B, it is overwhelmingly likely that it happened through A, ratherthan through B. It is summarized by saying that when an unlikely event happens, it happens
in the least unlikely way.

6. Exercises

PROBLEM 1. Let A,B be events with positive probability in a common probability space. We haveseen in class that P(A∣∣B) and P(B∣∣A) are not to be confused.(1) Show that P(A∣∣B) = P(B∣∣A) if and only if P(A) = P(B).
(2) Show that P(A∣∣B) > P(A) if and only if P(B∣∣A) > P(B). That is, if occurrence of B makes Amore likely than it was before, then the occurrence of A makes B more likely than it was.

PROBLEM 2. There are 10 bins and the kth bin contains k black and 11 − k white balls. A bin ischosen uniformly at random. Then a ball is chosen uniformly at random from the chosen bin.(1) Find the conditional probability that the chosen ball is black, given that the kth bin waschosen. Use this to compute the (unconditional) probability that the chosen ball is white.
(2) Given that the chosen ball is black, what is the probability that the kth bin was chosen?

PROBLEM 3. A fair die is thrown n times. For 1 ≤ k ≤ n − 1, let Ak be the event that the kththrow and the (k+ 1)st throw yield the same result. Are A1, . . . , An−1 independent? Are they pairwiseindependent?
PROBLEM 4. Two dice (not necessarily identical, and not necessarily fair) are thrown and let X bethe total of the two numbers that turn up. Can you design the two dice so that X is equally likely tobe any of the numbers 2, 3, . . . , 12?
PROBLEM 5. A fair die is thrown repeatedly (assume that the results are independent). Let N1 <

N2 < . . . be the throw-numbers that show a six. Are N1 and N2 − N1 independent? Are N1 and N2independent?
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PROBLEM 6. Find examples of discrete probability spaces and events A,B,C so that the followinghappen.(1) The events A,B,C are pairwise independent but not mutually independent.
(2) P(A ∩ B ∩ C) = P(A)P(B)P(C) but A,B,C are not independent.

PROBLEM 7. Let A1, . . . , An be independent with P(Ai) = p for all i. Find the probability that (a)none of the events A1, . . . , An occur, (b) all of the events A1, . . . , An occur.
PROBLEM 8. A factory produces light bulbs and it is desired that the proportion of defective bulbssold should be less than 2%. To ensure this, an inspector random chooses 100 bulbs from a batch andtests all of them. The whole batch is sent for sale if and only if there are at most 2 defective bulbsamong the 100 tested. What is the chance that a batch with more than 2% defective bulbs is sent forsale?
PROBLEM 9. Same as previous problem, except that the inspector keeps testing bulbs one afteranother (assume with replacement) till he/she finds a defective one. The batch is passed (sent forsale) if the first 5 bulbs tested are not defective. What is the chance that a batch with more than 2%defective bulbs is sent for sale?
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CHAPTER 4
Discrete random variables and their distributions

Let (Ω, p) be a probability space and X : ΩÏ R be a random variable. A random variablecan be thought of as a measurement in a random experiment. For example, in playing manygames, two dice are rolled, and the sum of the two numbers is taken. The sample spaceis {(i, j) : i, j ≤ 6}, but we are only interested in the measurement X((i, j)) = i + j . If anevent A ⊆ Ω is identified with its indicator 1A, then we see that they correspond to specialmeasurements of a “yes v/s no” kind. Random variables are useful for finer measurements.A quick remark on terminology. One can allow a random variable is allowed to take valuesin arbitrary sets. But for definiteness we make them real-valued. By just renaming a set, wecan always do this (for example, if X : Ω Ï {a, b, c}, then we can rename a, b, c as 1, 2, 3respectively, so X becomes real-valued). When it is more convenient to consider other co-domains, we will use words like random vector (if X : Ω Ï Rn for some n) or a categorical
variable (if X : Ω Ï S, where S is some finite set with no structure, e.g., {Tall,Short} or
{Wrinkled,Smooth}), etc.

1. Probability distribution of a discrete random variable

The thing to know about a random variable is the set of values it can take and theprobabilities with which it takes those values. This information is captured by the probability
mass function of the random variable.
Probability mass function (pmf). The range of X is a countable subset of R, denote it byRange(X) = {t1, t2, . . .}. Then, define fX : RÏ [0, 1] as the function

fX(t) =
P{X = t} if t ∈ Range(X).0 if t 6∈ Range(X).

Here {X = t} is a short form for the event {ω ∈ Ω : X(ω) = t}. We shall use such shortcutsthroughout the course. One obvious property of the pmf is that ∑t∈R fX(t) = 1. Conversely,any non-negative function f : R Ï R+ that is zero outside a countable set S and such that∑
t∈R f (t) = 1 is a pmf of some random variable.We now introduce another gadget that has the same information as the probability massfunction, in that either can be recovered from the other. Its real need will only become clearwhen we go beyond discrete random variables later.

Cumulative distribution function (CDF). Define FX : RÏ [0, 1] by
FX(t) = P{ω : X(ω) ≤ t}.
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It is easy to see that one can recover the pmf from the CDF and vice versa. For example,given the pmf f , we can write the CDF as F (t) = ∑
u:u≤t f (u). Conversely, given the CDF, bylooking at the locations of the jumps and the sizes of the jumps, we can recover the pmf.

EXAMPLE 10. Let Ω = {(i, j) : 1 ≤ i, j ≤ 6} with p(i,j) = 136 for all (i, j) ∈ Ω. Let X : Ω Ï Rbe the random variable defined by X(i, j) = i + j . Then, Range(X) = {2, 3, . . . , 12}. The pmfof X is given by
k 2 3 4 5 6 7 8 9 10 11 12

fX(k) 1/36 2/36 3/36 4/36 5/36 6/36 5/36 4/36 3/36 2/36 1/36
and the CDF is given by
t < 2 [2, 3) [3, 4) [4, 5) [5, 6) [6, 7) [7, 8) [8, 9) [9, 10) [10, 11) [11, 12) ≥ 12

FX(k) 0 1/36 3/36 6/36 10/36 15/36 21/36 26/36 30/36 33/36 35/36 1

Basic properties of a CDF: The following observations are easy to make.(1) F is an increasing function on R.
(2) lim

tÏ+∞F (t) = 1 and lim
tÏ−∞

F (t) = 0.
(3) F is right continuous, that is, lim

h↘0F (t + h) = F (t) for all t ∈ R.
(4) F increases only in jumps. This means that if F has no jump discontinuities (anincreasing function has no other kind of discontinuity anyway) in an interval [a, b],then F (a) = F (b).Since F (t) is the probability of a certain event, these statements can be proved using the basicrules of probability that we saw earlier.

PROOF. Let t < s. Define two events, A = {ω : X(ω) ≤ t} and B = {ω : X(ω) ≤ s}. Clearly
A ⊆ B and hence F (t) = P(A) ≤ P(B) = F (s). This proves the first property.To prove the second property, let An = {ω : X(ω) ≤ n} for n ≥ 1. Then, An are increasingin n and ⋃∞n=1 An = Ω. Hence, F (n) = P(An) Ï P(Ω) = 1 as n Ï ∞. Since F is increasing, itfollows that limtÏ+∞ F (t) = 1. Similarly one can prove that limtÏ−∞ F (t) = 0.Right continuity of F is also proved the same way, by considering the events Bn =
{ω : X(ω) ≤ t + 1

n}. We omit details. �

The point is that probabilistic questions about X can be answered by knowing its CDF FX .Therefore, in a sense, the probability space becomes irrelevant. For example, the expectedvalue of a random variable can be computed using its CDF only. Hence, we shall often makestatements like “X is a random variable with pmf f ” or “X is a random variable with CDF F ”,without bothering to indicate the probability space.Some distributions (i.e., CDF or the associated pmf) occur frequently enough to merit aname.
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2. Examples of discrete probability distributions

EXAMPLE 11. Let f and F be the pmf, CDF pair
f (t) =

p if t = 1,
q if t = 0, FX(t) =


1 if t ≥ 1,
q if t ∈ [0, 1),0 if t < 0.

A random variable X having this pmf (or equivalently the CDF) is said to have Bernoulli
distribution with parameter p and write X ∼ Ber(p). For example, if Ω = {1, 2, . . . , 10} with
pi = 1/10, and X(ω) = 1ω≤3, then X ∼ Ber(0.3). Any random variable taking only the values 0and 1, has Bernoulli distribution.

EXAMPLE 12. Fix n ≥ 1 and p ∈ [0, 1]. The pmf defined by f (k) = (nk)pkqn−k for 0 ≤ k ≤ nis called the Binomial distribution with parameters n and p and is denoted Bin(n, p). TheCDF is as usual defined by F (t) = ∑
u:u≤t f (u), but it does not have any particularly niceexpression.For example, if Ω = {0, 1}n with pω = p

∑
i ωiqn−

∑
i ωi , and X(ω) = ω1 + . . . + ωn , then

X ∼ Bin(n, p). In words, the number of heads in n tosses of a p-coin has Bin(n, p) distribution.

FIGURE 1. PMF of Bin(n, 1/2) with n = 8, 12, 16 on the left. PMF of Bin(12, p)with p = 13 , 12 , 34 on the right. The lines joining the points have no meaningand are shown only for better visual effect.
EXAMPLE 13. Fix p ∈ (0, 1] and let f (k) = qkp for integer k ≥ 0. This is called the

Geometric distribution with parameter p and is denoted Geo(p). The CDF is
F (t) =

0 if t < 0,1− qk if k − 1 ≤ t < k, for some k ≥ 1.
For example, if a p-coin is tossed till the first head turns up, then the number of tails is arandom variable with Geo(p) distribution. In some books, the random variable considered isthe total number of tosses till the first head. This is one more than the number of tosses, andhas pmf g(k) = qk−1p for k = 1, 2 . . .. To prevent ambiguity, let us denote this distributionGeo+(p) in these notes (this is not standard notation).

61



FIGURE 2. PMF and CDF of Geo(p) with p = 14 , 12 , 45 . Again, for the PMF, thelines joining the points are there for better visualization.
EXAMPLE 14. If we extend the previous experiment and toss a coin till m heads turn up,then the pmf of the number of tails is

g(k) = (k +m− 1
k

)
qkpm, k ≥ 0.

This is because the k +m toss must be a head, and of the previous k +m− 1 tosses, exactly
k must be tails. This distribution is called Negative-Binomial distribution with parameters mand p, and denoted Neg-Bin(m;p). When m = 1, this is the same as Geo(p). The pmf can alsobe written as1

g(k) = (−1)k(−mk
)
qkpm, for k ≥ 0,

which explains the term “negative binomial”. Observe that written this way, we may alsoallow the parameter m to be any positive number, not necessarily an integer! Indeed, by thegeneralized Binomial theorem
∞∑
k=0(−1)k(−mk

)
qkpm = pm(1− q)−m = 1,

for any m, showing that g is a valid pmf. For non-integer m, it does not make sense to talkof “waiting for the mth head”, of course.Like before, if we count the number of tosses till the mth head, then the pmf is
f (k) = ( k − 1

k −m

)(1− p)k−mpm, for k ≥ m,

and we denote this distribution as Neg-Bin+(m;p).
EXAMPLE 15. Fix λ > 0 and define the pmf f (k) = e−λ λkk! . This is called the Poisson

distribution with parameter λ and is denoted Pois(λ).
1For any complex number α and integer k ≥ 0, recall that the binomial coefficient (αk) = α(α−1)...(α−k+1)

k! . When
α is a positive integer, this agrees with the usual definition. When α = −m where m is a positive integer, we canrewrite this as (−mk ) = (−1)k(m+k−1

k
). Thus g(k) = (−1)k(−mk ), explaining why the term “negative binomial” is used.The most important occurrence of the general binomial coefficients is in the generalized Binomial theorem thatsays that (1 + x)α = ∑k≥0 (αk)xk valid for |x| < 1 and any α ∈ C.
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FIGURE 3. PDF of Neg-Bin(3; 13 ).
Although Poisson is one of the most important of the distributions, it is hard to thinkof a simple natural experiment which gives a random variable having exactly the Poissondistribution (contrast with the Binomial and Geometric distributions that occur in coin-tossingexperiments)! Mathematically it always arises as a limiting case. For example, in the problemof a psychic (randomly) guessing the cards in a deck, we saw that the number of matches(correct guesses) had an approximately Pois(1) distribution. Here is another example.Let X ∼ Bin(n, p), where n is large, p is small, but np = λ remains constant. Then,

P{X = k} = (nk
)(

λ
n

)k (1− λ
n

)n−k
= n(n − 1) . . . (n − k + 1)

k! λk
nk

(1− λ
n

)n−k
.

Note that n(n−1)...(n−k+1)
nk Ï 1 as n Ï ∞ (since k is fixed). Also, (1− λ

n )n−k Ï e−λ (if not clear,note that (1− λ
n )n Ï e−λ and (1− λ

n )−k Ï 1). Hence, the right hand side above converges to
e−λ λkk! which is the Pois(λ) pmf. In short, Bin(n, λn ) distribution is close to Pois(λ) distributionif n is large.But why would we have the situation of large n and small p but balancing out so that
np = λ? Here is an example to show that this is not so unnatural as it may appear at first.

EXAMPLE 16. (A physical example). A large amount of payasa is made in the hostel messto serve 100 students. The intention is that each student get 2 raisins in their cup, so the cookadds 200 raisins and mixes the payasa, and then pours it into 100 cups. But the number ofraisins that a given student gets is not necessarily 2 but random. Each raisin has a 0.01 chanceto come into that particular cup, and there are 200 raisins, so the number of raisins in thecup must have Bin(200, 0.01). Observe that np = 200× 0.01 = 2. Thus the above calculationsshow that the number of raisins in a given cup has approximately Pois(2) distribution.
EXAMPLE 17. Fix positive integers b,w and m ≤ b + w . Define the pmf f (k) = (bk)( w

m−k)(b+w
m )where the binomial coefficient (xy) is interpreted to be zero if y > x (thus f (k) > 0 only formax{m − w, 0} ≤ k ≤ b). This is called the Hypergeometric distribution with parameters

b,w,m and we shall denote it by Hypergeo(b,w,m).
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FIGURE 4. PMF and CDF of Pois(λ) with λ = 2, 4, 6.
Consider a population with b men and w women. The number of men in a randomsample (without replacement) of size m, is a random variable with the Hypergeo(b,w,m)distribution.

FIGURE 5. PMF and CDF of Hypergeo(12, 8,m) with m = 5, 9, 13.
EXAMPLE 18. Zipf’s law says that in natural languages, the most common word is twiceas likely as the second most common word and three times more likely than the third mostcommon word etc. If the words in the language are listed as 1, 2, . . . , N in decreasing orderof frequency, then Zipf’s law is suggesting the pmf f (k) = 1/HN

k for k = 1, 2, . . . , N, where
HN = 1 + 12 + . . .+ 1

N is the normalizing constant. The CDF F is given by
F (x) = 1

HN
(1 + 12 + . . .+ 1

k ) if k ≤ x < k + 1 for some 1 ≤ k ≤ N − 1
= Hk
HN

.

It is well-know that Hn = logn − γ + o(1) as n Ï ∞ where γ = 0.5772 . . . is the Euler-Macheroni constant. Thus, if we take k = Nb with 0 < b < 1, then we see that F (Nb) ≈ b. Inother words, just N0.99 words (which is a negligible fraction of N in the sense that N0.99
N Ï 0as N Ï∞) comprise more than 99% of all written text in that language!Similar observations hold for wealth distribution (it is said that the top 1% of rich peoplein India have about 40% of the wealth in the country). But it is not always Zipf’s law thatapplies. A more general class of pmfs is given by f (k) = 1/CN,α

kα for 1 ≤ k ≤ N . Here α > 0 isa parameter and CN,α = 1 + 12α + . . .+ 1
Nα .
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EXAMPLE 19. Discrete Pareto distribution Fix s > 1 and let f (k) = 1/ζ(s)
ks for k = 1, 2, . . .,where ζ(s) = ∑∞

n=1 1
ns (it is called the Riemann-zeta function). Observe that this does notmake sense for s = 1 as ∑ 1

k =∞, which is why in Zipf’s law we restricted to finite N .If X has discrete Pareto distribution with parameter s, then P{X ≥ m} = ∑∞
k=m 1/ζ(s)

kα �1
mα−1 . The key point is that this “tail probability" decays slowly (unlike in Poisson, where itdecays exponentially fast). This is the reason why Pareto is used to describe wealth distribu-tions where the richest person has orders of magnitude more wealth than a typical person(but not, for example, heights of people: even the tallest person is less than twice the averageheight!).

3. Expectations of discrete random variables

While the pmf and CDF have all the information about a random variable, in many casesit is impossible or difficult to find them explicitly. In such cases, it is useful to have partialinformation. If one had to summarize the distribution by a single number, what should thatnumber be? One of the best choices is the expectation.
DEFINITION 20. Let X be a random variable on (Ω, p) with pmf f . Its expected value is

E[X] = ∑
ω∈ΩX(ω)pω , provided the sum converges absolutely. Otherwise we say that theexpectation does not exist.

3.1. Properties of expectation. Let X, Y be random variables on (Ω, p) and let a, b ∈ R.(1) Linearity: If X, Y have expectation, then so does aX+ bY and E[aX+ bY ] = aE[X] +
bE[Y ]. This is because

E[aX + bY ] =∑
ω

(aX(ω) + bY (ω))p(ω)
= a

∑
ω
X(ω)p(ω) + b

∑
ω
Y (ω)p(ω) = aE[X] + bE[Y ].

(2) Positivity/Monotonicity: If X ≥ 0 (pointwise), then E[X] ≥ 0 with equality if and onlyif P{X = 0} = 1. This is clear from the definition E[X] = ∑ω X(ω)p(ω). There can beno cancellation, and the sum is zero if and only if X(ω)p(ω) = 0 for all ω, which isthe same as ∑ω:X(ω)>0 p(ω) = 0, or equivalently P{X > 0} = 0.If X ≥ Y (pointwise) and expectations exist, then applying positivity to X − Y , wesee that E[X] ≥ E[Y ] with equality if and only if P{X = Y} = 1.
(3) E[1A] = P(A). In particular, E[1] = 1.These three properties are crucial. In fact, one can forget the definition of expectation andsimply work from these three properties.

REMARK 21. In fact, at least for finite Ω, these properties force the definition of expectation.Indeed, any random variable X can be written as a linear combination of indicators of singletonsets: X(·) = ∑
ω′∈ΩX(ω′)1{ω′}. The first and third property then force the definition of E[X].This argument does not quite work when Ω is countably infinite. To do that we need to observe
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one more property which we omitted for simplicity: If Xn, X ≥ 0 and Xn ↑ X pointwise, then
E[Xn] ↑ E[X]. This is known as MCT (monotone convergence). MCT is for random variableswhat countable additivity is for events (and linearity is analogous to finite additivity).

3.2. Computing expectations. In computing expectations, it helps to note that it dependsonly on the distribution of the random variable. Indeed, if X has pmf f , we claim that
E[X] =∑

t∈R
tf (t).

To show this, let Range(X) = {x1, x2, . . .}. Let Ak = {ω : X(ω) = xk}. By definition of pmf wehave P(Ak) = f (xk). Further, Ak are pairwise disjoint and exhaustive. Hence
E[X] = ∑

ω∈ΩX(ω)pω =∑
k

∑
ω∈Ak

X(ω)pω =∑
k
xkP(Ak) =∑

k
xkf (xk).

All the rearrangements of the sums here are justified by the assumption that expectationexists, i.e., absolute convergence of ∑X(ω)p(ω).
I Going further, if h : R Ï R is any function, then the random variable h(X) hasexpectation E[h(X)] = ∑

k h(xk)f (xk). For example, for h(x) = x2 this says that E[X2] =∑
k x2

kf (xk). Although this sounds trivial, there is a very useful point here. To calculate E[X2]we do not have to compute the pmf of X2 first, which can be done but would be more work.Instead, in the above formulas, E[h(X)] has been computed directly in terms of the pmf of X.For a proof, again partition Ω into the sets Ak = {ω : X(ω) = xk} and write
E[h(X)] = ∑

ω∈Ωh(X(ω))pω =∑
k

∑
ω∈Ak

h(X(ω))pω =∑
k
h(xk)P(Ak) =∑

k
h(xk)f (xk).

EXAMPLE 22. Let Ω = {0, 1}n and p(ω) = pω1+...+ωnqn−(ω1+...+ωn) be the probability spacecorresponding to n tosses of a coin. Let X(ω) = ω1 + . . . + ωn be the number of heads. Wecan compute the expected value of X in three ways.(1) Directly from the definition,
E[X] = ∑

ω∈{0,1}n(ω1 + . . .+ ωn)pω1+...+ωnqn−ω1+...−ωn
One way to compute this sum is to differentiate the identiity (x+y)n = ∑ω xω1+...+ωnyn−ω1−...−ωnw.r.t. x, multiply by x, and then set x = p and y = q . That gives nx(x+y)n−1|x=p,y=q =
np.

(2) We know that X ∼ Bin(n, p). Hence using k
(n
k
) = n

(n−1
k−1), we see that

E[X] = n∑
k=0 k

(
n
k

)
pkqn−k = np

n∑
k=1
(
n − 1
k − 1

)
pk−1qn−k

= np(p + q)n−1 = np.

(3) Write X = X1 + . . .+Xn where Xk(ω) = ωk is the indicator that the kth toss is a head.Now Xk ∼ Ber(p), hence E[Xk] = p, and therefore E[X] = np by linearity.
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In this example, all three ways work, and it is difficult to appreciate the difference betweenthe approaches. The value of the third method becomes clearer in cases where computingthe pmf is way to complicated.
EXAMPLE 23. Consider the problem of throwing r distinguishable balls at random into mlabelled bins. Let X denote the number of empty bins. Using the inclusion-exclusion formulaand its extensions, we can write rather complicated formulas for the pmf of X. However itis much easier to realize that X = X1 + . . . + Xm , where Xk = 1bin k is empty. Then E[Xk] =

P{kth bin is empty} = (m− 1)r/mr . Summing over k, we see that E[X] = (m− 1)r/mr−1.

EXERCISE 24. Find E[X] and E[X2] in each case. (1) X ∼ Bin(n, p). (2) X ∼ Geo(p).(3) X ∼ Neg-Bin(m;p). (4) X ∼ Pois(λ). (5) X ∼ Hypergeo(b,w;m).

EXERCISE 25. Consider the experiment of a psychic guessing a deck of n cards. Let X bethe number of correct guesses. Without computing the pmf of X, show that E[X] = 1 (yes, itdoes not depend on the size of the deck!)

4. Other quantities associated to distributions

Once we have the notion of expectation, we can define many other quantities of importanceand interest. This is the case for all the quantities except for quantiles below.
Quantiles: For 0 < p < 1, the pth quantile of X is any number x such that P{X < x} ≤ t ≤
P{X ≤ x}. The 12 -quantile is called the median and the 14 and 34 quantiles are called the lowerand upper quartiles, respectively. They are not unique, for instance for X ∼ Ber(1/2), anynumber x ∈ [0, 1] is a median.
Moments: Let k ≥ 0 be an integer. If E[Xk] exists, it is called the kth moment of X. Existencemeans that E[|X|k] < ∞. While |X|k is defined for any real number k, note that Xk is in generalwell-defined only when k is an integer. For this reason, if E[|X|p] < ∞, we say that X hasfinite p-th moment, but unless X ≥ 0 or p is an integer, there is no number called the pthmoment of X.Observe that if 0 < p1 < p2, then |X|p1 ≤ |X|p2 + 1 pointwise. Therefore, by the mono-tonicity of expectation, if the p2 moment is finite, then so is the p1 moment. In words, if amoment exists, all lower moments also exist.
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Variance: Let µ = E[X] and define σ2 := E
[(X − µ)2]. This is called the variance of X, alsodenoted by Var(X). It can be written in other forms. For example,

σ2 = E[X2 + µ2 − 2µX] (by expanding the square)
= E[X2] + µ2 − 2µE[X] (by the linearity of expectation)
= E[X2]− µ2.

That is Var(X) = E[X2]− (E[X])2. From the above calculations, it is also clear that the varianceis finite if and only if the second moment is finite.
Standard deviation: The standard deviation of X is defined as s.d.(X) := √Var(X). Note thatit has the same dimensions as X. That is, if X is the height measured in meters, then s.d.(X)is also in meters (in contrast, the variance has units of squared-meters).
Mean absolute deviation: The mean absolute deviation of X is defined as the E[|X−med(X)|].

Variance standard deviation, mean absolute deviation are all measures of spread or dis-persion. We discuss it more detail below, after introducing a few other quantities of interest.
Coefficient of variation: The coefficient of variation of X is defined as c.v.(X) = s.d.(X)

|E[X]| . Thismakes more sense for a positive random variable, for example, the height of a randomlychosen person in a population. If heights are converted from meters to centimeters, bothmean and standard deviation scale up by a factor of 100, but the coefficient of variationremains the same. It is a dimension-free pure number.
Entropy: The Shannon entropy of a random variable X having pmf f is defined as

H(X) = −∑
i
f (t) log2 f (ti)

Observe that unlike expectation, the entropy does not actually care about the values takenbut only the probabilities of the distinct values. For example, if X ∼ Ber(p) and Y = 10X,then H(Y ) = H(X) = −p log2 p − q log2 q . In that sense, it is better to think of X as a
categorical random variables, taking abstract values a, b, c, . . . that have no relationship suchas closeness between them (unlike numbers). This allows us to use the same definition for arandom variable taking values in any discrete set.To see what entropy measures, see Figure 4. It vanishes at p = 0 and p = 1, is symmetricabout p = 1/2, and maximum at p = 1/2. In some sense that matches how “predictable" a cointoss is. If p = 0 or p = 1, it is entirely predictable, and it is least predictable when p = 1/2.Thus, entropy is a measure of unpredictability.
Generating functions: A fruitful idea in mathematics is that of associating to a sequence(possibly finite) of numbers (an)n≥0, a generating function A(t) = ∑n≥0 antn . We know from
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FIGURE 6. Shannon entropy of Ber(p) as a function of p.

analysis class that there is a number R (called radius of convergence) such that A(t) convergesfor |t| < R and diverges for |t| > R (it can go either way when |t| = R). If R = 0 we are lost.But if R > 0, then A defines a smooth function on (−R,R) and the power of Calculus can bebrought to bear on the study of the sequence (an)n≥0. This idea and its variants are useful tostudy the pmf of a random variable.
(1) Probability generating function (PGF): If X takes values in {0, 1, 2, . . .}, we define itsPGF as

G(s) = E[sX] = ∞∑
n=0 fX(n)sn(7)

provided the sum converges. Clearly it does for |s| ≤ 1, as ∑n fX(n) = 1. If X takesfractional values, sX does not make sense if s < 0, hence the restriction to N-valuedrandom variables.
(2) Moment generating function (MGF): If X is a real-valued random variable, we defineits MGF as

M(t) = E[etX] =∑
x
fX(x)etx ,

provided the expectation exists. In a formal sense, MGF may be thought of as thePGF of X at et (since et > 0, the issue of ill-definedness does not arise).
(3) Characteristic functions (CF): If X is a real-valued random variable, we define itscharacteristic function asΨ(t) = E[eitX] := E[cos(tX)] + iE[sin(tX)].

For any t ∈ R, the random variables sin(tX) and cos(tX) are bounded, hence theexpectations exist. Thus unlike the PGF or MGF, the characteristic function is alwayswell-defined. Its tremendous use will be seen when proving the central limit theorem(not in this course!).
In this course we shall only use the PGF to some extent.
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EXAMPLE 26. Let X ∼ Pois(λ). Then its PGF is
G(s) =∑

k≥0 e
−λ λk
k! sk = e−λ+λs.

In this case, the PGF is defined for all s ∈ R.
Of what use is the PGF? If we differentiate the series (7) w.r.t. s repeatedly (term-by-termdifferentiation on the right has to be justified; we leave it to your analysis class, and it isbelievable in any case) we get G′(s) = ∑

n≥1 f (n)nsn−1, G′′(s) = ∑
n≥2 n(n − 1)f (n)sn−2, andmore generally

G(r)(s) =∑
n≥r

n(n − 1) . . . (n − r + 1)f (n)sn−r.
In particular, setting s = 1 (this also requires justification, as s = 1 may be on the boundary ofconvergence), we get G(r)(1) = E[X(X−1) . . . (X−r+1)]. The PGF thus provides a convenientshort-cut to some calculations.

EXAMPLE 27. If X ∼ Pois(λ), the PGF is G(s) = e−λ+λs . Therefore, E[X(X − 1) . . . (X − r +1)] = G(r)(1) = λr for all r ≥ 1. In particular,
Var(X) = E[X(X − 1)] + E[X]− E[X]2 = G′′(1) + G′(1)−G′(1)2 = λ

and s.d.(X) = √λ.
EXERCISE 28. If X ∼ Pois(1), show that E[Xr ] is the number of ways to partition theset [r]. For example, if r = 3, the partitions are {{1}, {2}, {3}}, {{1, 2}, {3}}, {{1, 3}, {2}},

{{2, 3}, {1}}, {{1, 2, 3}}, so E[X3] = 4.
Discussion: What do these quantities mean? Mean and median try to summarize the distri-bution of X by a single number. They are called measures of central tendency. We havealready discussed their relative merits. The other quantities measure various other featuresof the distribution. Of particular importance is are measures of spread or dispersion.The variance, the standard deviation and the mean absolute deviation are measures ofdispersion. They measure how much a distribution is spread out. Suppose the averageheight of people in a city is 160 cm. This could be because everyone is 160 cm exactly orbecause half the people are 100 cm. while the other half are 220 cm., or alternately theheights could be uniformly spread over 150-170 cm., etc. To measure spread, one idea wouldbe to fix a number a and consider E[|X −a|] (of course naively one might think E[X−a], butthat is just E[X] − a and has no information other than the mean). It turns out (exercise inthe homework) that this quantity is minimized when a = Med(X), and the value for that a isprecisely the mean absolute deviation.But mathematically it is much better to consider E[|X − a|2], which is minimized when
a = E[X] and the value is the variance. Why is it better? Naive reason: Absolute value is a
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pain, square can be expanded to see that E[|X − a|2] = E[X2]− 2aE[X] + a2. A more refinedreason: Think of it as analogous to how we measure the distance between (p1, q1) and (p2, q2)by the Pythagorean expression √(p1 − q1)2 + (p2 − q2)2 and not by |p1 − q1|+ |p2 − q2|.The standard deviation has the same units as the quantity. Fo example, if mean height is160cm measured in centimeters with a standard deviation of 10cm, and the mean weight is55kg with a standard deviation of 5kg, then we cannot say which of the two is less variable.To make such a comparison we need a dimension free quantity (a pure number). Coefficientof variation is such a quantity, as it measure the standard deviation per mean. For the heightand weight data just described, the coefficients of variation are 1/16 and 1/11, respectively.Hence we may say that height is less variable than weight in this example.
5. Exercises

PROBLEM 1. A random experiment is described and a random variable observed. In each case,write the probability space, the random variable and the pmf of the random variable.(1) Two fair dice are thrown. The sum of the two top faces is noted.
(2) Deal thirteen cards from a shuffled deck and count (a) the number of red cards (i.e., diamondsor hearts), (b) the number of kings, (c) the number of diamonds.

PROBLEM 2. Place r distinguishable balls in m distinguishable bins at random. Count the numberof balls in the first bin.(1) Write the probability space and the random variable described above.
(2) Find the probability mass function of the number of balls in the first bin.
(3) Find the expected value of the number of balls in the first bin.

PROBLEM 3. A number X is selected uniformly at random from [N]. Let U be the units digit of
X2. What is the probability distribution of U? The answer depends on N , but our interest is in whathappens as N Ï∞. What if U denote the units deigit of X3?

PROBLEM 4. Find E[X] and E[X2] for the following random variables.(1) X ∼ Geo(p).
(2) X ∼ Hypergeo(N1, N2,m).

PROBLEM 5. Let X be a non-negative integer-valued random variable with CDF F (·). Show that
E[X] = ∑∞k=0(1− F (k)).

PROBLEM 6. A coin has probability p of falling head. Fix an integer m ≥ 1. Toss the coin till the
mth head occurs. Let X be the number of tosses required.(1) Show that X has pmf

f (k) = ( k − 1
m− 1

)
pm(1− p)k−m, k = m,m + 1,m + 2, . . . .
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(2) Find E[X] and E[X2].[Note: When m = 1, you should get the Geometric distribution with parameter p. We say that X has
negative-binomial distribution. Some books define Y := X − m (the number of tails till you get mheads) to be a negative binomial random variable. Then, Y takes values 0, 1, 2, . . ..]

PROBLEM 7. A coin is tossed n times. Let X be the number of heads minus the number of tails.Find the pmf of X. Hence or otherwise, find E[X].
PROBLEM 8. Suppose r balls are thrown into m bins, uniformly at random. Fix k and let X be thenumber of bins that have exactly k balls. Find E[X].
PROBLEM 9. A smoker has two matchboxes, one in each pocket of his jacket. Initially the boxescontain N matches each. Every time he wants to smoke, he puts his hand randomly in one of the twopockets and picks a matchstick from the corresponding box. There comes a first time when he findsthe matchbox empty. Let X be the number of matches in the other box at that time. Find the pmf of

X.
PROBLEM 10. A set is a triple of cards of the same kind (e.g., three aces) and a series is a triple ofcards of the same suit that are consecutive (e.g., A,1,2 of spades, J,Q,K of clubs, but not Q,K,A).A handof thirteen cards is dealt from a well-shuffled deck of 52 cards. Find the expected number of sets andseries in the hand.
PROBLEM 11. A fair coin is tossed till two a HT pattern occurs for the first time (i.e., a head followedimmediately by a tail). What is the pmf of the number of tosses? What is its expectation?Repeat theproblem for the pattern HH (two consecutive heads).
PROBLEM 12. For a pmf f (·), the mode is defined as any point at which f attains its maximal value(i.e., t is a mode if f (t) ≥ f (s) for any s). For each of the following distributions, find the mode(s) ofthe distribution and the value of the pmf at the modes.(1) Bin(n, p).

(2) Pois(λ).
(3) Geo(p).

PROBLEM 13. Use MATLAB for the following exercise.(1) Plot the pmf of Binomial, Poisson and Geometric distributions for various values of theparameters. Observe the plots to say where the maximum is attained, how the shape changeswith changes in parameter, etc.
(2) Simulate random numbers (number of samples can be 50 or 100 etc) from the same dis-tributions and plot their histograms. Visually compare the histograms with the plots of thepmf.
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(3) Consider the “real-life” data given in Feller’s book (chapter 6) and plot their histograms.Compare with the plot of the pmf for the appropriate distribution with appropriate choice ofparameters.
PROBLEM 14. Suppose r distinguishable balls are placed in m labelled bins at random. Each ballhas probability pk of going into the kth bin, where p1 + . . . + pm = 1. Let Xk be the number of ballsthat go into the kth bin.(1) Find the pmf of X1.

(2) Find the pmf of the random variable X1 + X2.
PROBLEM 15. Two fair dice are thrown and let X be the total of the two numbers that show up.Find the pmf of X. What is the most likely value of X?
PROBLEM 16. In response to a job posting, a very large number N of candidates have applied. Youhave an interview procedure that can accurately rank candidates by their ability. Your goal is to hiresomeone of the top 10% of all applicants. If you allow yourself a chance of 0.001 to make a mistake,how many candidates do you need to interview? [Remark: If you don’t allow any chance of mistakeat all, you must interview at least 0.9N candidates and then pick the top one among them. Comparethat to your answer.]
PROBLEM 17. A coin has probability p of falling head. Assume 0 < p < 1 and fix an integer m ≥ 1.Toss the coin till the mth head occurs. Let X be the number of tosses required. Show that X has pmf

f (k) = ( k − 1
m− 1

)
pm(1− p)k−m, k = m,m + 1,m + 2, . . . .

Find the CDF of X.[Note: When m = 1, this is the Geometric distribution with parameter p. We saythat X has negative-binomial distribution. Some books define Y := X−m (the number of tails till youget m heads) to be a negative binomial random variable. Then, Y takes values 0, 1, 2, . . ..]
PROBLEM 18. A box contains n coupons with one number on each coupon. We do not know thenumbers but we know that they are distinct. Coupons are drawn one after another from the box,without replacement (i.e., after choosing a coupon at random, it is not put back into the box beforedrawing the next coupon). If the kth number drawn is larger than all the previous numbers, what isthe chance that it is the largest of the n numbers?
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CHAPTER 5
Probability distributions beyond the discrete

For a random variable X on a discrete probability space, we associated a CDF F : RÏ [0, 1]by defining F (t) = P{X ≤ t}. We saw that F is increasing (F (t) ≤ F (s) if t ≤ s), right-continuous (F (t+) = F (t) for all t), F (t) goes to 0 or 1 as t tends to −∞ or +∞ respectively,and increases by jumps (i.e., F (t)−F (s) = ∑s<u≤t (F (u)−F (u−))). Let us drop the last propertyof increasing in jumps to make the following general definition of a CDF or distributionfunction.
DEFINITION 19. A (cumulative) distribution function (or CDF for short) is any function

F : R Ï [0, 1] that is increasing, right continuous, and satisfies F (t) Ï 0 as t Ï −∞ and
F (t)Ï 1 as t Ï +∞.

Cumulative distribution functions of random variables on discrete probability spaces aredistribution functions by this definition. However, there are others.
EXAMPLE 20. Let

F (t) =


0 if t ≤ 0,
t if 0 < t < 1,1 if t ≥ 1.

Then it is easy to see that F is a distribution function. However, it has no jumps and hence itdoes not arise as the CDF of any random variable on a discrete probability space.
The question is, does this have any probability interpretation? Does it make sense to talkof a random variable X such that P{X ≤ t} = F (t)? Unless F increases by jumps, we cannotfind such a random variable on any discrete probability space. We must go beyond. Thereare two ways to approach this.(1) The first way is to learn the notion of uncountable probability spaces, which posesmany subtleties. It requires a semester or so of real analysis and what is known as

measure theory (a deep dive into the notions of length, area, volume). But after thatone can define random variables on uncountable probability spaces and the aboveexample will turn out to be the CDF of some random variable on some (uncountable)probability space.
(2) Just regard distribution functions such as the one in the above example as reasonableapproximations to CDFs of some discrete random variables. For example, if Ω =
{0, 1, 2, . . . , N} and p(k) = 1/(N + 1) for all 0 ≤ k ≤ N , and X : Ω 7Ï R is defined by
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X(k) = k/n, then it is easy to check that the CDF of X is given by
G(t) =


0 if t < 0,
k

N+1 if k−1
N ≤ t < k

N for some k = 1, 2, . . . , N1 if t ≥ 1.
Now, if N is very large, then the function G looks approximately like the function F ,see Figure 5. Just as it is convenient to regard water as a continuous medium in someproblems (although water is made up of molecules and is discrete at small scales), itis convenient to use the continuous function F as a reasonable approximation to thestep function G .

FIGURE 1. The distribution functions F and G (with n = 8).
We shall take the second option out. Whenever we write continuous distribution functionssuch as in the above example, at the back of our mind we have a discrete random variabletaking a large number of closely placed values, whose CDF is approximated by our distributionfunction. The advantage of using continuous objects instead of discrete ones is that thepowerful tools of Calculus become available to us.

1. Uncountable probability spaces - conceptual difficulties

The following two “random experiments” are easy to imagine, but difficult to fit into theframework of probability spaces1.(1) Toss a p-coin infinitely many times: Clearly the sample space is Ω = {0, 1}N. Butwhat is pω for any ω ∈ Ω? The only reasonable answer is pω = 0 for all ω. Butthen how to define P(A) for any A? For example, if A = {ω : ω1 = 0, ω2 = 0, ω3 = 1},then everyone agrees that P(A) “ought to be” q2p, but how does that come about?The basic problem is that Ω is uncountable, and probabilities of events are not got bysumming probabilities of singletons.
1This section should be omitted by everyone other than those who are keen to know what we meant by theconceptual difficulties of uncountable probability spaces
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(2) Draw a number at random from [0, 1]: Again, it is clear that Ω = [0, 1], but it alsoseems reasonable that px = 0 for all x. Again, Ω is uncountable, and probabilitiesof events are not got by summing probabilities of singletons. It is “clear” that if
A = [0.1, 0.4], then P(A) “ought to be” 0.3, but it gets confusing when one tries toderive this from something more basic!

The resolution: Let Ω be uncountable. There is a class of basic subsets (usually not single-tons) of Ω for which we take the probabilities as given. We also take the rules of probability,namely, countable additivity, as axioms. Then we use the rules to compute the probabilitiesof more complex events (subsets of Ω) by expressing those events in terms of the basic setsusing countable intersections, unions and complements and applying the rules of probability.
EXAMPLE 21. In the example of infinite sequence of tosses, Ω = {0, 1}N. Any set of theform A = {ω : ω1 = ε1, . . . , ωk = εk} where k ≥ 1 and εi ∈ {0, 1} will be called a basic setand its probability is defined to be P(A) = ∏k

j=1 pεjq1−εj where we assume that p > 0. Nowconsider a more complex event, for example, B = {ω : ωk = 1 for some k}. We can write
B = A1 ∪ A2 ∪ A3 ∪ . . . where Ak = {ω : ω1 = 0, . . . , ωk−1 = 0, ωk = 1}. Since Ak are pairwisedisjoint, the rules of probability demand that P(B) should be ∑k P(Ak) = ∑

k qk−1p which isin fact equal to 1.
EXAMPLE 22. In the example of drawing a number at random from [0, 1], Ω = [0, 1].Any interval (a, b) with 0 ≤ a < b ≤ 1 is called a basic set and its probability is defined as

P(a, b) = b−a. Now consider a non-basic event B = [a, b]. We can write B = A1 ∪A2 ∪A3 . . .where Ak = (a + (1/k), b − (1/k)). Then Ak is an increasing sequence of events and the rulesof probability say that P(B) must be equal to limkÏ∞ P(Ak) = limkÏ∞(b − a − (2/k)) = b − a.Another example could be C = [0.1, 0.2) ∪ (0.3, 0.7]. Similarly argue that P({x}) = 0 forany x ∈ [0, 1]. A more interesting one is D = Q ∩ [0, 1]. Since it is a countable unionof singletons, it must have zero probability! Even more interesting is the 1/3-Cantor set.Although uncountable, it has zero probability!
Consistency: Is this truly a solution to the question of uncountable spaces? Are we assuredof never running into inconsistencies? Not always.

EXAMPLE 23. Let Ω = [0, 1] and let intervals (a, b) be open sets with their probabilitiesdefined as P(a, b) = √b − a. This quickly leads to problems. For example, P(0, 1) = 1 bydefinition. But (0, 1) = (0, 0.5) ∪ (0.5, 1) ∪ {1/2} from which the rules of probability wouldimply that P(0, 1) must be at least P(0, 1/2) + P(1/2, 1) = 1√2 + 1√2 = √2 which is greater than1. Inconsistency!
EXERCISE 24. Show that we run into inconsistencies if we define P(a, b) = (b − a)2 for0 ≤ a < b ≤ 1.
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Thus, one cannot arbitrarily assign probabilities to basic events. However, if we use thenotion of distribution function to assign probabilities to intervals, then no inconsistenciesarise.
THEOREM 25. Let Ω = R and let intervals of the form (a, b] with a < b be called basic

sets. Let F be any distribution function. Define the probabilities of basic sets as P{(a, b]} =
F (b)−F (a). Then, applying the rules of probability to compute probabilities of more complex
sets (got by taking countable intersections, unions and complements) will never lead to
inconsistency.

Let F be any CDF. Then, the above consistency theorem really asserts that there exists(a possibly uncountable) probability space and a random variable such that F (t) = P{X ≤ t}for all t . We say that X has distribution F . However, it takes a lot of technicalities to definewhat uncountable probability spaces look like and what random variables mean in this moregeneral setting, we shall never define them.The job of a probabilist consists in taking a CDF F (then the probabilities of intervals arealready given to us as F (b) − F (a) etc.) and find probabilities of more general subsets of R.Here are the working rules. Instead we can use the following simple working rules to answerquestions about the distribution of a random variable.(1) For an a < b, we set P{a < X ≤ b} := F (b)− F (a).
(2) If Ij = (aj , bj ] are countably many pairwise disjoint intervals, and I = ⋃

j Ij , then wedefine P{X ∈ I} := ∑j F (bj )− F (aj ).
(3) For a general set A ⊆ R, here is a general scheme: Find countably many pairwisedisjoint intervals Ij = (aj , bj ] such that A ⊆ ∪jIj . Then we define P{X ∈ A} as theinfimum (over all such coverings by intervals) of the quantity ∑j F (bj )− F (aj ).
All of probability in another line: Take an (interesting) random variable X with a givenCDF F and an (interesting) set A ⊆ R. Find P{X ∈ A}.

There are loose threads here but they can be safely ignored for this course. We justremark about them for those who are curious to know.
REMARK 26. The above method starts from a CDF F and defines P{X ∈ A} for all subsets

A ⊆ R. However, for most choices of F , the countable additivity property turns out to beviolated! However, the sets which do violate them rarely arise in practice and hence weignore them for the present.
EXERCISE 27. Let X be a random variable with distribution F . Use the working rules tofind the following probabilities.(1) Write P{a < X < b}, P{a ≤ X < b}, P{a ≤ X ≤ b} in terms of F .
(2) Show that P{X = a} = F (a) − F (a−). In particular, this probability is zero unless Fhas a jump at a.
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We now illustrate how to calculate the probabilities of rather non-trivial sets in a specialcase. It is not always possible to get an explicit answer as here.
EXAMPLE 28. Let F be the CDF defined in example 20. We calculate P{X ∈ A} for twosets A.

1. A = Q ∩ [0, 1]. Since A is countable, we may write A = ∪n{rn} and hence A ⊆ ∪nIn where
In = (rn, rn + δ2−n] for any fixed δ > 0. Hence P{X ∈ A} ≤

∑
n F (rn + δ2−n) − F (rn) ≤ 2δ.Since this is true for every δ > 0, we must have P{X ∈ A} = 0. (We stuck to the letter of therecipe described earlier. It would have been simpler to say that any countable set is a countableunion of singletons, and by the countable additivity of probability, must have probability zero.Here we used the fact that singletons have zero probability since F is continuous).

2. A = Cantor’s set2 How to find P{X ∈ A}? Let An be the set of all x ∈ [0, 1] which do nothave 1 in the first n digits of their ternary expansion. Then A ⊆ An . Further, it is not hard tosee that An = I1∪I2∪. . .∪I2n where each of the intervals Ij has length equal to 3−n . Therefore,
P{X ∈ A} ≤ P{X ∈ An} = 2n3−n which goes to 0 as n Ï ∞. Hence, P{X ∈ A} = 0.

2. Examples of continuous distributions

Cumulative distributions will also be referred to as simply distribution functions or distri-butions. We start by giving two large classes of CDFs. There are CDFs that do not belong toeither of these classes, but they may be safely ignored for the purposes of this course.(1) (CDFs with pmf). Let f be a pmf, i.e., let t1, t2, . . . be a countable subset of reals andlet f (ti) be non-negative numbers such that ∑i f (ti) = 1. Then, define F : RÏ R by
F (t) := ∑

i:ti≤t f (ti).Then, F is a CDF. Indeed, we have seen that it is the CDF of a discrete randomvariable. A special feature of this CDF is that it increases only in jumps (in moreprecise language, if F is continuous on an interval [s, t], then F (s) = F (t)).
(2) (CDFs with pdf). Let f : R Ï R+ be a function (convenient to assume that it is apiece-wise continuous function) such that ∫ +∞

−∞ f (u)du = 1. Such a function is calleda probability density function or pdf for short. Then, define F : RÏ R by
F (t) := ∫ t

−∞
f (u)du.

2To define the Cantor set, recall that any x ∈ [0, 1] may be written in ternary expansion as x = 0.u1u2 . . . :=∑∞
n=1 un3−n where un ∈ {0, 1, 2}. This expansion is unique except if x is a rational number of the form p/3mfor some integers p,m (these are called triadic rationals). For triadic rationals, there are two possible ternaryexpansions, a terminating one and a non-terminating one (for example, x = 1/3 can be written as 0.100 . . . oras 0.0222 . . .). For definiteness, for triadic rationals we shall always take the non-terminating ternary expansion.With this preparation, the Cantor set is defined as the set of all x which do not have the digit 1 in their ternaryexpansion.
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Again, F is a CDF. Indeed, it is clear that F has the increasing property (if t > s, then
F (t)− F (s) = ∫ ts f (u)du which is non-negative because f (u) is non-negative for all u),and its limits at ±∞ are as they should be (why?). As for right-continuity, F is in-factcontinuous. Actually F is differentiable except at points where f is discontinuous and
F ′(t) = f (t).

REMARK 29. We understand the pmf. For example if X has pmf f , then f (ti) is just theprobability that X takes the value ti . How to interpret the pdf? If X has pdf f , then as wealready remarked, the CDF is continuous and hence P{X = t} = 0. Therefore f (t) cannotbe interpreted as P{X = t} (in fact, pdf can take values greater than 1, so it cannot be aprobability!).To interpret f (a), take a small positive number δ and look at
F (a + δ)− F (a) = a+δ∫

a

f (u)du ≈ δf (a).
In other words, f (a) measures the chance of the random variable taking values near a. Higherthe pdf, greater the chance of taking values near that point.

Among distributions with pmf, we have seen the Binomial, Poisson, Geometric and Hyper-geometric families of distributions. Now we give many important examples of distributions(CDFs) with densities.
EXAMPLE 30. Uniform distribution on the interval [a, b]: Denoted Unif([a, b]) where

a < b is the distribution with density and distribution given by
PDF: f (t) =

 1
b−a if t ∈ (a, b)0 otherwise CDF: F (t) =


0 if t ≤ a
t−a
b−a if t ∈ (a, b)1 if t ≥ b.

EXAMPLE 31. Exponential distribution with parameter λ: Denoted Exp(λ) where λ > 0is the distribution with density and distribution given by
PDF: f (t) =

λe−λt if t > 00 otherwise CDF: F (t) =
0 if t ≤ 01− e−λt if t > 0.

EXAMPLE 32. Normal distribution with parameters µ, σ2: Denoted N(µ, σ2) where µ ∈ Rand σ2 > 0 is the distribution with density and distribution given by
PDF: φµ,σ2 (t) = 1

σ
√2πe− 12σ2 (t−µ)2 CDF: Φµ,σ2 (t) = t∫

−∞

φµ,σ2 (u)du.
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There is no closed form expression for the CDF. It is standard notation to write φ and Φ todenote the normal density and CDF when µ = 0 and σ2 = 1. N(0, 1) is called the standardnormal distribution. By a change of variable one can check that Φµ,σ2 (t) = Φ( t−µσ ).We said that the normal CDF has no simple expression, but is it even clear that it isa CDF?! In other words, is the proposed density a true pdf? Clearly φ(t) = 1√2πe−t2/2 isnon-negative. We need to check that its integral is 1.
LEMMA 33. Fix µ ∈ R and σ > 0 and let φ(t) = 1

σ
√2πe− 12σ2 (t−µ)2 . Then,

∞∫
−∞

φ(t)dt = 1.

PROOF. It suffices to check the case µ = 0 and σ2 = 1 (why?). To find its integral is quitenon-trivial. Let I = ∫∞
−∞ φ(t)dt . We introduce the two-variable function h(t, s) := φ(t)φ(s) =(2π)−1e−(t2+s2)/2. On the one hand,∫ ∞

−∞

∫ ∞
−∞

h(t, s)dtds = (∫ +∞
−∞

φ(t)dt)(∫ +∞
−∞

φ(s)ds) = I2.
On the other hand, using polar co-ordinates t = r cos θ, s = r sin θ, we see that∫ ∞

−∞

∫ ∞
−∞

h(t, s)dtds = ∫ ∞0
∫ 2π

0 (2π)−1e−r2/2rdθdr = ∫ ∞0 re−r2/2dr = 1
since d

dre−r
2/2 = −re−r2/2. Thus I2 = 1 and hence I = 1. �

FIGURE 2. PDF and CDF of N(0, 1) on the left. PDF of N(−1, 1/2), N(0, 1) and
N(2, 2) on the right.

EXAMPLE 34. Gamma distribution with shape parameter ν and scaler parameter λ:,where ν > 0 and λ > 0, denoted Gamma(ν, λ) is the distribution with density and distributiongiven by -
PDF: f (t) =

 1Γ(ν)λνtν−1e−λt if t > 00 otherwise CDF: F (t) =
0 if t ≤ 0∫ t0 f (u)du if t > 0.
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Here Γ(ν) := ∫∞0 tν−1e−tdt . Firstly, f is a density, that is, that it integrates to 1. To see this,make the change of variable λt = u to see that∫ ∞
0 λνe−λttν−1dt = ∫ ∞0 e−uuν−1dν = Γ(ν).

Thus, ∫∞0 f (t)dt = 1.When ν = 1, we get back the exponential distribution. Thus, the Gamma family subsumesthe exponential distributions. For positive integer values of ν, one can actually write anexpression for the CDF of Gamma(ν, λ) as (this is a homework problem)
Fν,λ(t) = 1− e−λt ν−1∑

k=0
(λt)k
k! .

Once the expression is given, it is easy to check it by induction (and integration by parts).A curious observation is that the right hand side is exactly P(N ≥ ν) where N ∼ Pois(λt).This is in fact indicating a deep connection between Poisson distribution and the Gammadistributions. The function Γ(ν), also known as Euler’s Gamma function, is an interesting andimportant one and occurs all over mathematics. 3
3The Gamma function: The function Γ : (0,∞) Ï R defined by Γ(ν) = ∫∞0 e−ttν−1dt is a very importantfunction that often occurs in mathematics and physics. There is no simpler expression for it, although one canfind it explicitly for special values of ν. One of its most important properties is that Γ(ν + 1) = νΓ(ν). To see this,consider Γ(ν + 1) = ∫ ∞0 e−ttνdt = −e−ttν ∣∣∣∞0 + ν

∫ ∞
0 e−ttν−1dt = νΓ(ν).

Starting with Γ(1) = 1 (direct computation) and using the above relationship repeatedly one sees that Γ(ν) = (ν−1)!for positive integer values of ν. Thus, the Gamma function interpolates the factorial function (which is definedonly for positive integers). Can we compute it for any other ν? The answer is yes, but only for special values of
ν. For example, Γ(1/2) = ∫ ∞0 x−1/2e−xdx = √2 ∫ ∞0 e−y2/2dy
by substituting x = y2/2. The last integral was computed above in the context of the normal distribution andequal to √π/2. Hence we get Γ(1/2) = √π . From this, using again the relation Γ(ν + 1) = νΓ(ν), we can computeΓ(3/2) = 12√π , Γ(5/2) = 34√π , etc. Yet another useful fact about the Gamma function is its asymptotics as ν Ï ∞.

Stirling’s approximation: Γ(ν+1)
νν+ 12 e−ν√2π Ï 1 as ν Ï ∞.

A small digression: It was Euler’s idea to observe that n! = ∫∞0 xne−xdx and that on the right side n could bereplaced by any real number greater than −1. But this was his second approach to defining the Gamma function.His first approach was as follows. Fix a positive integer n. Then for any ` ≥ 1 (also a positive integer), we maywrite
n! = (n + `)!(n + 1)(n + 2) . . . (n + `) = `!(` + 1) . . . (` + n)(n + 1) . . . (n + `) = `! `n(n + 1) . . . (n + `) · (` + 1) . . . (` + n)

`nThe second factor approaches 1 as ` Ï ∞. Hence,
n! = lim

N3`Ï∞

`! `n(n + 1) . . . (n + `) .Euler then showed (by a rather simple argument that we skip) that the limit on the right exists if we replace n byany complex number other than {−1, −2, −3, . . .} (negative integers are a problem as they make the denominatorzero). Thus, he extended the factorial function to all complex numbers except negative integers! It is a fun exercise
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FIGURE 3. PDF of Gamma(ν, 1) for ν = 12 , 2, 3 on the left. PDF of Gamma(2, λ)for λ = 12 , 1, 2 on the right.
EXAMPLE 35. Beta distributions: Let α, β > 0. The Beta distribution with parameters α, β,denoted Beta(α, β), is the distribution with density and distribution given by -
PDF: f (t) =

 1
B(α,β) tα−1(1− t)β−1 if t ∈ (0, 1)0 otherwise CDF: F (t) =


0 if t ≤ 0∫ t0 f (u)du if t ∈ (0, 1)1 if t ≥ 1.

Here B(α, β) := ∫ 10 tα−1(1−t)β−1dt . Again, for special values of α, β (eg., positive integers), onecan find the value of B(α, β), but in general there is no simple expression. However, it can beexpressed in terms of the Gamma function!
PROPOSITION 36. For any α, β > 0, we have B(α, β) = Γ(α)Γ(β)Γ(α+β) .

PROOF. For β = 1 we see that B(α, 1) = ∫ 10 tα−1 = 1
α which is also equal to Γ(α)Γ(1)Γ(α+1) asrequired. Similarly (or by the symmetry relation B(α, β) = B(β, α)), we see that B(1, β) alsohas the desired expression.Now for any other positive integer value of α and real β > 0 we can integrate by partsand get

B(α, β) = ∫ 1
0 tα−1(1− t)β−1dt

= −1
β t

α−1(1− t)β ∣∣∣10 + α − 1
β

∫ 1
0 tα−2(1− t)βdt

= α − 1
β B(α − 1, β + 1).

to check that this agrees with the definition by the integral given earlier. In other words, for ν > −1, we have
lim

N3`Ï∞

`! `ν(ν + 1) . . . (ν + `) = Γ(ν + 1) = ∫ ∞0 xνe−xdx.
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Note that the first term vanishes because α > 1 and β > 0. When α is an integer, we repeatthis for α times and get
B(α, β) = (α − 1)(α − 2) . . . 1

β(β + 1) . . . (β + α − 2)B(1, β + α − 1).
But we already checked that B(1, β + α − 1) = Γ(1)Γ(α+β−1)Γ(α+β) from which we get

B(α, β) = (α − 1)(α − 2) . . . 1
β(β + 1) . . . (β + α − 2) Γ(1)Γ(α+ β − 1)Γ(α+ β) = Γ(α)Γ(β)Γ(α+ β)by the recursion property of the Gamma function. Thus we have proved the propositionwhen α is a positive integer. By symmetry the same is true when β is a positive integer (and

α can take any value). We do not bother to prove the proposition for general α, β > 0 here.
�

EXAMPLE 37. The standard Cauchy distribution: is the distribution with density anddistribution given by
PDF: f (t) = 1

π(1 + t2) CDF: F (t) = 12 + 1
π tan−1 t.

One can also make a parametric family of Cauchy distributions with parameters λ > 0 and
a ∈ R denoted Cauchy(a, λ) and having density and CDF

f (t) = λ
π(λ2 + (t − a)2) F (t) = 12 + 1

π tan−1( t − a
λ

)
.

While the density function of the standard Cauchy looks qualitatively like that of the standardGaussian, it decays much slower. That is, for large positive x, the Cauchy density lookslike 1
x2 while the Gaussian density is more like e−x2/2 (omitting constant factors). The Cauchydistribution is said to be heavy-tailed, while the Gaussian is light-tailed. The kinds of situationsmodeled by Cauchy are quite different from those modeled by the Gaussian. In the Cauchydistribution, unusually large positive or negative values are not that uncommon.

EXAMPLE 38. Pareto distributions: The Pareto distribution with parameters (α, t) where
α > 0 and t > 0 is the CDF

F (x) =
1− tα

xα if x ≥ t,0 if x ≤ t.

It is clearly a valid CDF. Differentiating, we get the pdf f (x) = αtαx−α−1 for x ≥ t (and
f (x) = 0 for x < t). The tail exponent α dictates the tail decay of the density while the scale
parameter t just gives a change of scale.As the density decays only polynomially as x Ï ∞, Pareto distributions are also heavytailed, like the Cauchy distribution. They occur in many situations, for example in incomedistributions (so t is the minimum income, and 1 − F (x) is the proportion of people with
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income more than x). Unlike in the light-tailed distributions, it is not uncommon to haveindividually with incomes that are phenomenally larger than the average.
REMARK 39. Does every CDF come from a pdf? Not necessarily. For example any CDFthat is not continuous (for example, CDFs of discrete distributions such as Binomial, Poisson,Geometric etc.). In fact even continuous CDFs may not have densities (there is a good examplemanufactured out of the 1/3-Cantor set, but that would take us out of the topic now). However,suppose F is a continuous CDF and suppose F is differentiable except at finitely many pointsand that the derivative is a continuous function. Then f (t) := F ′(t) defines a pdf which by thefundamental theorm of Calculus satisfies F (t) = ∫ t−∞ f (u)du.

3. Simulation

As we have emphasized, probability is applicable to many situations in the real world. Assuch one may conduct experiments to verify the extent to which theorems are actually valid.For this we need to be able to draw numbers at random from any given distribution.For example, take the case of Bernoulli(1/2) distribution. One experiment that can give thisis that of physically tossing a coin. This is not entirely satisfactory for several reasons. Firstly,are real coins fair? Secondly, what if we change slightly and want to generate from Ber(0.45)?In this section, we describe how to draw random numbers from various distributions on acomputer. We do not fully answer this question. Instead what we shall show is
If one can generate random numbers from Unif([0, 1]) distribution, then one can draw
random numbers from any other distribution. More precisely, suppose U is a random
variable with Unif([0, 1]) distribution. We want to simulate random numbers from a given
distribution F. Then, we shall find a function ψ : [0, 1] Ï R so that the random variable
X := ψ(U) has the given distribution F.The question of how to draw random numbers from Unif([0, 1]) distribution is a verydifficult one and we shall just make a few superficial remarks about that.
Drawing random numbers from a discrete pmf: First start with an example.

EXAMPLE 40. Suppose we want to draw random numbers from Ber(0.4) distribution. Let
ψ : [0, 1] Ï R be defined as ψ(t) = 1t≤0.4. Let X = ψ(U), i.e., X = 1 if U ≤ 0.4 and X = 0otherwise. Then

P{X = 1} = P{U ≤ 0.4} = 0.4, P{X = 0} = P{U > 0.4} = 0.6.Thus, X has Ber(0.4) distribution.
It is clear how to generalize this.

General rule: Suppose we are given a pmf f(
t1 t2 t3 . . .
f (t1) f (t2) f (t3) . . .

)
.
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Then, define ψ : [0, 1]Ï R as

ψ(u) =


t1 if u ∈ [0, f (t1)]
t2 if u ∈ (f (t1), f (t1) + f (t2)]
t3 if u ∈ (f (t1) + f (t2), f (t1) + f (t2) + f (t3)]... ...

.

Then define X = f (U). Clearly X takes the values t1, t2, . . . and
P{X = tk} = P

k−1∑
j=1 f (tj ) < U ≤

k∑
j=1 f (tj )

 = f (tk).
Thus X has pmf f .

EXERCISE 41. Draw 100 random numbers from each of the following distributions anddraw the histograms. Compare with the pmf.
(1) Bin(n, p) for n = 10, 20, 40 and p = 0.5, 0.3, 0.9.
(2) Geo(p) for p = 0.9, 0.5, 0.3.
(3) Pois(λ) with λ = 1, 4, 10.
(4) Hypergeo(N1, N2,m) with N1 = 100, N2 = 50,m = 20, N1 = 1000, N2 = 1000,m = 40.

Drawing random numbers from a pdf: Clearly the procedure used for generating from apmf is inapplicable here. First start with two examples. As before U is a Unif([0, 1]) randomvariable.
EXAMPLE 42. Suppose we want to draw from the Unif([3, 7]) distribution. Set X = 4U + 3.Clearly

P{X ≤ t} = P{U ≤ t − 34 } =


0 if t < 0(t − 3)/4 if 3 ≤ t ≤ 71 if t > 7 .

This is precisely the CDF of Unif([3, 7]) distribution.
EXAMPLE 43. Here let us do the opposite, just take some function of a uniform variableand see what CDF we get. Let ψ(t) = t3 and let X = φ(U) = U3. Then,

F (t) := P{X ≤ t} = P{U ≤ t1/3} =


0 if t < 0
t1/3 if 0 ≤ t ≤ 11 if t > 1 .
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Differentiating the CDF, we get the density
f (t) = F ′(t) =

13 t−2/3 if 0 < t < 10 otherwise.
The derivative does not exist at 0 and 1, but as remarked earlier, it does not matter if we changethe value of the density at finitely many points (as the integral over any interval will remainthe same). Anyway, we notice that the density is that of Beta(1/3, 1). Hence X ∼ Beta(1/3, 1).

This gives us the idea that to generate random number from a CDF F , we should find afunction ψ : [0, 1]Ï R such that X := ψ(U) has the distribution F . How to find the distributionof X?
LEMMA 44. Let ψ : (0, 1) Ï R be a strictly increasing function with a = ψ(0+) and

b = ψ(1−). Let X = ψ(U). Then X has CDF

F (t) =


0 if t ≤ a

ψ−1(t) if a < t < b1 if t ≥ b.

If is ψ also differentiable and the derivative does not vanish anywhere (or vanishes at finitely
many points only), then X has pdf

f (t) =

(
ψ−1)′ (t) if a < t < b0 if t 6∈ (a, b).

PROOF. Since ψ is strictly increasing, ψ(u) ≤ t if and only if u ≤ ψ−1(t). Hence,
F (t) = P{X ≤ t} = P{U ≤ ψ−1(t)} =


0 if t ≤ a

ψ−1(t) if a < t < b1 if t ≥ b.

If ψ is differentiable at and ψ(u) 6= 0, then ψ−1 is differentiable at t = ψ(u) (and indeed,(ψ−1)′(t) = 1
ψ′(u) ). Thus we get the formula for the density. �

From this lemma, we immediately get the following rule for generating random numbersfrom a density.
How to simulate from a CDF: Let F be a CDF that is strictly increasing on an interval [A,B]where F (A) = 0 and F (B) = 1 (it is allowed to take A = −∞ and/or B = +∞). Then define
ψ : (0, 1) Ï (A,B) as ψ(u) = F−1(u). Let U ∼ Unif([0, 1]) and let X = ψ(U). Then X has CDFequal to F .This follows from the lemma because ψ is define as the inverse of F and hence F (re-stricted to (A,B)) is the inverse of ψ. Further, as the inverse of a strictly increasing function,the function ψ is also strictly increasing.
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EXAMPLE 45. Consider the Exponential distribution with parameter λ whose CDF is
F (t) =

0 if t ≤ 01− e−λt if t > 0
Take A = 0 and B = +∞. Then F is increasing on (0,∞) and its inverse is the function
ψ(u) = − 1

λ log(1 − u). Thus to simulate a random number from Exp(λ) distribution, we set
X = − 1

λ log(1−U).
When the CDF is not explicitly available as a function we can still adopt the above proce-dure but only numerically. Consider an example.
EXAMPLE 46. Suppose F = Φ, the CDF of N(0, 1) distribution. Then we do not have anexplicit form for either Φ or for its inverse Φ−1. With a computer we can do the following.Pick a large number of closely placed points, for example divide the interval [−5, 5] into1000 equal intervals of length 0.01 each. Let the endpoints of these intervals be labelled

t0 < t1 < . . . < t1000. For each i, calculate Φ(ti) = ∫ ti−∞ 1√2πe−x2/2dx using numerical methodsfor integration, say the numerical value obtained is wi . This is done only once and create thetable of values
t0 t1 t2 . . . . . . t1000
w0 w1 w2 . . . . . . w1000 .

Now draw a uniform random number U . Look up the table and find the value of i for which
wi < U < wi+1. Then set X = ti . If it so happens that U < w0, set X = t0 = −5 and if
U > w1000 set X = t1000 = 5. But since Φ(−5) < 0.00001 and Φ(5) > 0.99999, it is highlyunlikely that the last two cases will occur. The random variable X has a distribution close to
N(0, 1).

EXERCISE 47. Give an explicit method to draw random numbers from the following den-sities.(1) Cauchy distribution with density 1
π(1+x2) .

(2) Beta(12 , 12 ) density 1
π

1√
x(1−x) on [0, 1] (and zero elsewhere).

(3) Pareto(α) distribution which by definition has the density
f (t) =

αt−α−1 if t ≥ 1,0 if t < 1.
We have described a general principle. When we do more computations with randomvariables and understand the relationships between different distributions, better tricks can befound. For example, we shall see later that we can generate two N(0, 1) random numbers asfollows: Pick two uniform random numbers U, V and set X = √

−2 log(1−U) cos(2πV ) and
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Y = √−2 log(1−U) sin(2πV ). Then it turns out that X and Y have exactly N(0, 1) distribution!As another example, suppose we need to generate from Gamma(3, 1) distribution, we canfirst generate three uniforms U1, U2, U3 and set ξi = − log(1 − Ui) (so ξi have exponentialdistribution) and then define X = ξ1+ξ2+ξ3. It turns out that X has Gamma(3, 1) distribution!
REMARK 48. We have conveniently skipped the question of how to draw random numbersfrom uniform distribution in the first place. This is a difficult topic and various results, provedand unproved, are used in generating such numbers.

4. Exercises

PROBLEM 1. Let X be a random variable with distribution (CDF) F and density f .(1) Find the distribution and density of the random variable 2X.
(2) Find the distribution and density of the random variable X + 5.
(3) Find the distribution and density of the random variable −X.
(4) Find the distribution and density of the random variable 1/X.

PROBLEM 2. Let X be a random variable with Gamma(ν, λ) distribution. Let F be the CDF of X.When ν is a positive integer, show that for t ≥ 0,
F (t) = 1− e−λt ν−1∑

k=0
λktk
k! .

[Note: Observe that this quantity is the same as P(N ≥ ν) where N is a Poisson random variable withparameter λt . There is a connection here but we cannot discuss it now].
PROBLEM 3. Give explicit description of how you would simulate random variables from the fol-lowing distributions.(1) The standard Cauchy distribution with density f (x) = 1

π(1+x2) for x ∈ R.
(2) The Beta(1/2, 1/2) distribution with density 1

π
√
x(1−x) .

(3) (Do not need to submit this) Draw 100 random numbers from either of these densities (onMATLAB or any other program that gives uniform random numbers) using the above pro-cedure and draw the histograms. Compare the histograms to the plot of the densities.
PROBLEM 4. In each of the following situations, the distribution of the random variable X is given.Find the distributionof Y (it is enough to find the density of Y ).(1) X ∼ Unif[0, 1] and Y = sin−1(X).

(2) X ∼ Unif[0, 1] and Y = cos−1(X).
(3) X ∼ N(0, 1) and Y = X2.
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[Note: We define sin−1 to take values in [−π/2, π/2] and cos−1 to take values in [0, π]. In the thirdpart, observe that f (x) = x2 is not a one-one function, so the formula given in the notes does not applydirectly].
PROBLEM 5. (1) Let f (k) = 1

k(k+1) for integer k ≥ 1. Show that f is a pmf and find thecorresponding CDF.
(2) Let α > 0 and set F (x) = 1− 1

xα for x ≥ 1 and F (x) = 0 for x < 1. Show that F is a CDF andfind the corresponding density function. (This is known as the Pareto distribution).
PROBLEM 6. Give explicit description of how you would simulate random variables from the fol-lowing distributions.(1) The standard Cauchy distribution with density f (x) = 1

π(1+x2) for x ∈ R.
(2) The Beta(1/2, 1/2) distribution with density 1

π
√
x(1−x) .

(3) (Do not need to submit this) Draw 100 random numbers from either of these densities (onMATLAB or any other program that gives uniform random numbers) using the above pro-cedure and draw the histograms. Compare the histograms to the plot of the densities.
PROBLEM 7. Let X be a random variable with distribution function F . Let a > 0 and b ∈ R anddefine Y = aX + b.(1) What is the CDF of Y?

(2) If X has a density f , find the density of Y .
PROBLEM 8. (1) Let X ∼ Exp(λ). Fix s, t > 0 and compute the conditional probability of theevent X > t + s given that X > s.

(2) Let ν be a positive integer. Show that the CDF of Gamma(ν, λ) distribution is given by
F (x) = 1− e−λx ν−1∑

k=0
λk
k! xk.

PROBLEM 9. Let U ∼ Uniform[0, 1]. Find the density and distribution functions of (a) Up (where
p > 0), (b) U/(1−U), (c) log(1/U), (d) 2

π arcsin(U).
PROBLEM 10. Let X ∼ N(0, 1). Find the density of (a) aX+b (where a, b ∈ R), (b) X2 , (c) X3, (d) eX .
PROBLEM 11. If F is a CDF, show that it can have at most countably many discontinuity points.
PROBLEM 12. In these problems, use change of variable formula in one dimension to show thatthe families of distributions we have defined
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(1) If X ∼ Exp(λ), show that λX ∼ Exp(1). More generally, if X ∼ Gamma(ν, λ), show that
λX ∼ Gamma(ν, 1).

(2) If X ∼ N(µ, σ2), show that X−µ
σ ∼ N(0, 1).
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CHAPTER 6
Summary measures of univariate distributions

1. Expectation or mean

Let X be a random variable with distribution F . We wish to define the expected value of
X. We have already done so for discrete random variables, and in fact in that case we havethree ways to express its expected value (when it exists).

(1) E[X] = ∑ω∈ΩX(ω)pω . This was our definition of expectation.
(2) E[X] = ∑

t tf (t), where f is the pmf of X (the sum is a countable sum, write it as∑
i tif (ti) where Range(X) = {ti}, if you prefer). We showed this.

(3) One can show that E[X] = ∫∞0 (1−F (t))dt − ∫∞0 F (−t)dt . We leave this as an exerciseto check (for ease, take X to be integer-valued).
If X is not discrete, which of these can we adopt as definition? The first is not possible, aswe have not developed the notion of uncountable probability spaces (this was discussed inunwanted detail earlier). The second can be adapted to the case of random variables withdensity f in the most obvious way:

E[X] = ∫ +∞
−∞

tf (t)dt(8)
provided the integral converges absolutely (i.e., if ∫ +∞

−∞ |t|f (t)dt < ∞). The third definition iseven more general, in that it does not require the existence of density, and in fact it can treatall distributions in a unified manner. But in this course, as we shall only work with randomvariables having pmf or pdf, we simply adopt the middle path and take (8) as the definition.It is more convenient to work with in standard examples.
Justifying (8): We reasoned by analogy and replaced the pmf by pdf and sum by integral. Thatis a reliable approach, but one may prefer a less formal1 route to it. Recall that a randomvariable X with a pdf f may be thought of as a continuous approximation to the discreterandom variable Xn taking values in 1

nZ with pmf fn defined by fn(k/n) = ∫ (k+1)/n
k/n f (t)dt

1In contrast to formal clothing which suggests a more ‘proper’ or strict dressing code, in mathematics theword formal means following the form of something rather than the content. For example, manipulating serieswithout bothering about convergence. It is not accepted as a legitimate form of deduction in mathematics, but inexpert hands (Euler and Ramanujan are famous examples) it can yield amazing results.
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(equivalently, P{Xn = k
n} = P{ kn ≤ X < k+1

n }). As
E[Xn] =∑

k∈Z

k
nfn(k/n) =∑

k∈Z

k
n

∫ (k+1)/n
k/n

f (t)dt ≈∑
k∈Z

∫ (k+1)/n
k/n

tf (t)dt = ∫ ∞
−∞

tf (t)dt,
we see that (8) is justified. With a bit more care, one can make the approximation “≈" aboveprecise by showing that E[Xn] Ï ∫∞

−∞ tf (t)dt as n Ï ∞ (whenever ∫ |t|f (t)dt < ∞), thusjustifying the definition of E[X] as the limit. We summarize this in the following definition.
DEFINITION 13. The expected value (also called mean) of X is defined as the quantity

E[X] = ∑
t tf (t) if f is a pmf and E[X] = ∫ +∞

−∞ tf (t)dt if f is a pdf (provided the sum or theintegral converges absolutely).
Properties of expectation: Let X, Y be random variables defined on the sample probabilityspace and both having pmf f , g or pdf f , g , respectively. The following are the fundamentalproperties of expectation.(1) Linearity: Then, E[aX + bY ] = aE[X] + bE[Y ] for any a, b ∈ R. In particular, for aconstant random variable (i.e., X = a with probability 1 for some a, E[X] = a). Thisis called linearity of expectation.

(2) Monotonicity/Positivity: If X ≥ Y (meaning, X(ω) ≥ Y (ω) for all ω), then E[X] ≥ E[Y ].Strict inequality holds unless X = Y with probability 1.
(3) E[1A] = P(A) for any even A.For random variables on a discrete probability space (then they have pmf), we have provedthese properties. For random variables with pmf, a proper proof requires definition of un-countable probability spaces, hence cannot be given. Alternatively, try to justify them bydiscretization (replacing X by Xn and letting n Ï ∞ as above).In addition, note the following useful short cuts to computing expectations.(1) If φ : RÏ R, then

E[φ(X)] =

∑
t
φ(t)f (t) if X has pmf f .∫ +∞

−∞ φ(t)f (t)dt if X has pdf f .
(2) More generally, if (X1, . . . , Xn) has joint pdf f (t1, . . . , tn) and V = T(X1, . . . , Xn) (here

T : Rn Ï R), then E[V ] = ∫∞
−∞ . . .

∫∞
−∞ T(x1, . . . , xn)f (x1, . . . , xn)dx1 . . . dxn . A similarformula can be written when Xis have a joint pmf.The convenience here comes from the fact that we don’t need to find the pmf/pdf of φ(X)or of T(X1, . . . , Xn). Lastly, we state one more property of expectations, its relationship toindependence.

LEMMA 14. Let X, Y be random variables on a common probability space. If X and Y
are independent, then E[H1(X)H2(Y )] = E[H1(X)]E[H2(Y )] for any functions H1, H2 : R Ï R
(for which the expectations make sense). In particular, E[XY ] = E[X]E[Y ].
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PROOF. Independence means that the joint density (analogous statements for pmf omitted)of (X, Y ) is f the form f (t, s) = g(t)h(s) where g(t) is the density of X and h(s) is the densityof Y . Hence,
E[H1(X)H2(Y )] = ∫∫ H1(t)H2(s)f (t, s)dtds =  ∞∫

−∞

H1(t)g(t)dt ∞∫
−∞

H2(s)g(s)ds
which is precisely E[H1(X)]E[H2(Y )]. �

Expectation gives a one-number-summary of the distribution. It is not the only choice,another is the median, defined as any number t such that F (t−) ≤ 12 ≤ F (t). A simpler wayto define it would have been to say that the median is the unique t such that F (t) = 12 , butneither the existence nor the uniqueness of such a t is guaranteed in general (it is, if F isstrictly increasing a continuous, by the intermediate value theorem). More generally, for any
p ∈ (0, 1), we define the p-quantile of X as any number t such F (t−) ≤ p ≤ F (t). It is oftendenoted by Qp(X), and Q 12 (X) is just the median, denoted Med(X).

REMARK 15. In high school or college, you might have seen the mean, median and quan-tiles defined for a collection of numbers x1, . . . , xn . How do they relate to our definitionsnow? You did not have the notion of a random variable or its distribution then.Consider a box with n coupons with the kth coupon carrying the label xk . Now draw acoupon at random and note the number on the coupon as X. If xks are distinct, then thisis a random variable whose range is {x1, . . . , xn} and it has pmf f (xk) = 1
n . If xks are notdistinct, then we count with multiplicity (if there are exactly three coupons labelled 2.4, then

f (2.4) = 3
n ). It is easy to see that the mean, median, quantiles of X according to the definitionswe gave exactly coincide with the definitions you have seen before.

Which is better, mean or median?: There are situations where the median is preferred, suchas in summarizing the income distribution of a group of people. The attractive property of themedian is that it is robust, i.e., its value does not change easily due to outliers. For example,imagine a group of 50 employed youth from middle-income families having a median incomeof 25K and an average income of 24K. If a rich person with an income of 500K joins thisgroup, the median will not change much (earlier it was the income of the 25th person, nowit may be that of the 26th) but the average shoots up to 33K. Clearly the median bettersummarizes the economic status of this group of people. Using more than one quantile, forexample Q0.1 and Q0.9, we get an idea of the range in which most of the numbers lie.But the expectation has far better mathematical properties. For one, note how we cal-culated the new mean when a person was added, whereas to compute the median, we needthe full set of numbers, not just the old median and the newcomer’s income. This makesthe median computation harder. The linearity and positivity properties of expectation makeit much mroe amenable mathematically. In contrast Med(X + Y ) cannot be determined from
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med(X) and Med(Y ). Lastly, in situations where the density or mass function is symmetricabout a point, the two coincide.
2. Other quantities associated to distributions

Once we have the notion of expectation, we can define many other quantities of importanceand interest. In what follows, X is a random variable and the expectations of various randomvariables that occur are assumed to exist.
Moments: Let k ≥ 0 be an integer. If E[Xk] exists, it is called the kth moment of X. Existencemeans that E[|X|k] < ∞. While |X|k is defined for any real number k, note that Xk is in generalwell-defined only when k is an integer.
Variance: Let µ = E[X] and define σ2 := E

[(X − µ)2]. This is called the variance of X, alsodenoted by Var(X). It can be written in other forms. For example,
σ2 = E[X2 + µ2 − 2µX] (by expanding the square)

= E[X2] + µ2 − 2µE[X] (by property (1) above)
= E[X2]− µ2.

That is Var(X) = E[X2]− (E[X])2.
Standard deviation: The standard deviation of X is defined as s.d.(X) := √Var(X).
Mean absolute deviation: The mean absolute deviation of X is defined as the E[|X−med(X)|].
Coefficient of variation: For a positive random variable X, its coefficient of variation isdefined as c.v.(X) = s.d.(X)

E[X] , which is pure number (dimension free).
Entropy: The entropy of a random variable X is defined as

Ent(X) =
−

∑
i f (t) log(f (ti)) if X has pmf f .

−
∫
f (t) log(f (t)) if X has pdff .

If X = (X1, . . . , Xn) is a random vector, we can define its entropy exactly by the same expres-sions, except that we use the joint pmf or pdf of X and the sum or integral is over points in
Rn .
Discussion: What do these quantities mean? Mean and median try to summarize the distri-bution of X by a single number. They are called measures of central tendency. We havealready discussed their relative merits. The ones introduced here measure different featuresof the distribution.
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Measures of dispersion: The variance, the standard deviation and the mean absolute de-viation are measures of dispersion. They measure how much a distribution is spread out.Suppose the average height of people in a city is 160 cm. This could be because everyone is160 cm exactly or because half the people are 100 cm. while the other half are 220 cm., oralternately the heights could be uniformly spread over 150-170 cm., etc. To measure spread,one idea would be to fix a number a and consider E[|X − a|] (of course naively one mightthink E[X−a], but that is just E[X]−a and has no information other than the mean). It turnsout (exercise in the homework) that this quantity is minimized when a = Med(X), and thevalue for that a is precisely the mean absolute deviation.But mathematically it is much better to consider E[|X − a|2], which is minimized when
a = E[X] and the value is the variance. Why is it better? Naive reason: Absolute value is apain, square can be expanded to see that E[|X − a|2] = E[X2]− 2aE[X] + a2. A more refinedreason: Think of it as analogous to how we measure the distance between (p1, q1) and (p2, q2)by the Pythagorean expression √(p1 − q1)2 + (p2 − q2)2 and not by |p1 − q1|+ |p2 − q2|.The standard deviation has the same units as the quantity. Fo example, if mean height is160cm measured in centimeters with a standard deviation of 10cm, and the mean weight is55kg with a standard deviation of 5kg, then we cannot say which of the two is less variable.To make such a comparison we need a dimension free quantity (a pure number). Coefficientof variation is such a quantity, as it measure the standard deviation per mean. For the heightand weight data just described, the coefficients of variation are 1/16 and 1/11, respectively.Hence we may say that height is less variable than weight in this example.

EXAMPLE 16. Let X ∼ N(µ, σ2). Recall that its density is 1
σ
√2πe− (x−µ)22σ2 . We can compute

E[X] = 1
σ
√2π

+∞∫
−∞

xe−
(x−µ)22σ2 dx = µ.

On the other hand
Var(X) = 1

σ
√2π

+∞∫
−∞

(x − µ)2e− (x−µ)22σ2 dx = σ2 1√2π
+∞∫
−∞

u2e− u22 du (substitute x = µ + σu)
= σ2 2√2π

+∞∫
0

u2e− u22 du = σ2 2√2√2π
+∞∫
0
√
te−tdt (substitute t = u2/2)

= σ2 2√2√2πΓ(3/2) = σ2.
To get the last line, observe that Γ(3/2) = 12Γ(1/2) and Γ(1/2) = √π . Thus we now have ameaning for the parameters µ and σ2 - they are the mean and variance of the N(µ, σ2) distri-bution. Again note that the mean is the same for all N(0, σ2) distributions but the variancesare different, capturing the spread of the distribution.
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EXERCISE 17. Let X ∼ N(0, 1). Show that E[Xn] = 0 if n is odd and if n is even then
E[Xn] = (n − 1)(n − 3) . . . (3)(1) (product of all odd numbers up to and including n − 1). Whathappens if X ∼ N(0, σ2)?

EXERCISE 18. Calculate the mean and variance for the following distributions.(1) X ∼ Geo(p). E[X] = 1
p and Var(X) = q

p2 .
(2) X ∼ Bin(n, p). E[X] = np and Var(X) = npq .
(3) X ∼ Pois(λ). E[X] = λ and Var(X) = λ.
(4) X ∼ Hypergeo(N1, N2,m). E[X] = mN1

N1+N2 and Var(X) =??.
EXERCISE 19. Calculate the mean and variance for the following distributions.(1) X ∼ Exp(λ). E[X] = 1

λ and Var(X) = 1
λ2 .

(2) X ∼ Gamma(ν, λ). E[X] = ν
λ and Var(X) = ν

λ2 .
(3) X ∼ Unif[0, 1]. E[X] = 12 and Var(X) = 112 .
(4) X ∼ Beta(p, q). E[X] = p

p+q and Var(X) = pq(p+q)2(p+q+1) .
3. Markov’s and Chebyshev’s inequalities

Let X be a non-negative integer valued random variable with pmf f (k), k = 0, 1, 2, . . .. Fixany number m, say m = 10. Then
E[X] = ∞∑

k=1 kf (k) ≥ ∞∑
k=10kf (k) ≥ ∞∑

k=10 10f (k) = 10P{X ≥ 10}.
More generally mP{X ≥ m} ≤ E[X]. This shows that if the expected value is finite This ideais captured in general by the following inequality.
Markov’s inequality: Let X be a non-negative random variable with finite expectation. Then,for any t > 0, we have P{X ≥ t} ≤ 1

tE[X].
PROOF. Fix t > 0 and let Y = X1X<t and Z = X1X≥t so that X = Y + Z . Both Y and Zare non-negative random variable and hence E[X] = E[Y ] + E[Z] ≥ E[Z]. On the other hand,

Z ≥ t1X≥t (why?). Therefore E[Z] ≥ tE[1X≥t ] = tP{X ≥ t}. Putting these together we get
E[X] ≥ tP{X ≥ t} as desired to show. �

Markov’s inequality is simple but surprisingly useful. Firstly, one can apply it to functionsof our random variable and get many inequalities. Here are some.
Variants of Markov’s inequality:
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(1) If X is a non-negative random variable with finite pth moment, then P{X ≥ t} ≤
t−pE[Xp] for any t > 0.

(2) If X is a random variable with finite second moment, then P{|X −µ| ≥ t} ≤ 1
t2 Var(X).[Chebyshev’s inequality]

(3) If X is a random variable with finite exponential moments, then P{X > t} ≤ e−λtE[eλX]for any λ > 0. This is sometimes called Chernoff’s bound.Thus, if we only know that X has finite mean, the tail probability P(X > t) must decay at leastas fast as 1/t . But if we knew that the second moment was finite we could assert that thedecay must be at least as fast as 1/t2, which is better. If E[eλX] < ∞, then we get much fasterdecay of the tail, like e−λt .Chebyshev’s inequality captures again the intuitive notion that variance measures thespread of the distribution about the mean. The smaller the variance, lesser the spread. Analternate way to write Chebyshev’s inequality is
P{|X − µ| > rσ} ≤ 1

r2where σ = s.d.(X). This measures the deviations in multiples of the standard deviation. Thepower of this inequality comes from its great generality - one needs to know nothing aboutthe distribution other than its mean and variance. However, if we do have more informationabout the distribution, often we can get better bounds than 1/r2 (just like Markov inequalitycan be improved using higher moments, when they exist). We state one such inequality forthe important case of symmetric Bernoulli random variables.
PROPOSITION 20 (Bernstein/Hoeffding inequality). Let X ∼ Bin(n, 12 ). Then

P
{
|X − 12n| ≥ t

}
≤ 2e− 2t2

n

To summarize, when we know very little about the distribution, we use Markov or Cheby-shev inequalities. If we have some detailed knowledge of the distribution, the bounds on theprobability can be greatly improved. The main idea in Chebyshev’s inequality is often usefulin analysis and probability. Let us illustrate how it can be used to get a bound for the tail ofthe Gaussian distribution.
3.1. An application to the tail of the Gaussian distribution. The tail of the standardGaussian distribution is given by Φ̄(t) = 1√2π ∫∞t e−x2/2dx = P{Z > t} where Z ∼ N(0, 1).There is no simple formula for this integral, but it is often often necessary to have a goodupper bound for it. But based on the fact that we know how to integrate xe−x2/2, and usingthe Chebyshev idea, we can get a good estimate for Φ̄(t) for t > 0.

Upper bound: As x
t ≥ 1 for x ≥ t , we have

Φ̄(t) = 1√2π
∫ ∞
t

e− 12x2dx ≤ 1√2π
∫ ∞
t

x
t e
− 12x2dx = 1

t
√2πe− 12 t2 .

99



Lower bound: For s > t > 0, we use that x
s ≤ s for x ∈ [t, s] to get

Φ̄(t) ≥ 1√2π
∫ s

t
e− 12x2dx ≥ 1√2π

∫ s

t

x
s e
− 12x2dx = 1

s
√2π (e− 12 t2 − e− 12 s2) .

Take s = t +√t and use that s2 ≥ t2 + 2t3/2 to get
Φ̄(t) ≥ 1

t
√2πe− 12 t2 × 1− e−t 321 + 1√

tFrom the upper and lower bounds, we see that
Φ̄(t) ∼ 1

t
√2πe− 12 t2 as t Ï ∞

meaning that the ratio of the two sides converges to 1.
4. Reasoning by averages

Many situations can be analysed by just considering averages (expectations). Analysis byexpectation is not the final word in all cases, however it is often quite indicative and reliable.At a more basic level, it is a counter to more naive ways of reasoning. Sometimes peopleonly consider the chance of something ignoring the cost if it does not happen. For example,most often one can get away with rushing across railway tracks before a train is due, butif one does not, the loss is great. Other times people consider only the amount of profit ifsomething good happens, ignoring that the chance of it happening is tiny. For example, whenbuying lottery tickets. In contrast, expectation involves the product chance× profit, which isbetter.
I If you are offered x rupees if a die shows 6 and you have to pay 10 rupees if it doesnot fall 6, then your expected gain is x × 16 − 10 × 56 which is positive if x ≥ 50. In otherwords, if x > 50, it is profitable on average to bet, if x < 50 it will result in a loss on average.If you ask whether you should bet or not based on this criterion, it is a different matter.If the game is to be played many times, then the law of large number that we shall see latertells us that yes, you should bet if x > 50 and that you should not bet if x < 50. If the gameis to played once or a few times, then the average is not reliable, one must look at the fulldistribution of the profit random variable, or at least its variance.
I In an exam where each question is of multiple choice type, say 4 choices with a singlecorrect answer, how should the negative marking be set to discourage random guessing?Suppose +1 is given for correct answer and −x for a wrong answer. Then the expectedmarks gained on a question by guessing at random is +1 × 14 − x 34 . To discourage randomguessing, this should be negative, or x ≥ 13 . That is wrong answers should get −13 or evenless. Suppose the negative mark is set at −13 . Then if you can eliminate one of the answerswith certainty, then the expected marks by randomly guessing among the remaining threewould be +1× 13 − 13 × 23 = 19 . It is worth guessing. If the examiners want to discourage thiseventuality, they should set the negative mark to be −12 or less.
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I In BMTC buses, there are random inspections, and passengers without tickets arefined. There are two parameters that the BMTC can choose - frequency of inspections (sayproportion p of all trips are inspected) and the quantum of fine (say R rupees). For simplicityif we assume that tickets cost T rupees, and all trips carry the same number of passengers,then the expected cost for a passenger not buying a ticket is (1− p)× 0 + p × R = pR. Thisshould be more than the actual cost of the ticket to incentivize passengers to buy tickets,hence we want pR > T . There is the option to increase p or to increase R Increasing pinvolves a cost (to pay for the inspectors), but one cannot arbitrarily decrease p and increase
R, as it does not make sense to ask for a fine of thousands of rupees for failing to purchasea ticket.
I R. A. Fisher, famous statistician and biologist, gave the following explanation for sex-ratios among many animals. In certain species of animals (elephant seals are given as anexample in Dawkin’s book The selfish gene), most males do not get to mate with any females.The few successful males get to mate with a large number of females. In such a situation,one may ask if it is worthwhile producing male offsprings? Still, the observed sex-ratio isvery close to 1:1. To explain this with a calculation of averages, let us assume that there are

M males and F females in the population (both are large numbers). And suppose successfulmales get to mate with K females, but each female mates with only one male. Also forsimplicity, assume that each male-female pair results in one offspring.If a prospective mother gets to have a male offspring, then he gets to mate with a proba-bility of F/K
M , and if successful, will have K children. The expected number of grandchildrenis F

M .Is she gets to have a female offspring, then she gets to mate for sure, and will have onechild. The expected number of grandchildren is 1.Thus, if F > M , it is more advantageous to have a male child, and if F < M , it is moreadvantageous to have a female child (meaning that any heritable tendency to produce morefemales will spread more). In summary, any imbalance in the Male:Female ratio will get apush in the reverse direction, making the 1:1 ratio the unique stable equilibrium.
I Consider two options: Throw a die and if it turns up 6 you pay 300 rupees andotherwise you get 150 rupees. (A) No gambling, you get 50 rupees.The expected profit in thefirst case is 150× 56 − 300× 16 = 75, which is higher than what you get in the second option.But in reality, most people would prefer the second option, as it does not involve any risk.The notion of risk is captured by standard deviation (and other measures), average alone isnot always a good criterion.
I Another famous example where naive use of expectations fails is the St. Petersburg

paradox. It is given in one of the homework sheets.
I Mendel’s famous experiments with pea plants leading to his discovery of the laws ofgenetics is one of the great stories of Science. As it happens, some of the data on which hebased his experiments appear to be fudged! This was discovered by Fisher himself. Oneof the data that does not stand up to scrutiny is as follows (we assume knowledge of basicsof genetics here).One of the characteristics he studied was the shape of the pea pod, which
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could be inflated (I) or constricted (C), where I is dominant and C is recessive. It so happensthat all peas of a given plant are inflated (happens if the genotype is II, IC or CI) or all areconstricted (only if the genotype is CC). If a plant that has IC genotype is crossed with anotherIC, it gives II, IC, CI, CC with equal probability. In particular, among the resulting plants withinflated pods, one third are expected to be pure II and the remaining are hybrid (IC or CI).In one experiment, Mendel reports that of the 600 plants of the second generation that wereyellow, 201 were of genotype II. That is a remarkable agreement with experiment, or so itseems. In fact, it is a little too suspiciously close to the 1/3 ratio expected (toss a die 600 timesand count how many ones or twos you get), but the issue cuts even deeper.While we can see whether a plant has inflated pods, we do not directly see the genotype.The way Mendel could determine the genotype was to self-pollinate a plant many times andand check if all the resulting plants had inflated pods, as expected if the original plant hadgenotype II. But if the original plant had genotype IC or CI, some of the second generationplants should have genotype CC and hence have constricted pods. Mendel apparently pro-duced 10 plants in the second generation (for each of the original 600 plants) for this purpose.However, even the original was an IC, we should expect 600× (3/4)10 ≈ 22 cases where all thesecond generation plants had inflated pods, leading to a mistaken conclusion that the originalwas an II. This is in addition to the expected 200 that are truly II. It looks as though Mendel’sresult is closer to what he thought should be expected rather than what should be expectedaccording to his procedure! [Caveat: According to the above analysis, the number of plantsthat were deemed to be II should have been Bin(600, 0.38) (as 13 + (34)10 = 0.38), which hasa standard deviation of about 11. Hence, 201 is within 2 standard deviations of the expected222, not such an unlikely possibility. So is Mendel being falsely accused?!]
5. Reasoning with mean and variance

Working with averages is an essential thing to learn, but the real role of probability comesto fore when we also consider fluctuations, i.e., deviations from average behaviour.
EXAMPLE 21. Consider a cubical box of gas. How much of the air is in the top halfand how much in the bottom half? Molecules of air move about at random, and if weregard each of them as deciding to go to the bottom half or the top half by an independentfair coin toss, then the number of molecules X in the top half has Bin(N, 12 ) distribution,where we take the number of molecules to be N = 1022 or some such very large number.Then E[X] = 12N = 5 × 1021 while sd(X) = √N/4 = 5 × 1010. By Chebyshev’s inequality,

|X − 5 × 1021| < 1015 with a probability of more than 1 − 10−8. As 1015 is tiny compared to1021, the proportion of molecules in the top half is exceedingly close to 12 with exceedinglyhigh probability. For all practical purposes, we may ignore fluctuations and say that half ofthe gas is in the top half.
The reason why fluctuations became negligible was the hugeness of N . In other situations,say tossing a coin 1000 times, betting on a lottery every day of one month, etc., you ignorefluctuations at your own peril. For example if a coin is fair, it still has a 5% chance of of
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showing less than 475 heads in 1000 tosses. Tiny probabilities become significant if there area lot of trials.
6. Exercises

PROBLEM 1. For a pdf f (·), the mode is defined as any point at which f attains its maximal value(i.e., t is a mode if f (t) ≥ f (s) for any s). For each of the following distributions, find the mode(s) ofthe distribution and the value of the pmf at the modes.(1) N(µ, σ2).
(2) Exp(λ).
(3) Gamma(ν, 1).

PROBLEM 2. Let F be a CDF. For each 0 < q < 1, the q-quantile(s) of F is any number t ∈ R suchthat F (s) ≤ q if s < t and F (s) ≥ q if s > t .(1) If F is the CDF of Exp(λ) distribution, find its q-quantile(s).
(2) If F is the N(0, 1) distribution, use the normal tables to find the unique q-quantile for thefollowing values of q : 0.01, 0.1, 0.25, 0.5, 0.75, 0.9, 0.99.
(3) If F is the Geo(0.02) distribution, find a q-quantile for q = 0.01, 0.25, 0.5, 0.75, 0.99.

PROBLEM 3. Find E[X] and E[X2] for the following cases.(1) X ∼ N(µ, σ2).
(2) X ∼ Gamma(ν, λ). Note the answers for the particular case of Exp(λ).
(3) X ∼ Beta(p, q). Note the answers for the particular case of Unif[0, 1].

PROBLEM 4. What is the mode of the (a) Pois(λ) distribution? (b) Hpergeometric(M,W,K) distri-bution? (Mode means the point(s) where the pmf (or pdf) attains its maximal value).
PROBLEM 5. Find the means and variances of X in each of the following cases.

(a) X ∼ Bin(n, p). (b) X ∼ Pois(λ). (c)X ∼ Geo(p).
PROBLEM 6. Find the means and variances of X in each of the following cases.

(a) X ∼ N(µ, σ2). (b) X ∼ Gamma(ν, λ). (c) X ∼ Beta(ν1, ν2). (d) X ∼ Unif[a, b].
PROBLEM 7. (1) Let ξ ∼ Exp(λ). For any t, s ≥ 0, show that P{ξ > t + s

∣∣∣∣∣∣ ξ > t} = P{ξ > s}.(This is called the memoryless property of the exponential distribution).
(2) Show that if a non-negative random variable ξ has memoryless property (i.e., P{ξ > t+s ∣∣∣∣∣∣ ξ >

t} = P{ξ > s}), then ξ must have exponential distribution.
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PROBLEM 8. Let X be a non-negative random variable with CDF F (t).
(1) Show that E[X] = ∞∫

0 (1− F (t))dt and more generally E[Xp] = ∞∫
0 ptp−1(1− F (t))dt .

(2) If X is non-negative integer valued, then E[X] = ∑∞k=1 P{X ≥ k}.
PROBLEM 9. (**) Let X be a random variable. Let f (a) = E[|X−a|] (makes sense if the first momentexists) and g(a) = E[(X − a)2] (makes sense if the second moment exists).(1) Show that g is minimized uniquely at a = E[X].

(2) Show that the minimizers of f are precisely the medians of X (recall that a number b is amedian of X if P{X ≥ t} ≥ 12 and P{X ≤ t} ≥ 12 ).
PROBLEM 10. Find the expectation and variance for a random variable with the following distri-butions.(1) (a) Bin(n, p), (b) Geo(p), (c) Pois(λ), (d) Hypergeo(N1, N2,m).

(2) (a) N(µ, σ2), (b) Gamma(ν, λ), (c) Beta(p, q).[Note: Although the computations are easy, the answers you get are worth remembering as they occurin various situations.]
PROBLEM 11. Find the expectation and variance for a random variable with the following distri-butions.(a) Bin(n, p), (b) Geo(p), (c) Pois(λ), (d) Hypergeo(N1, N2,m).[Note: Although the computationsare easy, the answers you get are worth remembering as they occur in various situations.]
PROBLEM 12. Find the expectation and variance for a random variable with the following dis-tributions.(a) N(µ, σ2), (b) Gamma(ν, λ), (c) Beta(p, q).[Note: Although the computations are easy, theanswers you get are worth remembering as they occur in various situations.]
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CHAPTER 7
Joint distributions of random variables

1. Joint distributions

In many situations we study several random variables at once. In such a case, knowingthe individual distributions is not sufficient to answer all relevant questions. This is like sayingthat knowing P(A) and P(B) is insufficient to calculate P(A ∩ B) or P(A ∪ B) etc.

FIGURE 1. Left: Height and weight of a person. Right: Height of a personversus weight of an unrelated person. One can see that there is a tendencyfor weight to increase with height in the first picture, but no such relation inthe second.

DEFINITION 13 (Joint distribution). Let X1, X2, . . . , Xm be random variables on the sameprobability space. We call X = (X1, . . . , Xm) a random vector, as it is just a vector of randomvariables. The CDF of X, also called the joint CDF of X1, . . . , Xm is the function F : Rm Ï Rdefined as
F (t1, . . . , tm) = P{X1 ≤ t1, . . . , Xm ≤ tm} = P

{ m⋂
i=1{Xi ≤ ti}

}
.

.
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EXAMPLE 14. Consider two events A and B in the probability space and let X = 1A and
Y = 1B be their indicator random variables. Their joint CDF is given by

F (s, t) =


0 if s < 0 or t < 0
P(Ac ∩ Bc) if 0 ≤ s, t < 1
P(Ac) if 0 ≤ s < 1 and t ≥ 1
P(Bc) if 0 ≤ t < 1 and s ≥ 11 if s ≥ 1, t ≥ 1

Properties of joint CDFs: The following properties of the joint CDF F : Rm Ï [0, 1] areanalogous to those of the 1-dimensional CDF and the proofs are similar.
(1) F is increasing in each co-ordinate. That is, if s1 ≤ t1, . . . , sm ≤ tm , then F (s1, . . . , sm) ≤

F (t1, . . . , tm).
(2) limF (t1, . . . , tm) = 0 if min{t1, . . . , tm} Ï −∞ (i.e., one of the ti goes to −∞).
(3) limF (t1, . . . , tm) = 1 if min{t1, . . . , tm} Ï +∞ (i.e., all of the ti goes to +∞).
(4) F is right continuous in each co-ordinate. That is F (t1+h1, . . . , tm+hm)Ï F (t1, . . . , tm)as hi Ï 0+.

Conversely any function having these four properties is the joint CDF of some randomvariables.From the joint CDF, it is easy to recover the individual CDFs. Indeed, if F : Rm Ï R isthe CDF of X = (X1, . . . , Xm), then the CDF of X1 is given by
F1(t) := F (t,+∞, . . . ,+∞) := limF (t, s2, . . . , sm)where the limit is taken as si Ï +∞ for each i = 2, . . . ,m. This is true because if An :=

{X1 ≤ t} ∩ {X2 ≤ n} ∩ . . . ∩ {Xm ≤ n}, then as n Ï ∞, the events An increase to the event
A = {X1 ≤ t}. Hence P(An) Ï P(A). But P(An) = F (t, n, n, . . . , n) and P(A) = F1(t). Thus wesee that F1(t) := F (t,+∞, . . . ,+∞).More generally, we can recover the joint CDF of any subset of X1, . . . , Xn , for example,the joint CDF of X1, . . . , Xk is just F (t1, . . . , tk,+∞, . . . ,+∞).
Joint pmf and pdf: Just like in the case of one random variable, we can consider the followingtwo classes of random variables.

(1) Distributions with a pmf. These are CDFs for which there exist points t1, t2, . . . in
Rm and non-negative numbers wi such that ∑i wi = 1 (often we write f (ti) in placeof wi) and such that for every t ∈ Rm we have

F (t) = ∑
i : ti≤t

wi
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where s ≤ t means that each co-ordinate of s is less than or equal to the correspond-ing co-ordinate of t.Even within distributions with pmf, it is useful to think of the following simplesituation: Consider two random variables X and Y , and suppose their ranges are
{a1, . . . , an} and {b1, . . . , bm} respectively. Then a convenient way to write their pmfis as a two-way table (called contingency table)

b1 b2 . . . bm
a1 p1,1 p1,2 . . . p1,m p1,•
a2 p2,1 p2,2 . . . p2,m p2,•... ... ... ... ... ...
an pn,1 pn,2 . . . pn,m pn,•

p•,1 p•,2 . . . p•,mHere pi,j = P{X = ai, Y = bj}. And the row and column sums are written as
pi,• = pi,1 + . . .+ pi,m and p•,j = p1,j + . . .+ pn,j . It is clear that pi,• = P{X = ai} and
p•,j = P{Y = bj}. Thus, the individual distributions of X and of Y can be recoveredfrom the joint distribution of X and Y .

(2) Distributions with a pdf. These are CDFs for which there is a non-negative function(may assume piecewise continuous for convenience) f : Rm Ï R+ such that for every
t ∈ Rm we have

F (t) = t1∫
−∞

. . .
tm∫
−∞

f (u1, . . . , um)dum . . . du1.
Again, it is useful to think of the case of two random variables, X and Y , havinga joint pdf of f (x, y). This can be thought in analogy to the contingency table above,except that the table has infinitely many rows (one for each x) and infinitely manycolumns (one for each y). The individual densities of X and of Y are got by integratinginstead of summing:

f1(u) = ∫ ∞
−∞

f (u, y)dy, f2(v) = ∫ ∞
−∞

f (x, v)dx.
We give two examples, one of each kind.

EXAMPLE 15. (Multinomial distribution). Fix parameters r,m (two positive integers) and
p1, . . . , pm (positive numbers that add to 1). The multinomial pmf with these parameters isgiven by

f (k1, . . . , km−1) = r!
k1!k2! . . . km−1!(r −∑m−1

i=1 ki)!pk11 . . . pkm−1
m−1pr−∑m−1

i=1 ki
m ,

if ki ≥ 0 are integers such that k1 + . . . + km−1 ≤ r. One situation where this distributionarises is when r balls are randomly placed in m bins, with each ball going into the jth bin
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with probability pj , and we look at the random vector (X1, . . . , Xm−1) where Xk is the numberof balls that fell into the kth bin. This random vector has the multinomial pmf.1In this case, the marginal distribution of Xk is Bin(r, pk). More generally, (X1, . . . , X` ) hasmultinomial distribution with parameters r, `, p1, . . . , p` , p0 where p0 = 1− (p1 + . . .+p` ). Thisis easy to prove, but even easier to see from the balls in bins interpretation (just think of thelast n − ` bins as one).
EXAMPLE 16. (Bivariate normal distribution). This is the density on R2 given by

f (x, y) = √ab − c22π e− 12 [a(x−µ)2+b(y−ν)2+2c(x−µ)(y−ν)],
where µ, ν, a, b, c are real parameters. We shall impose the conditions that a > 0, b > 0 and
ab − c2 > 0 (otherwise the above does not give a density, as we shall see).The first thing is to check that this is indeed a density. We recall the one-dimensionalGaussian integral
(9) +∞∫

−∞

e− τ2 (x−a)2dx = √2π 1√
τ for any τ > 0 and any a ∈ R.

We shall take µ = ν = 0 (how do you compute the integral if they are not?). Then, theexponent in the density has the form
ax2 + by2 + 2cxy = b

(
y + c

bx
)2 +(a − c2

b

)
x2.

Therefore,
∞∫
−∞

e− 12 [ax2+by2+2cxy]dy = e− 12 (a− c2
b )x2 ∞∫

−∞

e− b2 (y+ c
bx)2dy

= e− 12 (a− c2
b )x2√2π√

b

by (9) but ony if b > 0. Now we integrate over x and use (9) again (and the fact that a− c2
b > 0)to get

∞∫
−∞

∞∫
−∞

e− 12 [a(x−µ)2+b(y−ν)2+2c(x−µ)(y−ν)]dydx = √2π√
b

∞∫
−∞

e− 12 (a− c2
b )x2dx

= √2π√
b

√2π√
a − c2

b

= 2π√
ab − c2 .

1In some books, the distribution of (X1, . . . , Xm) is called the multinomial distribution. This has the pmf
g(k1, . . . , km) r!

k1!k2! . . . km−1!km!pk11 . . . pkm−1
m−1 pkmm

where ki are non-negative integers such that k1 + . . . + km = r. We have chosen our convention so that thebinomial distribution is a special case of the multinomial. . .
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This completes the proof that f (x, y) is indeed a density. Note that b > 0 and ab−c2 > 0 alsoimplies that a > 0.
Matrix form of writing the density: Let Σ−1 = [

a c
c b

]. Then, det(Σ) = 1det(Σ−1) = 1
ab−c2 .

Hence, we may re-write the density above as (let u be the column vector with co-ordinates
x, y)

f (x, y) = 12π√det(Σ)e− 12 utΣ−1u.

This is precisely in the form in which we wrote for general n in the example earlier. Theconditions a > 0, b > 0, ab − c2 > 0 translate precisely to what is called positive-definiteness.One way to say it is that Σ is a symmetric matrix and all its eigenvalues are strictly positive.
Final form: We can now introduce an extra pair of parameters µ1, µ2 and define a density

f (x, y) = 12π√det(Σ)e− 12 (u−µ)tΣ−1(u−µ).
where µ is a column vector with co-ordinates µ1, µ2. This is the full bi-variate normal density.An important class of joint distributions can be constructed as follows. We discuss inde-pendence of random variables in greater detail later.

EXAMPLE 17. (A class of examples). Let f1, f2, . . . , fm be one-variable densities. In otherwords, fi : RÏ R+ and ∫∞−∞ fi(x)dx = 1. Then, we can make a multivariate density as follows.Define f : Rm Ï Rm+ by f (x1, . . . , xm) = f1(x1) . . . fm(xm). Then f is a density.If Xi are random variables on a common probability space and the joint density of(X1, . . . , Xm) if f (x1, . . . , xm), then we say that Xi are independent random variables. It iseasy to see that the marginal density of Xi if fi . It is also the case that the joint CDF factorsas FX(x1, . . . , xm) = FX1 (x1) . . . FXm (xm).
One can also make the discrete version of this. In the contingency table example givenearlier, set pi,j = αiβj for some αi, βj ≥ 0 such that α1 + . . . + αn = 1 and β1 + . . . + βm = 1.Then the random variables are said to be independent. Note that in this case pi,• = αi and

p•,j = βj .
2. Independence and conditioning of random variables

DEFINITION 18. Let X = (X1, . . . , Xm) be a random vector (this means that Xi are randomvariables on a common probability space). We say that Xi are independent if {X1 ∈ A1}, {X2 ∈
A2}, . . . , {Xm ≤ tm} are independent for any2 A1, . . . , Am ⊆ R, i.e.,

P{X1 ∈ A1, . . . , Xm ∈ Am} = P{X1 ∈ A1} . . .P{Xm ∈ Am}.(10)
2Later when you learn measure theory, you will see that the sets have to be restricted for us to speak of theirprobabilities, but what you do not know cannot bother you, so we ignore that issue.
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Independence is one of the fundamental concepts in probability. In applications to the realworld, it means that knowing the value of some of the Xis don’t give a clue about the valuesof the others. The following exercise shows that the independence of random variables is anextension of the notion of independence of events that we discussed earlier.
EXERCISE 19. Events E1, . . . , En are independent (according to our earlier definition) if andonly if the random variables 1E1 , . . . , 1En are independent (according to the above definition).
It is important to turn the concept around and look at it in different ways. Applying thedefinition to the events Ak = {Xk ≤ tk} shows that

FX(t1, . . . , tn) = FX1 (t1) . . . FXn (tn) foor all t1, . . . , tn ∈ R.(11)
In fact, the above condition is equivalent to independence, but we shall not need that. Sincewe shall only work with random variables that have pmf or pdf, let us see how independenceis reflected in terms of pmf or pdf.

I Suppose X has joint pmf f (t1, . . . , tn) and let fk be the marginal pmf of Xk . Then
X1, . . . , Xn are independent if and only if

f (t1, . . . , tn) = f1(t1)f2(t2) . . . fn(tn) for all t1, . . . , tn ∈ R.(12)
Proof: If Xi are independent, fix t1, . . . tn ∈ R and apply the definition with Ak =
{Xk = tk} to see that f (t1, . . . , tn) = f1(t1)f2(t2) . . . fn(tn).For the converse part, let Ak ⊆ R and consider

P{X1 ∈ A1, . . . , Xn ∈ An} = ∑
t∈A1×...×An

f (t1, . . . , tn) = ∑
tj∈Aj , 1≤ej≤n f1(t1)f2(t2) . . . fn(tn)

= n∏
k=1

∑
tk∈Ak

fk(tk) = m∏
k=1P{Xk ∈ Ak}

which shows the independence of X1, . . . , Xn .
I Assume that X has joint pdf f (t1, . . . , tm). Then Xis are independent if and only if

f (t1, . . . , tm) = f1(t1)f2(t2) . . . fm(tm).(13)
Proof: The proof of the converse part is almost identical to the one given above forpmfs, except that sums are replaced by integrals. That is, P{X1 ∈ A1, . . . , Xn ∈ An} isequal to∫

A1×...×An f (t1, . . . , tn)dt1 . . . dtn = ∫
A1×...×An f1(t1)f2(t2) . . . fn(tn)dt1 . . . dtn

= n∏
k=1
∫
Ak
fk(tk)dtk = m∏

k=1P{Xk ∈ Ak}.

The forward part is a little more subtle, as we cannot take the events {Xk = tk}(which have probability zero). If we assume that the densities are continuous, then
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f (t1, . . . , tm) = ∂m
∂t1...∂tmF (t1, . . . , tm). Independence implies (11), and upon differentiat-ing w.r.t. t1, . . . , tn we see that
f (t1, . . . , tm) = F ′1(t1) . . . F ′m(tm) = f1(t1) . . . fm(tm).

which is what we wanted to prove.Here is yet another way to express independence.
PROPOSITION 20. X1, . . . , Xm are independent if and only if

E[φ1(X1) . . . φm(Xm)] = E[φ1(X1)] . . .E[φm(Xm)](14)
for any functions φi : RÏ R (assume expectations exist).

PROOF. Suppose (14) holds. Take any sets Ak ⊆ R and let φk = 1Ak . The left and rightsides of (14) are equal to the left and right sides of eq:independencervsdefn, hence X1, . . . , Xnare independent.To see the converse, let us assume that X has joint density (similar proof if it has jointpmf). By (13), we see that
E[φ1(X1) . . . φm(Xm)] = ∫ . . .

∫
φ1(t1) . . . φm(tm)f1(t1) . . . fm(tm)dt1 . . . dtm

= m∏
k=1
∫
φk(tk)fk(tk)dtk

= E[φ1(X1)] . . .E[φm(Xm)].
�

Each of (10)–(14) is a way of expressing independence of random variables. When weknow independence and want to use it, (14) gives the strongest conclusion, but when we wantto check independence, (12) or (13) are the easier ones to verify. The following exercise(slightly) simplifies the checking further.
EXERCISE 21. Suppose f (t1, . . . , tm) = cg1(t1)g2(t2) . . . gm(tm) where c is a constant and giare some functions of one-variable (not necessarily densities). Then, X1, . . . , Xm are indepen-dent. Further, the marginal density of Xk is ckgk(t) for appropriate cks.
Now for some examples.
EXAMPLE 22. Let Ω = {0, 1}n with pω = p

∑
ωkqn−

∑
ωk . Define Xk : ΩÏ R by Xk(ω) = ωk .In words, we are considering the probability space corresponding to n tosses of a fair coinand Xk is the result of the kth toss. We claim that X1, . . . , Xn are independent. Indeed, thejoint pmf of X1, . . . , Xn is

f (t1, . . . , tn) = p
∑

tkqn−
∑

tk where ti = 0 or 1 for each i ≤ n.
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Clearly f (t1, . . . , tm) = g(t1)g(t2) . . . g(tn) where g(s) = psq1−s for s = 0 or 1 (this is just a terseway of saying that g(s) = p if s = 1 and g(s) = q if s = 0). Hence X1, . . . , Xn are independentand Xk has pmf g (i.e., Xk ∼ Ber(p)).
EXAMPLE 23. Let (X, Y ) have the bivariate normal density

f (x, y) = √ab − c2
√2π e− 12 (a(x−µ1)2+b(y−µ2)2+2c(x−µ1)(y−µ2)).

If c = 0, we observe that
f (x, y) = C0e− a(x−µ1)22 e−

b(y−µ2)22 (C0 is a constant, exact value unimportant)
from which we deduce that X and Y are independent and X ∼ N(µ1, 1

a ) while Y ∼ N(µ2, 1
b ).Can you argue that if c 6= 0, then X and Y are not independent?

EXAMPLE 24. Let (X, Y ) be a random vector with density f (x, y) = 1
π1x2+y2≤1 (i.e., it equals1 if x2 + y2 ≤ 1 and equals 0 otherwise). This corresponds to picking a point at randomfrom the disk of radius 1 centered at (0, 0). We claim that X and Y are not independent. Aquick way to see this is that if I = [0.8, 1], then P{(X, Y ) ∈ [0.8, 1] × [0.8, 1]} = 0 whereas

P{(X, Y ) ∈ [0.8, 1]}P{(X, Y ) ∈ [0.8, 1]} 6= 0 (If X, Y were independent, we must have had
P{(X, Y ) ∈ [a, b]× [c, d]} = P{X ∈ [a, b]}P{Y ∈ [c, d]} for any a < b and c < d).

A very useful (and intuitively acceptable!) fact about independence is as follows.
Fact: Suppose X1, . . . , Xn are independent random variables. Let k1 < k2 < . . . < km = n. Let
Y1 = h1(X1, . . . , Xk1 ), Y2 = h2(Xk1+1, . . . , Xk2 ), . . . Ym = hm(Xkm−1+1, . . . , Xkm ). Then, Y1, . . . , Ymare also independent.

3. Conditioning on random variables

3Let X1, . . . , Xk+` be random variables on a common probability space. Let f (t1, . . . , tk+` )be the pmf of (X1, . . . , Xk+` ) and let g(t1, . . . , t` ) be the pmf of (Xk+1, . . . , Xk+` ) (of course wecan compute g from f by summing over the first k indices). Then, for any s1, . . . , s` suchthat P{Xk+1 = s1, . . . Xm = s`} > 0, we can define(15)
hs1,...,s` (t1, . . . , tk) = P{X1 = t1, . . . , Xk = tk

∣∣∣Xk+1 = s1, . . . Xm = s`} = f (t1, . . . , tk, s1, . . . , s` )
g(s1, . . . , s` ) .

It is easy to see that hs1,...,s` (·) is a pmf on Rk . It is called the conditional pmf of (X1, . . . , Xk)given that Xk+1 = s1, . . . Xm = s` .Its interpretation is as follows. Originally we had random observables X1, . . . , Xk whichhad a certain joint pmf. Then we observe the values of the random variables Xk+1, . . . , Xk+` ,say they turn out to be s1, . . . , s` , respectively. Then we update the distribution (or pmf) of
X1, . . . , Xk according to the above recipe. The conditional pmf is the new function hs1,...,s` (·).

3This part was not covered in class and may be safely omitted.
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EXERCISE 25. Let (X1, . . . , Xn−1) be a random vector with multinomial distribution withparameters r, n, p1, . . . , pn . Let k < n−1. Given that Xk+1 = s1, . . . , Xn−1 = sn−k+1, show thatthe conditional distribution of (X1, . . . , Xk) is multinomial with parameters r′, n′, q1, . . . , qk+1where r′ = r − (s1 + . . . + sn−k+1), n′ = k + 1, qj = pj/(p1 + . . . + pk + pn) for j ≤ k and
qk+1 = pn/(p1 + . . .+ pk + pn).This looks complicated, but is utterly obvious if you think in terms of assigning r balls into
n urns by putting each ball into the urns with probabilities p1, . . . , pn and letting Xj denotethe number of balls that end up in the j th urn.
Conditional densities Now suppose X1, . . . , Xk+` have joint density f (t1, . . . , tk+` ) and let
g(s1, . . . , s` ) by the density of (Xk+1, . . . , Xk+` ). Then, we define the conditional density of(X1, . . . , Xk) given Xk+1 = s1, . . . , Xk+` = s` as
(16) hs1,...,s` (t1, . . . , tk) = f (t1, . . . , tk, s1, . . . , s` )

g(s1, . . . , s` ) .

This is well-defined whenever g(s1, . . . , s` ) > 0.
REMARK 26. Note the difference between (15) and (16). In the latter we have left out themiddle term because P{Xk+1 = s1, . . . , Xk+` = s`} = 0. In (15) the definition of pmf comesfrom the definition of conditional probability of events but in (16) this is not so. We simplydefine the conditional density by analogy with the case of conditional pmf. This is similar tothe difference between interpretation of pmf (f (t) is actually the probability of an event) andpdf (f (t) is not the probability of an event but the density of probability near t).
EXAMPLE 27. Let (X, Y ) have bivariate normal density f (x, y) = √

ab−c22π e− 12 (ax2+by2+2cxy)
(so we assume a > 0, b > 0, ab − c2 > 0). In the mid-term you showed that the marginaldistribution of Y is N(0, a

ab−c2 ), that is it has density g(y) = √
ab−c2√2πa e− ab−c22a y2 . Hence, theconditional density of X given Y = y is

hy (x) = f (x, y)
g(y) = √

a√2πe− a2 (x+ c
a y)2 .

Thus the conditional distribution of X given Y = y is N(−cy
a ,

1
a ). Compare this with marginal(unconditional) distribution of X which is N(0, b

ab−c2 ).In the special case when c = 0, we see that for any value of y , the conditional distributionof X given Y = y is the same as the unconditional distribution of X. What does this mean?It is just another way of saying that X and Y are independent! Indeed, when c = 0, the jointdensity f (x, y) splits into a product of two functions, one of x alone and one of y alone.
EXERCISE 28. Let (X, Y ) have joint density f (x, y). Let the marginal densities of X and Ybe g(x) and h(y) respectively. Let hx(y) be the conditional density of Y given X = x.(1) If X and Y are independent, show that for any x, we have hx(y) = h(y) for all y .
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(2) If hx(y) = h(y) for all y and for all x, show that X and Y are independent.Analogous statements hold for the case of pmf.
4. Change of variable formula

Let X = (X1, . . . , Xm) be a random vector with density f (t1, . . . , tm). Let T : Rm Ï Rm bea one-one function. Then it has an inverse T−1 : Rm Ï Rm . Assume that T−1 is continuouslydifferentiable.Let Y = T(X). In co-ordinates we may write Y = (Y1, . . . , Ym) and Y1 = T1(X1, . . . , Xm). . .Ym =
Tm(X1, . . . , Xm) where Ti : Rm Ï R are the components of T .
Question: What is the joint density of Y1, . . . , Ym?
The change of variable formula: In the setting described above, the joint density of Y1, . . . , Ymis given by

g(y) = f
(
T−1y

) ∣∣∣∣∣∣ JT−1(y) ∣∣∣∣∣∣
where JT−1(y) is the Jacobian determinant of the function T−1 at the point y = (y1, . . . , ym).That is, if we write T−1 = S = (S1, . . . , Sm), with Si : RÏ R, then

JT−1(y) = det(∂Si∂yj
(y))1≤i,j≤m .

Justification: We shall not prove this formula, but give a imprecise but convincing justificationthat can be made into a proof. There are two factors on the right. The first one, f (T−1y)is easy to understand - if Y is to be close to y, then X must be close to T−1y. The secondfactor involving the Jacobian determinant comes from the volume change. Let us explainwith analogy with mass density which is a more familiar quantity.Consider a solid cube with non-uniform density. If you rotate it, the density at any pointnow is the same as the original density, but at a different point (the one which came to thecurrent position). Instead of rotating, suppose we uniformly expand the cube so that thecenter stays where it is and the side of the cube becomes twice what it is. What happens tothe density at the center? It goes down by a factor of 8. This is simply because of volumechange - the same mass spreads over a larger volume. More generally, we can have non-uniform expansion, we may cool some parts of the cube, heat some parts and to varyingdegrees. What happens to the density? At each point, the density changes by a factor givenby the Jacobian determinant.Now for a slightly more mathematical justification. We use the language for two variables(m = 2) but the same reasoning works for any m. Fix twp point x = (x1, x2) and y = (y1, y2)such that y = T(x) (and hence x = T−1(y)). The density of Y at y is given by
g(y) ≈ 1area(N)P{Y ∈ N}
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where N is a small neighbourhood of the point y (for example a disk of small radius δcentered at y). By the one-one nature of T and the relationship Y = T(X), we see that
P{Y ∈ N} = P{X ∈ T−1(N)}

where T−1(N) is the image of N after mapping by T−1. Now, T−1(N) is a small neighbour-hood of x (if N is a disk, then T−1(N) would be an approximate ellipse) and hence, by thesame interpretation of density we see that
P{X ∈ T−1(N)} ≈ area(T−1(N))f (x)

Putting the three displayed equations together, we arrive at the formula
g(y) ≈ f (x)area(T−1(N))area(N)Thus the problem boils down to how areas change under transformations. A linear map

S(y) = Ay where A is a 2 × 2 matrix changes area of any region by a factor of | det(A)|, i.e.,area(S(R)) = | det(A)|area(R).The differentiability of T means that in a small neighbourhood of y, the mapping T−1 lookslike a linear map, T−1(y + h) ≈ x +DT−1(y)h. Therefore, the areas of small neighbourhoodsof y change by a factor equal to | det(DT−1(y))| which is the Jacobian determinant. In otherwords, area(T−1(N)) ≈ |JT−1(y)|area(N). Consequently g(y) = f (T−1y)|JT−1(y)|.
Enlarging the applicability of the change of variable formula: The change of variableformula is applicable in greater generality than we stated above.

(1) Firstly, T does not have to be defined on all of Rm . If U, V are open subsets of
Rm and T : U Ï V is a bijection so that T−1 : V Ï U is differentiable, then thechange of variable formula is still applicable, provided that X takes values in U (i.e.,
P{X ∈ U} = 1) and Y = T(X).

(2) One may allow T−1 to be not differentiable at finitely many points. In fact, moregenerally, suppose D ⊆ V is a closed subset so that C = T−1(D) is a closed subset of
U . If P{X ∈ C} = 0 (equivalently if P{Y ∈ D} = 0), then we may replace U and V by
U ′ = U \ C and V ′ = V \ D and apply the change of variable formula.

(3) Injectivity property of T is important, but there are special cases which can be dealtwith by a slight modification. For example, if T(x) = x2 or T(x1, x2) = (x21 , x22 ) wherewe can split the space into parts on each of which T is one-one. For concreteness,assume that T is a 3-to-1 map, i.e., every element of V has three pre-images. Thenthe change of variable formula modifies to
g(y) = f (x1)JT−11 (y) + f (x2)JT−12 (y) + f (x3)JT−13 (y)

where x1, x2, x3 are the pre-images of y, and Ti are one-one transformations of someneighbourhood of xi to a some neighbourhood of y.
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EXAMPLE 29. Suppose we are given that X1 and X2 are independent and each has Exp(λ)distribution. What is the distribution of the random variable X1 + X2?The change of variable formula works for transformations from Rm to Rm whereas herewe have two random variables X1, X2 and our interest is in one random variable X1 +X2. Touse the change of variable formula, we must introduce an auxiliary variable. For example,we take Y1 = X1 + X2 and Y2 = X1/(X1 + X2). Then as in the first example, we find the jointdensity of (Y1, Y2) using the change of variable formula and then integrate out the secondvariable to get the density of Y1.Let us emphasize the point that if our interest is only in Y1, then we have a lot of freedomin choosing the auxiliary variable. The only condition is that from Y1 and Y2 we should beable to recover X1 and X2. Let us repeat the same using Y1 = X1 + X2 and Y2 = X2. Then,
T(x1, x2) = (x1 + x2, x2) maps R2+ onto Q := {(y1, y2) : y1 > y2 > 0} in a one-one manner. Theinverse function is T−1(y1, y2) = (y1 − y2, y2). It is easy to see that JT−1(y1, y2) = 1 (check!).Hence, by the change of variable formula, the density of (Y1, Y2) is given by

g(y1, y2) = f (y1 − y2, y2) · 1
= λ2e−λ(y1−y2)e−λy2 (if y1 > y2 > 0)
= λ2e−λy11y1>y2>0.To get the density of Y1, we integrate out the second variable. The density of Y1 is

h(u) = ∞∫
−∞

λ2e−λy11y1>y2>0dy2

= λ2e−λy1
y1∫

0
dy2

= λ2y1e−λy1
which agrees with what we found before.

EXAMPLE 30. Suppose R ∼ Exp(λ) and Θ ∼ Unif(0, 2π) and the two are independent.Define X = √R cos(Θ) and Y = √R sin(Θ). We want to find the distribution of (X, Y ). For this,we first write the joint density of (R,Θ) which is given by
f (r, θ) = 12πλe−λr for r > 0, θ ∈ (0, 2π).

Define the transformation T : R+ × (0, 2π) Ï R2 by T(r, θ) = (√r cos θ,√r sin θ). The imageof T consists of all (x, y) ∈ R2 with y 6= 0. The inverse is T−1(x, y) = (x2 + y2, arctan(y/x))where arctan(y/x) is defined so as to take values in (0, π) when y > 0 and to take values in(π, 2π) when y < 0. Thus
JT−1(x, y) = det [ 2x 2y

−y
x2+y2 x

x2+y2
] = 2.
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Therefore, (X, Y ) has joint density
g(x, y) = 2f (x2 + y2, arctan(y/x)) = λ

π e
−λ(x2+y2).

This is for (x, y) ∈ R2 with y 6= 0, but as we have remarked earlier, the value of a pdf in R2on a line does not matter, we may define g(x, y) as above for all (x, y) (main point is that theCDF does not change). Since g(x, y) separates into a function of x and a function of y , X, Yare independent N(0, 12λ ).
REMARK 31. Relationships between random variables derived by the change of variableformulas can be used for simulation too. For instance, the CDF of N(0, 1) is not explicitand hence simulating from that distribution is difficult (must resort to numerical methods).However, we can easily simulate it as follows. Simulate an Exp(1/2) random variable R (easy,as the distribution function can be inverted) and simulate an independent Unif(0, 2π) ran-dom variable Θ. Then set X = √R cos(Θ) and Y = √R sin(Θ). These are two independent

N(0, 1) random numbers. Here it should be noted that the random numbers in (0, 1) givenby a random number generator are supposed to be independent uniform random numbers(otherwise, it is not acceptable as a random number generator).
5. Applications of the change of variable formula

5.1. Beta integral. Let X ∼ Gamma(a, 1) and Y ∼ Gamma(b, 1) be independent randomvariables and let U = X + Y and V = X
X+Y . The transformation T(x, y) = (x + y, x

x+y ) isthe same as the one we used in the example in the previous section, so by the Jacobiandeterminant calculation there, we know that the density of (U, V ) is given by
g(u, v) = f (uv, u(1− v))u = 1Γ(a)e−uv (uv)a−1 × 1Γ(b)e−u(1−v)(u(1− v))b−1 × u

= 1Γ(a + b)e−uua+b−1 × 1
B(a, b)va−1(1− v)b−1 × Γ(a + b)B(a, b)Γ(a)Γ(b)for u > 0 and 0 < v < 1. The first factor is the Gamma(a + b) density. The second factor isthe Beta(a, b) density. This implies several things at once:(1) The third factor must be 1, since g(u, v) must be a density and hence give 1 whenintegrated over u > 0 and 0 < v < 1, but the first two factors also integrate to 1when integrated separately over u and v respectively. Therefore, B(a, b) = Γ(a)Γ(b)Γ(a+b)establishing the relationship between the Beta and Gamma functions.

(2) U ∼ Gamma(a+b, 1). Thus, the sum of independent Gamma variables with the samescale parameter 1 is also a Gamma distribution with scale parameter 1. The shapeparameters just add. This remains valid if we change the scale parameter to λ (butit must be the same for both).
(3) V ∼ Beta(a, b). This is the most common way in which Beta distribution occurs.
(4) U and V are independent.
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5.2. Simulating Gaussian random variables. Let X, Y be independent N(0, 1) randomvariables and let (R,Θ) be the polar co-ordinates of (X, Y ). This means that R ≥ 0 and 0 ≤Θ < 2π and X = R cos Θ and Y = R sin Θ. The Jacobian determinant of the transformation(x, y) 7Ï (r, θ) is r. The joint density of (X, Y ) is f (x, y) = 12πe−(x2+y2)/2. From the change ofvariable formula we see that (R,Θ) has joint density
g(r, θ) = 12πe−(r2 cos2 θ+r2 sin2 θ)/2r = 12πe− 12 r2r

on (r, θ) ∈ (0,∞) × [0, 2π). Observe that h(r) = e−r2/2r is a density on (0,∞) (in fact it is thedensity of the square-root of an Exp(1/2) distribution). If k(θ) = 1/2π , then g(r, θ) = h(r)k(θ),hence R and Θ are independent, R2 ∼ Exp(1/2) and Θ ∼ Unif(0, 2π).This computation has a bonus consequence. Suppose we want to simulate a N(0, 1) randomvariable. We can do it by setting Z = Φ−1(U) where U ∼ Unif[0, 1]. But as Φ and Φ−1 donot have explicit formulas, so this would have to be done numerically at best. However,using the above computation in reverse, we see that if R2 ∼ Exp(1/2) and Θ ∼ Unif(0, 2π)are independent, then R cos Θ and R sin Θ are independent N(0, 1) random variables. Wecan explicitly simulate R,Θ using two independent U, V ∼ Unif[0, 1] variables by setting R =
√
−2 logU and Θ = 2πV . Using two uniforms, we get two Gaussians.

5.3. Multivariate Gaussian distribution. Let Z1, . . . , Zn be independent standard Gauss-ian random variables and let Z = (Z1, . . . , Zn)t (a column vector). Let Bn×n be a non-singular(invertible) matrix and let µ be an n × 1 column vector. Define Y = µ+BZ , another random
n × 1 vector. What is the density of Y? We observe two things:(1) As B is non-singular, the transformation T(x) = µ + Bx is a bijection from Rn to Rnwith inverse T−1(y) = B−1(y − µ). The Jacobian determinant of JT−1(y) = det(B−1) =1det(B) .

(2) The density of Z is f (x) = ∏n
j=1 1√2πe− 12x2

j = 1(2π)n/2e− 12xtx as xtx = x21 + . . .+ x2
n .

Putting these ingredients together, we see that the density of Y is
g(y) = 1

| det(B)| f (B−1(y − µ)) = 1(2π) n2 | det(B)|e− 12 (y−µ)t (Bt )−1B−1(y−µ)

= 1(2π) n2√det(Σ)e− 12 (y−µ)tΣ−1(y−µ)
where Σ = BBt . Here we simply used the fact that (Bt )−1B−1 = Σ−1 and det(Σ) = det(B)2.The distribution of Y is called the n-dimensional multivariate Gaussian distribution withmean vector µ and covariance matrix Σ and the distribution is denoted Nn(µ,Σ).Justify this terminology by checking that E[Yj ] = µj and Cov(Yi, Yj ) = σi,j (the (i, j) entryof Σ). You can do this from the density g , or directly from the definition of Y as µ + BZ .Note that the mean can be any vector in Rn , whereas the covariance matrix Σ is of theform BBt for a non-singular n × n matrix B. Such matrices are said to be positive definite.
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6. Summary measures of association

As with unitary distributions, quite often there is no hope of knowing the full joint dis-tribution of a pair of random variables. Like mean and variance summarize a univariatedistribution, we want summary measures that capture the dependence or association of tworandom variables.
Covariance and correlation: Let X, Y be random variables on a common probability spacewith expectations µX, µY and variances σ2

X, σ2
Y . The covariance of X and Y is defined asCov(X, Y ) = E[(X−µX)(Y−µY ])] (this expectation will exist, for reasons given later). Expanding(X − µX)(Y − µY ]), check that it can also be written as

Cov(X, Y ) = E[XY ]− E[X]E[Y ].
The correlation between X and Y is defined as

Corr(X, Y ) = Cov(X, Y )√Var(X)√Var(Y ) .
What do they measure?: Note that (X − µX)(Y − µY ) is positive when both X, Y are aboveaverage (i.e., X ≥ µX and Y ≥ µY ) or both below average (X ≤ µX and Y ≤ µY ). When one isabove average and one is below average, then (X−µX)(Y−µY ) is negative. Hence the positivityof the covariance means that X and Y go together and negativity of covariance means theytend to go in opposite directions (if one is high, the other will be low). Suppose X and Yare the height and weight of a randomly chosen person. If the chosen person is of aboveaverage height, we would guess that he/she is also of above average weight. Thus height andweight are positively correlated. On the other hand, if X denotes the lifetime of a person and
Y denotes the amount of cigarette he/she smoked, we tend to think that if Y is on the higherside, X will be on the lower side. Smoking and lifetime are negatively correlated.Observe that if X is height in meters and Y is the weight in kilograms, then Cov(X, Y )is in units of kg.m. On the other hand, Corr(X, Y ) is dimension free, a pure number (since√
Var(X) is in meters and √Var(Y ) is in kilograms). Another way to think of it is this:The standardized version of a random variable X is the random variable X′ = X−µX

σX . Then
X′ has zero mean, unit variance, and most importantly, it is dimension free. Check thatCov(X′, Y ′) = Corr(X, Y ). We shall later see that correlation is a number in [−1, 1]. Why dowe care so much for a dimension free quantity like correlation?For example, if you measure height in centimeters and weight in grams, the covariancebetween the height and weight goes up by a factor of 105, although in real terms nothinghas changed. This makes the covariance hard to interpret, only its sign conveys something.Further, if we want to compare dependence across different pairs of random variables (forexample, which is the preferable method to reduce lifetime? Smoking or Drinking alcoholin large quantities?), then correlation gives a standardized score in the range [−1, 1] thatcan be interpreted and compared across experiments. A correlation of +1 denotes perfect
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correlation (e.g., Corr(X,X) = 1) while a correlation of −1 denotes perfect negative association(e.g., Corr(X,−X) = −1).Correlation is one of the most used and abused quantities in statistics. It is a primary toolthat allows us to explore relationships between various quantities. In particular, as we shallsee, independent random variables have zero correlation. Though the converse is false, it isthe first check we make to see if two variables could be independent of each other. Of course,we don’t stop with saying two variables are associated, we explore the causes. This is one ofthe frequent misuses of statistics. Even if Corr(X, Y ) = 0.99, it does not mean that X cause Yor Y causes X. It could be some other Z that causes both. Of course, sometimes the positivecorrelation could be due to one of the variables causing the other, or even both causing theother! But that conclusion will have to come from something more than just the correlationcoefficient.
Properties of covariance and variance: Let X, Y,Xi, Yi be random variables on a commonprobability space. Small letters a, b, c etc will denote scalars.(1) (Bilinearity): Cov(aX1 + bX2, Y ) = aCov(X1, Y ) + bCov(X2, Y ) (linearity in the firstvariable) and Cov(Y, aX1 +bX2) = aCov(Y,X1) +bCov(Y,X2) (linearity in the secondvariable).

(2) (Symmetry): Cov(X, Y ) = Cov(Y,X).
(3) (Positive semi-definitenss): Cov(X,X) ≥ 0 with equality if and only if X is a constantrandom variable. Indeed, Cov(X,X) = Var(X).

EXERCISE 32. Show that Var(cX) = c2Var(X) (hence sd(cX) = |c|sd(X)). Further, if X and
Y are independent, then Var(X + Y ) = Var(X) + Var(Y ).

Note that the properties of covariance are very much like properties of inner-products invector spaces. The only difference is in that Cov(X,X) = 0 does not mean that X = 0, but forinner products, v · v = 0 implies v = 0. For vectors, we know the Cauchy-Schwarz inequality:(u · v)2 ≤ (u ·u)(v · v), with equality if and only u, v are linearly dependent, i.e., au +bv = 0 forsome a, b ∈ R.
Cauchy-Schwarz inequality: If X and Y are random variables with finite variances, then(Cov(X, Y ))2 ≤ Var(X)Var(Y ) with equality if and only if aX + bY + c = 0 for some a, b, c ∈ R.One can of course repeat the proof of Cauchy-Schwarz inequality in this notation: Forany t ∈ R, as X − tY has positive variance, we get

0 ≤ Cov(X − tY,X − tY ) = Var(X)− 2tCov(X, Y ) + t2Var(Y ).
As this is a quadratic expression in t , it follows that Cov(X, Y )2 ≤ Var(X)Var(Y ) (as at2+bt+c ≥0 for all t if and only if b2 ≤ 4ac). Taking square roots, we may rewrite this as

−1 ≤ Corr(X, Y ) ≤ 1.
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The correlation coefficient is one of the great discoveries in statistics (less than two hundredyears old!), one that is highly used and misused. One advantage of it compared to the co-variance is that it is a pure number, and its range is [−1, 1], with the extremes being attainedwhen Y = ±X. Independent variables have zero correlation. The converse is spectacularlyfalse! Nevertheless, correlation coefficient is the first thing we measure to find the relation-ship between two variables. The greatest of troubles comes in what to interpret the result as!In particular, interpreting correlation as causation is the single biggest error one commits instatistics.
EXAMPLE 33. Suppose the exam scores (Y ) and attendance in class (X) have a correlation of0.8. The immediate conclusion one might come to is that poor attendance causes poor perfor-mance and hence recommend mandatory attendance of classes. As Corr(X, Y ) = Corr(Y,X),there is no way that the number itself can say whether X cause Y or Y causes X! Perhapsstudents have an idea of how well they are going to perform, and students who do not expectto perform well just decide to skip classes anyway. That would mean that Y is causing X.A third alternative is that there is yet another factor Z that is causing both X and Y . Forexample, the level of interest in a subject may determine attendance in class as well as theperformance in exams. If so, there is no causal relationship between X and Y directly.

7. Exercises

PROBLEM 1. Let A,B be two events in a common probability space. Write the joint distributions(joint pmf) of the following random variables.(1) X = 1A and Y = 1B .
(2) X = 1A∩B and Y = 1A∪B .

PROBLEM 2. Let a > 0, b > 0 and ab > c2. Let (X, Y ) have the bivariate normal distribution withdensity
f (x, y) = √ab − c22π e− 12 [a(x−µ)2+b(y−ν)2+2c(x−µ)(y−ν)].

Show that the marginal distributions are one-dimensional normal and find the parameters. For whatvalues of the parameters are X and Y independent?
PROBLEM 3. Fix r > 0. Let (X, Y ) be a random vector with density

f (x, y) =
 1

πr2 if x2 + y2 ≤ r2,0 otherwise.
This models the experiment of drawing a point at random from a disk of radius r centered at (0, 0).(1) Find the marginal densities of X and Y (i.e., find the density of X and find the density of Yseparately).

(2) Can you solve the same problem if the point is drawn uniformly from the ellipse {(x, y) : x2
a2 +

y2
b2 ≤ 1}?
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PROBLEM 4. Let X = (X1, . . . , Xn−1) be a Multinomial random variable with parameters r, n, p1, . . . , pnwhere r, n are positive integers and pi are non-negative numbers that sum to 1. This means that Xhas pmf
f (k1, . . . , kn−1) = n!

k1!k2! . . . kn−1!(r − k1 − . . . − kn−1)!pk11 . . . pkn−1
n−1pr−k1−...−kn−1

n

if ki ≥ 0 are integers that add to at most r.(1) Let m ≤ n. Show that the distribution of (X1, . . . , Xm−1) is Multinomial with parameters
r,m, p̃1, . . . , p̃m where p̃i = pi for i ≤ m − 1 and p̃m = pm + . . .+ pn .

(2) The distribution of Xk is Bin(r, pk).(3) (Do not need to submit this) Let k1 < k2 < . . . < km = n. Define Y1 = X1 + . . . + Xk1−1,
Y2 = Xk1 + . . .+ Xk2−1, . . .Ym = Xkm−1 + . . .+ Xkm−1. What is the distribution of (Y1, . . . , Ym)?[Note Remember the balls-in-bins interpretation of Multinomial. Based on it, try to guess the answersbefore you start calculating anything!].

PROBLEM 5. Let r balls be placed in m bins at random. Let Xk be the number of balls in the kthbin. Recall that (X1, . . . , Xm) has a multinomial distribution. Find the joint distribution of (X1, X2) andthe marginal distribution of X1 and of X2.
PROBLEM 6 (Submit only parts (1) and (2)). (1) Let X and Y be independent integer-valuedrandom variables with pmf f and g respectively. That is, P{X = k} = f (k) and P{Y = k}g(k)for every k ∈ Z. Then, show that X+ Y has the pmf h given by h(k) = ∑n∈Z f (n)g(k−n) foreach k ∈ Z.

(2) Let X ∼ Pois(λ) and Y ∼ Pois(µ) and assume that X and Y are independent. Show that
X + Y ∼ Pois(λ + µ).

(3) Let X ∼ Bin(n, p) and Y ∼ Bin(m,p) and assume that X and Y are independent. Show that
X + Y ∼ Bin(n +m,p).

(4) Let X ∼ Geo(p) and Y ∼ Geo(p) and assume that X and Y are independent. Show that X + Yhas negative binomial distribution and find the parameters.
PROBLEM 7 (Submit only parts (1) and (2)). (1) Let X and Y be independent random vari-ables with densities f (x) and g(y) respectively. Use the change of variable formula to showthat X + Y has the density h(u) given by h(u) = ∫∞−∞ f (s)g(u − s)ds.

(2) Let X, Y be independent Unif[−1, 1] random variables. Find the density of X + Y .
(3) Let X ∼ Gamma(µ, λ) and Y ∼ Gamma(ν, λ) and assume that X and Y are independent. Showthat X + Y ∼ Gamma(µ + ν, λ).
(4) Let X ∼ N(µ1, σ21 ) and Y ∼ N(µ2, σ22 ) and assume that X and Y are independent. Show that

X + Y ∼ N(µ1 + µ2, σ21 + σ22 ).
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PROBLEM 8. In each of the following cases, X and Y are independent random variables with thegiven distributions. You are asked to find the distribution of X + Y using the convolution formula(when you encounter a named distribution, do identify it!).(1) X ∼ Gamma(ν, λ) and Y ∼ Gamma(ν′, λ).
(2) X ∼ N(µ1, σ21 ) and Y ∼ N(µ2, σ22 ).
(3) X ∼ Pois(λ) and Y ∼ Pois(λ′).
(4) X ∼ Geo(p) and Y ∼ Geo(p).[Note: Submit 2, 3, 4 only]

PROBLEM 9. Use the change of variable formula to solve the following problems.(1) Let X ∼ Pois(λ) and Y ∼ Pois(λ′) be independent. Let Z = X + Y . Show that the conditionaldistribution of X given Z = m is Bin(m, λ
λ+λ′ ).(2) Let X ∼ Gamma(ν, λ) and Y ∼ Gamma(ν′, λ) be independent. Show that X/(X+Y ) has a Betadistribution and find its parameters.

(3) Let X ∼ N(0, 1) and Y ∼ N(0, 1) be independent. Show that X/Y has Cauchy distribution.
PROBLEM 10. Let (X, Y ) be a bivariate normal with density

√
ab − c22π e− 12 (a(x−µ)2+b(y−ν)2+2c(x−µ)(y−ν))

where a, b, ab − c2 are all positive and µ, ν are any real numbers.(1) Show that E[X] = µ, E[Y ] = ν, Var(X) = σ1,1, Var(Y ) ∼ σ2,2 and Cov(X, Y ) = σ1,2 where thematrix Σ (called the covariance matrix of (X, Y )) is defined as
Σ = [ σ1,1 σ1,2

σ2,1 σ2,2
] := [ a c

c b

]−1
.

(2) Find the conditional density of Y given X. When are X and Y independent? (“When” meansunder what conditions on the parameters a, b, c, µ, ν or in terms of σ1,1, σ2,2, σ1,2, µ, ν?).
PROBLEM 11. Let X1, X2, X3 be independent random variables, each having Ber±(1/2) distribution.This means P(X1 = 1) = P(X1 = −1) = 12 .(1) Let Y1 = X2X3, Y2 = X1X3 and Y3 = X1X2. Show that Y1, Y2, Y3 are pairwise independent (i.e.,any two of them are independent) but are not independent.

(2) Can you find three events A,B,C in some probability space such that they are pair-wiseindependent but not independent?
PROBLEM 12. (1) Let X1, X2 be independent random variables, both having Exp(λ) distribu-tion. Let Z = min{X1, X2}. Show that Z ∼ Exp(2λ). What if we take the minimum of nindependent exponential random variables?
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PROBLEM 13. Let A,B be two events in a common probability space. Write the joint distributions(joint pmf) of the following random variables.(1) X = 1A and Y = 1B .
(2) X = 1A∩B and Y = 1A∪B .

PROBLEM 14. (1) Let X ∼ Exp(λ). For any t, s > 0, show that P{X > t+s ∣∣∣∣∣∣ X > t} = P{X > s}.(This is called the memoryless property of the exponential distribution).
(2) Show that if a non-negative random variable Y has memoryless property (i.e., P{Y > t+s ∣∣∣∣∣∣ Y >

t} = P{Y > s} for all s, t > 0), then Y must have exponential distribution.
PROBLEM 15. (1) Let X and Y be independent integer-valued random variables with pmf fand g respectively. That is, P{X = k} = f (k) and P{Y = k}g(k) for every k ∈ Z. Then, showthat X + Y has the pmf h given by h(k) = ∑n∈Z f (n)g(k − n) for each k ∈ Z.

(2) Let X ∼ Pois(λ) and Y ∼ Pois(µ) and assume that X and Y are independent. Show that
X + Y ∼ Pois(λ + µ).

PROBLEM 16. Continuation of the previous problem.(1) Let X ∼ Bin(n, p) and Y ∼ Bin(m,p) and assume that X and Y are independent. Show that
X + Y ∼ Bin(n +m,p).

(2) Let X ∼ Geo(p) and Y ∼ Geo(p) and assume that X and Y are independent. Show that X + Yhas negative binomial distribution and find the parameters.
PROBLEM 17. (1) Let X and Y be independent random variables with densities f (x) and g(y)respectively. Use the change of variable formula to show that X + Y has the density h(u)given by h(u) = ∫∞−∞ f (s)g(u − s)ds.

(2) Let X, Y be independent Unif[−1, 1] random variables. Find the density of X + Y .
PROBLEM 18. Continuation of the previous problem.(1) Let X ∼ Gamma(µ, λ) and Y ∼ Gamma(ν, λ) and assume that X and Y are independent. Showthat X + Y ∼ Gamma(µ + ν, λ).

(2) Let X ∼ N(µ1, σ21 ) and Y ∼ N(µ2, σ22 ) and assume that X and Y are independent. Show that
X + Y ∼ N(µ1 + µ2, σ21 + σ22 ).

PROBLEM 19. Let (X, Y ) have the bivariate normal distribution with density
f (x, y) = √ab − c22π e− 12 [ax2+by2+2cxy].

Assume that a > 0, c > 0, ab − c2 > 0 so that this is a valid density.(1) Show that the marginal distributions are one-dimensional normal and find the parameters.
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(2) For what values of the parameters are X and Y independent?
PROBLEM 20. A few more exercises in change of variable formula.(1) If X, Y are independent N(0, 1) random variables, show that X/Y has the Cauchy distribution(with density 1

π(1+x2) ).
(2) If X ∼ Gamma(α, 1), Y ∼ Gamma(β, 1) are independent, then show that X + Y and X/(X + Y )are independent, X + Y ∼ Gamma(α+ β, 1) and X/(X + Y ) ∼ Beta(α, β).
(3) If X, Y are independent N(0, 1) random variables, show that X2 +Y2 has Exp(1/2) distribution.

PROBLEM 21. Find all possible joint distributions of (X, Y ) such that X ∼ Ber(1/2) and Y ∼ Ber(1/2).Find the correlation for each such joint distribution.
PROBLEM 22. Let (X, Y ) have the bivariate normal distribution with density

f (x, y) = √ab − c22π e− 12 [a(x−µ)2+b(y−ν)2+2c(x−µ)(y−ν)].
(1) Find the marginal distributions of X and of Y .
(2) Find means and variances of X and Y and the covariance and correlation of X with Y . Underwhat conditions on the parameters are X and Y independent?

[Note: It is very useful to introduce the matrix Σ = [
a c
c b

]−1 = [
b∆ − c∆
− c∆ a∆

] which is called the
covariance matrix of (X, Y ). The answers can be written in terms of the entries of Σ.]

PROBLEM 23. Let r balls be placed in m bins at random. Let Xk be the number of balls in the kthbin. Recall that (X1, . . . , Xm) has a multinomial distribution.(1) Find the joint distribution of (X1, X2) and the marginal distribution of X1 and of X2.
(2) Find the means, variances, covariance and correlation of X1 and X2.
(3) Let Y be the number of empty bins. Find the mean and variance of Y . [Hint: Write Y as

1A1 + . . .+ 1Am where Ak is the event that the kth bin is empty].
PROBLEM 24. A box contains N coupons where the number wk is written on the kth coupon. Let

µ = 1
N
∑N

k=1 wk be the “population mean” and let σ2 = 1
n
∑n

i=1(wi − µ)2 be the “population variance”.A sample of size m is drawn from the population, the values seen are X1, . . . , Xm . The sample mean
X̄m = (X1 + . . .+ Xm)/m is formed. Find the mean and variance of X̄m in the following two cases.(1) The samples are drawn with replacement (i.e., draw a coupon, note the number, put thecoupon back in the box, and draw again. . . ).

(2) The samples are drawn without replacement.
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PROBLEM 25. Place r balls in n bins uniformly at random. Let Xk be the number of balls in the
k th bin. Find E[Xk], Var(Xk) and Cov(Xk, X` ) for 1 ≤ k, ` ≤ n. [Hint: First do the case when r = 1.Then think how to use that to get the general case].

PROBLEM 26. Suppose X, Y, Z are i.i.d. random variables with each having marginal density f (t).(1) Find E
[ X
X+Y+Z ] (assume that it exists).

(2) Find P(X < Y > Z).
PROBLEM 27. Recall the problem of a psychic guessing cards. Consider a shuffled deck of n cardsand a psychic is supposed to guess the order of cards. Let Mn be the number of correct guesses.(1) Assuming random guessing by the psychic, show that E[Mn] = 1 and Var(Mn) = 1. [HintWrite Mn as X1 + . . .+Xn where Xk is the indicator of the event that the kth card is guessedcorrectly].

(2) Consider a variant of the game where the cards are dealt one by one and before each cardis dealt, the psychic guesses what card it is going to be. In this case find E[Mn] and Var(Mn).
PROBLEM 28. Place r balls in n bins uniformly at random. Let Xk be the number of balls in the

k th bin. Find E[Xk], Var(Xk) and Cov(Xk, X` ) for 1 ≤ k, ` ≤ n. [Hint: First do the case when r = 1.Then think how to use that to get the general case].
PROBLEM 29. Let X be a non-negative random variable with CDF F (t).(1) Show that E[X] = ∫∞0 (1−F (t))dt and more generally E[Xp] = ∫∞0 ptp−1(1−F (t))dt . [Hint: Inshowing this, you may assume that X has a density if you like, but it is not necessary for theabove formulas to hold true]

(2) If X is non-negative integer valued, then E[X] = ∑∞k=1 P{X ≥ k}.
PROBLEM 30. A deck consists of cards labelled 1, 2, . . . , N . The deck is shuffled well. Let X be thelabel on the first card and let Y be the label on the second card. Find the means and variances of Xand Y and the covariance of X and Y .
PROBLEM 31. A box contains N coupons labelled 1, 2, . . . , N . A sample of size m is drawn fromthe population and the sample average X̄m is computed. Find the mean and standard deviation of X̄min both the following cases.(1) The m coupons are drawn with replacement.

(2) The m coupons are drawn without replacement (in this case, assume m ≤ N).
PROBLEM 32. What is the maximum number n of random variables X1, . . . , Xn that one can con-struct on some common probability space so that Var(Xk) = 1 for all k and Cov(Xj , Xk) = −α for all

j 6= k? Here α > 0 is given and the answer depends on α.
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PROBLEM 33. Let X ∼ N(0, 1). Although it is not possible to get an exact expression for the CDFof X, show that for any t > 0,
P{X ≥ t} ≤ 1√2π e−t2/2

twhich shows that the tail of the CDF decays rapidly. [Hint: Use the idea used in the proof of Markov’sinequality]
PROBLEM 34. Show that it is not possible to construct X, Y on the same probability space where

X is a uniform random subset of [n], Y is a uniform random subset of [n + 1], and X ⊆ Y .
PROBLEM 35. Show that it possible to construct X, Y on the same probability space where X is auniform random subset of [n], Y is a uniform random subset of [n + 1], and X∆Y has at most twoelements.
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CHAPTER 8
Limit theorems

1. Weak law of large numbers

Let X1, X2, . . . be i.i.d random variables (independent random variables each having thesame marginal distribution). Assume that the second moment of X1 is finite. Then, µ = E[X1]and σ2 = Var(X1) are well-defined.Let Sn = X1 + . . . + Xn (partial sums) and Xn = Sn
n = X1+...+Xn

n (sample mean). Then, bythe properties of expectation and variance, we have
E[Sn] = nµ, Var(Sn) = nσ21 , E[Xn] = µ, Var(Xn) = σ2

n .

In particular, s.d.(Xn) = σ/
√
n decreases with n, not inversely with n but inversely as thesquare root of n. If we apply Chebyshev’s inequality to Xn , we get for any δ > 0 that

P{|Xn − µ| ≥ δ} ≤ σ2
δ2n.(17)

This goes to zero as n Ï ∞ (with δ > 0 being fixed). This means that for large n the samplemean is unlikely to be far from µ (sometimes called “population mean”). This is consistentwith our intuitive idea that if we toss a p-coin many times, the proportion of heads gives agood guess of what the value of p is. We summarize this below.
THEOREM 36 (Weak law of large numbers). With the above notations, for any δ > 0, we

have

P{|Xn − µ| ≥ δ} Ï 0 as n Ï ∞.

It suffices to assume that Xk have finite mean (no need for finite variance) for WLLN tohold. However, for such random variables, there is no analogue of the quantitative bound(17). Although the limiting statement has the virtue of connecting with our intuitive notionof probability and expectation, the quantitative bound is far more useful. In fact, it is worthmaking more assumptions and getting better bounds. We just mention one such result withoutproof.
PROPOSITION 37 (Hoeffding’s inequality). Assume that X1, . . . , Xn are independent, E[Xk] =

µ for all k, and |Xk − µ| ≤ B w.p.1. for each k. Then

P{|Xn − µ| ≥ δ} ≤ 2e− nδ22B2(18)
Compared to (17) which decays like 1/n, the right side of (18) decays exponentially fastIt gives better bounds for deviation probabilities, but under more restrictive assumptions.
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EXAMPLE 38. If a fair coin is tossed 1000 times, then Xk are i.i.d. Ber(1/2). So µ = 12 ,
σ2 = 14 and B = 12 . Let us compute the probability that the number of heads is between 450and 550, which is the same as 0.45 ≤ Xn ≤ 0.55. According to Chebshev’s inequality,
P{|Xn − 0.5| > 0.05} ≤

 1/4(0.05)2×1000 = 0.1 if we apply Chebyshev’s inequality,2 exp{−1000×(0.05)22×(1/2)2
} = 0.013 if we apply Hoeffding’s inequality.

The actual probability (one can use a computer to find it, or central limit theorem that weshall learn next) is in fact 0.0014.
Reversing this question, we can find out how many samples are needed to achieve adesired accuracy with a specified bound on the probability of error.

2. Application: Sample complexity

Let us ask how large n must be, so that we are fairly sure (say with probability 1−γ = 0.99)that Xn lies close to µ (say within δ = 0.05 of it)? This means that in (17) we take δ = 0.05and ask for the right side bound to be smaller than 1− γ = 0.01. This means that it sufficesto take
n ≥ σ2

δ2γ .(19)
Often we don’t know σ2 exactly, we know a bound for it like σ2 ≤ M , then we take n ≥ M

δ2γ .This requirement of sample size is known as sample complexity. Okay, strictly speaking, whatwe have shown is that M
δ2γ samples suffice. Is it the best we can do?

(1) In terms of the accuracy, we cannot do better, i.e., sample complexity depends on δin proportion to 1/δ2. In particular, to increase accuracy and decrease δ to δ/2, thesample size must go up by a factor of 4.To see this, take Xk ∼ N(0, 1), then Xn ∼ N(0, 1
n ), hence √nXn ∼ N(0, 1). There-

fore, P{Xn ≥ δ} = 1 − Φ(δ√n). If n < q2
γ
δ2 where qγ is the (1 − γ)-quantile of N(0, 1)distribution, then this probability is at least P{|Xn| ≤ δ} ≤ P{Xn ≤ δ} < 1− γ . Thuswe need n ≥ q2

γ
δ2 .

(2) The dependence on γ is not optimal in general. For example, if we assume that
|Xk − µ| ≤ B. Then, Hoeffding’s inequality (18), we see that P{|Xn − µ| ≥ δ} ≤ γ

provided n ≥ 2B2 log 2
γ

δ2 . As log 2
γ grows much slower than 1

γ as γ Ï 0, this bound hasbetter dependence on γ .
2.1. A surprise about sample sizes. Agencies such as GallUp conduct surveys on manyissues in many countries. Let us imagine a binary question such as “Do you believe humansare responsible for climate change?". If the agency sampled 100 people in Pakistan, howmany people should it sample in India (population of 145 crores)? Since the population ofIndia (145 crores in 2025) is about six times the population of Pakistan (25 crores), one might

130



expect that the sample size should be proportionally (or proportional to square or squareroot?) larger?However, the sample complexity computation above shows that the sample size neededis exactly the same as in Pakistan! Indeed, if p is the proportion that answers “Yes" in acountry, the sample may be treated as i.i.d. Ber(p). Hence, for a given accuracy δ > 0 and anallowed probability of error γ , the sample required according to (19) is n ≥ p(1−p)
δ2γ . This hasno dependence on the size of the country’s population at all!

3. Appplication: Monte-Carlo integration

In this section we give a simple application of WLLN. Let φ : [0, 1] Ï R be a continuousfunction. We would like to compute I = ∫ 10 φ(x)dx. Most often we cannot compute the integralexplicitly and for an approximate value we resort to numerical methods. Here is an idea touse random numbers.Let U1, U2, . . . , Un be i.i.d. Unif[0, 1] random variables and let X1 = φ(U1), . . . , Xn = φ(Un).Then, Xk are i.i.d. random variables with common mean and variance
µ = 1∫

0
φ(x)dx = I, σ2 := Var(X1) = 1∫

0
(φ(x)− I)2dx.

This gives the following method of finding I . Fix a large number N appropriately and pick
N uniform random numbers Uk , 1 ≤ k ≤ N . Then define ÎN := 1

N
∑N

k=1 φ(Uk). Present ÎN asan approximate value of I .In what sense is this an approximation of I and why? Indeed, by WLLN P{|În−I| ≥ δ} Ï 0and hence we expect În to be close to I .As this is a practical problem, it is important to know how big n needs to be. Observethat if |φ(x)| ≤ B for all x ∈ [0, 1], then |Xk| ≤ B. By the sample complexity analysis above,
we see that if n ≥ 2B2 log 2

γ
δ2 , then În is within δ if I , with a probability of 1− γ or more.

EXAMPLE 39. We know that ∫ 10 41+x2dx = π . Thus, if Uk are i.i.d. Unif[0, 1] random
variables, the Xk = 41+U2

k
and În = 4

n
n∑

k=1 11+U2
k
. The bound on the function is B = 4, so if we

want a 99% guarantee (means γ = 0.01) that În agrees with I to two decimal places (means
δ = 0.005), then we need n ≥ 8 log(200)(0.005)2 ≈ 17000. This is certainly possible on a computer. Butif we want three decimal places, then we need 1700000 samples, which starts getting to betoo much. Here are the results in a few simulations (but you should do your own):

n 10 100 1000 10000 100000Estimate 3.50569 3.20016 3.1182 3.14611 3.13994
This is not the only way to estimate π by simulation. Another method is to throw darts at thedartboard [−1, 1]2 and count the proportion of times the dart falls inside the unit disk. The
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answer should be π/4. Here is the result of some simulations.
n 10 100 1000 10000 100000Estimate 3.6 3.36 3.148 3.1432 3.13800

EXERCISE 40. Devise some method to find e = 2.71828 . . . by simulation.
Extensions. This method can be used to evaluate integrals over any interval. For instance,our integrals could be of the form ∫ b

a φ(t)dt or ∫∞0 φ(t)e−tdt or ∫∞−∞ φ(t)e−t2dt where φ is afunction on the appropriate interval. In such cases it makes sense to take advantage of theform of the integral.For example, if φ : (0,∞)Ï R, then I := ∫∞0 φ(t)dt = E[φ(X)] where X ∼ Exp(1). Hence, if
X1, . . . , Xn are i.i.d. Exp(1) random variables, then

În = φ(X1) + . . .+ φ(Xn)
nis a good approximation for I . We leave it as an exercise to figure out the precise statementof approximation using Chebyshev’s inequality. Here are the results of a simulation for

φ(t) = √t . Note that in this case I = Γ(3/2) = 12√π = 0.88622 . . .. Simulations gave:
n 10 100 1000 10000 100000Estimate 0.96536 0.827891 0.898006 0.883908 0.88761

It can also be used to evaluate multiple integrals (and consequently to find the areas andvolumes of sets). The only condition is that it should be possible to evaluate the given function
φ at a point x on the computer. To illustrate, consider the problem of finding the area of aregion {(x, y) : 0 ≤ x, y,≤ 1, 2x3y2 ≥ 1, x2 + 2y2 ≤ 2.3}. It is complicated to work with suchregions analytically, but given a point (x, y), it is easy to check on a computer whether all theconstraints given are satisfied.

3.1. Random points versus fixed points? As a last remark, how do Monte-Carlo methodscompare with the usual numerical methods? In the latter, usually a number N and a set ofpoints x1, . . . , xN are fixed along with some weights w1, . . . , wN that sum to 1. Then onepresents Ĩ := ∑N
k=1wkφ(xk) as the approximate value of I . The simplest one is when theintegral is over [0, 1] and xk = k

N , 1 ≤ k ≤ N and wk = 1
N for all k.There are other choices. For example, Lagrange’s method, Gauss quadrature etc are ofthis type. Under certain assumptions on φ, the accuracy of these methods integrals can befar better than Monte-Carlo.

EXAMPLE 41. Let us again consider I = ∫ 10 41+x2dx = ∫ +1
−1 21+x2dx. The Gauss-Legendrequadrature with 5 points says that we should take points x1 = −x5 = −0.90618, x2 = −x4 =

−0.538469, x3 = 0 and weights w1 = w5 = 0.236927, w2 = w4 = 0.478629, w3 = 0.568889.
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This gives the numerical value of the integral as
Ĩ = 5∑

i=1 wi
41 + x2

i
= 3.14234

Observe that it too 10000 points in the Monte-Carlo method to achieve this level of accuracywhereas here we used just 5 points and 5 weights! Even with equal weights 1/N , we cancheck that about 200 points suffice to get 2 decimal places accuracy.
Given this, what is the point of Monte-Carlo method? The quadrature methods come withassumptions. But when those assumptions are not satisfied, Ĩ can be way off I . One mayregard this as a game of strategy as follows. I present a function φ (say bounded between −1and 1) and you are expected to give an approximation to φ. Quadrature methods do a goodjob generically, but if I knew the procedure you use, then I can give a function for whichyour result is entirely wrong (for example, I pick a function φ which vanishes at each of thequadrature points!). However, with Monte-Carlo methods, even if I know the procedure, thereis no way to prevent you from getting an approximation of accuracy 1/√N . This is becauseneither of us know where the points Uk will fall!

4. Application: Weierstrass’ approximation theorem

By the WLLN, if X1, . . . , Xn are i.i.d. Ber(p), then Sn
n is close to p with high probability(where Sn = X1 + . . . + Xn as usual). Sergei Bernstein observed that this means that if

g : [0, 1] Ï R is any continuous function, then g(Sn/n) is close to g(p) with high probability.Therefore, he reasoned, it must be the case that E[g(Sn/n)] must also be close to g(p). But as
Sn ∼ Bin(n, p), it follows that

E[g(Sn/n)] = n∑
k=0 g(k/n)(nk

)
pk(1− p)n−k.(20)

This is a polynomial in p. And it is close to g(p). This leads us to the
THEOREM 42 (Weierstrass’ approximation theorem). Let g : [0, 1] Ï R be a continuous

function. Then there exist polynomials Bn such that ‖Bn − g‖sup Ï 0 as n Ï ∞.

Of course, what we described was not quite a proof. For one, we had imprecise “close to","must also be", etc. Further, the uniformity in Weierstrass’ theorem was not addressed. Butonce the idea is there, it is easy to fix these issues and get an honest proof.
PROOF OF WEIERSTRASS’ APPROXIMATION THEOREM. Let Bn(p) be the polynomial on theright side of (20) (for any value of p). By (20) shows that for p ∈ [0, 1] we have Bn(p) =

E[g(Sn/n)] where Sn = X1 + . . .+ Xn and Xk are i.i.d. Ber(p). Fix any δ > 0 and write
|Bn(p)− g(p)| ≤ E[|g(Sn/n)− p|]

= E
[
|g(Sn/n)− p|1| Snn −p|≤δ] + E

[
|g(Sn/n)− p|1| Snn −p|>δ]133



Let ωg (δ) = sup{|g(x)− g(y)| : x, y ∈ [0, 1], |x − y| ≤ δ} and ‖g‖ = supx∈[0,1] |g(x)|. Then thefirst expectation is bounded by ωg (δ). The second expectation is bounded by
E
[2‖g‖1| Snn −p|>δ] = 2‖g‖P{|Snn − p| ≥ δ

}
≤ 2‖g‖p(1− p)

nδ2
by Chebyshev’s inequality. Putting everything together and using p(1− p) ≤ 14 , we arrive at

|Bn(p)− g(p)| ≤ ωg (δ) + ‖g‖2nδ2 .The uniform continuity of g on [0, 1] means that ωg (δ) ↓ 0 as δ ↓ 0. Thus given ε > 0, firstchoose δ > 0 so that the first term is smaller than ε/2 and then choose n large enough sothat the second term is smaller than ε/2. Hence ‖Bn − g‖sup < ε. �

5. Central limit theorem

Let X1, X2, . . . be i.i.d. random variables with expectation µ and variance σ2. We saw that
Xn has mean µ and standard deviation σ/

√
n.This roughly means that Xn is close to µ, within a few multiples of σ/√n (as shown byChebyshev’s inequality). Now we look at Xn with a finer microscope. In other words, we askfor the probability that Xn is within the tiny interval [µ + a√

n , µ + b√
n ] for any a < b. Theanswer turns out to be surprising and remarkable!

THEOREM 43 (Central limit theorem). Let X1, X2, . . . be i.i.d. random variables with ex-
pectation µ and variance σ2. We assume that 0 < σ2 < ∞. Then, for any a < b, we
have

P
{
µ + a σ√

n ≤ Xn ≤ µ + b σ√
n

}
Ï Φ(b)−Φ(a) = 1√2π

b∫
a

e−t2/2dt.

What is remarkable about this? The end result does not depend on the distribution of Xisat all! Only the mean and variance of the distribution were used! As this is one of the mostimportant theorems in all of probability theory, we restate it in several forms, all equivalentto the above.
Restatements of central limit theorem: Let Xk be as above. Let Sn = X1 + . . . + Xn . Let Zbe a N(0, 1) random variable. Then of course P{a < Z < b} = Φ(b)−Φ(a).

(1) P{a <
√
n
σ (Xn − µ) ≤ b} Ï Φ(b) − Φ(a) = P{a < Z < b}. Put another way, this saysthat for large n, the random variable √n(Xn−µ)

σ has N(0, 1) distribution, approximately.Equivalently, √n(Xn − µ) has N(0, σ2) distribution, approximately.
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(2) Yet another way to say the same is that Sn has approximately normal distributionwith mean nµ and variance nσ2. That is,
P
{
a ≤ Sn − nµ

σ
√
n ≤ b

}
Ï P{a < Z < b}.

The central limit theorem is deep and surprising and useful. The following example givesa hint as to why.
EXAMPLE 44. Let U1, . . . , Un be i.i.d. Uniform([−1, 1]) random variables. Let Sn = U1 +

. . .+ Un , let Ūn = Sn/n (sample mean) and let Yn = Sn/
√
n. Consider the problem of findingthe distribution of any of these. Since they are got from each other by scaling, finding thedistribution of one is the same as finding that of any other. For uniform [−1, 1], we know that

µ = 0 and σ2 = 1/3. Hence, CLT tells us that
P
{

a√3 < Yn <
b√3
}
Ï Φ(b)−Φ(a).

or equivalently, P{a < Yn < b} Ï Φ(b√3)−Φ(a√3). For large n (practically, n = 50 is largeenough) we may use this limit as a good aproximation to the probability we want.Why is this surprising? The way to find the distribution of Yn would be this. Using theconvolution formula n times successively, one can find the density of Sn = U1 + . . .+ Un (inprinciple! the actual integration may be intractable!). Then we can find the density of Yn byanother change of variable (in one dimension). Having got the density of Yn , we integrate itfrom a to b to get P{a < Yn < b}. This is clearly a daunting task (if you don’t feel so, just tryit for n = 5).The CLT cuts short all this and directly gives an approximate answer! And what is evenmore surprising is that the original distribution does not matter - we only need to know themean and variance of the original distribution!
6. Reasons for CLT, short of a proof

In a first course like this, it is safe to skip the proof of CLT. Nevertheless, for the curioussoul we give a rigorous proof (under third moment assumption) in Appendix ??. Here wegive some explanations that make it seem not too unnatural.
6.1. Fixed point and limit. Let E denote the set of all probability distributions on R. Forany distribution F , we define T(F ) to be the distribution of the random variable (V1 + V2)/√2,where V1, V2 are i.i.d. random variables with distribution F . Thus T : E Ï E .Now fix X1, X2, . . . i.i.d. with zero means and unit variances, and let Fn denote the distri-bution of Sn/√n. Observe that

S2n√2n = 1√2
(
X1 + X3 + . . .+ X2n−1√

n + X2 + X4 + . . .+ X2n√
n

)
The two summands inside the bracket are i.i.d. with distribution Fn , while S2n/√2n hasdistribution F2n . Therefore, F2n = T(Fn). Consequently, if Fn “converges" (we are being loose
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about what it means) to some distribution G , then we must have T(G) = G . That is G must bea fixed point of T .What are all the fixed points of T? If X1, X2 ∼ N(0, σ2), then X1+X2√2 ∼ N(0, σ2), hence
N(0, σ2) is a fixed point of T for any σ2. It is not trivial, but can be shown, that these areall the fixed points of T . In particular, if Fn (the distribution of Sn/√n) “converges" to somedistribution, the limit must be N(0, σ2) for some σ2. But since Sn/√n has variance 1 for all n,it is reasonable to expect that the limit (if it exists) must be N(0, 1).

6.2. CLT for special distributions. If the common distribution of Xks is Bernoulli orPoisson or Exponential (and a few others), then we can exactly compute the distribution of
Sn . In such cases, we can verify that the CLT holds by explicit computation. This is somethingof a reassurance, but not much as the usefulness of CLT is highest in those cases where wecannot find the distribution of Sn .6.2.1. CLT for Exponential random variables. Let Xk be i.i.d. Exp(λ). Let Xk be i.i.d.Exp(1) random variables. They have mean µ = 1 and variance σ2 = 1. We know that (thiswas an exercise), Sn = X1 + . . . + Xn has Gamma(n, 1) distribution. Its density is given by
fn(t) = e−ttn−1/(n − 1)! for t > 0.Now let Yn = Sn−nµ

σ
√
n = Sn−n√

n . By a change of variable (in one-dimension) we see that thedensity of Yn is given by gn(t) = √nfn(n + t
√
n). Let us analyse this.

gn(t) = √n 1(n − 1)!e−(n+t√n)(n + t
√
n)n−1

= √n nn−1(n − 1)!e−n−t√n
(1 + t√

n

)n−1

≈
√
n nn−1
√2π(n − 1)n− 12e−n+1e−n−t

√
n
(1 + t√

n

)n−1 (by Stirling’s formula)
= 1
√2π(1− 1

n )n− 12e1e−t
√
n
(1 + t√

n

)n−1
.

To find the limit of this, first observe that (1 − 1
n )n− 12 Ï e−1. It remains to find the limit of

wn := e−t
√
n
(1 + t√

n

)n−1. Easiest to do this by taking logarithms. Recall that log(1 + t) =
t − t22 + t33 − . . .. Hence

logwn = −t√n + (n − 1) log(1 + t√
n

)
= −t√n + (n − 1) [ t√

n −
t22n + t33n3/2 − . . .

]
= −t22 + [. . .]

where in [. . .] we have put all terms which go to zero as n Ï ∞. Since there are infinitelymany, we should argue that even after adding all of them, the total goes to zero as n Ï ∞.
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Let us skip this step and simply conclude that logwn Ï −t2/2. Therefore, gn(t) Ï φ(t) :=1√2πe−t2/2 which is the standard normal density.
What we wanted was P{a < Yn < b} = b∫

a
gn(t)dt . Since gn(t) Ï φ(t) for each t , it is

believable that b∫
a
gn(t)dt Ï b∫

a
φ(t)dt . This too needs justification but we skip it. Thus,

P{a < Yn < b} Ï
b∫

a

φ(t)dt = Φ(b)−Φ(a).
This proves CLT for the case of exponential random variables.6.2.2. CLT for Bernoulli random variables. Let Xk be i.i.d. Ber(1/2) random variables.Then µ = 12 and σ2 = 14 . Hence what we must show is that for Yn = Sn− n2√

n/2 and any a < b,
P {a ≤ Yn ≤ b} Ï Φ(b)−Φ(a).

We know that Sn ∼ Bin(n, 12 ), hence, writing
P {a ≤ Yn ≤ b} = P

{
n + a

√
n2 ≤ Sn ≤

n + b
√
n2
}

= n+b√n2∑
k= n+a√n2

(
n
k

) 12n .
Observe that if a, b are fixed, then for large n, both k and n−k over which we are summingare also large. Hence we apply Stirlings’ approximation to write(

n
k

) 12n ∼ nn+ 12e−n√2π
kk+ 12e−k√2π × (n − k)n−k+ 12e−(n−k)√2π × 2n

= √
n√2πk(n − k) ×

(2k
n

)−k (2(1− k
n

)−(n−k)

= √
n√2πk(n − k) exp{−k log 2k

n − (n − k) log 2(1− k
n )}

In the range we want, k = n+x√n2 for some a ≤ x ≤ b. Hence 2k
n = 1+ x√

n and 2(1− k
n ) = 1− x√

n .As x is fixed and n is large, we use the Taylor expansion of the logarithm to write
k log 2k

n = n2 (1 + x√
n ) ( x√

n −
x22n + x33n3/2 − . . .

)
,

(n − k) log 2(1− k
n ) = n2 (1− x√

n ) (− x√
n −

x22n − x33n3/2 − . . .
)
.
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Adding these, we get x22 + c x4
n + . . .. Thus, ignoring higher order terms, we get

P {a ≤ Yn ≤ b} ≈ 1√2π k
n (1− k

n ) 1√
n

n+b√n2∑
k= n+a√n2

e− x22 , x = 2k − n√
n ,

≈ 1√2π
∫ b

a
e− x22 dx

using the integral approximation to the sum. This is precisely what we wanted to prove.
7. A practical point in using central limit theorem

If Xk are i.i.d. Ber(1/2), then the central limit theorem says that
P{Sn ≥ kn} = P

{Sn − n2√
n/4 ≥ kn − n2√

n/4
}
≈ 1−Φ(kn − n2√

n/4
)

provided kn− n2√
n/4 stays bounded. When n is large, instead of computing the Binomial coefficientsand summing them, we may as well use the central limit approximation (the CDF Φ has tobe evaluated on a computer, or looked up in a table).As Sn is integer valued, the event {Sn ≥ kn} is the same as {Sn > kn−1} and {Sn ≥ kn− 12}.But if we use these, the approximations for the probability we get as

1−Φ(kn − 1− n2√
n/4

) and 1−Φ(kn − 12 − n2√
n/4

)
.

Which one should we use? The difference between the arguments of Φ in these cases areat most 1√
n/4 , and as Φ is continuous, the answers get close as n Ï ∞. So it should notmatter. However, in practical situations, in many statistical applications, we do apply CLTapproximation with n as small as 50 or 100. For n = 100, note that 1√

n/4 = 0.2, so it can makea considerable difference in the probability. Hence the question has practical value.
Prescription: Whenever Xi are integer valued, always use the mid-point approximation. Forexample, write the event {35 ≤ S100 ≤ 42} as {34.5 ≤ S100 ≤ 42.5} and then apply CLT to get

P{35 ≤ S100 ≤ 42} = P{34.5 ≤ S100 ≤ 42.5} = P{−3.1 ≤ S100 − 505 ≤ −1.5}
≈ Φ(−1.5)−Φ(−3.1) = 0.933

Here is some numerical evidence that this gives better approximations for Binomial andPoisson distributions.
k

n∑
j=k
(100

j
)2−100 1−Φ(k−515 ) 1−Φ(k−50.55 ) 1−Φ(k−505 )

60 0.028444 0.0359303 0.0287166 0.022750145 0.864373 0.88493 0.864334 0.84134568 0.000204389 0.000336929 0.000232629 0.000159109
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k
k∑
j=0 e−49 49j

j! Φ(k−497 ) 1−Φ(k−48.57 ) 1−Φ(k−487 )
40 0.109803 0.0992714 0.112319 0.12654957 0.885843, 0.873451 0.887681 0.90072944 0.264727 0.237525 0.260158 0.283855

8. Poisson limit for rare events

Let Xk ∼ Ber(p) be independent random variables. Central limit theorem says that if p isfixed and n is large, the distribution of (Xn−np)/√np(1− p) is close to the N(0, 1) distribution.Now we consider a slightly different situation. Let X1, . . . , Xn have Ber(n, pn) distributionwhere pn = λ
n , where λ > 0 is fixed. Then, we shall show that the distribution of X1 + . . .+Xnis close to that of Pois(λ). Note that the distribution of X1 changes with n and hence it wouldbe more correct to write Xn,1, . . . , Xn,n .

THEOREM 45. Let λ > 0 be fixed and let Xn,1, . . . , Xn,n be i.i.d. Ber(λ/n). Let Sn =
Xn,1 + . . .+ Xn,n . Then, for every k ≥ 0

P{Sn = k} Ï e−λ λ
k

k! .PROOF. Fix k and observe that
P{Sn = k} = (nk

)(
λ
n

)k (1− λ
n

)n−k
= n(n − 1) . . . (n − k + 1)

k! λk
nk

(1− λ
n

)n−k
.

Note that n(n−1)...(n−k+1)
nk Ï 1 as n Ï ∞ (since k is fixed). Also, (1− λ

n )n−k Ï e−λ (if not clear,note that (1− λ
n )n Ï e−λ and (1− λ

n )−k Ï 1). Hence, the right hand side above converges to
e−λ λkk! which is what we wanted to show. �

What is the meaning of this? Bernoulli random variables may be thought of as indicatorsof events, i.e., think of Xn,1 as 1A1 etc. The theorem considers n events which are independentand each of them is “rare” (since the probability of it occurring is λ/n which becomes smallas n increases). The number of events increases but the chance of each events decreasesin such a way that the expected number of events that occur stays constant. Then, the totalnumber of events that actually occur has an approximately Poisson distribution.
EXAMPLE 46. (A physical example). A large amount of custard is made in the hostel messto serve 100 students. The cook adds 300 raisins and mixes the custard so that on an averagethey get 3 raisins per student. But the number of raisins that a given student gets is randomand the above theorem says that it has approximately Pois(3) distribution. How so? Let Xkbe the indicator of the event that the kth raisin ends up in your cup. Since there are 100cups, the chance of this happening is 1/100. The number of raisins in your cup is precisely

X1 + X2 + . . .+ X300. Appy the theorem (take n = 100 and λ = 3).
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EXAMPLE 47. Place r balls in m bins at random. If m = 1000 and r = 500, then thenumber of balls in the first bin has approximately Pois(1/2) distribution. Work out how thiscomes from the theorem.
9. Some extensions of the limit theorems

Both the Gaussian and Poisson distributions arise as limits in numerous situations, evenwhere the hypotheses made in the central limit theorem and the Poisson limit theorem donot exactly hold. There is no single theorem that covers all such occurrences, and such limittheorems are being proved to this day for various applications. Here we just mention one ofeach kind.
9.1. A Poisson limit without independence. Recall the problem of a psychic guessing adeck of n cards. If Sn is the number of correct guesses, we have seen by direct calculationand approximation that P{Sn = k} is close to e−1/k!. More precisely, if k is fixed and n Ï ∞,then P{Sn = k} Ï 1

e k! . That is Sn has approximately Pois(1) distribution.Does it follow from Theorem 45? We can write Sn = Xn,1 + . . .+ Xn,n , where Xn,k is theindicator of the event that the kth guess is correct. Then Xn,k ∼ Ber(1/n) for each k. It lookslike the theorem tells us that Sn should have Pois(1) distribution approximately. But note that
Xn,i are not independent random variables and hence the theorem does not strictly apply.But for any j < k, it is easy to see that P{Xn,j = 1, Xn,k = 1} = 1

n(n−1) which is very close(when n is large) to P{Xn,j = 1}P{Xn,k = 1} = 1
n2 , so any pair of Xn,i are nearly independent.Similarly, one can check that any fixed finite number of Xn,is become nearly independent as

n Ï ∞.The theorem should be thought of as one of many theorems that capture the theme “in
a large collection of rare events that are nearly independent, the actual number of events
that occur is approximately Poisson”.

9.2. A Central limit theorem without independence. Let Sn−1 denote the sphere in ndimensions, that is
Sn−1 = {x ∈ Rn : x+1 . . .+ x2

n} = 1.
It is possible to define precisely what it means to pick a point at random from Sn−1. Let
X(n) = (X(n)1 , . . . , X(n)

n ) be such a random vector. Then the claim is that any co-ordinate of
X(n), say the first one, has approximately Gaussian distribution with mean 0 and variance 1/n.More precisely, √nX(n)1 has approximately N(0, 1) distribution. Here is how the calculationgoes. The significance of this theorem is explained at the end.Let us write σn−1 for the surface area of Sn−1. One way to calculate it is inductively. Ifwe fix the first co-ordinate as x1 = t , then the remaining co-ordinates (x2, . . . , xn−1) ∈ Rn−1
and x+2 . . . + x2

n = 1 − t2. Thus, they form the sphere of radius √1− t2 in Rn−1, or inobvious notation it is basically √1− t2Sn−1. By the usual scaling behaviour, its surface area
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is (1− t2)(n−2)/2σn−2. In other words,
σn−1 = σn−2

∫ 1
−1(1− t2) n2−1dt.

On the other hand, by the same logic, the surface area of the part of Sn−1 with a ≤ x1 ≤ b(where −1 ≤ a < b ≤ 1) is
σn−2

∫ b

a
(1− t2) n2−1dt

Taking ratios, we see that
P{a < X(n) < b} = ∫ b

a (1− t2) n2−1dt∫ 1
−1(1− t2) n2−1dt .

This is just another way of saying that X(n)1 has density C−1
n (1 − t2) n2−1 on [−1, 1] where

Cn = ∫ 1
−1(1− t2) n2−1dt . To make a link with familiar distributions, convince yourself that thedensity of (X(n) + 1)/2 is Beta(n2 , n2 ). In particular, check that Cn = 2Beta(n/2, n/2).

The density of √nX(n)1 is then 1
Cn
√
n

(1− u2
n

) n2 − 1 for u ∈ [−√n,√n]. As n Ï ∞, this
converges to 1√2πe− u22 , which is the density of the N(0, 1) distribution.

EXERCISE 48. Show that if k is fixed, then as n Ï ∞, the components √nX(n)1 , . . . ,
√
nX(n)

kare approximately independent standard Gaussian random variables.
Why did we do this calculation? It is essentially a calculation going back to Maxwell in hisstudy of the velocity distribution of gases. Imagine a box containing a mono-atomic gas that ismaintained at a fixed temperature. The temperature is nothing but the average kinetic energyof the molecules. If there are N = 1023 molecules, then the velocity co-ordinates of all of themcan be strung together as a vector (X1, . . . , X3N ). The constant temperature condition says thatthis vector lies on a sphere RS3N−1 for some R > 0. What we proved above shows that theindividual velocity components have approximately Gaussian distribution (mean 0, variance

R2/3N). This is Maxwell’s velocity distribution of gases. One may be more interested in thekinetic energy of a single molecule. Using Exercise 48, it is seen to be the approximatelythe same as the distribution of the sum of squares of three independent Gaussians, which isGamma(3/2, R2/3N).
10. Exercises

PROBLEM 1. Consider the following integrals
1∫

0
41 + x2dx = π,

1∫
0

1√
x(1− x)dx = π.

In either case, use Monte-Carlo integration with 100, 1000 and 10000 samples from uniform distribu-tion to find approximations of π . Compare the approximations to the true value 3.1416 . . ..
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PROBLEM 2. Recall the coupon collector problem. A box contains n coupons labelled 1, 2, . . . , n.Coupons are drawn at random from the box, repeatedly and with replacement. Let Tn be the numberof draws needed till each of the coupons has appeared at least once.(1) Show that E[Tn] ∼ n logn (this just means 1
n lognE[Tn]Ï 1).

(2) Show that Var(Tn) ≤ 2n2.
(3) Show that P(∣∣∣ Tn

n logn − 1 ∣∣∣ > δ
)
Ï 0 for any δ > 0.

[Hint: Consider the number of draws needed to get the first new coupon, the further number of drawsneeded to get the next coupon and so on].
PROBLEM 3. (**) Recall the coupon collector problem where coupons are drawn repeatedly (withreplacement) from a box containing coupons labelled 1, 2, . . . , N . Let TN be the number of draws madetill all the coupons are seen.(1) Find E[TN ] and Var(TN ).

(2) Use Chebyshev’s inequality to show that for any δ > 0, as N Ï∞ we have
P{(1− δ)N logN ≤ TN ≤ (1 + δ)N logN} Ï 1.

PROBLEM 4. (**) Let X be a non-negative random variable. Read the discussion following theproblem to understand the significance of this problem.(1) Suppose Xn takes the values n2 and 0 with probabilities 1/n and 1 − (1/n), respectively.Compare P{Xn > 0} and E[Xn] for large n.
(2) Show the second moment inequality (aka Paley-Zygmund inequality): P{X > 0} ≥ (E[X])2/E[X2].[Discussion: Markov’s inequality tells us that that the tail probability P{X ≥ t} can be bounded fromabove using E[X]. In particular, P{X ≥ rE[X]} ≤ 1

r . A natural question is whether there is a lowerbound for the tail probability in terms of the expected value. In other words, if the mean is large, mustthe random variable be large with significant probability?The first part shows that the answer is ‘No’in general. The second part shows that the answer is ‘Yes’, provided we have control on the secondmoment E[X2] from above. Notice why the inequality does not give any useful bound in the first partof the problem (what happens to the second moment of Xn?)]
Hoeffding’s inequality: Using Chebyshev’s inequality we got a bound of σ2/nt2 for the probability thatthe sample mean deviates from the population mean by more than t . This is very general. If we makemore assumptions about our random variable, we can give better bounds. The following exercise isto illustrate this.

PROBLEM 5. (Optional!) Let X1, . . . , Xn be i.i.d. Ber±(1/2). That is, P{Xk = +1} = P{Xk = −1} = 12 .Let X̄n = 1
n (X1 + . . .+ Xn). Show that

P{|X̄n| > t} ≤ 2e−nt2/2
by following these steps.
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(1) Show that P{X̄n > t} ≤ e−θt
(
eθ/n+e−θ/n2

)n for any θ > 0.
(2) Prove the inequality ex + e−x ≤ 2ex2/2 for any x > 0.
(3) Use the first two parts to show that P{X̄n > t} ≤ e−nt2/2 (you must make an appropriatechoice of θ depending on t).
(4) Now consider |X̄n| and break P{|X̄n| > t} into two summands to get the desired inequality.

[Note: Here µ = 0 and σ2 = 1, and hence Chebyshev’s inequality only gives the bound P{|X̄n| > t} ≤1
nt2 . Do you see that Hoeffding’s inequality is better?]

PROBLEM 6. Let X1, X2, . . . be i.i.d. Uniform[1, 2] distribution. Let S = X1 + . . . + X100. Giveapproximate quantiles at levels 0.01, 0.25, 0.5, 0.75, 0.99 for S. Use CLT and normal distribution tables.
PROBLEM 7. Let X1, . . . , Xn be i.i.d. samples from a parametric family of discrete distributions. Ineach of the following cases, find the MLE for the unknown parameter(s) and find the bias.(1) Xi are i.i.d. Ber(p) where p is unknown.

(2) Xi are i.i.d. N(µ, σ2) where µ, σ2 are unknown.
PROBLEM 8. Let X1, . . . , Xn be i.i.d. samples from a parametric family of discrete distributions. Ineach of the following cases, find the MLE for the unknown parameter(s) and calculate the bias.(1) Xi are i.i.d. Geo(p) where p is unknown.

(2) Xi are i.i.d. Unif[a, b] where a, b are unknown.
PROBLEM 9. Let (X1, Y1), . . . , (Xn, Yn) be i.i.d. samples from a bivariate distribution. Let τ =Cov(X1, Y1). Let rn = 1

n
∑n

k=1(Xk − X̄n)(Yk − X̄n) be the sample covariance.(1) Show that rn is a biased estimate for τ and find the bias.
(2) Modify the estimate rn to get an unbiased estimate of τ .[Remark: It is often convenient, here and elsewhere, to realise that τ = E[X1Y1] − E[X1]E[Y1] and

rn = ( 1
n
∑n

k=1 XkYk)− X̄nȲn .]
PROBLEM 10. Let X1, X2, . . . , Xn be i.i.d. random variables from a distribution F . Let Mn be amedian of X1, . . . , Xn . Assume that the distribution F has a unique median, that is there is a uniquenumber m such that F (m) = 12 . For any δ > 0 show that P{|Mn −m| ≥ δ} Ï 0 as n Ï ∞.[Remark:The above statement justifies using the sample median to estimate the population median, in the sensethat at least for large sample sizes, the two are close. Similar justification for using sample mean toestimate expected value came from the law of large numbers]
The following problem is only for those mathematically minded.
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PROBLEM 11. Let X1, X2, . . . be i.i.d. Pois(λ) random variables. Work out the exact distribution of
X1 + . . .+ Xn and use it show the central limit theorem in this case. That is, show that for any a < b,

P

{
a ≤

√
n(X̄n − λ)√

λ
≤ b

}
ÊÏ P{a ≤ Z ≤ b}

where Z ∼ N(0, 1).[Remark: This is analogous to the two cases of CLT that we showed in class, forexponential and for Bernoulli random variables].
The following problem shows that in certain situations, sums of random variables are approxi-mately Poisson distributed. This gives a hint as to why Poisson distribution arises in many contexts.The question may be ignored safely from the exam point of view.
PROBLEM 12. Let Xn,1, Xn,2, . . . Xn,n be i.i.d. Ber(pn) random variables. Let Sn = Xn,1 + . . .+ Xn,n .If

npn Ï λ (a finite positive number), show that Sn has approximately Pois(λ) distribution in the sensethat for any k ∈ N,
P{Sn = k} Ï e−λ λ

k

k! .[Remark: In contrast, if npn Ï∞, deduce from CLT that Sn has approximately a normal distribution,i.e.,
P

{
a ≤ Sn − E[Sn]√Var(Sn) ≤ b

}
Ï P{a ≤ Z ≤ b}

for any a < b.]

144



CHAPTER 9
Some interesting problems of probability

The problems we discuss here are important and used in answering many larger ques-tions. Here we just take them as some interesting problems that can actually be solved.
1. The coupon collector problem

A box has N coupons labelled 1, 2, . . . , N . Coupons are drawn repeatedly and uniformlyat random with replacement, till all the coupons have appeared at least once. Let T be thenumber of draws required. What can we say about T , particularly for large N , beyond theobvious statement that N ≤ T?It makes sense to consider the times T1 < T2 < . . . < TN at which a new unseen couponappears. So T1 = 1 and TN = T . The key to solving the problem is to consider the differences
τ1 = T2 − T1, . . . ,τN−1 = TN − TN−1.

CLAIM 13. τ1, . . . , τN−1 are independent and τk ∼ Geo((N − k)/k).
We shall leave an honest proof of the claim as an exercise, and just give the intuitiveexplanation that when k coupons have already turned up, we are waiting for one of the other

N − k coupons to show up. This is like waiting for a head in a sequence of tosses of a coinwith p = N−k
N . Hence τk ∼ Geo((N − k)/N). Since this also does not depend on what thevalues of τ1, . . . , τk−1 were, we should have the independence of τ1, . . . , τN−1.Accepting the claim, we can easily solve the problem. First observe that E[τk] = N

N−k andVar(τk) = kN(N−k)2 by properties of Geometric distributions. Hence writing TN = 1 + τ1 + . . .+
τN−1 we see that

E[TN ] = 1 + N−1∑
k=1

N
N − k = N

N∑
k=1

1
k ∼ N logN

where ∼ means that the ratio of the two sides approaches 1 as N Ï ∞. This only requiredlinearity of Expectation. But using the independence of τks and the fact that Var(τk) ≤ N2/(N−
k)2, we see that

Var(TN ) = N−1∑
k=1 Var(τk) ≤ N2 N−1∑

k=1
1(N − k)2 ≤ 2N2

where we used the fact that ∑∞j=1 1
j2 ≤ 2 (in fact the sum is π2/6).In conclusion, E[TN ] ∼ N logN and s.d.(TN ) ≤ √2N . Therefore, by Chebyshev’s inequality,

TN is in a window centered at N logN and of length a few multiples of N . The precise
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statement is that
P {TN ∈ [N logN −NhN , N logN +NhN ]} Ï 1

for any hN that goes to infinity. For example, we can take hN = log logN to see that TN /N logNis very close to 1, with high probability.
2. The secretary problem

To fill the post of a secretary, N candidates have been called. Each of them has a truecompetence which will become known when you interview the candidate. Assume that notwo are equally competent (so there are no ties and they can be ranked). You get to interviewthe candidates one by one, and immediately after interviewing a candidate, you must accept orreject the candidate. Once you accept a candidate, all the rest are sent home. Once rejected,a candidate cannot be called back.Your goal is to get the best candidate (even getting the second best is considered a failure).With what chance can you achieve this?It may seem that if N is large, the chance of stopping exactly at the best candidate mustbe small. Not so! Here is a surprising strategy: Interview dN/2e of the candidates, and rejectall of them (you will remember/note down their competencies, of course). Then continueinterviewing the candidates and select the first candidate who is better than all the ones whocame before. If no such candidate arrives, you select the last candidate.Does that get the best candidate for you? Not necessarily, for example if the best candidatewas in the first half, then you have already rejected her. However, if it happens that thebest candidate is in the second half, and the second best candidate is in the first half, thenthis strategy does catch the best candidate! The chance of that happening (for large N) isapproximately 14 . Thus you have a probability of 14 of succeeding in the mission, irrespectiveof how large N is!In fact, this strategy has a better than 14 chance of succeeding. Suppose the top twocandidates are in the second half and the third best candidate is in the first half (this eventis disjoint from the one already considered above). Then the strategy stops at either thefirst or the second candidate, whichever comes first. Hence the chance of catching the bestcandidate has a chance of 18 . Going further, if the top k candidates are in the second half, andthe (k + 1)st best candidate is in the first half, then the chance of catching the top candidateis 1
k , and the event we are asking has chance 12k+1 . In conclusion, for any fixed ` , as N Ï ∞,we have

P{success} ≥ (1− o(1)) ∑̀
k=1

1
k2k+1

The reason for the 1 − o(1) is that the events of different candidates being in first half orsecond half are not independent, but only approximately so, as N Ï ∞. Letting ` Ï ∞, wesee that the success probability is arbitrarily close to 12 log 2 ≈ 0.35.
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Generalize the above strategy by just fixing ρ ∈ (0, 1) and rejecting the first ρN candidates,and then continue the interviews and pick the first candidate who is better than all the onesbefore.
EXERCISE 14. Show that (as N Ï∞) the strategy has a chance of success at least −ρ log ρ.What is the optimal choice of ρ?

3. A randomized algorithm

A box has a large number N of coupons with a number written on each (e.g., think ofheights of people in a population of N people). Suppose it is desired to know the range ofnumbers in the box. How many coupons do we need to check?The answer is obviously N , as even leaving out one coupon can give the wrong answer.But in many problems of importance, we may not be interested in the absolute minimum ormaximum, but only make sure of finding an interval that has at least 80% of the numberswithin (e.g., may be you are designing chairs or trousers; you may want to mainly stock upon sizes catering to the middle and leave out the extremes). How many coupons do we needto check? If you want to be absolutely sure, you must check more than 0.8N coupons, butthis can be prohibitively expensive.Although the problem has no randomness, it helps immensely to bring it in! Supposeyou pick k coupons at random and take the minimum and maximum of those numbers to bethe desired interval. Will you succeed? Not necessarily, you may be unlucky and end up withall numbers in the higher end. But what is the chance?Let a < b be the 10% and 90% quantiles (so there are 10% of the coupons below a and10% above b). If one of our k numbers falls below a and one other falls above b, then ourinterval does contain 80% of the coupons. What is the chance of failing? Now we need tobe more precise in the mode of sampling. Sampling without replacement makes more senseand in fact performs better, but for ease of calculation, let us do sampling with replacement.Then to fail, all k coupons must be above a or all k coupons must be below b. Thus
P {success} ≥ 1− 2(0.9)k.

For k = 50, this is 0.9896 . . . In other words, irrespective of how large the population is, bysampling just 50 of them, we can get the desired range with only 0.01 failure probability!
REMARK 15. Observe that the choice of k has nothing to do with the population size Nwhich is surprising! This is the same surprise as in the voting

4. Gambler’s ruin problem

Consider two gamblers with capital amounts A and B. They play a sequence of games, ineach of which the loser pays 1 rupee to the winner and each has a chance 12 of winning. Theyplay till one of them becomes bankrupt. What is the chance that the first gambler becomesbankrupt?
147



We can formulate this using fair coin tosses X1, X2, . . . (i.i.d Ber±(1/2)), where Xk = +1 ifthe first gambler wins and −1 if the first gambler loses the kth game. Let Sn = A+X1+. . .+Xnfor n = 0, 1, 2 . . .. Then Sn is the money with the first gambler after n games. The play isstopped at the smallest n for which Sn = 0 (the first gambler has become bankrupt) or when
Sn = A + B (the second gambler has become bankrupt). Let τ = min{n : Sn = 0 or Sn =
A+ B}.

CLAIM 16. τ < ∞ w.p.1. and P{Sτ = 0} = B
A+B and P{Sτ = A+ B} = A

A+B .

In other words, the probability of winning is proportional to the initial capital.
PROOF THAT τ < ∞. We know that if a p-coin with p > 0 is tossed repeatedly, eventuallyit will show a Head (the probability to not get a Head for k tosses is qk which goes to 0 as

k Ï ∞). To utilize this, divide the steps into blocks of length C := A + B and let Ek be theevent that Xj = +1 for kC < j ≤ (k + 1)C. As Ek are independent and P(Ek) = 1/2C for each
k, we know that one of them will occur, w.p.1. But if Ek occurs and τ > kC, then τ < (k+1)C(because if τ > kC, then SkC > 0 and hence S(k+1)C = SkC + C > C). This shows that τ < ∞w.p.1. �

PROOF THAT Sτ = 0 W.P. B/(A+ B). As we have proved that τ < ∞ w.p.1., we can talkof the random variable Sτ and it is equal to 0 or C. The trick is to fix C and consider
P{Sτ = C} =: f (A) as a function of A (and B = C − A). Obviously f (0) = 0 (first player isbankrupt to begin with!) and f (C) = 1(second player is bankrupt from the start). We need tofind f (A) for 1 ≤ A ≤ C − 1. By the law of total probability

f (A) = P{X1 = +1}P{Sτ = C
∣∣∣∣∣∣ X1 = +1}+ P{X1 = −1}P{Sτ = C

∣∣∣∣∣∣ X1 = −1}
= 12 f (A+ 1) + 12 f (A − 1).

Here we used the fact that if X1 = 1, then the first player has A+1 rupees, so it is like startingwith a capital of A+ 1, hence the probability if f (A+ 1). Similarly when X1 = −1, the chancebecomes f (A − 1). The above recursions say that f (A + 1) − f (A) = f (A) − f (A − 1), i.e., thedifferences are constant. As f (C)− f (0) = 1, we see that f (A) = A
C for all A. �

5. Recurrence of random walk on Z

Let X1, X2, . . . be i.i.d. Ber±(1/2) and let Sn = X1 + . . . + Xn with S0 = 0. Then {Sn} iscalled simple symmetric random walk (simple refers to steps being ±1). Let τb = min{k ≥1 : Sk = b} for b ∈ Z.
CLAIM 17. P{τb < ∞} = 1 for all b ∈ Z.

The event {τb < ∞} is the same as ⋃k≥1{Sk = b}, the event that the random walkvisits the location b (or if b = 0, the event that it returns to 0). According to the claim, thishappens w.p.1. By the countable adidtivity of probability, it follows that ⋂b∈Z{τb < ∞} alsohas probability 1. In other words, w.p.1., the random walk visits every location in Z.
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PROOF. Fix b < 0. We showed in the gambler’s ruin problem that τ := τb ∧ τN < ∞ w.p.1(i.e., the probability to exit the interval [b,N] is 1). But P{τb 6= τ} = P{τN < τb} = b
N , againby the gambler’s ruin problem. Therefore, P{τb =∞} ≤ P{τb 6= τ} = b

N which goes to zeroas N Ï∞. Hence P{τb < ∞} = 1.An almost verbatim proof shows that τb < ∞ w.p.1. for b > 0. But between τ1 and τ−1,the random walk must pass through the origin. Therefore, τ0 < ∞ w.p.1 too. �

6. The ballot problem

There are k candidates C1, . . . , Ck standing for an election, and N1 > N2 > . . . > Nkvoters have cast votes in their favour respectively. All the votes are in a box from whichthey are drawn one after another uniformly at random and counted. What is the chance thatthroughout the counting process, the candidate C1 is leading over C2 who is leading over C3and so on (i.e., at all times the ordering is the same as at the end)?This is called the generalized ballot problem, as the term ballot problem is usually appliedto the case of two candidates and that is what we solve now.
CLAIM 18. Let k = 2 with N1 > N2. Then the probability that the first candidate is

leading over the second throughout the counting process is N1−N2
N1+N2 .

PROOF. Encode the counting process as a path in Z2 that starts at (0, 0), and takes avertical step for each vote to the first candidate and a horizontal step for each vote to thesecond candidate. The path ends at (N2, N1). Conversely, any path from (0, 0) to (N2, N1) inthe lattice Z2 that goes up or right in each step, corresponds to an order in which the votesare counted. In either side, it is easy to see that the cardinality is (NN1
) where N = N1 +N2.Our problem is equivalent to asking for the number of paths of this kind that stay strictlyabove the diagonal {(j, j) : j ∈ Z} (except for the starting point which lies on the diagonal).Obviously the first step has to be vertical, so the number is the same as the number ofpaths from (0, 1) to (N2, N1) that do not hit the diagonal. Without that restriction, the numberof paths is (N−1

N1−1). We need to subtract those paths from (0, 1) to (N2, N1) that do hit thediagonal. We claim that such paths are in bijection with (unrestricted paths) from (0, 1) to(N2, N1). If we accept this claim, then the number of paths we are looking for becomes(
N − 1
N1 − 1

)
−
(
N − 1
N1

) = N1 −N2
N

(
N
N1
)
.

Divide by the total number of paths (which is (NN1
)) to see that the probability is N1−N2

N . �

Suppose we modify the question to demand that throughout the counting process, the firstcandidate should have at least as many votes as the second. The probability must increase,but to what?
EXERCISE 19. Use the result or proof of the ballot problem to prove that for the modifiedballot problem, the probability is N1−N2+1

N1+1 .
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REMARK 20. For the k candidate ballot problem, if we modify "leading" to "weakly leading"as above (at all times, the first candidate has at least as many votes as the second, and so on),the answer is
det( Nj !(Nj + i − j)!

)
i,j≤k

.

7. Group testing

A blood test for a contagious disease needs to be administered to a large group of people,to spot the infected cases and isolate them. Statistician and Economist Robert Dorfman cameup with a clever idea in 1943 to reduce the costs of such large-scale testing.The idea is to combine the blood samples of several people at a time and test the combinedsample together. If the combined sample tests negative, we can dismiss all the people at once.If the combined sample tests positive, we test each of the individuals separately. It is assumedhere that the sensitivity of the test does not go down by the grouping, which in practise canlimit the number of people whose samples can be combined. But even if we combine two ata time, it gives a saving, as we shall see now!Let p (assumed small) be the proportion of people in the population who have the disease.Let g be the number of people whose blood sample is combined. If we had to test all ofthem separately, we would need g tests. In the group-testing procedure, we may need g + 1tests if at least one of the g people is infected, which has probability at most pg (we assume
pg � 1, so the union bound is good enough for us). In all other cases, we need only one test.Hence the expected number of tests is at most 1− pg + (g + 1)pg = 1 + pg2. This is only anexpectation calculation, but if N is much larger than g , this is applied to a large number N/gof groups, and by the law of large numbers, the actual proportions will match the expectation.In conclusion, we only need 1

g + pg tests per person.As an example, suppose p = 0.001 and g = 10. Then the expected number of tests perperson is 0.11, which means that we save 89% of the cost of testing a large group of people!Even if grouping more than 3 is not desirable (say due to loss of sensitivity of the test), weget 1+0.001×93 = 0.336, which gives a cost-saving of 66%.One can even try to optimize the group size. Since 1
g + pg is minimized when g = 1√p ,that is the right group size, and plugging it in, we see that the number of tests per personis 2√p. For p = 0.001, this becomes 0.063 with optimal group size of 31.6, so one ends upsaving 93% of the cost! Of course, the caveat about decreasing sensitivity of the test due todilution must be kept in mind before applying such calculations to a real situation.
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Part 2

Statistics





CHAPTER 10
A bird’s eye overview of Statistics

In statistics we are faced with data, which could be measurements in an experiment, re-sponses in a survey etc. There will be some randomness, which may be inherent in theproblem or due to errors in measurement etc. The problem in statistics is to make variouskinds of inferences about the underlying distribution, from realizations of the random vari-ables. We shall consider a few basic types of problems encountered in statistics. We shallmostly deal with examples, but sufficiently many that the general ideas should become cleartoo. It may be remarked that we stay with the simplest “textbook type problems” but weshall also see some real data. Unfortunately we shall not touch upon the problems of currentinterest, which typically involve very huge data sets etc. Here are the kinds of problems westudy.
General setting: We shall have data (measurements perhaps), usually of the form X1, . . . , Xnwhich are realizations of independent random variables from a common distribution. Theunderlying distribution is not known. In the problems we consider, typically the distribution isknown, except for the values of a few parameters. Thus, we may write the data as X1, . . . , Xni.i.d. fθ(x) where fθ(x) is a pdf or pmf for each value of the parameter(s) θ. For example, thedensity could be of N(µ, σ2) (two unknown parameters µ and σ2) or of Pois(λ) (one unknownparameter λ).
(1) Estimation: Here, the question is to guess the value of the unknown θ from the sample
X1, . . . , Xn . For example, if Xi are i.i.d. from Ber(p) distribution (p is unknown), then areasonable guess for θ would be the sample mean Xn (an estimator). Is this the only one? Isit the “best” one? Such questions are addressed in estimation.
(2) Confidence intervals: Here again the problem is of estimating the value of a parameter,but instead of giving one value as a guess, we instead give an interval and quantify howsure we are that the interval will contain the unknown parameter. For example, a coin withunknown probability p of turning up head, is tossed n times. Then, a confidence interval for
p could be of the form[

Xn −
3√
n

√
Xn(1−Xn), Xn + 3√

n

√
Xn(1−Xn)]

153



where Xn is the proportion of heads in n tosses. The reason for such an interval will comelater. It turns out that if n is large, one can say that with probability 0.99 (“confidence level”),this interval will contain the true value of the parameter.
(3) Hypothesis testing: In this type of problem we are required to decide between twocompeting choices (“hypotheses”). For example, it is claimed that one batch of students isbetter than a second batch of students in mathematics. One way to check this is to give thesame exam to students in both exams and record the scores. Based on the scores, we have todecide whether the first batch is better than the second (one hypothesis) or whether there isnot much difference between the two (the other hypothesis). One can imagine that this canbe done by comparing the sample means etc., but that will come later.A good analogy for testing problems is from law, where the judge has to decide whetheran accused is guilty or not guilty. Evidence presented by lawyers take the role of data (but ofcourse one does not really compute any probabilities quantitatively here!).
(4) Regression: Consider two measurements, such as height and weight. It is reasonable tosay that weight and height are positively correlated (if the height is larger, the weight tendsto be larger too), but is there a more quantitative relationship? Can we predict the weight(roughly) from the height? One could try to see if a linear function fits: wt. = a ht. + b forsome a, b. Or perhaps a more complicated fit such as wt. = a ht. + b ht.2 + c, etc. To see ifthis is a good fit, and to know what values of a, b, c to take, we need data. Thus, the problemis that we have some data (Hi,Wi), i = 1, 2, . . . , n, and based on this data we try to find thebest linear fit (or the best quadratic fit) etc.As another example, consider the approximate law that the resistivity of a material isproportional to the temperature. What is the constant of proportionality (for a given material).Here we have a law that says R = aT where a is not known. By taking many measurementsat various temperatures we get data (Ti, Ri), i = 1, 2, . . . , n. From this we must find the bestpossible a (if all the data points were to lie on a line y = ax, there would be no problem. Inreality they never will, and that is why the choice is an issue!).
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CHAPTER 11
Estimation

1. Introductory remarks

A general problem than encompasses many questions in statistics is that of finding thedistribution from which a sample is drawn. What we get to see is the sample (also called data),what we do not know is the distribution. We can broadly consider two levels of ignorance ofthe distribution.(1) Non-parametric estimation problems: Complete ignorance, or some minimal knowl-edge such as that the distribution is on positive real line or on the segment [0, 1], oron natural numbers, etc. For instance, if our data is on lifetimes of some electroniccomponent, the distribution is on (0,∞). If the data is on family sizes, then it is adistribution on natural numbers.
(2) Parametric estimation problems In some situations, we know (by past studies, or bysome scientific theory) that the distribution is of a certain kind, for example, Normaldistribution or Hypergeometric distribution, etc. What we do not know are the valuesof the parameters. This narrows down our search to the values of the unknownparameters, which are few in number. For example, if our sample comprises theopinions of people on which of two candidates they will vote for in an election,then the underlying distribution is Ber(p), where p is the actual proportion in thepopulation who will vote for the first candidate. We don’t know p, and the goal is toestimate it.Another way to state the difference is that in the non-parametric setting, there are infinitelymany unknown parameters (namely F (x), for x ∈ R), whereas in the parametric setting thereare finitely many parameters. In this course, we shall stick to parametric estimation problems.

2. Parametric estimation problems: the general setting

Consider the following examples.(1) A coin has an unknown probability p of turning up head. We wish to determine thevalue of p. For this, we toss the coin 100 times and observe the outcomes. How togive a guess for the value of p based on the data?
(2) Can we guess the average height µ of all people in India by taking a random sampleof 100 people and measuring their heights? We may assume that heights followNormal distribution, but the mean and variance are unknown to begin with, andhave to be estimated.
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(3) A factory manufacture light bulbs whose lifetimes may be assumed to be exponentialrandom variables with a mean life-time µ. We take a sample of 50 bulbs at randomand measure their life-times X1, . . . , X50. Based on this data, how can we present areasonable guess for µ? We may want to do this so that the specifications can beprinted on the product when sold.
The general setting: We have data, which we take to be1 i.i.d. samples X1, . . . , Xn froman unknown pmf/pdf fθ(x). Here θ is a parameter whose value is fixed but unknown to us.All we know is that it ranges over some subset of real numbers (we may also have multipleunknown parameters, but for simplicity we have written just one). A statistic is a functionof the data, in other words, it is of the form T(X1, . . . , Xn). It is important to note that it canbe computed from the data, i.e., it cannot depend on the unknown parameter(s). An estimatefor θ is a statistic that we propose as a guess for θ. Usually an estimate for the parameter θis denoted θ̂ (or θ̂1, θ̂2, etc., if we are considering multiple estimates).In the three examples given above, the families of distributions are respectively(1) Ber(p), p ∈ [0, 1]. More explicitly, fp(x) = px(1− p)1−x for x ∈ {0, 1}.

(2) N(µ, σ2), µ ∈ R, σ2 > 0. Here fµ,σ2 (x) = 1√2πσ2e−
(x−µ)22σ2 , x ∈ R.

(3) Exp(1/θ), θ > 0. Here fθ(x) = 1
θe−x/θ .

REMARK 21. Observe that there are many ways to parameterize the same collection ofprobability distributions. How we parameterize does not matter, provide we expand our goalto say that what we want to estimate is g(θ), for some function g . For instance, the thirdexample above remains the same if we write the family of distributions as Exp(λ), λ > 0, andthat we want to estimate g(λ) = 1/λ. But to keep things simple, we usually parameterize insuch a way that θ is what we want to estimate.
Location and scale families: Let f be a probability density on R. Then we can create para-metric families of distributions from it as follows.(1) Location family of probability distributions fµ(x) = f (x − µ), µ ∈ R. Observe that if

X ∼ f then X + µ ∼ fµ .
(2) Scale family fσ (x) = 1

σ f
(x
σ
), σ > 0. Observe that if X ∼ f then σX ∼ fσ .

(3) Location-scale family fµ,σ (x) = 1
σ f
(x−µ

σ
), µ ∈ R, σ > 0. Observe that if X ∼ f then

σX + µ ∼ fµ .Many natural examples are of this form. For example, Exp(λ) distributions form a scalefamily, N(µ, σ2) form a location-scale family.
1In general, i.i.d. assumption is not made. In fact, abstractly we can treat the whole data as one point

X = (X1, . . . , Xn) having joint pmf/pdf hθ on Rn . In the i.i.d. case hθ (x1, . . . , xn) = fθ (x1) . . . fθ (xn).
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3. Methods of estimation

Assume that X1, . . . , Xn are i.i.d. from pmf/pdf fθ . We present three general methods toestimate θ.
3.1. Method of moments or quantiles. We first figure out what feature of the the distri-bution is θ. Then we take the estimator θ̂ to be the same feature of the sample. For example,if θ is the mean of fθ , then we take θ̂ to be the sample mean X̄n; if θ is the median of fθ , wetake θ̂ to be the sample median Mn (which is the middle point among the Xis if n is odd andthe average of the middle two points if n is even). Since there may be many features thatgive θ, there is no unique choice.
EXAMPLE 22. Let X1, . . . , Xn be i.i.d. Exp(1/θ), θ > 0. Then θ = E[X1], hence one possibleestimator is X̄n . But we may also notice that the median of Exp(1/θ) is θ log 2, therefore,another estimator for θ is Mn/ log 2, where Mn is the sample median. From the fat thats.d.θ(X1) = θ, we may take the sample variance √ 1

n
∑n

k=1(Xk − X̄n)2 as another estimator.Further, for any 0 < p < 1, the pth quantile of Exp(1/θ) distribution is θ log 11−p , which meansthat the sample pth quantile divided by log 11−p is another estimator for θ (for example, if
p = 0.9, it means we take the number Q such that 10% of the Xis are above Q, and set
θ̂ = Qlog(1/(1−p)) .

At the heart of it, the method of moments/quantiles is just common sense combined withthe law of large numbers. The law of large numbers tells us that features of a large sampleimitate the features of the underlying distribution. By equating a feature of the underlyingdistribution to the corresponding feature of the sample, we get an estimator for the unknownparameters. As we saw, there is no unique choice, but there are reasons to use lower momentsinstead of higher, and median instead of an quantiles on either extreme.
3.2. Maximum likelihood method. The joint density of X1, . . . , Xn is hθ(x1, . . . , xn) =

fθ(x1) . . . fθ(xn). We evaluate the joint density at the observed data values, and treat is as afunction of θ. This is called the likelihood function. In other words
LX(θ) = fθ(X1) . . . fθ(Xn)where we have written X as a subsctipt to mean X = (X1, . . . , Xn). It usually simplifiescalculations to take the logarithm and define the log-likelihood function

`X(θ) := logLX(θ) = n∑
k=1 log fθ(Xk).

When θ is the actual value, then LX(θ) is the “likelihood” of seeing the data that we haveactually observed. The maximum likelihood estimate (usually called MLE) is that value of θthat maximizes the likelihood function or equivalently the log-likelihood function. In symbols
θ̂MLE = argmax

θ
`X(θ).
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In principle there may be multiple maximizers, in which case any choice can be called theMLE.
EXAMPLE 23. Again consider the case of i.i.d. Exp(λ) samples X1, . . . , Xn . Then fλ(x) =

λe−λx and hence `X(λ) = n log λ − λ
∑n

k=1Xk = n log λ − nλX̄n . To maximize, we set thederivative to zero to get
0 = d

dµ`X(λ) = n
λ − nX̄n

which is satisfied uniquely when λ = 1
Xn

. One can use the second derivative condition tocheck that this is a point of maximum. More easily, one may also see that `X(λ) Ï −∞ as
λ Ï 0 or as λ Ï ∞, which means that the unique point where the derivative vanishes mustbe the global maximum. In conclusion, λ̂MLE = 1̄

Xn
.

REMARK 24. Although we considered the same example of Exponential family of dis-tributions to illustrate the method of moments/quantiles and the MLE, on the first case weparameterized by the mean parameter θ whereas in the second case we parameterized by
λ = 1

θ . Why?If we use θ as the parameter, the MLE does not change (or more precisely, θ̂MLE will comeout to be equal to 1
λ̂MLE . Changing the parametrization does not affect the MLE result.If we use λ as the parameter, the method of quantile estimates will be fine, but the methodof moments estimators as stated will be problematic. According to our definition, we wouldneed some function T so that Eλ[T(X1)] = λ for all λ > 0, and then the method of momentsestimator would be 1
n (T(X1) + . . .+ T(Xn)). But the problem is that no such T exists!2

Two more examples.
EXAMPLE 25. Let X1, . . . , Xn be i.i.d. Ber(p) random variables Estimate p.As p = Ep[X1], a method of moments estimator would be the sample mean Xn . In thiscase, Ep[X21 ] = p again but we don’t get any new estimate because X2

k = Xk (as Xk is 0 or 1).As the Bernoulli pmf can be written as px(1−p)1−x for x ∈ {0, 1}, the likelihood functionis
`X(p) := log n∏

k=1p
Xk (1− p)1−Xk = nXn logp + n(1−Xn) log(1− p).

We need to find the value of p that maximizes `X(p). Using Calculus, one may show that
p̂MLE = X̄n , but here is another instructive approach. Fix a ∈ (0, 1) and use the (strict)concavity of logarithm to see that

a log pa + (1− a) log 1− p1− a ≤ log(apa + (1− a)1− p1− a
) = 0

2To see this, observe that what we are asking for is that λ = ∫∞0 T(x)λe−λxdx for all λ > 0, or equivalentlythat ∫∞0 T(x)e−λxdx = 1 for all λ > 0. Perhaps the easiest way to convince yourself that this is not possible is toprove that the integral must go to 0 as λ Ï ∞.
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with equality if and only if p
a = 1−p1−a (which is the same as p = a). Rearranging,

a logp + (1− a) log (1− p) ≤ a loga + (1− a) log(1− a)
with equality if and only if p = a. Thus the p 7Ï a logp + (1 − a) log (1 − p) is maximizeduniquely at p = a. This was the maximization problem we wanted to solve with X̄n in placeof a (in the special cases when a = 0 or a = 1, the log-likelihood function is decreasing orincreasing respectively and hence we get the maximizer to be a again).

EXAMPLE 26. Let X1, . . . , Xn be i.i.d. N(µ, σ2), where both µ ∈ R and σ2 > 0 are unknown.From the Gaussian density, we see that the log-likelihood function is
`X(µ, σ2) = − 12σ2

n∑
k=1(Xk − µ)2 − n2 log(2πσ2).

Irrespective of the value of σ2, the quantity ∑N
k=1(Xk −µ)2 is minimized over µ when µ = X̄n .Therefore, µ̂MLE = X̄n . Now plug this in and using Calculus or otherwise, minimize

− 12σ2
n∑

k=1(Xk − X̄n)2 − n2 log(2πσ2)
to see that σ̂2MLE = S2

n = 1
n
∑n

k=1(Xk − X̄n)2 (observe that this is not the unbiased estimator
s2
n = 1

n−1 ∑n
k=1(Xk − X̄n)2).

In homeworks and tutorials you will see several other estimation problems. Let us justremark here that in general, there is no reason to expect that we can get a closed formexpression for the MLE. Indeed, if data points are i.i.d. from the shifted Cauchy distributionwith density fθ(x) = 1
π(1+(x−θ)2) , then `X(θ) = ∑n

k=1 log(1 + (Xk − θ)2) − n logπ . When we set
derivative to zero, we get 0 = ∑n

k=1 2(Xk−θ)1+(Xk−θ)2 . There is no closed form solution. Quite often,the computation of MLE has to be done on a computer.
3.3. Bayes’ estimator. As before, X1, . . . , Xn are i.i.d. fθ , and θ ∈ I is unknown. We take aprobability distribution ρ on I , called the prior distribution. We pretend that (or really believethat) the unknown θ is random (so we write the random variable as Θ), and that nature hasselected its value at random from the probability distribution ρ. Once chosen, it remainsfixed, and conditional on its value Θ = θ, the Xis are i.i.d. from fθ . Then the joint pmf/pdf of(Θ;X1, . . . , Xn) is

ρ(θ)fθ(x1)fθ(x1) . . . fθ(xn).What we see is the data X1, . . . , Xn and we must guess what the value of Θ is likely to be.Bayes’ rule tells us that the conditional pmf/pdf of Θ given (X1, . . . , Xn), called the posterior
distribution, is

ρ(θ ∣∣∣∣∣∣ X1, . . . , Xn) = 1
Z(X1, . . . , Xn)ρ(θ)fθ(X1)fθ(X1) . . . fθ(Xn)
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where
Z(x1, . . . , xn) =


∑

φ ρ(φ)fθ(x1)fθ(x1) . . . fθ(xn) in case of pmf,∫
ρ(φ)fθ(x1)fθ(x1) . . . fθ(xn)dφ in case of pdf.

The conditional pmf has all we want. For example, its mean can be taken as an estimator ofthe unknown parameter:
θ̂Bayes = E[Θ ∣∣∣∣∣∣ X1, . . . , Xn]

=
 1

Z(X1,...,Xn) ∑φ φρ(φ)fφ(X1)fφ(X1) . . . fφ(Xn) in case of pmf,1
Z(X1,...,Xn) ∫ φρ(φ)fφ(X1)fφ(X1) . . . fφ(Xn)dφ in case of pdf.

The standard deviation of the posterior distribution is a measure of our uncertainty in theknowledge of the true value of the parameter.The procedure will become clear in the examples. The main issue, sometimes a con-tentious one, is how to choose the prior distribution? That does not come with the problemand is a choice made by the statistician, and is supposed to indicate our prior knowledge of θ.
EXAMPLE 27. Take the case of the Ber(p) sample. Since p ∈ [0, 1], one natural choice forthe prior distribution is Unif[0, 1] (which indicates that we are not prejudiced towards somespecific values of p over others, but think that everything is equally likely). So ρ(p) = 1 for

p ∈ [0, 1]. The posterior pmf is
ρ(p ∣∣∣∣∣∣ X1, . . . , Xn) = 1

Z(X1, . . . , Xn)pnX̄n (1− p)n(1−X̄n)
where

Z(x1, . . . , xn) = ∫ pnX̄n (1− p)n(1−X̄n)dp = Beta(nX̄n + 1, n(1− X̄n) + 1).
Thus, the posterior distribution is precisely the Beta(nX̄n+1, n(1−X̄n)+1) distribution on [0, 1].We know that the mean and variance of the Beta(a, b) distribution are a

a+b and ab(a+b)2(a+b+1) .Therefore,
θ̂Bayes = nX̄n + 1

n + 2 = n
n + 2 × X̄n + 2

n + 2 × 12 .We see that the Bayes’ estimator is a convex combination of the sample mean and the mean ofthe prior distribution with weights n
n+2 and 2

n+2 respectively. When we have no data (n = 0),our guess is the mean of the prior distribution, and when we have a large amount of data(large n), our guess is close to the sample mean. The uncertainty in the Bayes’ estimator isthe standard deviation of the posterior distribution, which is the square root of
(nX̄n + 1)(n(1− X̄n) + 1)(n + 2)2(n + 3) ∼ X̄n(1− X̄n)

nfor large n.
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EXAMPLE 28. Let X1, . . . , Xn be i.i.d. Pois(λ) where λ > 0. Let us choose the prior distri-bution to be Exp(α) for some α > 0. Then the posterior density of λ is
ρ(λ ∣∣∣∣∣∣ X1, . . . , Xn) = 1

Z(X1, . . . , Xn)αe−αλ
n∏

k=1 e
−λ λXk
Xk!

= α
Z(X1, . . . , Xn)X1! . . . Xn!e−(n+α)λλnX̄n .

We can compute Z(X1, . . . , Xn), but we don not have to. We see that the density has theform e−(n+α)λλnX̄n , so it must be the Gamma(nX̄n + 1, n + α) density, which tells us what thenormalization constant is. Recalling that the mean of the Gamma distribution, we see that
θ̂Bayes = nX̄n + 1

n + α = n
n + α × X̄n + α

n + α ×
1
α.Again, this is a convex combination of the sample mean X̄n and the mean of the priordistribution 1

α . The more the data we have, the more the weight on the sample mean.
REMARK 29. The last example illustrates our earlier point about choosing the prior distri-bution. Why did we choose it to be Exponential distribution? So that the posterior distributioncomes out nice! If you take an arbitrary prior distribution, then the posterior distributionbecomes intractable (we would not recognize its form, we would not be able to compute

Z(X1, . . . , Xn)). But is there any deeper reason why our prior knowledge must be captured bythe Exponential distribution? Depending on how staunch a “Bayesian" you are, you can makeup reasons to convince yourself that it must be so (incidentally, it is not only Exponential, youmay also take the prior to be a general Gamma distribution and find that the posterior isagain a Gamma distribution).
3.4. Further examples and exercises.

EXERCISE 30. Find an estimate for the unknown parameters by the method of momentsand the maximum likelihood method.(1) X1, . . . , Xn are i.i.d. N(µ, 1). Estimate µ. How do your estimates change if the distri-bution is N(µ, 2)?
(2) X1, . . . , Xn are i.i.d. N(0, σ2). Estimate σ2. How do your estimates change if thedistribution is N(7, σ2)?
(3) X1, . . . , Xn are i.i.d. N(µ, σ2). Estimate µ and σ2.[Note: The first case is when σ2 is known and µ is unknown. Then the known value of σ2may be used to estimate µ. In the second case it is similar, now µ is known and σ2 is notknown. In the third case, both are unknown].

EXERCISE 31. X1, . . . , Xn are i.i.d. Geo(p) Estimate µ = 1/p.
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EXERCISE 32. X1, . . . , Xn are i.i.d. Pois(λ) Estimate λ.
EXERCISE 33. X1, . . . , Xn are i.i.d. Beta(a, b) Estimate a, b.
EXERCISE 34. X1, . . . , Xn are i.i.d. Uniform[a, b] Estimate a, b.

4. Quality of an estimate

We have seen that there may be several competing estimates that can be used to estimatea parameter. How can one choose between these estimates? In this section we present someproperties that may be considered desirable in an estimator. However, having these propertiesdoes not lead to an unambiguous choice of one estimate as the best for a problem.Let Tn be an estimator for θ. If the data consists of i.i.d. X1, . . . , Xn distributed accordingto fθ , then this just means that Tn is a function of X1, . . . , Xn . The mean squared error of Tnis defined as m.s.e.Tn (θ) = Eθ [(Tn − θ)2].This is a function of θ. Smaller it is, better our estimate. But observe that it is not a numberbut a function of θ, hence it may not unambiguously help us to choose between two estimates.
EXAMPLE 35. Let X1, . . . , Xn be i.i.d. Ber(p). Let Tn = X̄n and Rn = X1+X22 and Sn = 12 . Allof them can be used as estimates for p. What are their mean squared errors?First, m.s.e.Tn (p) = E[(X̄n −p)2] = p(1−p)

n (check!). For the same reason with n = 2, we seethat m.s.e.Rn (p) = p(1−p)2 . Lastly, m.s.e.Sn (p) = (12 − p)2.

FIGURE 1. Mean squared errors of Tn , Rn and Sn with n = 10 in the Bernoullisexample. While Tn unambiguosly beats Rn , there are values of p for which Sndoes better than Tn and other values of p for which Tn does better than Sn .
Two components of the mean squared error: Define the bias of the estimator Tn as
BTn (θ) := Eθ [Tn]− θ and write its variance as VTn (θ) = Varθ(Tn). If BiasTn (θ) = 0 for all valuesof the parameter θ then we say that Tn is unbiased for θ. Here we write θ in the subscriptof Eθ to remind ourself that in computing the expectation we use the density fθ . However weshall often omit the subscript for simplicity.
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CLAIM 36. For any estimator Tn , we have m.s.e.Tn (θ) = VTn (θ) + (BTn (θ))2.

PROOF. Consider any random variable Y with mean µ and observe that for any realnumber a and write Y − a as (Y − µ) + (µ − a) to get
E[(Y − a)2] = E[(Y − µ)2] + (µ − a)2 + 2(µ − a)E[Y − µ]

= Var(Y ) + (µ − a)2
as the last term vanishes (E[Y −µ] = 0). Use this identity with Tn in place of Y and θ in placeof a and evaluate expectations under the distribution fθ to get the claim. �

REMARK 37. An analogy. Consider shooting with a rifle having a telescopic sight. A giventarget can be missed for two reasons. One, the marksman may be unskilled and shoot allover the place, sometimes a meter to the right of the target, sometimes a meter to the left,etc. In this case, the shots have a large variance (but possibly right on spot on average!).Another person may consistently hit a point 20 cm. to the right of the target. Perhaps thetelescopic sight is not set right, and this caused the systematic error. This is the bias. Bothbias and variance contribute to missing the target.
EXAMPLE 38. Let X1, . . . , Xn be i.i.d. N(µ, σ2). Let Vn = 1

n
∑n

k=1(Xk − Xn)2 be an estimatefor σ2. By expanding the squares we get
Vn = X2

n + 1
n

n∑
k=1X

2
k −

2
nXn

n∑
k=1Xk = (1

n

n∑
k=1X

2
k

)
−X2

n.

It is given that E[Xk] = µ and Var(Xk) = σ2. Hence E[X2
k] = µ2 + σ2. We have seen before thatVar(Xn) = σ2 and E[Xn] = µ. Hence E[X2

n] = µ2 + σ2
n . Putting all this together, we get

E [Vn] = (1
n

n∑
k=1 µ

2 + σ2)− (µ2 + σ2
n

) = n − 1
n σ2.

Thus, the bias of Vn is n−1
n σ2 − σ2 = − 1

nσ2.
EXAMPLE 39. For the same setting as the previous example, suppose Wn = 1

n
∑n

k=1(Xk −
µ)2. Then it is easy to see that E[Wn] = σ2. Can we say that Wn is an unbiased estimate for
σ2? There is a hitch!If the value of µ is unknown, then Wn is not an estimate (cannot compute it using
X1, . . . , Xn!). However if µ is known, then it is an unbiased estimate. For example, if weknew that µ = 0, then Wn = 1

n
∑n

k=1X2
k is an unbiased estimate for σ2.When µ is unknown, we define s2

n = 1
n−1 ∑n

k=1(Xk −Xn)2. Clearly s2
n = n

n−1Vn and hence
E[s2

n] = n
n−1E[Vn] = σ2. Thus, s2

n is an unbiased estimate for σ2. Note that s2
n depends only onthe data and hence it is an estimate, whether µ is known or unknown.

All the remarks in the above two examples apply for any distribution, i.e.,(1) The sample mean is unbiased for the population mean.
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(2) The sample variance s2
n = 1

n−1 ∑n
k=1(Xk−Xn)2 is unbiased for the population variance.But Vn = 1

n
∑n

k=1(Xk −Xn)2 is not, in fact E[Vn] = n−1
n σ2.

It appears that s2
n is better, but the following remark says that one should be cautious inmaking such a statement.

REMARK 40. In case of N(µ, σ2) data, it turns out that although s2
n is unbiased and Vn isbiased, the mean squared error of Vn is smaller! Further Vn is the maximum likelihoodestimate of σ2! Overall, unbiasedness is not so important as having smaller mean squarederror, but for estimating variance (when the mean is not known), we always use s2

n . Thecomputation of the m.s.e is a bit tedious, so we skip it here.
EXAMPLE 41. Let X1, . . . , Xn be i.i.d. Ber(p). Then Xn is an estimate for p. It is unbiasedsince E[Xn] = p. Hence, the m.s.e of Xn is just the variance which is equal to p(1− p)/n.

A puzzle: A coin C1 has probability p of turning up head and a coin C2 has probability 2pof turning up head. All we know is that 0 < p < 12 . You are given 20 tosses. You can chooseall tosses from C1 or all tosses from C2 or some tosses from each (the total is 20). If theobjective is to estimate p, what do you do?
Solution: If we choose to have all n = 20 tosses from C1, then we get X1, . . . , Xn that arei.i.d. Ber(p). An estimate for p is Xn which is unbiased and hence MSEXn (p) = Var(Xn) =
p(1 − p)/n. On the other hand if we choose to have all 20 tosses from C2, then we get
Y1, . . . , Yn that are i.i.d. Ber(2p). The estimate for p is now Ȳn/2 which is also unbiased andhas MSEȲn/2(p) = Var(Ȳn)/4 = 2p(1 − 2p)/4n = p(1 − 2p)/2n. As 1 − 2p < 1 − p, we see thatMSEȲn/2(p) < MSEXn (p) and hence choosing C2 is better, at least by mean-squared criterion!It can be checked that if we choose to have k tosses from C1 and the remaining n − k from
C2, the MSE of the corresponding estimate will be between the two MSEs found above andhence not better than Ȳn/2.
Another puzzle: A factory produces light bulbs having an exponential distribution with mean
µ. Another factory produces light bulbs having an exponential distribution with mean 2µ. Yourgoal is to estimate µ. You are allowed to choose a total of 50 light bulbs (all from the first orall from the second or some from each factory). What do you do?
Solution: If we pick all n = 50 bulbs from the first factory, we see X1, . . . , Xn i.i.d. Exp(1/µ).The estimate for µ is Xn which has MSEXn (µ) = Var(Xn) = µ2/n. If we choose all bulbs fromfactory 2 we get Y1, . . . , Yn i.i.d. Exp(1/2µ). The estimate for µ is Ȳn/2. But MSEȲn/2(µ) =Var(Ȳn/2) = (2µ)2/4n = µ2/n. The two mean-squared errors are exactly the same!
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Probabilistic thinking: Is there any calculation-free explanation why the answers to the twopuzzles are as above? Yes, and it is illustrative of what may be called probabilistic thinking.Take the second puzzle. Why are the two estimates same by mean-squared error? Is onebetter by some other criterion?Recall that if X ∼ Exp(1/µ) then X/2 ∼ Exp(2/µ) and vice versa. Therefore, if we have datafrom Exp(1/µ) distribution, then we can divided all the numbers by 2 and convert it into datafrom Exp(2/µ) distribution. Conversely if we have data from Exp(2/µ) distribution, then wecan convert it into data from Exp(1/µ) distribution by multiplying each number by 2. Hencethere should be no advantage in choosing either factory. We leave it for you to think inanalogous ways why in the first puzzle C2 is better than C1.
5. Best estimators?

Let S, T be two estimators of θ. If m.s.e.S(θ) ≤ m.s.e.T (θ) for all θ, then clearly we wouldchoose S over T . But as we saw in Figure 35, the inequality may go either way for differentvalues of θ, in which case we cannot choose one over another. The problem is that numbersare comparable, but functions are not necessarily comparable.
5.1. Minimax estimate. One way out is to reduce the function m.s.e.Tn (θ) to a singlenumber, and compare those numbers. But which number to reduce to? One choice is totake the worst case, i.e., define the maximum risk RTn := maxθ m.s.e.Tn (θ) (another wouldbe to integrate over θ, to get some form of “average risk"). Ignoring the possibility that themaximum is a supremum and that it can be infinite, this is a number associated to Tn . Hencewe can compare any two estimators Tn and Sn using their maximum risks. In particular,if there is one estimator that minimizes the maximum risk, we call it a minimax estimate.Note that T∗n is a minimax estimate if and only if maxθ m.s.e.T∗n (θ) ≤ maxθ m.s.e.Tn (θ) for anyestimator Tn .Many of the estimates we have obtained (e.g., sample mean for Bernoulli and Normalsamples) are minimax estimates. But we do not wish to go further in this line. One criticismof the minimax estimate is that taking the worst case is a pessimistic approach.
5.2. Best unbiased estimator. As we have seen, mean squared error has two components,bias and variance. Although intuitively it may seem that unbiasedness is desirable, it is notuseful to have it at the cost of a much higher mean squared error. Further, unbiasedness isdelicate in that if Tn is an unbiased estimator of θ, then 1

Tn is not an unbiased estimator of 1
θ .In fact, there are situations (Exp(λ), λ > 0, and Geo(p), p ∈ [0, 1]), where unbiased estimatorsdon’t exist!Nevertheless, insisting on unbiasedness rules out absurd estimators like the constant es-timator Sn = 0.5 in the example of the Bernoulli sample. Further, it leads to some nicemathematics in which we indulge a little now! Keep in mind that for unbiased estimators, thevariance and mean squared error are the same.Consider a single parameter family fθ , θ ∈ Θ ⊆ R. Recall the log-likelihood function

`X(θ) which is ∑n
k=1 log fθ(Xk) in case of the i.i.d. sample. If θ 7Ï `X(θ) is differentiable, define
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Fisher information as the function
I(θ) = Varθ ( d

dθ `X(θ)) .
THEOREM 42 (Cramer-Rao bound). Let Tn be any unbiased estimator of θ. Then

Varθ(Tn) ≥ 1
I(θ) .

To understand it, observe that if fθ for nearby θ are very close to each other, then(1) I(θ) must be small, because `X(θ) changes slowly with θ.
(2) Varθ(Tn) must be large, because it becomes harder for Tn or any estimate to distin-guish between fθ for nearby values of θ.Cramer-Rao bound quantifies this inverse relationship between the two quantities.Before going into the proof of the Cramer-Rao inequality, let us see how it can be usefulby an example.

EXAMPLE 43. Let X1, . . . , Xn be i.i.d. Ber(p). Then `X(p) = nX̄n logp + n(1− X̄) log(1− p).Therefore, d
dp `X(p) = nX̄n

p −
n(1−X̄n)1−p = n

p(1−p) X̄n − n1−p . Therefore, the Fisher information isgiven by
I(p) = n2

p2(1− p)2 Varp(X̄n) = n
p(1− p) .

But (as used above) Varp(X̄n) = p(1−p)
n which coincides with the Crame-Rao lower bound 1

I(p)for all p. This means that no unbiased estimator can do better than X̄n , for any value of theparameter. In other words, X̄n is the3 best unbiased estimator of p.
In short, if we can find an unbiased estimator that attains the Cramer-Rao lower bound,then it is the best unbiased estimator (according to mean squared error criterion). Thetechnical name for such an estimator is UMVUE (Uniformly Minimum Variance UnbiasedEstimator). In several examples, they do exist.
EXERCISE 44. Check if the Cramer-Rao lower bound is achieved by X̄n in the followingexamples: (a) To estimate µ in N(µ, 1), µ > 0. (b) To estimate µ in Exp(1/µ), µ > 0. (c) Toestimate λ in Pois(λ), λ > 0.
PROOF OF CRAMER-RAO BOUND. Let Tn be an unbiased estimator of θ. Let ˙̀X(θ) = d

dθ `X(θ)(this need not be an estimator as it could depend on θ). By Cauchy-Scwharz inequality
|Covθ(Tn, ˙̀X(θ))|2 ≤ Varθ(Tn)Varθ(˙̀X(θ)) = Varθ(Tn)I(θ)where the equality follows from the definition of Fisher information. Thus it suffices to showthat the covariance on the left side is equal to 1. We compute it now. The joint pmf/pdf of

3One may question the use of “The" here. Could there not be another unbiased estimator which is also best?At this point, yes, but the proof of the Cramer-Rao bound shows that there is no such estimator other than X̄n .
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(X1, . . . , Xn) is e`x (θ) where x = (x1, . . . , xn). For definiteness, let us assume that we are dealingwith pmf. Then
E[˙̀X(θ)] =∑

x
e`x (θ) d

dθ `x(θ) = ∑
x

d
dθ e

`x (θ) = d
dθ
∑
x
e`x (θ) = 0

because the sum is 1 (as x 7Ï e`x (θ) is a pmf for any θ). This last step of taking the derivativeout of the sum is obviously fine if the sum is over a finite set A (which requires that fθ(x) = 0for x 6∈ A, for all θ). But if it is an infinite sum, interchanging the derivative and sum needsa justification, which we do not bother with here. Therefore,
Covθ(Tn, ˙̀X(θ)) = E

[
Tn˙̀X(θ)] (the product of expectations vanishes)

=∑
x
e`x (θ) d

dθ `x(θ)Tn(x)
= d
dθ
∑
x
Tn(x)e`x (θ).

Again, the interchange of derivative and sum needs a justification that we skip. But then, thesum is precisely Eθ [Tn] which is equal to θ as Tn is unbiased. Differentiating, we see that thecovariance is 1. The proof is complete. �

REMARK 45. The equality condition in Cauchy-Schwarz shows that the Cramer-Rao boundis achieved if and only if d
dθ `x(θ) = AθTn(x) + Bθ for some θ dependent constants Aθ, Bθ .This makes it easy to guess what Tn , if any, could attain the Cramer-Rao bound. Justcompute d

dθ `X(θ) and see if it can be written as AθTn(X) + Bθ , where Aθ, Bθ depend only on θand Tn(X) is an unbiased estimator of θ. If that can be done (in general there is no reasonwhy that should be possible), then the estimate we are looking for is Tn .
EXAMPLE 46. Let X1, . . . , Xn be i.i.d. Geo(1/θ) where θ > 1. The pmf of each Xi is(1− 1
θ )k 1

θ for k ≥ 0. Therefore, `X(θ) = nX̄n log(1− 1
θ )−n log θ. Then d

dθ `x(θ) = − n
θ(θ−1) X̄n− n

θ .As Eθ [X1] = θ, we also have Eθ [X̄n] = θ, hence X̄n is an unbiased estimator of θ. As thederivative of the log-likelihood is linearly related to X̄n , we see that the sample mean attainsthe Cramer-Rao lower bound and is therefore the unbiased estimator with the lowest meansquared error.
Digression to be ignored: Let ψ : R Ï R be a function such that f = ψ2 is a probabilitydensity (such a ψ is called an amplitude function in Quantum mechanics). Consider thelocation family fθ(x) = f (x − θ), θ ∈ R. Now assume that ψ is differentiable and decays fast at
±∞.Let µ be the mean of the density f . Then µ + θ is the mean of fθ , hence X − µ is anunbiased estimate of θ.
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If we have a single sample X ∼ fθ , then `X(θ) = log f (x − θ) and hence d
dθ `X(θ) = f ′(X−θ)

f (X−θ) =
2ψ′(X−θ)
ψ(X−θ) . As we know that Eθ [ ddθ `X(θ)] = 0 in general (see the proof of Cramer-Rao inequality),

I(θ) = Varθ (2ψ′(X − θ)
ψ(X − θ)

) = 4∫
R

ψ′(x − θ)2
ψ(x − θ)2 f (x − θ)dθ

= 4∫
R
ψ′(x − θ)2dx.

Putting together the above observations, we apply Cramer-Rao bound at θ = 0 to get14 ≤ Var0(X − µ)× I(0)
= ∫

R
(x − µ)2|ψ(x)|2dx × ∫

R
|ψ′(x)|2dx.

This is known as Heisenberg’s uncertainty principle, although the second factor is usuallywritten as ∫R y2|ψ̂(y)|2dy , where ψ̂(y) = ∫
R ψ(x)e−2πixydx is the Fourier transform of ψ. Byproperties of Fourier transform, it is known that |ψ̂|2 is also a probability density and ∫R |ψ′|2 =∫

y2|ψ̂(y)|2dy . One can also write the right hand side as the product of variances of thedensities |ψ|2 and |ψ̂|2.
6. Confidence intervals

So far, in estimating of an unknown parameter, we gave a single number as our guess forthe known parameter. Since we certainly don’t mean that we are guessing the exact value,it would be better to give an idea of how much we could be off. More precisely, given andinterval and say with what confidence we expect the true parameter to lie within it.A confidence interval is a random interval I = [A,B] where A,B are statistics (i.e., com-putable from the data, without knowledge of the parameter values). The interval I is said tohave confidence level 1− α if Pθ(I 3 θ) ≥ 1− α for all values of θ.Usually we fix the level of confidence, say as 0.90 and find a confidence interval as short
as possible but subject to the condition that it should have a confidence level of 0.90. Thehigher the confidence we want, the longer the confidence interval. If we don’t want the thelength to increase, the only way is to get more data.

EXAMPLE 47. Suppose we have one sample X from N(µ, 1) distribution where µ ∈ R isunknown. How do we estimate µ? Suppose the observed value of X is 2.7, then our guessfor µ is 2.7 itself. Hence [X − a,X + a] for some a > 0 is a natural choice of a confidenceinterval. What is its confidence?
P{[X − a,X + a] 3 µ} = P{−a ≤ X − µ ≤ a} = Φ(a)−Φ(−a) = 2Φ(a)− 1.

For a = 0, the confidence (the CI is the size interval [X,X]) level is zero and as a ↑ ∞, theconfidence level goes up to 1.
In this section we consider the problem of confidence intervals in Normal population. Inthe next we see a few other examples.
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The setting: Let X1, . . . , Xn be i.i.d. N(µ, σ2) random variables. We consider four situations.(1) Confidence interval for µ when σ2 is known.
(2) Confidence interval for σ2 when µ is known.
(3) Confidence interval for µ when σ2 is unknown.
(4) Confidence interval for σ2 when µ is unknown.A starting point in finding a confidence interval for a parameter is to first start with anestimate for the parameter. For example, in finding a CI for µ, we may start with Xn andenlarge it to an interval [Xn−a,Xn +a]. Similarly, in finding a CI for σ2 we use the estimate

s2
n = 1

n−1 ∑n
i=1(Xi−Xn)2 if µ is unknown and Wn = 1

n
∑n

i=1(Xi−µ)2 if the value of µ is known.
6.1. Estimating µ when σ2 is known. We look for a confidence interval of the form

In = [Xn − a,Xn + a]. Then,
P (In 3 µ) = P

(
−a ≤ Xn − µ ≤ a

) = P
(
−a
√
n

σ ≤
√
n(Xn − µ)

σ ≤ a
√
n

σ

)
Now we use two facts about normal distribution that we have seen before.(1) If Y ∼ N(µ, σ2) then aX + b ∼ N(aµ + b, a2σ2).

(2) If Y1 ∼ N(µ, σ2) and Y2 ∼ N(ν, τ2) are independent, then Y1 + Y2 ∼ N(µ + ν, σ2 + τ2).
Consequently, Xn ∼ N(0, σ2/n) and √

n(Xn−µ)
σ ∼ N(0, 1). Therefore,

P (In 3 µ) = P(−a√nσ ≤ Z ≤ −a
√
n

σ )
where Z ∼ N(0, 1). Fix any 0 < α < 1 and denote by zα the number such that P(Z > zα) = α(in other words, zα is the (1− α)-quantile of the standard normal distribution). For example,from normal tables we find that z0.05 ≈ 1.65 and z0.005 ≈ 2.58 etc.If we set a = zα/2σ/√n, we get

P
([

Xn −
σ√
nzα/2, Xn + σ√

nzα/2
]
3 µ
) = 1− α.

This is our confidence interval.
6.2. Estimating σ2 when µ is known. Since µ is known, we use Wn = 1

n
∑n

i=1(Xi−µ)2 toestimate σ2. Here is an exercise.
EXERCISE 48. Let Z1, . . . , Zn be i.i.d. N(0, 1) random variables. Then, Z21 + . . . + Z2

n ∼Gamma(n/2, 1/2).
Solution: For t > 0 we have

P{Z21 ≤ t} = P{−
√
t ≤ Z1 ≤ √t} = 2

√
t∫

0
1√2πe−u2/2du = 1√2π

t∫
0
e−s/2s−1/2ds.
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Differentiate w.r.t t to see that the density of Z21 is h(t) = 1√
πe
−t/2t−1/2√(1/2), which is just theGamma(12 , 12 ) density.Now, each Z2

k has the same Gamma(12 , 12 ) density, and they are independent. Earlierwe have seen that when we add independent Gamma random variables with the same scaleparameter, the sum has a Gamma distribution with the same scale but whose shape parameteris the sum of the shape parameters of the individual summands. Therefore, Z21 + . . .+Z2
n hasGamma(n/2, 1/2) distribution. This completes the solution to the exercise.

In statistics, the distribution Gamma(n2 , 12 ) is usually called the chi-squared distribution
with n degrees of freedom. Let χ2

n (α) denote the 1−α quantile of this distribution. Similarly,
χ2
n (1− α) is the α quantile (i.e., the probability for the chi-squared random variable to fallbelow χ2

n (1− α) is exactly α).When Xi are i.i.d. N(µ, σ2), we know that (Xi − µ)/σ are i.i.d. N(0, 1). Hence, by the abovefact, we see that
nWn
σ2 = n∑

i=1
(
Xi − µ
σ

)2

has chi-squared distribution with n degrees of freedom. Hence
P

{
nWn
χ2
n
(α2 ) ≤ σ2 ≤ nWn

χ2
n
(1− α2 )

} = P
{
χ2
n

(1− α2) ≤ nWn
σ2 ≤ χ2

n

(α2)
} = 1− α.

Thus, [ nWn
χ2n( α2 ) , nWn

χ2n(1− α2 )
] is a (1− α)-confidence interval for σ2.

6.3. An important result on Gaussian samples. Before going to the next two confidenceinterval problems, let us try to understand the two examples already covered. In both cases,we came up with a random variable (√n(Xn − µ)/σ and Wn/σ2, respectively) which involvedthe data and the unknown parameter whose distributions we knew (standard normal and χ2
n ,respectively) and these distributions do not depend on any parameters. This is generally thekey step in any confidence interval problem. For the next two problems, we cannot use thesame two random variables as above as they depend on the other unknown parameter too(i.e., √n(Xn −µ)/σ uses σ which will be unknown and Wn/σ2 uses µ which will be unknown).Hence, we need a new result that we state without proof.

THEOREM 49. Let Z1, . . . , Zn be i.i.d. N(µ, σ2) random variables. Let Z̄n and s2
n be the

sample mean and the sample variance, respectively. Then,

Z̄n ∼ N(µ, σ2
n ), (n − 1)s2

n
σ2 ∼ χ2

n−1,
and the two are independent.

This is not too hard to prove (a muscle-flexing exercise in change of variable formula)but we skip the proof. Note two important features. First, the surprising independence of thesample mean and the sample variance. Second, the sample variance (appropriately scaled)
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has χ2 distribution, just like Wn in the previous example, but the degree of freedom is reducedby 1. Now we use this theorem in computing confidence intervals.
6.4. Estimating σ2 when µ is unknown. The estimate s2

n must be used as Wn dependson µ which is unknown. Theorem thm:indepofsamplemeanandvar tells us that (n−1)s2
n

σ2 ∼ χ2
n−1.Hence, by the same logic as before we get

P

{(n − 1)s2
n

χ2
n−1 (α2 ) ≤ σ2 ≤ (n − 1)s2

n
χ2
n−1 (1− α2 )

} = P
{
χ2
n−1 (1− α2) ≤ (n − 1)s2

n
σ2 ≤ χ2

n−1 (α2)
}

= 1− α.
Thus, [ (n−1)s2

n
χ2
n−1( α2 ) , (n−1)s2

n
χ2
n−1(1− α2 )

] is a (1− α)-confidence interval for σ2.
If µ is known, we could use the earlier confidence interval using Wn , or simply ignore theknowledge of µ and use the above confidence interval using s2

n . What is the difference? Thecost of ignoring the knowledge of µ is that the second confidence interval will be typicallylarger, although for large n the difference is slight. This is because the quantiles χ2
n(α/2)increase with n. The quantiles of χ2

n(1− α/2) also increase, but to see what happens, here isa table of the reciprocals (which is how the quantiles occur in the confidence intervals) for afew n:
n 1 3 5 7 91

χ2n(0.9) 0.37 0.16 0.11 0.08 0.071
χ2n(0.1) 63.33 1.71 0.62 0.35 0.24

On the other hand, if our knowledge of µ was inaccurate, then the first confidence interval isinvalid (we have no idea what its level of confidence is!) which is more serious. In realisticsituations it is unlikely that we will know one of the parameters but not the other - hence,most often one just uses the confidence interval based on s2
n .

6.5. Estimating µ when σ2 is unknown. The earlier confidence interval We look for aconfidence interval [Xn − σ√
nzα/2, Xn + σ√

nzα/2] cannot be used as we do not know the valueof σ .A natural idea would be to use the estimate s2
n = 1

n−1 ∑n
i=1(Xi − Xn)2 in place of σ2.However, recall that the earlier confidence interval (in particular, the cut-off values zα/2 in theCI) was an outcome of the fact that

√
n(Xn − µ)

σ ∼ N(0, 1).
Is it true if σ is replaced by sn? Actually no, but we have a different distribution called
Student’s t-distribution.
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EXERCISE 50. Let Z ∼ N(0, 1) and S2 ∼ χ2
n−1 be independent. Then, the density of Z

S/
√
n−1is given by 1√

n − 1Beta(12 , n−12 ) 1(1 + t2
n−1) n2

for all t ∈ R. This is known as Student’s t-distribution with n− 1 degrees of freedom. [Note:The reason for using χ2
n−1 rather than χ2

n is that this is how it occurs in most situations, with
n being the sample size. We use (n−1)s2

n which has χ2
n−1 distribution for Normal samples. Italso reminds us (since the formula does not make sense when n = 1) that with 1 data pointthere is no way to estimate variance.]

The exact density of t-distribution is not important to remember, so the above exercise isoptional. The point is that it can be computed from the change of variable formula and thatby numerical integration its CDF can be tabulated.

FIGURE 2. Densitied of Student’s t-distribution with 3 and 9 degrees of free-dom (blue and orange, respectively) and the standard normal density function(green). The picture indicates that tn(α) decreases to zα as n increases to ∞,for small values of α.

How does this help us? From Theorem 49 we know that √n(Xn−µ)
σ ∼ N(0, 1), (n−1)s2

n
σ2 ∼ χ2

n−1,and the two are independent. Take these random variables in the above exercise to concludethat √n(Xn−µ)
sn has tn−1 distribution.The t-distribution is symmetric about zero (the density at t and at −t are the same).Further, as the number of degrees of freedom goes to infinity, the t-density converges to thestandard normal density. What we need to know is that there are tables from which we canread off specific quantiles of the distribution. In particular, by tn(α) we mean the 1−α quantileof the t-distribution with n degrees of freedom. Then of course, the α quantile is −tn(α).
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Returning to the problem of the confidence interval, from the fact stated above, we seethat (use Tn to indicate a random variable having t-distribution with n degrees of freedom).
P
(
Xn −

sn√
ntn−1 (α2) ≤ µ ≤ Xn + sn√

ntn−1 (α2)
)

= P
(
−tn−1 (α2) ≤

√
n(Xn − µ)

sn
≤ tn−1 (α2)

)
= P

(
−tn−1 (α2) ≤ Tn−1 ≤ tn−1 (α2))= 1− α.

Hence, our (1− α)-confidence interval is [Xn − sn√
n tn−1 (α2 ) , Xn + sn√

n tn−1 (α2 )].
REMARK 51. We remarked earlier that as n Ï ∞, the tn−1 density approaches the standardnormal density. Hence, tn−1(α) approaches zα for any α (this can be seen by looking at the

t-table for large degree of freedom). Therefore, when n is large, we may as well use[
Xn −

sn√
nzα/2, Xn + sn√

nzα/2
]
.

Strictly speaking the level of confidence is smaller than for the one with tn−1(α/2). Howeverfor n large the level of confidence is quite close to 1− α.Or to put it in another way, if we know σ2 is it better to use the CI based on Wn orpretend to not know σ2 and use the CI based on sn? In the latter case we use the t-distributionquantiles, and it can be shown that if α is fixed, the sequence tn(α) decreases to zα. Thereforethe quantile based on s2
n tends to be larger.

7. Confidence interval for the mean

Now suppose X1, . . . , Xn are i.i.d. random variables from some distribution with mean µand variance σ2, both unknown. How can we construct a confidence interval for µ?In case of normal distribution, recall that the (1− α)-CI that we gave was[
Xn −

σ√
nzα/2, Xn + σ√

nzα/2
]

if σ2 is known, and[
Xn −

sn√
ntn−1 (α2) , Xn + sn√

ntn−1 (α2)
]
or
[
Xn −

sn√
nzα/2, Xn + sn√

nzα/2
]

if σ2 is unknown.Are this a valid confidence interval if Xi are i.i.d from a different distribution? Theanswer is “No” in both cases. If Xi are from some general distribution then the distributionsof √n(Xn − µ)/sn and √n(Xn − µ)/σ are very complicated to find. Even if Xi have Binomialor Exponential distributions, the distribution of √n(Xn − µ)/sn and √n(Xn − µ)/σ dependon the parameters in a complex way (in particular, the distributions are not free from theparameters, which is important in constructing confidence intervals).
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But suppose n is large. Then the sample variance is close to population variance and hence
sn ≈ σ . Further, by CLT, we know that √n(Xn − µ)/σ has approximately N(0, 1) distribution.Hence, we see that

P
{
−zα/2 ≤

√
n(Xn − µ)

sn
≤ zα/2

}
≈ Φ(zα/2)−Φ(−zα/2) = 1− α.

Consequently, we may say that
P
{
Xn −

sn√
nzα/2 ≤ µ ≤ Xn + sn√

nzα/2
}
≈ 1− α.

Thus, [Xn − sn√
nzα/2, Xn + sn√

nzα/2
] is an approximate (1−α)-confidence interval. Further, when

n is large, s2
n = 1

n−1 ∑n
i=1(Xi −Xn)2 and Vn := 1

n
∑n

i=1(Xi −Xn)2 are almost the same (indeed,
s2
n = n

n−1Vn). Hence it is also okay to use [Xn −
√
Vn√
n zα/2, Xn + √

Vn√
n zα/2

] as an approximate(1− α)-confidence interval.
EXAMPLE 52. Let X1, . . . , Xn be i.i.d. Ber(p). Consider the problem of finding a confidenceinterval for p. Since each Xi is 0 or 1, observe that

ŝ2
n = 1

n

n∑
i=1 X

2
i −X

2
n = Xn − (Xn)2 = Xn(1−Xn).

Hence, an approximate (1− α)-CI for p is given byXn − zα/2
√
Xn(1−Xn)

n ,Xn + zα/2
√
Xn(1−Xn)

n

 .

8. Actual confidence by simulation

Suppose we have a candidate confidence interval whose confidence we do not know. Forexample, let us take the confidence intervalXn − zα/2
√
Xn(1−Xn)

n ,Xn + zα/2
√
Xn(1−Xn)

n

 .
for the parameter p of i.i.d. Ber(p) samples. We saw that for large n this has approximately(1− α) confidence. But how large is large? Or alternately, if n is not large, then what is theactual confidence level of this interval? One way to check this is by simulation. We explainhow.Take p = 0.3 and n = 10. Simulate n = 10 independent Ber(p) random variables andcompute the confidence interval given above. Check whether it contains the true value of p(i.e., 0.3) or not. Repeat this exercise 10000 times and see what proportion of times it contains0.3. That proportion is the true confidence, as opposed to 1−α (which is valid only for large
n). Repeat this experiment with n = 20, n = 30 etc. See how close the actual confidence is to
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1−α. Repeat this experiment with different value of p. The n you need to get close to 1−αwill depend on p (in particular, on how close p is to 1/2).This was about checking the validity of a confidence interval that was specified. In a realsituation, it may be that we can only get n = 20 samples. Then what can we do? If wehave an idea of the approximate value of p, we can first simulate Ber(p) random numberson a computer. We compute the sample mean each time, and repeat 10000 times to get somany values of the sample mean. Note that the histogram of these 10000 values tells us(approximately) the actual distribution of Xn . Then we can find t (numerically) such that[Xn − t,Xn + t] contains the true value of p in (1 − α)-proportion of the 10000 trials. Then,[Xn − t,Xn + t] is a (1− α)-CI for p. Alternately, we may try a CI of the formXn − t

√
Xn(1−Xn)

n ,Xn + t

√
Xn(1−Xn)

n

 .
where we choose t numerically to get (1− α) confidence.
Summary: The gist of this discussion is this. In the neatly worked out examples of theprevious sections, we got explicit confidence intervals. But we assumed that we knew thedata came from N(µ, σ2) distribution. What if that is not quite right? What if it is not any ofthe nicely studied distributions? The results also become invalid in such cases. For large n,using law of large numbers and CLT we could overcome this issue. But for small n? Thepoint is that using simulations we can calculate probabilities, distributions, etc, numericallyand approximately. That is often better, since it is more robust to assumptions.
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CHAPTER 12
Hypothesis testing

1. Hypothesis testing - first examples

Earlier in the course we discussed the problem of how to test whether a “psychic” canmake predictions better than a random guesser. This is a prototype of what are called testing
problems. We start with this simple example and introduce various general terms and notionsin the context of this problem.

QUESTION 53. A “psychic” claims to guess the order of cards in a deck. We shuffle a deckof cards, ask her to guess and count the number of correct guesses, say X.
One hypotheses (we call it the null hypothesis and denote it by H0) is that the psychic isguessing randomly. The alternate hypothesis (denoted H1) is that his/her guesses are betterthan random guessing (in itself this does not imply existence of psychic powers. It could bethat he/she has managed to see some of the cards etc.). Can we decide between the twohypotheses based on X?
What we need is a rule for deciding which hypothesis is true. A rule for deciding betweenthe hypotheses is called a test. For example, the following are examples of rules (the onlycondition is that the rule must depend only on the data at hand).
EXAMPLE 54. We present three possible rules.(1) If X is an even number declare that H1 is true. Else declare that H1 is false.
(2) If X ≥ 5, then accept H1, else reject H1.
(3) If X ≥ 8, then accept H1, else reject H1.The first rule does not make much sense as the parity (evenness or oddness) has little to dowith either hypothesis. On the other hand, the other two rules make some sense. They relyon the fact that if H1 is true then we expect X to be larger than if H0 is true. But the questionstill remains, should we draw the line at 5 or at 8 or somewhere else?

In testing problems there is only one objective, to avoid the following two possible typesof mistakes. Type-I error: H0 is true but our rule concludes H1.
Type-II error: H1 is true but our rule concludes H0.The probability of type-I error is called the significance level of the test and usually denoteby α. That is, α = PH0{the test accepts H1} where we write PH0 to mean that the probability iscalculated under the assumption that H0 is true. Similarly one define the power of the test as
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β = PH1{the test accepts H1}. Note that β is the probability of not making type-II error, andhence we would like it to be close to 1. Given two tests with the same level of significance,the one with higher power is better. Ideally we would like α to be close to 0 and β to be closeto 1 simultaneously, but that is not always achievable. More precisely, it is achievable if wecould increase sample size enormously, but we may not have the option).We fix the desired level of significance, usually α = 0.05 or 0.1 and only consider testswhose probability of type-I error is at most α. It may seem surprising that we take α to beso small. Indeed the two hypotheses are not treated equally. Usually H0 is the default option,representing traditional belief and H1 is a claim that must prove itself. As such, the burdenof proof is on H1.To use analogy with law, when a person is convicted, there are two hypotheses, one thathe is guilty and the other that he is not guilty. According to the maxim “innocent till provedguilty”, one is not required to prove his/her innocence. On the other hand guilt must beproved. Thus the null hypothesis is “not guilty” and the alternative hypothesis is “guilty”.In our example of card-guessing, assuming random guessing, we have calculated thedistribution of X long ago. Let pk = P{X = k} for k = 0, 1, . . . , 52. Now consider a test of theform “Accept H1 if X ≥ k0 and reject otherwise”. Its level of significance is
PH0{accept H1} = PH0{X ≥ k0} = 52∑

i=k0
pi.

For k0 = 0, the right side is 1 while for k0 = 52 it is 1/52! which is tiny. As we increase
k0 there is a first time where it becomes less than or equal to α. We take that k0 to be thethreshold for cut-off.In the same example of card-guessing, let α = 0.01. Let us also assume that Poissonapproximation holds. This means that pj ≈ e−1/j! for each j . Then, we are looking for thesmallest k0 such that ∑∞j=k0 e−1/j! ≤ 0.01. For k0 = 4, this sum is about 0.019 while for k0 = 5this sum is 0.004. Hence, we take k0 = 5. In other words, accept H1 if X ≥ 5 and reject if
X < 5. If we took α = 0.0001 we would get k0 = 7 and so on.
Strength of evidence: Rather than merely say that we accepted H1 or rejected it wouldbe better to say how strong the evidence is in favour of the alternative hypothesis. This iscaptured by the p-value, a central concept of decision making. It is defined as the probability
that data drawn from the null hypothesis would show closer agreement with the alternative
hypothesis than the data we have at hand (read it five times!).Before we compute it in our example, let us return to the analogy with law. Supposea man is convicted for murder. Recall that H0 is that he is not guilty and H1 is that he isguilty. Suppose his fingerprints were found in the house of the murdered person. Does itprove his guilt? It is some evidence in favour of it, but not necessarily strong. For example,if the convict was a friend of the murdered person, then he might be innocent but have lefthis fingerprints on his visits to his friend. However if the convict is a total stranger, thenone wonders why, if he was innocent, his finger prints were found there. The evidence is
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stronger for guilt. If bloodstains are found on his shirt, the evidence would be even stronger!In saying this, we are asking ourselves questions like “if he was innocent, how likely is it thathis shirt is blood-stained?”. That is p-value. Smaller the p-value, stronger the evidence forthe alternate hypothesis.Now we return to our example. Suppose the observed value is Xobs = 4. Then the p-valueis P{X ≥ 4} = p4 + . . . + p52 ≈ 0.019. If the observed value was Xobs = 6, then the p-valuewould be p6 + . . .+ p52 ≈ 0.00059. Note that the computation of p-value does not depend onthe level of significance. It just depends on the given hypotheses and the chosen test.
2. The Likelihood ratio test

We consider the simplest hypothesis testing problem now. It is not in itself somethingthat occurs in practical situations. But it is mathematically interesting and the solution is ofrelevance in more general problems.Let f0 and f1 be two probability densities or probability mass functions. Our data consistsof a single sample X, drawn from f0 or from f1. The simplest testing problem is one wherewe need to decide between
H0 : X ∼ f0 versus H1 : X ∼ f1.If we fix a level of significance α, then there are many tests to choose from. All of them areas follows: Let A ⊆ R be a subset such that PH0 (X ∈ A) ≤ α, i.e., ∫A f0(x)dx ≤ α (if f0 is adensity, replace by sum if it is a mass function). Then consider the test TA (it depends on thechoice of A) which rejects the null and accepts the alternative if X ∈ A and refuses to acceptthe alternative if X 6∈ A. Then the probability of type-I error is at most α, since we chose Ato have probability less than or equal to α under f0.

EXAMPLE 55. Let f0 be the N(0, 1) density and let f1 be the N(0.6, 1) density. Let α = 0.10.Here are a few sets that have probability (approximately) equal to 0.10 under f0: (A) A =(−∞,−1.28], (B) A = [1.28,∞), (C) A = [0, 0.26], (D) A = [0.53, 0.85]. Which of these shouldwe pick as our rejection region (i.e., the test that rejects null when X ∈ A)? In this example, itseems most natural to choose the second one, as f1 favours larger values of X and f0 favourssmaller values of X (relative to each other). But what is the basis for this choice?
If we have two unrelated densities, say N(0, 1) and standard Cauchy or N(1, 1) and Exp(1),then what would you do? Even if they have different means, it need not be true that thesecond kind of interval is best. Among all level-α tests, it makes sense to pick the one withthe highest power (i.e., the smallest type-II error probability). This means, that we should

maximize ∫
A
f1(x)dx over all A ⊆ R subject to ∫

A
f0(x)dx ≤ α.

The answer turns out to be clean!
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LEMMA 56 (Neyman-Pearson). Let f0 and f1 be densities or mass functions. Among all
the α-level tests, the one with the highest power is the one whose rejection region is of the
form A∗ = {x : f1(x)

f0(x) ≥ bα}, where bα is chosen so that the type-I error of TA∗ is equal to α.

REMARK 57. In the discrete setting, it may not be possible to find a b so that the level isequal to α. In this case, we may have to resort to randomization. We do not describe it ingeneral now, but the Poisson example below explains it in that context and it should make itclear how the general situation goes.
The optimal test described in this lemma is called the likelihood ratio test.
EXAMPLE 58. Returning to the earlier example,

f1(x)
f0(x) = e 12x2− 12 (x−0.6)2 = e0.6x−0.18.

Hence the rejection region is of the form A∗ = {x : e0.6x−0.18 > b} for some b, which is thesame as A∗ = [c,∞) for some other c. To achieve level α we take c = zα, hence the best testis the one that rejects the null hypothesis if and only if X > zα.
Let us do a discrete example.
EXAMPLE 59. Let H0 : X ∼ Pois(3) and H1 : X ∼ Pois(2). In this case

f1(k)
f0(k) = e−22k/k!

e−33k/k! = e
(23
)k

.

As this is a decreasing function of k, the rejection region A∗ of the likelihood ratio test is ofthe form {0, 1, . . . , `} for some ` . The right choice of ` is such that the level is short of α, butif we include ` + 1 the level would jump over α. In other words, we choose ` so that
∑̀
j=0 e

−3 3j
j! ≤ α <

`+1∑
j=0 e

−3 3j
j! .

Finally the test rejects the null if and only if X ≤ ` . In this case, the level of the test may notbe exactly equal to α.We can achieve that, provided we allow randomization as follows. Write α1 = ∑`
j=0 e−3 3j

j! ,so what is left-over is α − α1. By our choice of ` , it is clear that α − α1 < f1(` + 1). Now set
r = α−α1

f1(`+1) so that r ∈ [0, 1). Now the test is as follows: If X ≤ ` , reject the null hypothesis. If
X = ` + 1, then draw a uniform random number U ∼ Unif[0, 1], and if U ≤ r, then reject thenull. In all other cases (either X > ` or X = ` + 1 and U > r) we reject the alternative. It iseasy to see that this test achieves level α.

Let us give an example to show that the region need not be a one sided interval.
EXAMPLE 60. Let H0 : X ∼ N(0, 1) and H1 : X ∼ N(0, 2). In this case

f1(x)
f0(x) = 1√2e x24
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hence the rejection region of the likelihood ratio test is of the form {x : x2 > c} for some
c > 0 or equivalently {x : |x| ≥ √c}. To achieve level α we must take √c = zα/2. That is,reject the null hypothesis if and only if |X| ≥ zα/2.

PROOF OF THE NEYMAN-PEARSON LEMMA. We write the proof when f0 and f1 are proba-bility density functions. Let A∗ = {x : f1(x) ≥ bαf0(x)} and let A ⊆ R be any set such that
PH0 (X ∈ A) = α (recall that bα is so chosen that PH0 (X ∈ A∗) = α). Then,

PH1 (X ∈ A) = ∫
A∩A∗

f1(x)dx + ∫
A\A∗

f1(x)dx,
≤
∫
A∩A∗

f1(x)dx + ∫
A\A∗

bαf0(x)dx
= ∫

A∩A∗
f1(x)dx + bα

∫
A\A∗

f0(x)dx.(21)
The inequality in the second line comes from the fact that f1(x) < bαf0(x) for x ∈ A \ A∗. Ifwe interchange the roles of A and A∗, we use that f1(x) ≥ bαf0(x) for x ∈ A∗ \ A to get

PH1 (X ∈ A∗) = ∫
A∩A∗

f1(x)dx + ∫
A∗\A

f1(x)dx,
≥
∫
A∩A∗

f1(x)dx + ∫
A∗\A

bαf0(x)dx
= ∫

A∩A∗
f1(x)dx + bα

∫
A∗\A

f0(x)dx.(22)
Lastly, we claim that ∫

A\A∗
f0(x)dx = ∫

A∗\A
f0(x)dx.(23)

To see this, we write the significance levels of the two tests as
α = PH0 (X ∈ A) = ∫

A∩A∗
f0(x)dx + ∫

A\A∗
f0(x)dx,

α = PH0 (X ∈ A∗) = ∫
A∩A∗

f0(x)dx + ∫
A∗\A

f0(x)dx.
Subtracting the second from the first gives (23).Combining (21), (22) and (23) shows that PH1 (X ∈ A∗) ≥ PH1 (X ∈ A). Thus, the test withrejection region A∗ has the highest power among all level-α tests. �

Summary: In this section we saw the simplest hypothesis testing problem. To be clear thesimplicity does not refer to the fact that we have only one sample X, that can be generalized tomultiple samples very easily. What we allude to is that both the null and alternate hypothesesspecify one single distribution each. In most realistic examples of practical importance, atleast the alternate hypothesis will consist not of one distribution but many. For example, wecould have H0 : X ∼ N(0, 1) versus H1 : X ∼ N(µ, 1) for some µ > 0.
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In such cases, the power (or the probability of type-II error) is not a number, but a functionof µ, µ > 0. So it does not make sense to ask for maximizing the power. In any case, we arenot interested in optimality at this stage. We just want to consider a few interesting classes oftesting problems, and come up with natural tests for them.
3. Testing for the mean of a normal population

Let X1, . . . , Xn be i.i.d. N(µ, σ2). We shall consider the following hypothesis testing prob-lems.(1) One sided test for the mean. H0 : µ = µ0 versus H1 : µ > µ0.
(2) Two sided test for the mean. H0 : µ = µ0 versus H1 : µ 6= µ0.This kind of problem arises in many situations in comparing the effect of a treatment asfollows.

EXAMPLE 61. Consider a drug claimed to reduce blood pressure. How do we check ifit actually does? We take a random sample of n patients, measure their blood pressures
Y1, . . . , Yn . We administer the drug to each of them and again measure the blood pressures
Y ′1, . . . , Y ′n , respectively. Then, the question is whether the mean blood pressure decreasesupon giving the treatment. To this effect, we define Xi = Yi−Y ′i and wish to test the hypothesisthat the mean of Xis is strictly positive. If Xi are indeed normally distributed, this is exactlythe one-sided test above.

Because of the kind of situation in the above example, this testing problem is also called
paired sample test. We have pairs of samples (Yi, Y ′i ), where both are measurements on thesame entity (before treatment and after treatment, for example). The same applies to testthe efficacy of a fertilizer to increase yield, a proposed drug to decrease weight, a particulareducational method to improve a skill, or a particular course such as the current probability
and statistics course in increasing subject knowledge. To make a policy decision on suchmatters, we can conduct an experiment as in the above example.For example, a bunch of students are tested on probability and statistics and their scoresare noted. Then they are subjected to the course for a semester. They are tested again afterthe course (for the same marks, and at the same level of difficulty) and the scores are againnoted. Take differences of the scores before and after, and test whether the mean of thesedifferences is positive (or negative, depending on how you take the difference). This is aone-sided tests for the mean. Note that in these examples, we are taking the null hypothesisto be that there is no effect. In other words, the burden of proof is on the new drug orfertilizer or the instructor of the course.
The test: Now we present the test. We separate two cases, depending on whether we know
σ2. (1) If we know σ2 (then denote it σ20 ), then the test statistic Z = √

n(Xn−µ0)
σ0 has N(0, 1)distribution, under the null hypothesis.
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(2) If we don’t know σ2, then the statistic T := √
n(Xn−µ0)

sn has Student’s t-distribution with
n − 1 degrees of freedom, under the null hypothesis.The tests based on these are as follows.(1) One-sided test: If σ2 is known, then accept the alternative if Z > zα. If σ2 is unknown,then accept the alternative hypothesis if T > tn−1(α).

(2) Two sided-test: If σ2 is known, then accept the alternative hypothesis if |Z| > zα/2. If
σ2 is unknown, then accept the alternative hypothesis if |T| > tn−1(α/2)|.It should be clear that these are level-α tests. But these are not the only ones. Even if wedecide to base our test on Z or onT, there are many choices of tests. For example, if σ2 is notknown, then we can choose any subset A ⊆ R that has probability α under the t-distributionwith n − 1 degrees of freedom, and reject the null when T falls inside A. We can providetwo reasons for choosing the above test.

(1) If X̄ is much larger than µ0 then the greater is the evidence that the true mean µ isgreater than µ0. Hence the rejection region should be of the form T > b for some
b (for the one-sided test when σ2 is unknown).

(2) Another rationale comes from our analysis in the earlier section. Assume that σ2is known, and consider the one-sided test. If we replace the alternate hypothesis bythe simpler hypothesis H1 : µ = µ1 for some fixed µ1 > µ0, then we know that thelikelihood ratio test is the best, and that the LRT takes the form Z > zα. Since this isthe best test for any fixed µ1, shouldn’t it be the reasonable choice for the one-sidedtest too?These give a rationale for the rejection region, once we accept that we want to base our teston Z or T. But what is the reason for basing the test on these statistics?(1) We want our test to be immune to change of units. For example, our conclusionregarding whether a fertilizer increases the growth of wheat should remain thesame whether the height of the wheat grass is measured in centimeters or inches.This means that the test should be based on dimension-free quantities (Xi−µ0)/σ0 or(Xi − µ0)/sn .
(2) Why should the particular combinations (Z andT) of these standardized observationsbe used? Why not another function? In a more advanced statistics class, one makesa point that what can be done using the whole data can also be done using Z (in case

σ2 is known).
REMARK 62. Earlier we considered the problem of constructing a (1−α)-CI for µ when σ2is unknown. The two sided test abovecan be simply stated as follows: Accept the alternativeat level α if the corresponding (1 − α)-CI does not contain µ0. Conversely, if we had dealtwith testing problems first, we could define a confidence interval as the set of all those µ0 forwhich the corresponding test rejects the alternative.
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Thus, confidence intervals and testing are closely related. This is true in some greatergenerality. For example, one-sided confidence interval for µ are closely related to the one-sided tests above.
4. Testing for the difference between means of two normal populations

Let X1, . . . , Xn be i.i.d. N(µ1, σ21 ) and let Y1, . . . , Ym be i.i.d. N(µ2, σ22 ). We shall considerthe following hypothesis testing problems.(1) One sided test for the difference in means. H0 : µ1 = µ2 versus H1 : µ1 > µ2.
(2) Two sided test for the mean. H0 : µ1 = µ2 versus H1 : µ1 6= µ2.This kind of problem arises in many situations in comparing two different populations orthe effect of two different treatments etc. Actual data sets of such questions can be found inthe homework.

EXAMPLE 63. Suppose a new drug to reduce blood pressure is introduced by a pharmaceu-tical company. There is already an existing drug in the market which is working reasonablyalright. But it is claimed by the company that the new drug is better. How to test this claim?We take a random sample of n + m patients and break them into two groups of n andof m patients. The first group is administered the new drug while the second group isadministered the old drug. Let X1, . . . , Xn be the decrease in blood pressures in the firstgroup. Let Y1, . . . , Ym be the decrease in blood pressures in the second group. The claim isthat one average Xis are larger than Yis.Note that it does not make sense to subtract Xi−Yi and reduce to a one sample test as inthe previous section (here Xi is a measurement on one person and Yi is a measurement ona completely different person! Even the number of persons in the two groups may differ).This is an example of a two-sample test as formulated above.
EXAMPLE 64. The same applies to many studies of comparision. If someone claims thatAmericans are taller than Indians on average, or if it is claimed that cycling a lot leads toincrease in height, or if it is claimed that Chinese have higher IQ than Europeans, or if it isclaimed that Honda Activa gives better mileage than Suzuki Access, etc., etc., the claims canbe reduced to the two-sample testing problem as introduced above.

BIG ASSUMPTION: We shall assume that σ21 = σ22 = σ2 (yet unknown). This assumptionis not made because it is natural or because it is often observed, but because it leads tomathematical simplification. Without this assumption, no exact level-α test has been found!
The test: Let X̄, Ȳ denote the sample means of X and Y and let sX, sY denote the correspond-ing sample standard deviations. Since σ2 is the assumed to be the same for both populations,
s2
X and s2

Y can be combined to define
S2 := (n − 1)s2

X + (m− 1)s2
Y

m + n − 2184



which is a better estimate for σ2 than just s2
X or s2

Y (this S2 is better than simply taking(s2
X + s2

Y )/2 because it gives greater weight to the larger sample).Now define T = X̄−Ȳ
S
√ 1

n+ 1
m

. The following tests hav significance level α.
(1) For the one-sided test, accept the alternative if T > tn+m−2(α).
(2) For the one-sided test, accept the alternative ifT > tn+m−2(α/2) orT < −tn+m−2(α/2).

The rationale behind the tests: If X̄ is much larger than Ȳ then the greater is the evidencethat the true mean µ1 is greater than µ2. But again we need to standardize by dividing this byan estimate of σ , namely S. The resulting statistic T has a tm+n−2 distribution as explainedbelow.
The significance level is α: The question is where to draw the threshold. From the facts weknow,

X̄ ∼ N(µ1, σ2/n),
Ȳ ∼ N(µ2, σ2/m),

(n − 1)
σ2 s2

X ∼ χ2
n−1,

(m− 1)
σ2 s2

Y ∼ χ2
m−1

and the four random variables are independent. From this, it follows that (m+n−2)
σ2 S2 has

χ2
n+m−2 distribution. Further, Under the null hypothesis

X̄ − Ȳ

σ
√ 1

n + 1
m

∼ N(0, 1).
It is also clearly independent of S. Taking ratios, we see that (observe that σ cancels)

T = X̄−Ȳ
σ
√ 1

n+ 1
m√

S2
σ2(m+n−2)has Student’s t-distribution with m + n − 2 degrees of freedom (under the null hypothesis).

5. Testing for the mean in absence of normality

Suppose X1, . . . , Xn are i.i.d. Ber(p). Consider the test
H0 : p = p0 versus H1 : p 6= p0.One can also consider the one-sided test. Just as in the confidence interval problem, wecan give a solution when n is large, using the approximation provided by the central limit

185



theorem. Recall that an approximate (1− α)-CI isXn − zα/2
√
Xn(1−Xn)

n ,Xn + zα/2
√
Xn(1−Xn)

n

 .
Inverting this confidence interval, we see that a reasonable test is:Reject the alternative if p0 belongs to the above CI. That is, accept the alternative if

Xn − zα/2
√
Xn(1−Xn)

n ≤ p0 ≤ Xn + zα/2
√
Xn(1−Xn)

nThis test has (approximately) significance level α.
More generally, if we have data X1, . . . , Xn from a population with mean µ and variance

σ2, then consider the test
H0 : µ = µ0 versus H1 : µ 6= µ0.A test with approximate significance level α is given by: Reject the alternative if
Xn − zα/2 sn√n ≤ µ0 ≤ Xn + zα/2 sn√n.Just as with confidence intervals, we can find the actual level of significance (if n is not largeenough) by simulating data on a computer.

5.1. An impossible testing problem. Suppose X1, . . . , Xn are i.i.d. Ber(p) and considerthe hypotheses
H0 : p 6= 12 H1 : p = 12 .There are no tests at all for this problem. The null hypothesis is so broad that anything thatcan be explained by the alternative can also be explained by the null, hence there is never areason to reject it. For example, suppose we toss the coin 100 times and get exactly 50 heads.That may indicate that the alternative is correct, but the null value of p = 0.50001 is fullyconsistent with the data. Since the null is our default belief, and we only reject it if there isstrong evidence against it, we see that in this problem we never reject the null.Another impossible to test problems are H0 : p ∈ Q versus H1 : p 6∈ Q (it is just as bad ifwe interchange the two hypotheses).

REMARK 65. It is not just that the null hypothesis is a compound hypothesis (i.e., it hasmultiple values of the parameters). For example, the test H0 : p ≤ 12 versus H1 : p > 12 ,is perfectly fine. In fact, the test for this is the same as if the null hypothesis simply said
H0 : p = 12 . In the impossible problems above, for every value of θ in the alternativehypothesis, there are values in the null hypothesis that are arbitrarily close to θ, hence thenull is impossible to rule out.

Another remark is that even the impossible problems above become possible, if only wehad infinite data! For example, if X1, X2, . . . are i.i.d. Ber(p), then the strong law of large
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numbers (we only talked about the weak law of large numbers, this is slightly different) assertsthat the sequence Xn converges to p with probability 1. Thus, by computing the limit, we cansay for sure whether or not p = 12 . Then, not only can we decide between H0 : p 6= 12 versus
H1 : p = 12 , we can even decide with zero probabilities of type-1 and type-2 errors! But wenever have infinite data in statistics, so this discussion is purely academic.

6. A few non-parametric testing problems

Although in the beginning we said that we stay with parametric problems in statistics,there are some pro problems of such importance that we wish to talk about them. Here webriefly describe three of them, and in successive sections we discuss them in some details.
I Goodness of fit test: We have said on various occasions that heights and weightsfollow Normal distribution, that lifetimes of certain electronic components follow Exponentialdistribution, that the number of traffic accidents in a junction follows Poisson distribution,etc. While there may be theoretical justifications for some of these, ultimately they have tobe checked against data. How can we test that heights follow Normal distribution? We canformulate this as a hypothesis testing problem.
I Test of independence: Are musical and mathematical abilities independent of eachother? Is academic performance independent of performance in sports? Is incidence of lungcancer independent of smoking? Is brain size independent of IQ score? Is the height of apea plant independent of its seed-type (smooth/wrinkled)? There are many questions in thesame vein that one can ask. In all these cases, we have two features X and Y of an individualentity (could be a person or a plant or something else), and we want to check if the featuresare independent of each other.The natural idea is to take a sample of individuals and take the measurements (X1, Y1), . . . , (Xn, Yn).For example Xk could be the score in a mathematics exam and Yk could be the score of thesame person in a music exam. A special case is when (X, Y ) has jointly Normal distribution.In that case, independence is the same as the correlation ρ = Cov(X, Y ) being equal to 0. Thenthe problem is clear, H0 : ρ = 0 versus H1 : ρ 6= 0. This is a parametric testing problem, andcan be solved.In the absence of Normality, independence is not the same as uncorrelatedness and wemust take a different approach. We formulate the general problem of checking independenceas a hypothesis testing problem.
I Comparison of distributions: Earlier we saw the two-sample test for comparison ofmeans in a Normal population. The problem of comparison is a natural one. We can testthe efficacy of two fertilizers by using them on two different mango orchards and measurethe number of mangoes in each theights of plants in both fields. What if the heights arenot normally distributed? We may be interested in comparing the IQ scores between twogroups of people (the groups could be populations of two countries or students of two differentschools. Again, what to do if we cannot assume normality of distributions?We formulate and solve this as a very general non-parametric testing problem.
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REMARK 66. Which is better, parametric or non-parametric? Of course this only mattersin cases where there is a choice. For example, we can test for independence between X and
Y assuming normality or without that assumption. Which is better? If the true distributionis Normal, then the parametric test will do much better (for the same level of significance,it wail have higher power). On the other hand, if our assumptions are on shaky foundation,it is better to do the non-parametric test. It is more conservative, but more reliable on thewhole.

7. Chi-squared test for goodness of fit

At various times we have made statements such as “heights follow normal distribution”,“lifetimes of bulbs follow exponential distribution” etc. Where do such claims come from?Over years of analysing data, of course. This leads to an interesting question. Can we testwhether lifetimes of bulbs do follow exponential distribution?We start with a simple example of testing whether a die is fair. The hypotheses are1
H0 : the die is fair versus H1 : the die is unfair.

We throw the die n times and record the observations X1, . . . , Xn . For j ≤ 6, let Ojbe the number of times we observe the face j turn up. In symbols Oj = ∑n
i=1 1Xi=j . Let

Ej = E[Oj ] = n6 be the expected number of times we see the face j (under the null hypothesis).Common sense says that if H0 is true then Oj and Ej must be rather close for each j . Howto measure the closeness? Karl Pearson introduced the test statistic
T := 6∑

j=1
(Oj − Ej )2

Ej
.

If the desired level of significance is α, then the Pearson χ2-test says “Reject H0 if T ≥ χ25 (α)”.The number of degrees of freedom is 5 here. In general, it is one less than the number ofbins (i.e., how many terms you are summing to get T).
Some practical points: The χ2 test is really an asymptotic statement. For large n, the level ofsignificance is approximately 1−α. There is no assurance for small n. Further, in performingthe test, it is recommended that each bin must have at least 5 observations (i.e., Oj ≥ 5).Otherwise we club together bins with fewer entries. The number 5 is a rule of thumb, themore the better.

1You may feel that the null and alternative hypotheses are reversed. Is not independence a special propertythat should prove itself. Yes and no. Here we are imagining a situation where we have some reason to think thatthe die is fair. For example perhaps the die looks symmetric. In any case, if we reverse the hypotheses, then likein the examples in Section 5.1, it will become an impossible problem. The null will never be rejected (becausethere are unfair dice with probabilities arbitrarily close to that of the fair die).
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Fitting the Poisson distribution: We consider the famous data collected by Rutherford,Chadwick and Ellis on the number of radioactive disintegrations. For details see the book ofFeller’s book (section VI.7) or this website.The data consists of X1, . . . , X2608 (where Xk is the number of particles detected by thecounter in the kth time interval. The hypotheses are
H0 : F is a Poisson distribution. H1 : F is not Poisson.The physical theories predict that the distribution ought to be Poisson and hence we havetaken it as the null hypothesis2We define Oj as the number of time intervals in which we see exactly j particles. Thus

Oj = ∑2608
i=1 1Xi=j . How do we find the expected numbers? If the null hypothesis had said that

F has Poisson(1) distribution, we could use that to find the expected numbers. But H0 onlysays Poisson(λ) for an unspecified λ? This brings in a new feature.First estimate λ, for example λ̂ = Xn is an MLE as well as method of moments estimate.Then we use this to calculate Poisson probabilities and the expected numbers. In other words,
Ej = e−λ̂ λ̂jj! . For the given data we find that λ̂ = 3.87. The table is as follows.

j 0 1 2 3 4 5 6 7 8 9 ≥ 10
Oj 57 203 383 525 532 408 273 139 45 27 16
Ej 54.4 210.5 407.4 525.4 508.4 393.5 253.8 140.3 67.9 29.2 17.1Two remarks: The original data would have consisted of several more bins for j = 11, 12 . . ..These have been clubbed together to perform the χ2 test (instead of a minimum of 5 perbin, they may have ensured that there are at least 10 per bin). Also, the estimate λ̂ = 3.87was obtained before clubbing these bins. Indeed, if the data is merely presented as the abovetable, there will be some ambiguity in how to find λ̂ as one of the bins says “≥ 10”.Then we compute

T = 10∑
j=0

(Oj − Ej )2
Ej

= 14.7.
Where should we look up in the χ2 table? Earlier we said that the degrees of freedom is oneless than the number of bins. Here we give the more general rule.
Degrees of freedom of the χ2 = No. of bins − 1−No. of parameters estimated from data.In our case we estimated one parameter, namely λ. Hence the d.f. of the χ2 is 11− 1− 1 = 9.Looking at χ29 table one can see that the p-value is 0.10. This is the probability that a χ29random variable is greater than 14.7. (Caution: Elsewhere I see that the p-value for thisexperiment is reported as 0.17, please check my calculations!). This means that at 5% level,we would not reject the null hypothesis. If the p-value was 0.17, we would not reject the nullhypothesis even at 10% level.

2When a new theory is proposed, it should prove itself and is put in the alterntive hypotheis, but here wetake it as null.
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Fitting a continuous distribution: Chi-squared test can be used to test goodness of fit forcontinuous distributions too. We need some modifications. We must make bins of appropriatesize, like [a, a+h], [a+h, a+2h], . . . , [a+h(k−1), a+hk] for a suitable h and k. Then we findthe expected numbers in each bin using the null hypothesis (first estimating some parametersif necessary) and then proceed to compute T in the same way as before. Then check againstthe χ2 table with the appropriate degrees of freedom. We omit details.
The probability theorem behind the χ2-test for goodness of fit: Let (W1, . . . ,Wk) havemultinomial distribution with parameters n,m, (p1, . . . , pk). In other words, place n balls atrandom into m bins, but each ball goes into the ith bin with probability pi , and distinct ballsare assigned independently of each other. In the end, let Wi denote the number of balls inthe ith bin. The following proposition is the mathematics behind Pearson’s test.
Proposition [Pearson]: Fix k, p1, . . . , pk . Let Tn = ∑k

i=1 (Wi−npi)2
npi . Then Tn converges to a

χ2
k−1 distribution in the sense that P{Tn ≤ x} Ï

∫ x0 fk−1(u)du where fk−1 is the density of
χ2
k−1 distribution.

How does this help? Suppose X1, . . . , Xn are i.i.d. random variables taking k distinctvalues t1, t2, . . . , tk (the actual values will not matter) with probabilities p1, . . . , pk respectively.Then, let Wi be the number of Xis whose value is ti . Clearly, (W1, . . . ,Wk) has a multinomialdistribution. Therefore, for large n, the random variable Tn defined above (which is in factthe χ2-statistic of Pearson) has approximately χ2
k−1 distribution. This explains the test.

Sketch of proof of the proposition: Start with the case k = 2. Then, W1 ∼ Bin(n, p1) and
W2 = r − W1. Thus, Tn = (W1−np1)2

np1p2 (recall that p1 + p2 = 1 and check this!). We know that(W1−np1)/√np1q1 is approximately a N(0, 1) random variable, where qi = 1−pi). Its squarehas (approximatelyχ21 distribution. Thus the proposition is proved for k = 2.When k > 2, what happens is that the random variables ξi := (Wi − npi)/√npiqi areapproximately N(0, 1), but not independent. In fact the correlation between ξi and ξj is closeto −√pipj/qiqj . The sum of squares of ξis gives the χ2 statistic. On the other hand, one can(with some clever linear algebra/matrix manipulation) write ∑k
i=1 ξ2

i as ∑k−1
i=1 η2

i where ηi are
independent N(0, 1) random variables. Thus we get χ2

k−1 distribution.
8. Tests for independence

Suppose we have a bivariate sample (X1, Y1), (X2, Y2), . . . , (Xn, Yn) i.i.d. from a joint density(or joint pmf) f (x, y). The question is to decide whether Xi is independent of Yi .EXAMPLE 67. There are many situations in which such a problem arises. For example,suppose a bunch of students are given two exams, one testing mathematical skills and anothertesting verbal skills. The underlying goal may be to investigate whether the human brain hasdistinct centers for verbal and quantitative thinking.
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EXAMPLE 68. As another example, say we want to investigate whether smoking causeslung cancer. In this case, for each person in the sample, we take two measurements - X(equals 1 if smoker and 0 if not) and Y (equal 1 if the person has lung cancer, 0 if not). Theresulting data may be summarized in a two-way table as follows.
X = 0 X = 1

Y = 0 n0,0 n0,1 n0·
Y = 1 n1,0 n1,1 n1·

n·0 n·1 n

Here the total sample is of n persons and ni,j denote the numbers in each of the four boxes.The numbers n0· etc denote row or column sums. The statistical problem is to check ifsmoking (X) and incidence of lung cancer (Y ) are positively correlated.
8.1. Special case of bivariate normal data. We shall not discuss this problem in detailbut instead quickly give some indicators and move on. The point is that under the assumptionthat (Xi, Yi) are jointly Gaussian, independence is equivalent to having no correlation, hencethis becomes a parametric problem.Here we have (Xi, Yi) i.i.d bivariate normal random variables with E[X] = µ1, E[Y ] = µ2,Var(X) = σ21 , Var(Y ) = σ22 and Corr(X, Y ) = ρ. The testing problem is H0 : ρ = 0 versus

H1 : ρ 6= 0.The natural statistic to consider is the sample correlation coefficient (Pearson’s r statistic)
rn := sX,Y

sX sYwhere s2
X, s2

Y are the sample variances of X and Y and sX,Y = 1
n−1 ∑n

i=1(Xi − X̄)(Yi − Ȳ ) is thesample covariance. It is clear that the test should reject null hypothesis if rn is far from 0.To decide the threshold we need the distribution of rn under the null hypothesis.
THEOREM 69 (Fisher). Under the null hypothesis, r2

n has Beta(12 , n−22 ) distribution. Alter-

nately, under the null hypothesis, rn
√
n−2√1−r2n has Student’s-t distribution with n − 2 degrees of

freedom.

Using this result, we can draw the threshold for rejection using the Beta distribution (ofcourse the explicit threshold can only be computed numerically). That is, we reject the nullhypothesis if and only if
|rn|
√
n − 2√1− r2

n
≥ tn−2(α/2).

8.2. Without the normality assumption. If the assumption of normality of the data isnot satisfied, then this test is invalid. However, for large n as usual we can obtain an asymp-totically level-α test (for the hypothesis H0 : ρ = 0 versus H1 : ρ 6= 0, not for the question ofindependence) using the fact that rn
√
n−2√1−r2n has approximately standard Normal distribution.
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FIGURE 1. Histogram of 1000 samples of rn
√
n−2√1−r2n with n = 7, overlaid with thedensity of student’s t-distribution with 5 degrees of freedom.

Testing for independence in contingency tables: Here the measurements X and Y takevalues in {x1, . . . , xk} and {y1, . . . , y`}, respectively. These xi, yj are categories, not numericalvalues (such as “smoking” and “non-smoking”). Let the total number of samples be n and let
Ni,j be the number of samples with values (xi, yj ). Let Ni· = ∑j Ni,j and let N·j = ∑i Ni,j .We want to test

H0 : X and Y are independent
H1 : X and Y are not independent.

Let µ(i, j) = P{X = xi, Y = yj} be the joint pmf of (X, Y ) and let p(i), q(j) be the marginalpmfs of X and Y respectively. From the sample, our estimates for these probabilities wouldbe µ̂(i, j) = Ni,j/n and p̂(i) = Ni·/n and q̂(j) = N·j/n (which are consistent in the sense that∑
j µ̂(i, j) = p̂(i) etc).Under the null hypothesis we must have µ(i, j) = p(i)q(j). We test if these equalities hold(approximately) for the estimates. That is, define

T = k∑
i=1
∑̀
j=1

(Ni,j − np̂(i)q̂(j))2
np̂(i)q̂(j) .

Note that this is in the usual form of a χ2 statistic (sum of (observed− expected)2/expected).The number of terms is k` . We lose one d.f. as usual but in addition we estimate (k − 1)parameters p(i) (the last one p(k) can be got from the others) and (` − 1) parameters q(j).Consequently, the total degress of freedom is k` − 1− (k − 1)− (` − 1) = (k − 1)(` − 1).Hence, we reject the null hypothesis if T > χ2(k−1)(`−1)(α) to get (an approximately) level αtest.
9. Rank test for comparing two populations

We want to compare two populations on some feature. For example, IQ scores in twodifferent groups or yields of rice in two fields treated with different fertilizers.Let X1, . . . , Xn be i.i.d from an unknown distribution F and let Y1, . . . , Ym be i.i.d. from adistribution G . Our test takes the form:
H0: F = G .
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H1: G is larger than F in the sense that samples from G tend to be larger than samplesfrom F .The alternate hypothesis is not worded too precisely, but we leave it at that. If F and Gwe Normal distributions with means µ1 and µ2 (and the same variance σ2), then the alternatehypothesis would be that µ2 > µ1 (which we have seen how to test using the t-statistic). Forgeneral distributions, it is not just the means that matter, so we have worded it as above.Here is the beautiful idea on which we base the test. Combine all the Xis and the Yis andarrange them in order (assume that there are no ties, which is true if the underlying F and
G are continuous distributions). Let Ri denote the rank of Xi in the combined list (so R7 = 1is X7 is the largest among all Xis and Yis) and let R′i denote the rank of Yi in the combinedlist. Under the null hypothesis, X1, . . . , Xn, Y1, . . . , Ym are all i.i.d., hence all (m + n)! order-ings would be equally likely. In other words, the vector (R1, . . . , Rn, R′1, . . . , R′m) is uniformlydistributed in the set Sn of all permutations of {1, 2, . . . ,m + n}.Under the alternate hypothesis, Xi tend to be smaller than Yis, and hence must havehigher ranks. Therefore, a relevant statistic is Wilcoxon’s rank statistic

W = n∑
i=1 Ri −

12n(n +m + 1).
The reason for the second term is that under the null hypothesis, the for any i, the randomvariable Ri has uniform distribution in {1, 2, . . . , n+m} (but Ris are not independent of eachother), hence E[Ri] = 12 (n + m + 1). Therefore, E[W ] = 0. With a little more effort, one canalso calculate that Var(W ) = 112mn(m + n + 1) (under null hypothesis, of course).A reasonable test is one that rejects the null if and only if W is larger than a threshold.There are three ways to come up with the cut-off values.

(1) There are theorems to the effect that if m,n are large, then under the null hypothesis,
W√Var(W ) has approximately standard Gaussian distribution. Hence our test would be

to reject the null if and only if W−E[W ]√Var(W ) > zα.
(2) For very small m,n (so small that all (m+n)! permutations of {1, 2, . . . ,m+n} can belisted on a computer), we can find the exact probability mass function of W (undernull hypothesis), by simply enumerating all permutations of {1, 2, . . . ,m + n}, andcalculating the value of W for each. For example, when n = 3 and m = 4, here isthe pmf of W .
k 0 ± 1 ± 2 ± 3 ± 4 ± 5 ± 67!P{W = k} 720 576 576 432 288 144 144

P{W = k} 0.142857 0.114286 0.114286 0.0857143 0.0571429 0.0285714 0.0285714
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Once we have the exact distribution, we can of course draw the line at the (1 − α)-quantile. Keep in mind that in discrete situations, it may not be possible to find testof exact level α, unless randomization is allowed.
(3) If m and n are even moderately large, it becomes impossible to enumerate all thepermutations and compute W for each. Instead we use simulations. Although wedo not know the distribution from which the Xis and Yis come (even under the nullhypothesis), it is irrelevant to the rank statistic. We may assume that the commondistribution is Unif[0, 1] (because random numbers from other distribution can be gotby applying an increasing function to uniform random numbers, and ranks do notchange under monotone transformations). We can just sample m + n i.i.d. uniformrandom numbers, and compute W for it. Repeating this exercise a few hundred ora few thousand times, we get an idea of the distribution of W .For example, here we have the results for n = 3 and m = 4, got by simulating400 times.

k 0 ± 1 ± 2 ± 3 ± 4 ± 5 ± 6Sample proportion (500 samples) 0.132 0.124 0.098 0.082 0.073 0.029 0.028Sample proportion (1000 samples) 0.133 0.1145 0.1215 0.0845 0.0495 0.0325 0.031

FIGURE 2. Histogram of 4000 samples of W√Var(W ) with standard Normal densityoverlaid for comparison. Left: n = 10 and m = 8. Right: n = 20 and m = 15.
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CHAPTER 13
Regression

1. Regression and Linear regression

1.1. Description of the problem. Consider two measurements in an experiment X, Y .They could be pressure and volume of a ballon, pressure and temperature of air in a chamber,height and weight of a person, body mass and brain mass of animals, etc. In these cases,we expect that there is a dependence between the variables. We think of the variable X asindependent and Y as dependent, even if that is not always clear or true. We imagine thatthere is a functional relationship Y = f (X) and it is the object of science to discover thisfunction f .The essential approach to this is to gather data, by experiment or by sampling or historicaldata, that we write as (X1, Y1), . . . , (Xn, Yn). How to guess the function f from this data?What is the difficulty, and where does statistics come into this? Even when the independentvariable is under our control (like the pressure-volume experiment), there are errors inmeasurement. Hence, even if it is a truth that a functional dependence exists, Yi is usually notexactly equal f (Xi). In other situations (like the height-weight example), it is even worse as
Xi, Yi are realizations of random variables, and it may well happen that X1 = X2 but Y1 6= Y2(two people can have the same weight even if they have the same height), which means thatcan be no function such that f (Xi) = Yi for all i. The functional dependence is at best validin some approximate, average sense, which can nevertheless be useful. Thus, statistics isessential.Even so, if we allow ourselves to search among all possible functions, it is easy to findone that fits all the data points, i.e., there exists a function f : RÏ R (in fact we may take f tobe a polynomials of degree n) such that f (Xi) = Yi for each i ≤ n (this is true if we assumethat all Xi are distinct). This is not a good predictor, because the next data point (Xn+1, Yn+1)will likely fall way off the curve. We have found a function that “predicts” well all the data wehave, but not for a future observations! That is entirely useless.To prevent this overfitting of data, the right approach is to restrict the class of functions.For example the collection of all linear functions Y = βX + α where α, β ∈ R. Here thenature of the function is assumed/imposed, and only the unknown parameters α, β are left tobe determined from the data.

1.2. Why linear model? One may wonder if linearity is too restrictive. To some extent,but perhaps not as much as it sounds at first.(1) Firstly, many relationships are linear in a reasonable range of the X variable (forexample, resistance of a material versus temperature). The mathematical reason is
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that any smooth functions is approximable by a linear function in a short enoughinterval.
(2) Secondly, we may sometimes transform the variables so that the relationship becomeslinear. For example, if Y = aebX , then log(Y ) = a′ + b′X where a′ = log(a) and

b′ = log(b) and hence in terms of the new variables X and log(Y ), we have a linearrelationship.
(3) Lastly, as a slight extension of linear regression, one can study multiple linear re-

gression, where one has several independent variables X(1), . . . , X(p) and try to fit alinear function Y = β1X(1) + . . . + βpX(p). Once that is done, it increases the scopeof curve fitting even more. For example, if we have two variable X, Y , then we cantake X(1) = 1, X(2) = X, X(3) = X2. Then, linear regression of Y against X(1), X(2), X(3)is equivalent to fitting a quadratic polynomial curve Y = a + bX + cX2.
(4) Combining the previous two points, we can also use linear regression to find fits suchas Y = a0 + a1 cos(X) + a2 cos(2X) + b1 sin(X) + b2 sin(2X).In short, multiple linear regression along with non-linear transformations of the individualvariables allows the class of functions f is greatly extended.Nevertheless, there are situations where one may consider other classes of functions withwhich to fit data. In the old style statistics, one would choose a simple, analytically tractableclass of functions, possibly defined by a small number of parameters. (E.g., polynomials ofdegree at most 2). In modern ML (machine learning), the class of functions is simple todescribe and very effective in practice, but mathematically ugly looking. One example is asfollows: Consider the class of functions got by alternately composing (a) affine linear maps(Rk 3 u 7Ï Au + b ∈ R` for some ` × k matrix A and vector b ∈ R` ) and (b) co-ordinatewiseReLU function (that sends (u1, . . . , uk) 7Ï (u1 ∨ 0, . . . , uk ∨ 0)).The number of compositionsallowed is usually fixed. While this class of functions is intractable mathematically, it is solarge that very complex functions can be approximated by members of this class. Thesematters are outside the scope of this course.

2. One variable linear regression

We return to the simple linear regression model where X and Y are scalar variables,and we want to predict Y by a linear function α + βX, where α, β ∈ R are parameters to bechosen. To make a choice, we need a criterion for deciding the “best” fit. A basic one is the
method of least squares which recommends finding α, β such that the error sum of squares
R2 := ∑n

k=1(Yk − α − βXk)2 is minimized.For fixed Xi, Yi this is a simple problem in calculus. We get
β̂ = ∑n

k=1(Xk −Xn)(Yk − Ȳn)∑n
k=1(Xk −Xn)2 = sX,Y

s2
X
, α̂ = Ȳn − β̂Xn

where sX,Y is the sample covariance of X, Y and sX is the sample variance of X.
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We leave the derivation of the least squares estimators by calculus to you. Instead wepresent another approach.For a given choice of β, we know that the choice of α which minimizes R2 is the samplemean of Yi − βXi which is Ȳ − βX̄. Thus, we only need to find β̂ that minimizes
n∑

k=1
((Yk − Ȳ )− β(Xk − X̄))2

and then we simply set α̂ = Ȳ − βX̄. Let1 Zk = Yk−Ȳ
Xk−X̄

and wk = (Xk − X̄)2/s2
X . Then,

n∑
k=1
((Yk − Ȳ )− β(Xk − X̄))2 = s2

X

n∑
k=1wk (Zk − β)2 .

Since wk are non-negative numbers that add to 1, we can intepret it as a probability massfunction and hence we see that the minimizing β is given by the expectation with respect tothis mass function. In other words,
β̂ = n∑

k=1wkZk = sX,Y
s2
X
.

Another way to write it is β̂ = sY
sX rX,Y where rX,Y is the sample correlation coefficient.

A motivation for the least squares criterion: Suppose we make more detailed model as-sumptions as follows. Let X be a control variable (i.e., not random but we can tune it to anyvalue, like temperature) and assume that Yi = α+βXi +εi where εi are i.i.d. N(0, σ2) “errors”.Then, the data is essential Yi that are independent N(α + βXi, σ2) random variables. Now wecan extimate α, β by the maximum likelihood method.
EXAMPLE 70 (Hubble’s 1929 experiment on the recession velocity of nebulae and theirdistance to earth). Hubble collected the following data that I took from this website. Here

X is the number of megaparsecs from the nebula to earth and Y is the observed recessionvelocity in 103km/s.
X 0.032 0.034 0.214 0.263 0.275 0.275 0.45 0.5 0.5 0.63 0.8 2
Y 0.17 0.29 -0.13 -0.07 -0.185 -0.22 0.2 0.29 0.27 0.2 0.3 1.09
X 0.9 0.9 0.9 0.9 1 1.1 1.1 1.4 1.7 2 2 2
Y -0.03 0.65 0.15 0.5 0.92 0.45 0.5 0.5 0.96 0.5 0.85 0.8

We fit two straight lines to this data.(1) Fit the line Y = α+ βX. The least squares estimators (as derived earlier) turn out tobe α̂ = −0.04078 and β̂ = 0.45416. If Zi = α + βXi are the predicted values of Yis,then one can see that the residual sum of squares is ∑i(Yi − Zi)2 = 1.1934.
1We are dividing by Xk − X̄. What if it is zero for some k? But note that in the expression∑((Yk − Ȳ )− β(Xk − X̄))2 , all such terms do not involve β and hence can be safely left out of the summation.We leave the details for you to work out (the expressions at the end should involve all Xk, Yk).
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(2) Fit the line Y = bX. In this case we get b̂ by minimizing ∑i(Yi−bXi)2. This is slightlydifferent from before, but the same methods (calculus or the alternate argument wegave) work to give
b̂ = ∑n

i=1 YiXi∑n
i=1X2

i
= 0.42394.

The residual sum of squares ∑n
i=1(Yi − bXi)2 turns out to be 1.2064.The residual sum of squares is smaller in the first, thus one may naively think that it is abetter fit. However, note that the reduction is due to an extra parameter. Purely statistically,introducing extra parametrs will always reduce the residual sum of squares for obvious rea-sons. But the question is whether the extra parameter is worth the reduction. More precisely,if we fit the data too closely, then the next data point to be discovered (which may be nebulathat is 10 megaparsecs away) may fall way off the curve.More importantly, in this example, physics tells us that the line must pass through zero(that is, there is no recession velocity when two objects are very close). Therefore it isthe second line that we consider, not the first. This gives the Hubble constant to be 423km./s./megaparsec (the currently accepted values appear to be about 70, with data going upto distances of hundreds of megaparsecs...see this data!).

FIGURE 1. Regression (without intercept) of Y against X in Example 70
EXAMPLE 71. This example is from a wonderful compilation of data sets by A. P. Gore, S.A. Paranjpe, M. B. Kulkarni (the link appea. In this example, Y denotes the number of frogsof age X (in some delimited population).

X 1 2 3 4 5 6 7 8
Y 9093 35 30 28 12 8 5 2

A prediction about life-times says that the survival probability P(t) (which is the chance thatan individual survives up to age t or more) decays as P(t) = Ae−bt for some constants A and
b. We would like to check this against the given data.What we need are individuals that survive beyond age t . Taking Z to be the cumulativesums of Y , this gives us

198

https://www.cfa.harvard.edu/~dfabricant/huchra/hubble.plot.dat
http://ces.iisc.ernet.in/hpg/nvjoshi/statspunedatabook/databook.html


X 1 2 3 4 5 6 7 8
Z 9213 120 85 55 27 15 7 2

P = Z/n 1.0000 0.0130 0.0092 0.0060 0.0029 0.0016 0.0008 0.0002
W = logP 0 -4.3409 -4.6857 -5.1210 -5.8325 -6.4203 -7.1825 -8.4352

We compute that X̄ = 4.5, W̄ = −5.25, std(X) = 2.45, std(W ) = 2.52 and corr(X,W ) = −0.92.Hence, in the linear regression W = a + bX, we see that b̂ = 0.94 and â = −9.49. Theresidual sum of squares is 7.0.

FIGURE 2. Regression of W against X in Example 71.
2.1. How good is the fit? For the same data (X1, Y1), . . . , (Xn, Yn), suppose we have twocandidates (a) Y = f (X) and (b) Y = g(X). How to decide which is better? Or how to sayif a fit is good at all?By the least-squares criterion, the answer is the one with smaller residual sum of squares

SS := ∑n
k=1(Yk − f (Xk))2. Usually one presents a closely related quantity R2 = 1− SS

SS0 (whereSS0 = ∑n
k=1(Yk − Ȳ )2 = (n − 1)s2

Y ). Since SS0 is (a multiple of) the total variance in Y , R2
measures how much of it is “explained” by a particular fit. Note that 0 ≤ R2 ≤ 1. And higher(i.e., closer to 1) the R2 is, the better the fit.Thus, the first naive answer to the above question is to compute R2 in the two situations(fitting by f and fitting by g) and see which is higher. But a more nuanced approach ispreferable. Consider the same data and three situations.(1) Fit a constant function. This means, choose α to minimize ∑n

k=1(Yk−α)2. The solutionis α̂ = Ȳ and the residual sum of squares is SS0 itself. Then, R20 = 0.
(2) Fit a linear function. Then α, β are chosen as discussed earlier and the residual sumof squares is SS1 = ∑n

k=1(Yk − α̂ − β̂Xk)2. Then, R21 = 1− SS1
SS0 .

(3) Fit a quadratic function. The the residual sum of squares is SS2 = ∑n
k=1(Yk − α̂ −

β̂Xk − γ̂X2
k)2 where α̂, β̂, γ̂ are chosen so as to minimize ∑n

k=1(Yk −α− βXk −γX2
k)2.Then R22 = 1− SS2

SS0 .
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Obviously we will have R22 ≥ R21 ≥ R20 (since linear functions include constants and quadraticfunctions include linear ones). Does that mean that the third is better? If that were theconclusion, then we can continue to introduce more parameters as that will always reducethe residual sum of squares! But that comes at the cost of making the model more complicated(and having too many parameters means that it will fit the current data well, but not futuredata!). When to stop adding more parameters?Qualitatively, a new parameter is desirable if it leads to a significant increase of the R2.The question is, how big an increase is significant. For this, one introduces the notion of
adjusted R2, which is defined as follows:If the model has p parameters, then define SS = SS/(n − 1 − p). In particular, SS0 =
SS0
n−1 = s2

Y . Then define the adjusted R2 as R2 = 1− SS
SS0 .

In particular, R20 = R20 as before. But R21 = 1− SS1/(n−2)
SS0/(n−1) . Note that R2 does not necessarilyincrease upon adding an extra parameter. If we want a polynomial fit, then a rule of thumbis to keep adding more powers as long as R2 continues to increase and stop the moment itdecreases.

EXAMPLE 72. To illustrate the point let us look at a simulated data set. I generated 25 i.i.d
N(0, 1) variables Xi and then generated 25 i.i.d. N(0, 1/4) variables εi . And set Yi = 2Xi + εi .The data set obtained was as follows.

X -0.87 0.07 -1.22 -1.12 -0.01 1.53 -0.77 0.37 -0.23 1.11 -1.09 0.03 0.55
Y -2.43 -0.56 -2.19 -2.32 -0.12 3.77 -1.4 0.84 0.34 1.83 -1.83 0.48 0.98
X 1.1 1.54 0.08 -1.5 -0.75 -1.07 2.35 -0.62 0.74 -0.2 0.88 -0.77
Y 2.3 2.5 -0.41 -2.94 -1.13 -0.84 4.36 -1.14 1.45 -1.36 1.55 -2.43

To this data set we fit two models (A) Y = βX and (B) Y = a+ bX. The results are as follows.SS0 = 96.20, R20 = 0
SS1 = 6.8651, R21 = 0.9286, R̄21 = 0.9255
SS2 = 6.8212, R22 = 0.9291, R̄22 = 0.9227.

Note that the adjusted R2 decreases (slightly) for the the second model. Thus, if we go by that,then the model with one parameter is chosen (correctly, as we generated from that model!).You can try various simulations yourself. Also note the high value of R21 (and R22) whichindicates that it is not a bad fit at all.
3. Regression with more than one independent variable

Here we have a several variables X1, . . . , Xp and Y . We want to predict Y based on alinear function of X = (X1, . . . , Xp). In other words, we want to write
Y = β1X1 + . . .+ βpXp + εp,
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FIGURE 3. Regression of Y against X in Example 72. The blue line has oneparameter (slope) and the orange line has two parameters (slope and intercept)

where εp is the prediction error. The problem is to find the best coefficients β1, . . . , βp sothat the prediction errors are as small as possible. Observe that we did not allow a constantcoefficient β0. It is not needed because we may take X1 = 1, the constant, in which case β1become the constant coefficient. Thus, the one variable linear regression we did correspondsto p = 2, with X1 = 1 and X2 = X.The data we have is of the kind (Xi,1, . . . , Xi,p, Yi) for 1 ≤ i ≤ n. The least squaresprinciples asks us to choose β1, . . . , βp so that
R2 := n∑

i=1 (Yi − β1Xi,1 − β2Xi,2 − . . . − βpXi,p)2(24)
is minimized.

3.1. First approach to the least squares minimization. First let us solve the coefficientsin a simple way. Later we shall explain how a more sophisticated view with vectors and matri-ces is more illuminating. If we fix all coefficients except βk , the right side of (24) is quadraticexpression in βk with positive coefficient for β2
k . Therefore, there is a unique minimizer gotby setting the derivative equal to 0 (or however you know to minimize quadratic expressions).That gives us the equations

0 = ∂R2
∂βk

= 2 n∑
i=1 Xi,k(Yi − β1Xi,1 − β2Xi,2 − . . . − βpXi,p)

which can be rewritten as
k∑
i=1 YiXi,k = n∑

i=1 (β1Xi,1 − β2Xi,2 − . . . − βpXi,p)Xi,k, 1 ≤ k ≤ p.
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It is useful to introduce the symbols sU,V = ∑n
i=1 uivi for any two variables U, V . Then theabove equations can be written more succinctly as

sY,Xk = sXk,X1β1 + . . . sXk,Xpβp, 1 ≤ k ≤ p.

Or writing the matrix SX,X := (sXk,Xj )k,j≤p and the vector SY,X = (sY,Xk )k≤p , we can write theseas a single matrix equation SY,X = SX,Xβ, where β = (β1, . . . , βp)†. The solution is of course
β∗ = S−1

X,XSY,Xprovided we assume that SX,X is invertible. This is usually the case, so we do not worry aboutwhat to do when SX,X is singular.
3.2. Geometric approach to least squares minimization. Let us explain the same in adifferent way, assuming a basic knowledge of vectors and matrices. We introduce the n × 1column vector Y = (Y1, . . . , Yn)†, the n × p matrix X = (Xi,j )i≤n,j≤p and the p × 1 coefficientvector β = (β1, . . . , βp)†. Then

R2 = ‖Y − Xβ‖2.
As β varies over Rp , the vectors Xβ span the column space of X, denoted C(X), a subspaceof Rn . Thus, minimizing R2 is the problem of finding the closest point to Y in the subspace
C(X). But that is precisely the problem of projections. If Q denotes the projection matrix onto
C(X) (which means that Qv = v for v ∈ C(X) and Qv = 0 for v ⊥ C(X)), then R2 is minimizedwhen we choose β so that Xβ = QY , and the squared-error R2 = ‖(I −Q)Y‖2 = ‖Y‖2−‖QY‖2.The only remaining question is to find the matrix Q explicitly in terms of X.

LEMMA 73. If rank(X) = p, then Q = X(X†X)−1X†.
PROOF. When X has rank p, so does X†X (why?) and hence it is invertible. Therefore

Q is well-defined and has rank at most p (when multiplying matrices, rank only decreases).Observe that Q† = Q and Q2 = Q. Therefore Q is an orthogonal projection matrix. Whatis the space onto which it projects? Observe that QX = X, hence Q preserves the columnspace of X. In particular it has rank at least p. As rank(Q) ≤ p, it follows that the range of Qis exactly C(X). In other words, Q is the orthogonal projection matrix onto C(X). �

From the lemma and the discussion before it, we see that the solution to Qβ = Y is givenby β∗ = X(X†X)−1XY and the error sum of squares is R2 = ‖Y‖2 − ‖Xβ∗‖2.
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CHAPTER 14
Sample surveys
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Appendix: A proof of CLT under third moment assumption

We assume that X1, X2, . . . are i.i.d. with mean 0, variance 1 and finite third moment. Thegoal show that for any a < b

P
{
Sn√
n ∈ [a, b]}Ï Φ(b)−Φ(a).(25)

We assume that on the same probability space we also have Y1, Y2, . . . that are i.i.d. N(0, 1)and that are also independent of the Xis. We write SYn = Y1 + . . .+Yn . Then SYn√
n ∼ N(0, 1) andhence Φ(b)−Φ(a) = P{SYn /

√
n ∈ [a, b]}. Thus, (??) can be rewritten as
E
[
g
(
SXn√
n

)]
− E

[
g
(
SXn√
n

)]
Ï 0(26)

where g = 1[a,b]. The proof proceeds in two steps:
(1) Prove (26) for smooth functions g : RÏ R with the property that g and its first threederivatives are uniformly bounded.
(2) Approximate 1[a,b] by smooth functions to deduce (26) for g = 1[a,b].

Step-1: Assume that g is smooth and that its first three derivatives are uniformly bounded.Write the telescoping sum
g
(
SXn√
n

)
− g

(
SYn√
n

) = n∑
k=1 g(Vk−1)− g(Vk)(27)

where Vk = Y1+...+Yk+Xk+1+...+Xn√
n (thus V0 = SXn /

√
n and Vn = SYn /

√
n). We further split the kthterm as

g(Vk−1)− g(Vk) = (g(Vk−1)− g(Wk))− (g(Vk)− g(Wk))
where Wk = Y1+...+Yk−1+0+Xk+1+...+Xn√

n (key point is that Wk does not involve either Xk or Yk).We write the Taylor series expansions
g(Vk−1)− g(Wk) = g ′(Wk) Xk√

n + g ′′(Wk)X2
k2n + g ′′′(W∗

k ) X3
k6n 32 ,

g(Vk)− g(Wk) = g ′(Wk) Yk√n + g ′′(Wk)Y2
k2n + g ′′′(W#

k ) Y3
k6n 32 ,where W∗

k is some point between Wk and Vk−1 and W#
k is some point between Wk and Vk .Take expectations in the above pair of expressions, and use the independence of Wk with
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Xk, Yk to see that
E[g(Vk−1)− g(Wk)] = 1√

nE[g ′(Wk)]E[Xk] + 12nE[g ′′(Wk)]E[X2
k] + 16n 32 E[g ′′′(W∗

k )X3
k],

E[g(Vk)− g(Wk)] = 1√
nE[g ′(Wk)]E[Yk] + 12nE[g ′′(Wk)]E[Y2

k ] + 16n 32 E[g ′′′(W∗
k )Y3

k ].
Take the difference of the two and recall that E[Xk] = 0 = E[Yk] and E[X2

k] = 1 = E[Y2
k ] to get

E[g(Vk−1)]− E[g(Vk)] = 16n 32
(
E[g ′′′(W∗

k )X3
k] + E[g ′′′(W#

k )Y3
k ])

When we take absolute value, the term in the bracket is bounded by ‖g ′′′‖supγ where γ =
E[|X1|3] +E[|Y1|3] (just some number we don’t care about). Plug these bounds (which are thesame for all k) into (27) to get∣∣∣E [g ( SXn√

n

)]
− E

[
g
(
SYn√
n

)] ∣∣∣ ≤ γ‖g ′′′‖sup6√n .

From this, (26) follows for smooth g with bounded derivatives up to order 3.
Step-2: Fix any c < a < b < d. One can find a smooth function g : R Ï R such that
1[a,b] ≤ g ≤ 1[c,d] (this means that 0 ≤ g ≤ 1 and g = 1 on [a, b] and g = 0 outside [c, d]). As gand its derivatives are compactly supported and continuous, they are uniformly bounded, andhence (26) applies to this g . By the monotonicity of expectation, with Z ∼ N(0, 1), we have

P
{
Sn√
n ∈ [a, b]} ≤E [g ( Sn√

n

)]
≤ P

{
Sn√
n ∈ [c, d]} ,

P {Z ∈ [a, b]} ≤E [g (Z)] ≤ P {Z ∈ [c, d]}
As E

[
g
(
Sn√
n

)]
Ï E[g(Z)] by Step-1, we see that

lim sup
nÏ∞

P
{
Sn√
n ∈ [a, b]} ≤ lim

nÏ∞
E
[
g
(
Sn√
n

)] = E[g(Z)] ≤ P {Z ∈ [c, d]} ,
P {Z ∈ [a, b]} ≤ E [g (Z)] = lim

nÏ∞
E
[
g
(
Sn√
n

)]
≤ lim inf

nÏ∞
P
{
Sn√
n ∈ [c, d]} .

Fixing a = a0, b = b0 and letting c ↑ a0 and d ↓ b0 or fixing c = a0, d = b0 and letting a ↓ a0and b ↑ b0, we conclude that P{Sn ∈ [a0, b0]} Ï P{Z ∈ [a0, b0]} for any a0 < b0. The proofof CLT is complete. �
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Appendix: Stirlings’ approximation

Stirling’s approximation states that Γ(ν + 1) ∼ νν+ 12e−ν√2π as ν Ï ∞. In particular,
n! ∼ nn+ 12e−n√2π as n Ï ∞ along integers.To prove Stirlings’ approximation, recall that

Γ(ν + 1) = ∫ ∞0 e−xxνdx = νν+1 ∫ ∞0 e−νttνdt = νν+1e−ν ∫ ∞0 e−ν(t−log t−1)dt.(28)
The function t 7Ï t − log t − 1 attains its minimum value of 0 uniquely at t = 1. Taking itsTaylor expansion around 1, we can write t − log t − 1 = 12 (t − 1)2 + O(|t − 1|3). Therefore,given ε > 0, there is some δ > 0 such that

(1− ε)12 t2 ≤ t − log t − 1 ≤ (1 + ε)12 t2 for t ∈ Jδ := [1− δ, 1 + δ].
Therefore, ∫Jδ e−ν(t−1−log t)dt is sandwiched between∫

Jδ
e−ν(1±ε) (t−1)22 dt = 1√

ν(1± ε)
∫ δ
√
ν(1±ε)

−δ
√
ν(1±ε) e−

12u2du

= √2π√
ν ×

1− Φ̄(δ√ν(1± ε))√1± ε .

Now we consider the integral over Jcδ . There, η := inft∈Jcδ (t − 1− log t) is strictly positive (as 1is the unique minimizer and t − 1− log t Ï ∞ as t Ï 0 or t Ï ∞). Therefore,∫
Jcδ
e−ν(t−log t−1)dt ≤ e−(ν−1)η ∫

Jcδ
e−(t−log t−1)dt ≤ Cδe−νη

Putting these together, and recalling that Φ̄(u) ≤ e−u2/2 for u ≥ 1 and using that ε > 0 isarbitrary, we see that ∫ ∞
0 e−ν(t−1−log t)dt ∼

√2π√
ν as ν Ï ∞.

Plugging this into (28), we arrive at Stirlings’ approximation.
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