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In this amicle, we prove: the pastial exact controllability of a one

dimensional linear therrnoslasiic system. We use RHUM method which is
a variation of HUM mettiod to study the present system.

i. Introduction

In this short note, we study the partial exact controllability, which we will thake
precise later, of the following thermoelastic linear system (see [6])

Hp— U+ 00, =0, O<x<L, 0<raT [¢))

6;— 0y +Bug 0, O<x<LO<t<T (2)

with initial conditions

# (0, x)=skp (), 20, =u; () @
80, 5)=8 (9 '<4>
and boundary conditions
u(E,x)y=vink (3)
8¢ x)=0inX. ()

Heére u,0 are the unknowns and v is the contral function; Q=1(0, L) x (0,7 ) and
T= {0} % (0, T {L} %0, 7).

DEFINITION (Partial Exact Controllability) We say the system is partially
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exactly controllable if there exists 7>0 such that for any given initial data
(g, u1, 80) in 2 suitable space, there exists a control function v such that the
corresponding solution of system satisfies

u(T,)=u(T,+)=0.

There is enormous literature in the field of exact controllability. For a gaod
survey in this field usng a new technique, the so called HUM method introduced by
Lions, one can refer 16 Lions {4]-[5] and the references therein. We use the RHUM
method (sce [3]) to study our system. We would like to mention that RHUM is a
variation of HUM inethod 16 deal with irreversible systems. We ill not go into the
details of the literature and one ¢an se< the above cited references.

2, Main Rwult

In this section, we study the following thermoelastic system described as in our
introduction:

= P+ wa,,;'o in(Q
— 8+ Bugy=0in 0 7
where )=(0, L) (0, T), with the initial conditions"™ -
wix, 0)=u" (), u,(x,0)=u' (0, 0(x0)=6"()in(0,L) @)
and boundary control on-u,

#O, 0= u(L.j=22)in(0,T)

6(0,0)=0(L.H=0in(0,T). o

As mentioned earlier our main aim is to obtdin partial exdet controllability of the
above problem. Here we use the RHUM method introduced by Lions (see [3]). We
have the following main thieorem. .

THEQREM 2.1 If off is sufficiently small and T> L, the systerm (D-(9) is partially
exactly controllable.

To apply the RHUM method, we transform the problem in the follomug
fashion. In other words, We convert the question of ‘controtlability’ to reachability’.

Write u=up+u) and 8=8,+ 8;, where (ag;, Bp) is the sofution of the system
(7) with the conditions

ey

P
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40 =i (0w 0)=u' @), 0= W0y (10
and boundary conditions
uy (0, 0=0=ug(L, 1), 8G(0.1=0=8y (L, 1) in (0, T)'.. (11)
Then (k(, ) will satisfy the system (7) with zero initial conditions ag
1 (. 0)=0=uy, (x,0), 8 (x0)=0in{0, L) (12)
and the b'o.imdary conditions

u 0.9=g1 ) u (LY=g2 () in (0, T)
81 (0,9=0=8, (L, in (0,T). | (13)
So the problem redutes to the following: We want to find'g{, g, such that
u (Ty=—ug(T) and sy, (T} =~ g, (I'). "
Now oawards, we consider the problem (7), (9) with the zexo initial conditions

u(x,0)=0=u (x,0),and 8 (x, 0) =0 in (0, L) . (14)
Let ¢ e X=H}(@*I2(Q). (This is the space we wse to obiain the
controllability.) We want to find gj, g2 and Ty >0 such that the solution of (7), 9),
(14) satisfies
. 0 _
u ('s TO)=Z ] Hg(‘. TG)=Z -
We now use the RHUM method. Consider the adjoint system, for given 4:0. 4)' eX
¢rt_-¢.rx+ By=0in 0
N+ TN+ 0y =0in é
N l .
¢T)=9.6:(T)=¢ ,(T)=0in (0, L)

00, )=0=0/L 2,1 (0,1)=0="(L,Hin (0,T) . (15)
* Then consider the following system for (v, 8):
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Ve =Y+ @b, =Gin @
& =8+ By =0in 0
V0V =0=y,(x, 0), 8 (x, 0)= 0 i ©, 5
YO H=-0,0,0,y(L 9= 0 in (0, T)

50, H=0=5(L 9 in (0, 7). (16)
Now introduce the Operator Aby

A% = w7y ).

Suppose the Operator A s invertible, theyy solve
0 1 I @
Ad e} =1-7.0.

Using this {{pu, d:l} salve for {¢_,n}_ and then for {w, 8. Then it_is clear that our
Problem is'solved by taking =YWandB=§; and the control {g), go} is given by

81==00,0, gn= b (L. ) in (0, T).
Also

BTN =w@y=2, u Ty, Tyt

We now caleulate {A {¢°-, ¢J 1 {-¢"?;__¢’ Iy, Multiply the equations (16} by ?, 7
respectively and (13) by v, & fespectively, integrate by parts, add and subfract the

resulting equations to obtain the following equations:
T, @ ; T, T
fi@ o, 9=) @'vrr-¢y ry +8J [, v-af Ji 5.0
(17

T
510.[;%;111*&]:[:%5:0. (18)
But

-
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—ajf'ﬁx¢=-qu8¢x—aI:5¢|3=ajja¢x,

and

B”'ﬂm =‘B-IJ'“:‘VI+BJ:7]X‘FI§

T .
*—*ﬁ”ﬂwrﬁjnwﬂiﬁ

=i3”ﬂ'%r'

because W (x, 0)=0 and My (x, T)=0 since 7 (x, 7}=0. So from (17) and (18), it
follows that

F o, _
J 0 (2 (0,0 + & (L. 1)y =f; ' y(ry-¢ y(T)).

Now

(A1e% 0], 1% 0')) =J: W)+ (T) 6"

T ..
=] @on+ein. (19

We denote the right hand side of (19) as Il {¢”,4'} IF. Now to prove A is invertible, it
is enough to prove that |l _{¢-0; ¢II_} I is a norm-equivalent to the standard noren in
Ho () X £ (€3 and that will complete the proof of Theorern 4.1. We have (6 prove

1{e” e 1< ¢ [u ¢ iy + 116" u?_jm,] (20)
and l
0 .1, ,2 0.2, 1,2,
N{d,d ZC::_[|I¢ g @+ iy (Q_}]

for some constants €| and C; > 0.

(21)
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PROOF OF (20). Choose f (z) = 2"; £ Note that £ (0) =~ 1 ang 1 @)=+1.

Now maultiply the-equation Pt ~ D + Bl by 9y, and integrate by parts to get

(0 1. 2 ' - T omn
e ¢ Hr=JI&;@$+@@+2J:h%¢xw+ZBJInnh¢r
Now differentiate the equation (15) with respect to 7, to obtain
Tt + Ny + Py, = 0'in @, (23)

Mutltiply (15) by ¢, and (23) by g'i],-, integrate by parss, in (G, L) x (¢ T), add the
equations to-ghtain B

Lifdl 2 2 B 2] o

5”;,;{% +¢x--+'ETTrJ='gJIﬂn -
Using the. boundary condition 7 (x, T)=0 and the equation, we can obtain

Ll
NxT)=—a % Hence, we have

1t - o y . 5 0, 0.1
Eﬁ[@f+¢§+£ﬂf](x.r)+-g”nf¢_=-§-.[0_[l o'l +!%F+aﬁl%ﬁ]
SC UG I +ugtife ], )
This shows that
@0 el”0 T @xi qy
neL”0,T:H 0y
N, e L™ T: Lz-(Q)), Q=(0,1). (25)
Moreaver,
g Mg 172 gy< (uqs." I3 + g HE‘). @6

By applying these egtimates ip (22) we get €20y,
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LEMMA 2.1 [f T>> L and of is small enough, then (21) holds.
PrOOF. Lﬂt'-"$'bc.the' solution of the following problem

$u—-8u=0in0
$r)=4", b (M=tyin (0,
$0.0=0=§(,nin(0,T).
Now write ¢ = § +£, then £ satisfies
Er—Ea=—PBnin 0
E(F)=0=E T} in (0, 1)

EQH=0=5(LDin(0.T).

CLAIM :
J: G 0.0 +E (L y<Cop (u O I+ uiz).
Define the energy of {28) as
E@)= I: & +ED.
Then dg ——2p j‘[ TeE, and since E (T') =0, we have
o
0 =-I!T% (1) =28 sznn'i;
Cowm
<26 I, %) [I: JT |E, ¢ r
ST Ul 15 " .1ty
So we get

- i
WEM™,7 2y S2B T Il gy

17!

@7

(28)

(29)
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and we have
2. e 2 2 2.
IlE, II%__ (g;;r;f}'-i- E Iy (o;T.Lz}S CB lIng “iz@
and
I, 2 g+ 1 & 22 gy < C B2 e 152
Now using (26) we.get |

HE N2 g+ E, 12 gy < Cop ( g° 127+ 1 ' Il;zf). (30

Again apply the mulﬁp_lier technique, that is, multiply the equation (28) by 4%,

where h () = to obtain

I:(Eﬁ ©9+E L= r @ +EH+ J: hEE G—B ) [hngE,

Use (30) to obtain the proof of the claim.
Now

Con o T A f
1% ¢ 32 [ 8200+ 62 ) —I:tzii ©.9+E (1],

Then the proof'of Lemma 4.1, and hence the proof of theorem, will follow if we can
show that

J: [$20.0+82(L1)2 —y[ THAES uiz:l .
for some y> 0.
CLAIM: (32)is rue if T> L.
PROOF. Multiplying the equation (28) by k., where a(x)="2*xL_—L and

integrating by parts, we get

1ge’o ) iIP =Hc¢f+.¢§)hx+-2fzh¢,¢xl§

=%”(¢f+¢i)+2jﬁh@;¢xlg-
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Define the energy E (1) =%JJ{; ('¢?'+ qﬁ ), then it is easy to see that E (£) = a constant

0
=E(T) =_% Eﬂ"ii—.nil +6 1721,

Also, sincel k1< 1, we have

J: havoetss [ ot eh =B

Combining these estimates in the previous identity, we can see that -

' ﬂ&;ﬁ 0.0+ @ y]22¢E-1) [n MRS ni?}
o L 7\ & -,

Hence the inequality (32) is true if T L, by the Poincaré inequality.

‘This completes the proof of partial exact controllability.

! : . o - ,‘

REMARK 2.1 After the completion of this work, it is learnt from Prof., Zuazua
regarding the work of Prof, Hansen {1] in which he has investigated the following
problem: :

gy~ c_g ux,+é‘2'79_x= 0
6,— B, + Tty =0,
with the following boundary conditions _
' 6(,0)=6(0)=vtD=g(1)=0
where v = uy, g=—0,, = u,~ 6.

He has studied the controllability of the vector y {f) = (4, 8) by applymg the
boundary control either at 6 {7, 0) or at g { 1). He assumes that 0<y<1. On the
other hand, we assumed that o < < | where o.is the coefficient of 8, and fris that of
ttz. The main feature of his work is the obtension of the controllability” of the
temperature compoenent §.

Tn our paper, the boundary conditions are:different and we obtain the partial
exact controllability of i, &, Our techniques are based on the HUM method. For a
recent work on thermoslasticity system, see Zuazua {7].
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