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Partial Exact Controllability of a Nonlinear
System
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ABSTRACT. In this article, we prove the partial exact controllability of
a nonlinear system. We use semigroup formulation together with fixed point
approach to study the nonlinear system.

1. INTRODUCTION

In this short article, we study the partial exact controllability, which
we will make precise later, of a nonlinear system. Let ! be a bounded
open set in R® with sufficiently smooth (say C?) boundary T' and Q@ =
(0,7) x Q,% = (0,T) x T. Consider the coupled equations:

ur—Du+ f(f)=0 ingQ, (1)

0;—A0+g(u)=0 ingQ, (2)
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with initial conditions
u(0,2) = uo(z), w(0,2) = wi(z), (3)

6(0: 9:) = 60(3)’ (4)
anid boundary conditions

u{t,z)=v inZ, (5)

f(t,z) =0 in . (6)

Here u,# are the unknowns and v is the control function; f and g are
nonlinear terms.

Definition. (Partial Exact Controllability): We say the system
(1)-(8) is partially ezactly controllable if there exists T > ( such that
for any given initial data (ug,u1,8) in g suitable space, there ezisis a
conirol funciion v such that the corresponding solution of the system
(1)-(6) satisfies

wT,)=u:(T,'})=0 i

In this article we prove the partial exact controllability of the above
system when f and g are Lipschitz continucus with the further assump-
tion that either the product of the Lipschitz constants of f and g is small
enough or g is uniformly bounded on R.

We have the following main theorem.

Theorem 1.1. Assume that f and g are Lipschitz continuous with
constants o, oy, respectively. Then the systern (1)-(6) is partially
exactly conirollable if the product o oy s sufficiently small and T is
sufficiently large.

We discuss the smallness of aci; at the end of this article.

There are enormous literature in the field of exact controilability.
Here we would like to mention few references which are relevent for this
article. In [8] E. Znazua has studied the exact controllability for the
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nonlinear wave equation ug — Au+ f(u) =0, f Lipschitz, with initial
conditions and boundary control. Here he does not assume any smaliness
of the Lipschitz constant. Possibly the same technique can be adapted
to our system which we discuss in the discussion section of this paper.

In ohe dimensional setting, E. Zuazua [9]-[10] has studied the con-
trollability of the equation up — %zz 4 f(u) = 0 with super linear f
satisfying the hypothesis lim FI%;‘;F[ =0 as |s| —+00. We hope that our
system can also be tackled with such nonlinearities f and g satisfying
lim —2¢k— = 0 and lim £ =0.

s|logils sl|tegls

For a good survey in the field of exact controllability using a new
technique, the so called HUM method introduced by Lions, one can refer
to Lions [6]-[7] and the references therein. Lasiecka and Triggiani [3]-[5]
(more references can be seen in their papexs) use semigroup formalism to
study the control problem which is more an algebraic method while the
BUM method uses only PDE. Essentially both the approaches rednce the
controllability and for reachability problems to some energy inequalities.
We use a fixed point approach combined with the technique of Lasiecka.
and Triggiani for studying the system (1)-(6). We will not go into the
details of the literature and one can see the above cited reférences.

2. FIXED POINT APPROACH

~ We use the notations of standard Sobolev spaces. Let X = I2(9).
Our control space is H}(0,T, L3(L))- Let 6§ be fixed in C(lo,T], X).
Assume that f(§) is in C{[0,T], X). We proceed as follows:

STEP 1: With the known f(f), consider the equation (1} with the
conditions (3) and (5) which is an exact coiitrollability problem for the
unknown w. Solve the problem to obtain the controlled solution % and
a steering control v, which of course depends on §. Observe that this
control can be chosen in a unique fashion (see equation (13) and also
the Remark 3.2) and denote by N the operator defined as N (5) = .

STEP 2: Now take the equation (2) where u is replaced by ‘the
known solution % obtained in Step 1 and solve for # with the conditions
(4), (6) and this operator is denoted by K, i.e., K(i) = 6.

STEP 3: H the operator KN : €([0,T}, X) — C([0,T}, X) with &
and N as above, has a fixed point, then the system (1)-(8) is partially
exactly controllable. '
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First we prove the Step 1, where we employ the technique of La-
siecka and Triggiani to get the exact controllability.

Lemma 2.1. Letf € C((0,T],X) be fived, then the system
ug — Hu=—f(6)  inQ,
u(0,2) = 2o(z), w(0,2) =m(z) inQ, (7)
w(t,z)=v in Y,

with the initial conditions ug € LX), v, € H -1((2), is ezactly control-
lable with conirol v € L2(0,7;T). Further, if f is Lipschitz continuous
with constant o then the operator N defired in Step 2 is Lipschitz con-
tinuous from C([0,T]; X) into itself.

Proof: Let A: D(A) C Ly() — Lz() be the positive self adjoint
operator defined by
Ah = —Ah, D(A) = HX{(Q)n H (D).

Then —A generates a strongly continuous cosine operator C(t) on L((2)
with the gine operator 5(t) = f; C(r)dr. Define the Dirichlet map D) as
follows: '

Dg=h<=Ah=0 inQ, h=g onl. (8)

Then D : H*(T) - H "*‘%‘-(_Q.), s > 0 is continnous. Then (7) can be
written as a system of first order equtions as:

ilul= % o] HE AR ARG

Then

" [—0«4 5] : D(A) x D(A}) - D(AY) x L2(Q),



Partial Exact Controllability of a Nonlinear System 185

generates a unitary strongly confinuous group

#it) = = [—iggt) g*((?)] on H(Q) x L*(Q).

For 2 given v, 2 mild solation of (7) can be written as

o] =[5 S015]
+ (15602 &) awn] o

1 ct-7)  S@-1) 0 1 4
* .[0' [—AS(t -7) CG{- T)] [—f(‘&)] o
Now define a mapping Lz : H3(0,7, L)) = L3(Q) x H71(Q) by

o= [ | e Dy &) L) #

_ [A 1T 8T - T)Du(-.r)]
A [TC@-n)Do(r)]

(10)

Then as a consequence of trace regularity for hyperbolic systems
(see [2], [5]) L is continuous from H3(0,T; A1) — H}(Q) x L*(Q).

So the question of controllability of (7) reduces to the surjectivity
of the mapping L7 which can be obtained from Lasiecka and Triggiani
{5]. So, for a given 5,_ we have the controllability for the sclution (u,us)
on the space H3 () x L*(2) within the class of controls H, 30,T; (D)),
provided T is large enough or equivalently on the space Q) x H(Q)



186 AK. Nsndakumaran and R.K. George

with controls in L?(0,T; Lz(I‘.) )) (See [5]). The operator N is given by
Né=wand put U = us ,where

¢ . t
U() = ¢(8)0s + /g &t — TVF()dr + /0 $(t—1)Bvdr,  (11)

with
o= (2] 7= [ ] 2o= [ 3]

Let: Uy, U; be, respectively, the controlled solutions corresponding to d,
and #; then

U1 (8)—Us3(t) = /0 't.gb(.t —7)F(61) — F(8,))dr + /0 t_dé(-t— T)B(v1 — vp)dr.
| (12)

Since f is Lipschitz, the first tetm on the righthand side can be estimated
as

2

&
< Cta? / 118, — Bl dr.
X 0

“ / 8t — TF(8:) ~ F(B ki

Now we estimate the second term as follows: The operator
Ly: Hy(0,7524(I)) - HJ(®) x IX(Q),

defined by
o= [ 507 G5 0] [abe] #

T
= fo #(T — 7)Bu(r)dr,
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is bounded, linear and onto and its adjoint L7 is given by
(L)1) = B*¢*(T —1)=.

More details on those operators L, L} etc. can be found in [5]. The
following control v, € N(Lr)! defined by

. . T -
v (t) = B*¢*(T—t{(Lr L)t [— HTWo— ./0 T -7)F (0, )d‘!‘] , (13)
steers the system to zero state. Hence

t i .
[ 6t~ 7@ — Bnjar = [ 42— 1)BE" 6T (T2 L3

. [ /0 i T — s)(F(8;) - F(f?'i))d_s] dr.

Observe that the exact controllability of the linear systems implies
the existence of (L7L%)~!. Now it is easy to see that (for suitable
choices of constants C and k)

2
X

” ]o* ¢(t — T)B(vs — w)dr

2

<o [ s - e - rdnyar

X

T .
< Cozgjo |18s - 8|5 dr-
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Hence,

T
IVEYE) - (VBB < Ba® [ W~ Blidr. (19
Therefore,

I8, — N&s||oqo.11:x) < €1 — balcqo, 1) -

This proves that the operator IV is Lipschitz continuous. This completes
the proof of the lemma.

Lemma 2.2. Suppose that g is Lipschilz continuous. Then the
operator K defined in Step 2 is well defined and Lipschitz continuous
and compact.

~ Proof. The operator K is given by K = #, where 8 is the solution
of _ , .
B — A8 = —g(it) in Q,

0(0,2) = fo(z) in 0, (15)

8(t,z) =0in Z.

Define A such that Ak = —Ah with D(A) = H*(Q) n H}(?). Then A
is self adjoint and it generates a compact semigroup T(f), ¢ > 0, given
by (see [1])

o Ta
T(t)e =Y ™Y < 2,6nj > duj,
n=1 F=1

where {¢n;} is the system of complete orthonormal eigenfunctions for
A with Dirichlet data and {A.} is the corresponding set of eigenvalues,
with multiplicity r,. Hence the solution of {15) can be represented as.

8(t) = T(t)0o — /0 ' T(t — r)g(%)dr.



Partial Exact. Controllability of a Nonlinear System ‘189

If 8, = K1, &; = K1, then
|| K1 — Kz lo(po,rx) < Freal|®a — dialleqpo,13:%)

where k; > 0 is some constant, @y being the Lipschitz constant of g.
Hence K is Lipschitz continuous.

Since the semigroup generated by A is compact, it is not hard to
verify that the operator K is compact. This completes the proof of
Lemma 2.2.

3. PROOF OF THEOREM 1.1
We prove that under the hypothesis of the theorem, the operator
EN : C([0,7];X) » C([0,T]; X),

defined by KN = 8, where 8 is given by

+
6(t) = T(£)p — / T(t — r)g(Né\dr,
0
is a contraction, which in turn implies partial exact controllability of the
system (1)-(6). For 6,,8, € C([0,T); X), we have
¢

(KNG, — KNG2)() = /o T(t - P)g(NGs) — g( NG, )dr.

Now -
[lg(N8:) — g(N2)||% < 2| V81 — N&:|[% Yt € 0,T]

. (16)
< Kol ] |, — )% dr,
a
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ik N8, — KNGy < CoPod||g(Ns) — o(N )&
(17)
< CTa?od||61 — 8a]\ %0 3. 3)-

Therefore
|[KNO — KN N leqor;x) € -Caall_lﬁi — 8, |etto,71;x)-

Hence K N is a contraction if ea; is sufficiently small enough and thus
KN has a fixed point. This proves the theorem.

Remark 3.1 In fact, we need not have to apply control on all of X.
One can partition & = ZgUZE;, where Zp = (8,T)}xTo, Iy = (0,T)x Ty
acnd P =TeUT; withTp = {z € U': (z — zp).(z) > 0}, where

=D\ Ty, 2° € R*. Here »{z) is the unit normal to the boundary at
z. Then we can obtain the conclusions of our main theorems by applying
controls only on the part Xp ([6]).

Remark 3.2 The control given by (13) car also be uniquely ob-
tained by using HUM method. We can write the controlled solution v
of (7) as u = ' + u®, where u! is the unigue zolution of the following

problem: _
uy — Aul = —f(8) inQ,
u}0,2z) =0, 4 (0,z) =0 in{,

u'(t,z)=0 on 2.
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Since we are interested in finding the control v satisfying w(T") = u,(T) =
0 in §,u* should satisfy the reachability problem

UE‘ - A,ui = 0 in Qa
“2(0: z)= “O(x)s'u‘%(o, z)=wu(g) inf,
EQCf,-z') =¥ on .

with the reachability conditions w*(T) = —u'(T), «i(T) = —uj(T).
This control can be defined in a unique fashion as the minimization of
fov?dE, among all possible admissible controls.

Remark 3.3 The restriction made in Theorem 1.1 on the Lipschitz
constants of f and g can be relaxed if we agsume that g is uniformly
bounded, (that is, there exists a positive constant k such that |g(z)| < &,
for all € R), as we see in the following theorem. '

Theorem 3.1 Suppose that f and g are Lipschitz continuous and
g is uniformly bounded, then the system is-partially exactly controllable.

Proof. Let N and K be operators defined as in Lemma 2.1 and
Lemma 2.2. Note that N and K are continucus operators. Following
the proof of Theorem 1.1, it suffices to show that the operator KN :
¢([0,T],X) = C([0,T], X) defined by KN(f) = 8, where 0 is given by

6(t) = T(£)60 — /0 Tt — r)g(N)dr.

has a fixed point. It follows that KN is a continuous and compact
operator. The uniform boundedness of g implies that there exists r > 0
such that [JKN6]) < r for all 8 in C([0,T],X). Let B, be a closed ball
in C([0,T], X) with center 0 and radius ». Thus KN maps B, into B,
and hence by Schauder’s fixed point theorem there exists a & such that
K N8 = 8, and hence the system (1)-(6) is partially exacily controllable.
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Remark 3.4 Of course, one can reverse the hypotheses on f and
g in Theorem 3.1. That is, instead of g being bounded, the uniform
boundedness of f is sufficient to conclude the same result. Qn the other
hand, the hypothesis that ¢ is uniformly bounded caxn be relaxed to g is
asymptotically linear, (refer E. Zuazua [11]).

In this short note we only showed that we can achieve partial exact
controllability using the classical method together with a fixed point
approach. Of course it may be possible to obtain the same result using
the HUM method introduced by Lions.

4. DISCUSSION

Here we discuss on the assumption that the product aay of the
Lipschitz constants is-small enough. Of course it would be interesting to
know the same result without the above assumption. We indicate some
possible directions one can go about it. Recall the proof of Lipschitz
(Lemma, 2.1) continuity of N. We have proved that (see (14))

- - T ~ -
¥, ~ NE)0) < Ca? [ 1~ Baear.
0

In the estimation of the above inequality we had to estimate two
terms on the right hand side of (12) and we obtained that the first term,
namely,

2

s @) - Flr]| <ot [ - il
0 X /19

Observe that the limit of integration op righthand side is from 0O to ¢.
Suppose we could prove the second term is also bounded by the s.umila:r
estimate (Note that we have oaly proved || f; ¢(t—r)(Bv;—Bug)dr|[% <
Cta? [ |6y — 6y||%dr, where the limit of integrations is from 0 to T),
then it follows that

t L
||N8; - N6;||% < Co? / |6 — 65| [%dr. (18)
i _
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on oy is small, we cal prove that

In this case, without the assumpti
In fact, we prove that (KN)“is 2 contraction

KN has a fized point.
4 this can be seell as follows.

for some 7 > 1 an
Recall the operator KNG =0, defined in Section 2, where 8 18 given

by _
1 3
9(t) = T()o — f Tt - (B
1)
With the assumption

(VB - Nl < Cte’ [ 1 - s

we get, .
L) - gl < Ot j 1 — B2l

and we can show that

i T
wcnd - KNiOifk < i [ ([ W= Bl )

271t B
< k'ﬂ'iaz-i ( ] 161 "9.2\&),
JO

onwards.

(19)

constant which is fixed now

where k is some
can be seen that

By a repeated application of (19) it

(& N8 — (KN Y2l

< (koka®)" (_2;_%{)7 ( L t 1161 — 62“3{) dr,
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NEN)8; ~ (K N)gy l(0,77;%)

. k‘T3af'ag n 1 - 2
< 3(——2—3——-—) (W)llgl - 92”0([0,_1‘1;}()'

50 a5 m. — 00, we can make the constant on the right- hand side of
the above inequality, less than 1 for n large enough and (KN)* is 5
contradiction for some 5 and hence X'V has. a fixed point.

Now we present a different approach adapting the technique of E.

g — A'ﬂ + ng = hl mn Qs
b — Ag + Wz.:_ﬂ = hy in Q,

with conditions as in (3)-(6). Here Ay, hy € LX(Q) and Wy = Wiz, 1),
W2 = Wy(x,t) are potentials which are in L0(Q).

H the above gystem is uniformly exactly controllable (uniform with
respect to the potentials W, Wy, sce E. Znazua, [8)), then it js possible
to obtain exact controllability of the system (1)-(6) for globally Lipschitz
continuous functions f and g- '

A brief description of the method is as follows. Fix (i,8) € L¥}(Q) x
LX(Q) and define W = L0010}y, _ H0200) a0d y =~ £(0), hy =
~g(0). Obviously, Wy, W, € L=(Q) becanse f and g are Lipschitz
continucus. Now using the wniform exact confrollability of the above
linear system with Potentials W; and W, defined as ahove, one can
show that the controlied solution (,8) satisfies (2,8} L3(Q)xI3(Q) <
C, where the constant (7 is independent of (%, 4). With this estimate in
mind, one can define 2 mapping F : LHQ) x L¥(Q) - LXQ) x 1*(Q)
by F(@,6) = (u, 8) with satisfies IF(&,6)| < ¢ uniformly, Also, it is
not difficnlt to show that the mapping F is compact. Now one tan apply
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the Schauder’s fixed point theorem o0 get the desired result in suitable
spaces. So the controllability problem for our system (1)-(6) reduces
to the uniform controllability problem of the above linear system with
bounded potentials Wi and W, and the uniform controllability of the
linear system seems to be an open problem.
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