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Abatract

In this article, we study the homogenization of & control problem, where
the controls are acting on a subdomain which is periodically perforated. The
periods are of order € >0, a small parameter, and we study the limiting
‘behaviour of the controls and the solution as e — 0. We also prove the
existence of a solution of & minimization problem by looking at the control
problem in different way.

1 Introduction

Tn this short article, we prove a homogenization result of a control problem, when
the controls are acting on a periodically perforated domain. We also. prove the
existence of a solution of a minimization problem. To make these assertions
precise, first we have-to describe the control problem which we will do it in this
section.
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114 A.K. NANDAKUMARAN
It [3]. Lions has considered the following control problem:

= Ay=rexe Imir=0xi0.T}.
y=0 on ¥ =Tx(0,7T), (1.1}
y(z.0)=0 on 2.

Here € © IRY is a bounded domain with smooth boundary I'. v is the control
funetion which acts in an open set O € 0 and Yo is the characteristic function of
0. The problem is to find a-control v 50 that the corresponding solution y achieves
the following two objectives.

1. (Approximate Controllability) : Given a function 3 € L%($)), we want to
find 2 control ¥ so that the solution y at time T > 0, is close enough to y'. In
other words, for given o > 0, find a v so that the corresponding solution y of {1.1)
satisfies

y(@)=y(nT) € yi +aB,

where B is the unit ball in L2(Q).
2. The second objegtive Is that in the process of achieving the approximate con-
trollability, we do not want the selution y(xz,t} "too far” from an apriorily fixed
¥* = y*(z,t) € L3 Q).
Physical Interpretation : We can think of y = y{z, t) as bieing the concentration
of sorne chemical product at time ¢, say, in a lake Q2 and think of O as the region
where one can apply a control. The first.objective is to have, at time T, y(t) "very
close” of the optimal ¢oncentration y!. We want to achieve this, in the course of
action, without going "too far” from °.

A solution to the above problem can be obtained by minimizing the following
two functionals simultaneously

NE VLY I po
J1(-U_.)—2£ L‘v_._ subject to y(T) €y +eaB (1.2)

ng_(v):= %fn Tj‘;(y -y + gj; TL.uz (1.3)

In general, it is not possible to achieve the two objectives at the same time with
a single control. In {3}, Lions has been tackled this problem using the method of
Stackelberg’s optimization (See [7]) by dividing the domain O of action of control
into two disjoint domains (; and Oy and taking controls separately on O; and
0., which we briefly describe in the next section.

s .
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2 Stackelberg’s Optimization

The main idea of Stackelberg's Optimizatien is to divide the domain O of action of
control into two disjoint subdomains. 1. e., write O = 0,U0;, where O;N0; = ¢.
Then consider the problem
'~ Ay = vixo, + v2X in O,
¥ Y 1X0, T Y2X0s T @2.1)
y(0) =0,y(z,t) =0 on X. '

That is the control v, is acting on Oy and vy is acting on ;. For a given v, €
-L"""(_OIT),ﬂz € L*(Ogr), the problem (2.1) is a beat equation and can be solved
uniquely for ¢ which depends on both »; and v,. ie., ¥ = y(v1, 1) _
Now the method is as follows. Keeping v; fixed, solve the control problem (2.1)
to obtain v,y so that the second objective is achjeved.That is
Find v, € L¥(Oor) such that 2.2)
Fa(v1,v2) = infy, Jolv1,52) , |

where

~_1-T"- 212 ﬁnT]fz oy
Bfor ) = fo fﬂ G-v)+5 jn % (2.3)
and § is the unique solution of the equation (2.1} corresponding to u;,¥2. The
problem (2.2) has a unigue solution v.. In fact, the control ¥ is given by
1 _ ,
vz = —E-PXOz =F(wn) (24)
The corresponding solution y and the function p are the unique solution of the
following optimality system
'~ Ay =vixo, — §Px0, inQr
C—p'—Ap=y—y iy _ (2.5)
y(0)=p(T}) =0, y=p=0 on I

Now consider the family of solutions {(vz, ¥)}-9s vy variesin L*(Oir). Then search
for a suitable ; with minimial L2 norm and the corresponding solution.{v,, y) so
that the approximate controllability is achieved. The existence of the unique

‘solution (vy, vz, %) i proved in {3]. That is, we have to solve the following problem

Find v, € Lz(Oﬂ'). SllCh ﬂla-t-
| (2.6)
Jy () = infs, J1(51) subject to §(T, 51, F(8)) € y* +aB,
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where Ji(01) = § ;7 fo, #. Here & = F(%;) is the solution of (2.2) for the given
Ty and g is the solution of (2.1) corresponding to #;, s.

The unique solution v1, given by (2.6) is called the leader’ and for this unique
4. find the unique vy, the ‘follower’ by solving (2.2) which is given explicitely by
(2.4).

One can also obtain the optimality system for the final solution (v1, v, 3) and
Is given as follows. The best leader v) and the follower v, are given by

1 _
vy = ¢x01 y = _EpXOz_r. (2-7)
where {y, ¢, p, 8} is the unique solution of

y' — Ay=dxo, — jx0:: —p'—Ap=y—y® inGOy,
—¢'—Ap=0, 0'-Al=-Idy, infQy,
y(0)=p(T) =6(0) =0, (T) =f in,
y=p=0,=0 on %,

(2.8)

where f € L*(Q) is uniquely determined by
W(T) =o' /=) +alfl - alfl| 2 0 for all § € L7(5)

The details are given in Lions [3],

QOur main objéctive of this paper is to prove a homogenization result. A large
amount of literature is available regarding the theory of homogenization. It is
beyond the scope of this article to give an exhanstive list of all the references. The
interested readers can refer to Bensoussan et. al. (1], G. Dal Maso [2], Sanchez-
Palencia (5] to name a few. Some references regarding the homogenization in
perforated domains, one can refer t6 Nandakumar [4], Vanninathan [6]. More
references are available in Dal Maso [2].

Observe that in the Stackelberg’s optimization technique, the partition of do-
main of action O into Oy and O, seems to be quite artificial. It does not indicate
any method to find the best partition. One can ask several questions in this dir-
ection. We do not want to give more details as we are not planning to prove any
results regarding the optimal partition. While attempting to answer some of the
questions, we arrived at a homogenization problem, where we consider the domain
of action Q with periodic perforations (with period £ > 0, a small parameter).
That is the controls will act en a periodically perforated domain and the purpose
of this paper is to study the asymptotic behaviour of the solution and the controls
( which néw depends on €) as £ — 0. This is done in section 4. This homogeniza-
tion process shows some hints exhibiting that an optimal partition might involve
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certain microstuctures and there are some partial results which are at a premature
Jevel and we do not discuss it here.
Before coming to the homogenization results, let us look at the problem con-
sidered by Lions in aslightly different way. Consider the following space
X = {(5‘15) = (9,72,5) 1 91 € L*Oyr) and
(72, §) is the solution of (2.2) such that
§(T, %1, %) €y’ + dB}-.

The space X is non empty because the unique solution (w1, 2, %) given by (2.2),
(2.6) is in X. Now we would like to-study the following problem

Find (v;,v9,y) € X such that
(2.9)
Ji(on) + Jolen, v2) = infx (J1 (1) + Jaly, B2))
Theorem 2.1. The problem (2.9) has 2 solution.
In section 3 we derive certain estmates and also we prove Theorem 2.1.
Open problem. Find an optimality system for the above selution.
3 Estimates and proof of Theorem 2.1

Let g € L2(Sr)and y be the unique solution of y' — Ay = g in {ip, y{(0)=0,y=0
on ¥ . Muitiplying the equation‘by y and integrating, we get

s [ L = [ (31)
B A AT
< % f j |-9.|2+-27§; f vyl

where }, is the first eigenvalue of the Laplacian and & > 0. Choosing § = 2, we
see that

2 .
ol 2 sogoir, 2 2nry) < o with ¢ = |lgl|z3(0r)- (3.2)
4
Again from (3.1), we see that

IVyllE3ap < llyllza@es
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and sifice (¥l < 21VullLrng), e get

. €
IVullLaan < N (3.3}

In fact, we can get better estimates on Vy than (3.3). Siscey =0on ¥, y'=0o0n
3> as well. Moreover y{z, 0} = 0 on Q implies Vy(z, 0) = 0 on 2. Now multiplying
the équation by y', we get

¢ . 1 . 't , _

/{, ]‘n 'l + i—,_é}i‘?y(-t)]? :fn fngy £ lgllez@rliyllz2@n- (3.4)
Hence, we have |

l9']lz2g0r) < e (3.5)

V| ooz 2y < ¥2e: (3.6)

Suppose now that g, is a bounded sequence in L?(Qr) and g, — g in L*(Qy)
weak. If g,y respectively represents the solutions corresponding to gn, g, then
the following convergences follows from the above estimates.

Yo — y in L2(0, T, L*(Q)) weak *, (3.7a)
Vim = Vy in L*(§}r) weak, (3.75)
yp —y' in L) weak. (3.7¢)

Moreover from {3.4) and (3.5}, we see that for each ; Vy, (£} is a bounded sequence
in L{€) so that

Vin(t) = Vy(t).in L2(Q) weakly. (3.7d)
Finally using the compact imbedding of L2 into Hy}, we get

nlt) — y(8) in LY(9) strong, (37¢)
In particular,
yn(0) = 9(0) and 3,(T') = y(T') in Lz(ﬂ) strong
Proof of Theorem 2.1. Let (v}, v}, 7") be a minimizing sequence i.e.,
T(oy') + B, 03) — dnf [11(8) + Ja (@1, B)]

Then v# — v, in L2(Oyr) weak and v — vy in L2(Oq¢).
Moreover,

y* =y, Vy" = Vy in L=(0, T, L*(R)) weak ¥,
" (-2t} =+ y(-,t) in L*(Q) strong, for all £ .
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Since y*(T') € y' +oB and y™(T) — y(T) ;we bave y(T) €y’ +aB.
Claim. (Ul, Y2, .y)' € X.
1f the-claim is trie, then by lower semi continuity, we have.

Jfe) + love) € Lm0 + Bblef vl
= igl{f_[JH +.Jo] ,
and hence the problem is solved. _
To prove the claim, one has to show that (va,y) solves.(2.2). Let #; be any
element in L*{(Oor) and § be the solution of

ﬁI - A‘.’t} =WNXo +.i}2x92 r (3'8)

with zero boundary and initial conditions. We have to show that
WJo (w1, va) < Ja(w, Ba)

Let y be the solution of

¥y — AYs =1 X0, + V2X0x: (3.9)
l with zero conditions. Since (v, y") is the minimizing solution for v7*, we get
Ja(6,y") € D@2, 9n) - (3.10)

But y, — % as v{* — v1. Hence

Mh(”?s vy, yﬂ) by Ls.c.
limJ(v{", 52, ") by (3.8)

3 Ja-vr+5 ][4

JQ (U'l.l ﬁﬂ: g)‘

A IA

Hence the claim.

4 A homogenization result

Let & and Oy, be the domains obtained from Oy and O, respectively, by re-
moving holes from all the periodic cells of small period € > 0. This is a case of
homogenization with periodically perforated domains. We briefly describe how to-
obtain such & perforated domain and for more details one can refer to Nandsakumar

4.
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Let Y = (0,1)" bé the unit cell and T C ¥ be an open set contaized in Y.
Lt Y* =¥ \ T andput § = |Y *|,0 <8 < 1. Consider the e-periodic {¢ > 0,
given) cells £¥ and £Y * and one can divide the whole space IR™ into e-periodic
cells and its translations i.e., one can write RN = Uke%“ Yy where ¥, =Y + k.
The domain R}, = U Z" Y >, Y, = Y * +k is the periodically perforated
domain which is obtained from RY by removing holes from all the periodic cells
£Y,. Then the perforated subdomains Oy, and Os; are given by

Oy =0h ﬂ]R;L and Oy, = Oy ﬂ]l?.pri,

In this section we would like to consider the preblem (2.1), where the domain
of action of the contrel is 07, U Oy, instead of Oy U Oq. So, naturally the solution
will depend on €, and we would like to study the bebhaviour of the solution ase = 0
and obtain the limiting problem. This problem has not been studied completely.
What we do in this seetion is that we consider the perforations only in 0. More
precisely, we consider the problem (2.1) with controls acting on Oy U Oz.. We
denote P = {0y, 0y} a partition and look at the problem

— AYe = VieX0, + Y2 X005, 18 O,y

| __ (4.1)
y(0)=0and yge=0on ¥

Lt {1, v2:, % } be the solution given by the Stackelberg’s optimization method
with the functionals given by

= 2[ f(y" ﬁf /o,,
Ji(v)) = EL jfhvl

I"-}zm Joe (Ulm e a'g&) = Joe(Vies ¥2e, Y}y (4.2)

i.e., we have
_and

inJy(vy) = (¥
min Ji (1) 1(0e) (4.3)

‘subject to ge{T, v1, ve) € ' + @B
We have the following main theorem regarding the homogenization.
Theorem 4.1. L&t {vy., 2, 4} be given as above. ‘Then
{916, V2eX0,. } = {01, 2} in L2 (Orr) % L*(Opr) weak . (44)

Y =y asin (3.7), - (4.5)
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where {1, vz, 7} is the solution for:the partition P = {O,, Oz} with the functionals

14T, 2 A
=g f [ (46)
Iy f -9+ f f (4.7)
Here ¢ = [Y *|.
Proof. We only give a sketch of the proof. The details and more results will
appesr elsewhere.

Let {‘U]_, g, ‘y} be the solution for P = {O[, Oz} with the functionals Jz and J1
as in the theorem which exists uniquely. Then one has to prove the convergence
(4.4) and {4.5). _

Step 1. Let vf = v;X0,, and ¥, be thesolution of §! — A, = v1xXo, + 395 X0s,-
We have v§Xp, — BvaXo, in L¥(Ogr) weak. From the convergence results of
section 3, it follows that J, — ¥ to a solution of §' — AF' = vix1 + taxe. By
uniqueness 7 = y- _ '
Step 2. Given vy as in Theorem, let {f, 7.} be the control solution with. P =
{O],,_Ozg} of _ ' _

min Jz. (v, e, o) = Tre (V1 B Ge)-

Since fa, = % f, §: =, is a candidate for the above minimization we see that
<5l / G-P+d [ [ % 2
< 3[4 3 ]G]
= 3] [ o [ [vive

lim Jo(on, 52080 < 3 [ [~ 5 [ [ 02

From this we conclude that {S2:Xo,, } is bounded in L*(Or) and herce it con-
verges weakly to, say, % and §. — §. Moreover §' — A§ = wiXo, + ¥2X0,. In
fact, we will show that f = y and # = v3. By lower semi continuity,

Y a-vr+ B[ @ < ima < L[ fa-vrel ][ u
From this we caunot, conclude that fi; minimizes the functionals on the right hand

side. But this can be proved using the optimality system. It is not very difficult
and we omit the details here.

Thus we get
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Thus we conclude that for v,, if we consider only the minimization (4.2),
then the solution of the inhomogenized problem converges to the solution of the
homogenized problem with functional J; as in (4.7). In fact, the same proof
shows that if we take any sequence 7, € L2(0Or) that converges to v, weakly
and {¥3, 7.} be the solution of {4.2) with ;. then #,. — v, and §; = y as above
and {vy,y} solves.the minimization problem.

This is the case in our Theorem. So first of all we should get a uniform L?
estimate for v;., where {v1., 72,7} is the solution of the combined problem (4.2)
and (4.3)

Fix: u € LS(O]_T) let {2, ‘&2} and {Eg, ﬁk} be respecﬁvely, the solution with
partition P = {0y, 0,} and P, = {01, 0s}. Set.

Xo = {w€L*Ow): 2T ) €' + 0B},
X = {“16}:'2(01'1') 5T, uy, o) €91 +aB}

[[vi=mga] [ wa [[oi=np[ ][

Let u; € X, then by step 2, zs—rza.ndz,(T) —)z(T) So there exists
g0 = £0{u;) such that Z(T) € y* + oB because #{T') € y' + aB, which shows
that u, € X, fora.lls<eo(u1) Therefore

f vj, < f up ¥V & <elwm)-
i.e., {ty¢} is bounded in L?(017) and hence coverges weakly, say, to % and

[[% Soise lm [v2 < mn [i= [ o2

Then, we conclude that v, — % and y, — § and {¥;, #} minimizes 3 f (7 -
VP +5I1% _

Since ¥(T) € y'+ @B, we have §(T'} € y* -+ B and hence % € Xp. Since
ffuz < [ fv2, we get %) = v; by uniqueness which in tarn will imply that &> = v,
and §="y. This completes the proof of partial homogenization result.

Remark. As remarked earlier we have considered the perforations only in. Os.
But when we consider perforations both in 0; and O, thén to study the homogen-
ization result, one should obtain estimates on the solution of the joint optimality
system. Wehavenotyetsucceededmthxsgoa.l

ir
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