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1  The notation dy/dx for deriva-

tive is due to Leibniz (1646�1716)

who had also invented calcu-

lus independently more or less

at the same period.

In th is a rtic le , w e p re se n t c e rta in to p ic s su ch a s

q u a d ra tu re o f p la n a r re g io n s, in tro d u c e d p rio r

to th e in v e n tio n o f c a lc u lu s b y N e w to n , a n d c o n -

sid e r h is o th e r m a th e m a tic a l c o n trib u tio n s, to b i-

n o m ia l th e o re m a n d in ¯ n ite se rie s, c u b ic s, th e o ry

o f e q u a tio n s a n d im a g in a ry ro o ts. A s th e d e v e l-

o p m e n t o f c a lc u lu s a n d its e n o rm o u s a p p lic a tio n s

a re w e ll k n o w n , w e w ill n o t d isc u ss m u c h a b o u t

it.

Isaa c N ew ton (1 642 {1 727 ) is in tro d u ced to u s a t sch o o l
as th e g rea test p h y sicist of all tim e w h o in ° u en ced th e

scien tī c attitu d e in E u rop e. B u t, later at college, w e
realize th at N ew to n is m ore th an a p h y sicist. H e w a s
a m ath em atica l gen iu s (an d recogn ized a s on e on ly af-
ter h e join ed T rin ity C o lleg e, C am b rid ge in th e ea rly
16 60 's). H e u n d ersto o d N atu re b etter th a n o th ers, a

rare a b ility esp ecia lly am on g m ath em a tician s. T h u s h e
is rega rd ed as a p h y sicist a n d a m ath em a tician of th e
h igh est o rd er.

T h e d evelo p m en t of calcu lu s an d its rela tio n sh ip to sci-
en ce an d en g in eerin g is w ell k n ow n to th e gen eratio n of
th e p resen t d ay. T h e in ven tio n o f calcu lu s is a ttrib u ted
to N ew to n 's cu rio sity in u n d erstan d in g th e d y n am ics of
N atu re. H e co in ed th e term s ° uen t (a ° ow in g q u an tity )
for a va riab le an d ° uxion s fo r th e d eriva tiv es.

It is to b e n o ted th at m ost o f th e origin al w ork of N ew ton
w as d on e d u rin g th e 2 0-y ea r p erio d from 1 665 to 16 85 ,
alth ou g h th e w ork w a s p u b lish ed la ter.

B in o m ia l T h e o re m a n d In ¯ n ite S e rie s

It is n ow esta b lish ed b ey on d d ou b t th at th e ¯ rst m a jo r

id16577703 pdfMachine by Broadgun Software  - a great PDF writer!  - a great PDF creator! - http://www.pdfmachine.com  http://www.broadgun.com 



46 RESONANCE  December   2006

GENERAL  ARTICLE

Newton dealt with

the binomial

theorem for a

positive integral

index and its

generalization to

other powers

leading to infinite

series.

m ath em a tical d iscov ery of N ew to n d ea lt w ith th e bin o-
m ial theorem fo r a p ositive in tegra l in d ex an d its gen er-
aliza tion to oth er p ow ers lead in g to in ¯ n ite series. L et
u s see q u ick ly h ow N ew ton arrived a t th e ex p an sion .
T h e co e± cien ts o f (a + b)n can b e w ritten in th e form
of P ascal's trian gle. S lig h tly m o d ī ed a n d rew ritten a s
an array, it read s as follow s:

n = 0 ; 1 0 0 0 ¢¢¢
n = 1 ; 1 1 0 0 ¢¢¢
n = 2 ; 1 2 1 0 ¢¢¢
¢¢¢ ¢¢¢ ¢¢¢ ¢¢¢ ¢¢¢

T h e zero s on th e righ t in d icate th at th e ex p ressio n is ¯ -
n ite. T h e jth en try in th e row n = k ca n b e ob ta in ed b y
ad d in g th e jth a n d (j ¡ 1 )th en tries in th e row n = k ¡ 1 ;
for k = 1;2 ;¢¢¢. N ew to n u sed th is ob servation to co n -
stru ct th e en tries o f th e row n = ¡ 1 startin g th e ¯ rst ele-
m en t a s 1 a n d con stru ctin g su ccessively th e elem en ts b y
ap p ly in g th e sa m e ru le so th at th e row n = ¡ 1 p ro d u ces
th e row n = 0 . H e a rriv ed a t th e en tries 1;¡ 1 ;1;¡ 1;¢¢¢
for n = ¡ 1. H e th en ex ten d ed it b ack w ard s to g et th e
en tries for n = ¡ 2;¡ 3;¢¢¢ on e b y on e a s:

¢¢¢ ¢¢¢ ¢¢¢ ¢¢¢ ¢¢¢
n = ¡ 3 ; 1 ¡ 3 6 ¡ 10 ¢¢¢
n = ¡ 2 ; 1 ¡ 2 3 ¡ 4 ¢¢¢
n = ¡ 1 ; 1 ¡ 1 1 ¡ 1 ¢¢¢
n = 0 ; 1 0 0 0 ¢¢¢
n = 1 ; 1 1 0 0 ¢¢¢
n = 2 ; 1 2 1 0 ¢¢¢
¢¢¢ ¢¢¢ ¢¢¢ ¢¢¢ ¢¢¢

F or th e n eg ative in tegers, th e ex p ression tu rn ed ou t to
b e in ¯ n ite an d h e w as in d eed aw are o f th e d i± cu lties
in v olved in d ea lin g w ith th e in ¯ n ite series a s its u n d er-
sta n d in g w as still a t th e p rem a tu re stage. T h e ex p a n -
sion for fractio n al p ow ers w as o b tain ed b y th e m eth o d

of in terp olation . B y con sid erin g th e ex p an sion of 1 =
(1 ¡ x 2 )0 = 2 , (1 ¡ x 2 ) = (1 ¡ x 2 )2 = 2 , (1 ¡ x 2 )2 = (1 ¡ x 2 )4 = 2 ,
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2 See Resonance, Vol.11, No.10,

2006.

The infinite series

was used

extensively in the

study of

quadrature (finding

the area of planar

region bounded by

closed curves by

the method of

squaring) and

rectification of

curves.

¢¢¢; h e d ed u ced a ru le con n ectin g th e su ccessiv e co e± -
cien ts in th e ex p ressio n o f (1 ¡ x 2 )1 = 2 , (1 ¡ x 2 )3 = 2 ; ¢¢¢
an d b y an a lo gy ob ta in ed th e ex p ression for th e g en era l
case w h ich ca n b e stated in th e follow in g form :

(a + a b)m = n = A +
m

n
A b +

m ¡ n
2 n

B b +
m ¡ 2n
3n

C b + ¢¢¢;

w h ere th e ¯ rst term is A = a m = n , th e secon d term is
B = m

n
A b, th e th ird term is C = m ¡ n

2 n
B b, a n d so on .

T h e in ¯ n ite series w a s u sed ex ten sively in th e stu d y of
qu adrature (¯ n d in g th e area o f p la n ar region b ou n d ed
b y closed cu rves b y th e m eth o d of sq u a rin g ) a n d recti-
¯ cation of curves. In itia lly, in th e ca se w h ere th e ord i-
n ate y is given as a fu n ctio n of x ex p licitly, for ex a m p le,
y = a 2

b+ x , y = (a
2 § x 2 )1 = 2 , y = ( 1 + a x 21¡bx 2 )

1 = 2 , th e q u ad ratu re
w as ob ta in ed b y ex p a n d in g th e righ t h a n d sid es a s in ¯ -
n ite series. H e th en d eriv es q u ad ratu re of cu rves w h ose
ord in ate is in im p licit form . N ew ton d id n ot p rov e con -
vergen ce in th e m o d ern m a th em a tical sen se w h ich w a s
d on e b y C au ch y (178 9{ 185 7) an d o th ers a fter m ore th an
10 0 y ea rs o f en d eav or.

W h y th e G re e k s d id n o t In v e n t C a lc u lu s

In N ew ton 's ow n w o rd s, \If I had seen a little farther
than others, it is because I have stood on the shoulders
of gian ts". L et u s try to see w h o som e of th ese gian ts
m ay h ave b een .

T h e cen tral id ea b eh in d ca lcu lu s b etter k n ow n as in -
¯ n itesim al calculus is to u se th e lim it process to d erive
resu lts, an d th is go es b a ck to th e G reek s. T o th em th e

ag e-old con cep t of ¯ n d in g a rea of p lan ar sh ap es an d v ol-
u m e of solid s w as im p o rtan t. A rch im ed es2 o f S y racu se
(28 7{2 12 B C ) w as in vo lv ed in ¯ n d in g th ese q u a n tities,
p articu la rly, for con ic section s. H e a p p lied th e m ethod
of exhaustion su ccessfu lly to circles an d p ara b o lae. T h e
m eth o d of ex h a u stion is a ctu a lly a ttrib u ted to E x o d u s
(37 0 B C ). A rch im ed es n ev er u sed th e term l̀im it' a s it
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Figure 1.

The method of

exhaustion is close

to modern integral

calculus.

w as tab o o to th e G reek s. H is id ea w as to in scrib e a n d

escrib e a circle b y a series o f regu lar polygon s of m ore
an d m ore sid es w h ose p erim eter can b e calcu la ted . In
th is w ay, A rch im ed es gave low er a n d u p p er b ou n d s for
¼ to an accu ra cy w h ich w as su ± cien t for m ost p ractica l
p u rp oses.

T h e ab ove m eth o d w as in d eed a m ilesto n e in m ath e-
m atics a n d A rch im ed es w as in terested in oth er sh a p es
p ertain in g to co n ical ob jects: p arab olae, ellip ses an d h y -

p erb ola e. H e started w ith th e p arab ola (F igure 1 ) a s it
h ad a lo t o f ap p lica tio n s su ch as th e ab ility of a p a r-
ab olic m irro r to re° ect lig h t co m in g fro m in ¯ n ity a n d
con cen tra te it at a p oin t, n a m ely th e focus (w h ich m ea n s
¯ replace). H e d iv id ed th e p arab olic sector (see F igu re
1) in to a series of trian gles w h o se area s d ecrea se in g eo -
m etric p ro gression a n d even tu a lly èx h au st' th e en tire
region in th e lim it(!). H e fou n d th a t th e to tal area à p -
p roa ch es' 43 a r ea (A B O ) (see F igure 1). T h e G reek s w ere
n ever co m fo rtab le w ith in ¯ n ity a n d A rch im ed es n ever
u sed it in h is a rgu m en ts. C on cern in g oth er con ic sec-

tors, h e failed in h is attem p ts to ¯ n d th e areas o f ellip -
tica l an d h y p erb olic secto rs a n d it h ad to w ait fo r tw o
th ou san d years u n til th e in ven tio n of in tegral calculus.

T h e m eth o d o f ex h au stio n is close to m o d ern in tegral
calculus. T h e G reek s' failu re ca n b e a ttrib u ted to at
lea st tw o reaso n s; (i) th eir u n ea sin ess w ith th e con cep t
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The scientific

activity in all

spheres got

rejuvenated

around  the

fifteenth century

after a long gap of

more than 1500

years.

The Greeks really

feared and avoided

infinity as they

suspected that

wrong conclusions

could easily be

drawn which was

amply

demonstrated by

Zeno�s paradox

that motion is

impossible.

of in ¯ n ity as d iscu ssed earlier, a n d (ii) th e fa ct th a t th ey

d id n o t k n ow su ± cien t alg eb ra. In d eed , th e G reek s w ere
m asters of g eom etry, h ow ev er th eir k n ow led g e of algeb ra
w as m in im al. A s w e k n ow , algeb ra is a collectio n of
sym bols w ith a set of ru les to w ork w ith th em . T h e
G reek s' failu re in alg eb ra w as d u e to a lack o f p rop er

n ota tio n a n d th eir in a b ility in d ea lin g w ith eq u ation s.
T h ey really feared a n d av oid ed in ¯ n ity as th ey su sp ected
th at w ro n g co n clu sion s cou ld easily b e d raw n w h ich w a s
am p ly d em on strated b y Z en o's p ara d ox th at m otion is
im possible.

K e p le r a n d th e M e th o d o f In d iv isib le s

T h e scien tī c a ctiv ity in all sp h eres g ot reju ven ated

aro u n d th e ¯ fteen th cen tu ry a fter a lo n g ga p o f m ore
th an 15 00 yea rs. S om e of th e p rom in en t in vestiga to rs
w ere N ico la s C op ern icu s (1 473 {1 543 ), R en e D escartes
(15 96{ 16 50), G a lileo G a lilei (1 56 4{1 64 2), J o h an n es K e-
p ler (15 71 {16 30 ), P eirre d e F erm a t (1 601 {1 665 ) an d B la i-

se P asca l (1 62 3{1 66 2).

K ep ler w as th e p erfect rep resen ta tiv e of th e p erio d of
tran sition fro m th e old w orld to th e n ew . H is d iscov ery

of th e th ree p lan etary law s w h ich ren ew ed th e in terest
of scien tists o n ce ag ain in th e co n ic section s a n d th e
calcu lation o f th e a rea an d rectī cation o f cu rv es. K ep ler
sh ow ed in terest in A rch im ed es' m eth o d of ex h au stion ,
b u t w ith ou t m u ch fea r o f in ¯ n ity. B y th at tim e, th e

u se of in ¯ n ite p ro d u cts an d su m s w a s alrea d y in th e
literatu re esp ecially in th e co n tex t of ¼ b ein g rep resen ted
as:

F ran cois V iete (15 40 {16 03): 2
¼ =

p
2
2
:

p
2 +
p
2

2
:¢¢¢

J oh n W allis (1 61 6{1 70 3): ¼
2
= 2

1
¢ 2
3
¢ 4
3
¢ 4
5
¢ 6
5
¢ 6
7
¢ ¢¢¢

J oh n G rego ry (163 8{1 67 5): ¼
4 = 1 ¡ 1

3 +
1
5
¡ 1

7 + ¢¢¢
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Figure 2 (left).
Figure 3 (right).

A circle can be

viewed as a

collection of �infinitely

many� (in modern

language, finitely

many, but large)

triangles with bases

as infinitesimally

small arcs.

T h e m eth o d of in d iv isib les regard s a p lan a r sh ap e a s b e-

in g m a d e u p o f a large n um ber of in ¯ n itely sm all strip s,
th e so-called in divisibles. T h ou gh m o st of th em d id n ot
u n d ersta n d w h at an in d iv isib le w as, th e m eth o d seem ed
to w ork in m a n y ex am p les. A circle ca n b e v iew ed a s
a co llection of ìn ¯ n itely m a n y ' (in m o d ern lan gu ag e,

¯ n itely m a n y, b u t large) tria n gles w ith b ases a s in ¯ n -
itesim ally sm a ll a rcs (see F igure 2 ). S in ce th e area of
each trian g le is h alf b a se tim es th e ra d iu s, on e arrives
at th e form u la A = C r= 2 , w h ere A is th e area an d C
is th e circu m feren ce. T h is, of cou rse, h as b een k n ow n

sin ce an cien t tim es. F or a ll its m ath em a tical ° aw s, K e-
p ler w a s th e on e to u se th e m eth o d o f in d iv isib les to fu ll
p o ten tial to get n ew resu lts.

S q u arin g a h y p erb o la stu b b o rn ly resisted all a ttem p ts
b y m a n y in clu d in g K ep ler. C on sid er th e h y p erb ola y =
1
x . B y sq u a rin g it, w e m ean to ¯ n d th e area b elow th e
cu rve a n d a b ov e th e x -a x is an d b etw een tw o p ara llel
lin es x = a (w e m ay tak e a = 1) an d x = t (see F ig-
ure 3 ) .

F e rm a t, S a in t{ V in c e n t a n d Q u a d ra tu re o f H y -

p e rb o la

T h e q u ad ratu re of gen eralized p a rab olae y = x n , n 2 N ,
(F igure 4) cam e to th e a tten tion of P ierre d e F erm at. H is
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Figure 4 (left).
Figure 5 (right).

id ea w as to v iew th e in terval (0 ;a ) a s a n in ¯ n ite n u m b er

of in terva ls (0;t), (0;t1 ), (0 ;t2 ), an d so o n (see F igure 5)
in su ch a w ay th at th e len gth s t = a , t1 = a r, t2 = a r

2 ,
¢¢¢, r < 1 are in a geom etric p ro gression . T h en evalu ate
th e area of each strip v iew in g it a s a rectan gle to get
th e ap p rox im ate area A r =

P
(a r k )n (a r k ¡ a r k + 1 ) =P

(a r k )n + 1 (1 ¡ r ) = a n + 1 (1¡ r )
1¡ rn + 1 . U sin g (1 ¡ r )(1 + r +

¢¢¢ + r n ) = 1 ¡ r n + 1 an d ¯ n ally tak in g lim it as r ! 1
(in ¯ n itely m an y in d iv isib les), w e a rriv e at th e fo rm u la
A = a n + 1

n + 1
:

T h is w o rk w a s sign ī can t on tw o gro u n d s; (i) it w ork s
for a fam ily o f cu rves an d (ii) th e m eth o d ex ten d s to

n ega tive in tegers as w ell, b u t w ith a n ex cep tion , n am ely,
n = ¡ 1 , w h ich corresp o n d s to th e h y p erb ola y = 1

x . T h e
ex cep tio n al case w a s resolved to so m e ex ten t b y S ain t{
V in cen t (1 584 {16 67 ), w h o w a s n ot very fam ou s, b u t w a s
a con tem p orary of F erm a t. A cru cia l o b servatio n in th is

case is th at each strip p ro d u ces a n eq u a l a rea , n am ely
a r k ¡a r k + 1

a r k = 1 ¡ r. T h is m ean s th at if th e d istan ces
t;t1 ;t2 ;¢¢¢ from th e origin are in geom etric p rogression ,
th en th e co rresp on d in g areas red u ce b y a ¯ x ed q u a n -
tity, i.e., th e area is in arith m etic p ro gression an d th is
rem a in s tru e a s r b eco m es closer an d closer to 1. T h is

in d eed sh ow s th at th e relation b etw een area A (t) from
1 to t a n d d ista n ce t is logarithm ic. T h at is A (t) = lo g t;

Though Archimedes�

method of exhaustion

and the modified

method of indivisibles

solved the problem of

quadrature for various

curves, it was not on

firm mathematical

foundation.
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Differential

calculus invented

by Newton

emerged from the

study of rate of

change of varying

physical quantities.

th is w as p rob a b ly th e ¯ rst ap p ea ra n ce o f th e u se of log -

arith m ic fu n ction w h ich u n til th en w as m ain ly u sed for
com p u tation a l p u rp oses. T h e q u ad ra tu re o f h y p erb ola
is ach ieved , b u t w ith a h itch th at th e base of th e loga -
rith m is still u n clea r. O n e can n o t ch o ose an arb itrary
b ase a s in th e ca se of a circle w h ose area is k r 2 , w h ere

th e con sta n t k eq u als ¼ an d n ot a n y a rb itra ry n u m b er.

N e w to n , L e ib n iz a n d C a lc u lu s

T h o u gh A rch im ed es'm eth o d o f ex h au stio n an d th e m o d -
ī ed m eth o d o f in d iv isib les so lv ed th e p rob lem o f q u a d ra-
tu re for variou s cu rves, it w a s n o t on ¯ rm m ath em atica l
fou n d atio n . M oreover, ea ch p ro b lem req u ired a d i® eren t
ap p roach w h ich d ep en d ed o n th e geom etry (th is is n ot

su rp risin g!) of th e p rob lem an d a lg eb ra ic sk ills. O n e
n eed ed to h ave a gen eral ap p ro ach w ith sy stem atic p ro -
ced u re (an alg orith m ). T h is w a s ach ieved b y th e in ven -
tio n of d i® eren tial an d in teg ral ca lcu lu s b y N ew ton a n d
L eib n iz, a n d it gain ed p o p u la rity in a sh ort tim e in ev ery

¯ eld of scien ce an d en gin eerin g.

A s is w ell k n ow n , d i® eren tial calcu lu s in ven ted b y N ew -
ton em erg ed from th e stu d y of rate of chan ge of vary in g
p h y sical q u an tities. H is d y n am ic v iew rea lly g o es b ack
to a n tiq u ity a n d it reach ed its p eak w h en G alileo, th e
fath er o f ex p erim en ta l scien ce, laid th e fo u n d ation of
m ech an ics p rior to N ew to n .

T h e p rob lem of ¯ n d in g d eriva tiv es (th is n am e cam e at a
later stage) is k n ow n a s th e tan gen t problem . A fter th e
tan g en t p rob lem , N ew to n con cen tra ted on th e in verse
of th e ta n gen t p rob lem , n am ely an tiderivative o r in tegra-
tion . In d eed b y stu d y in g th e in verse p rob lem fo r cu rves
like y = x n , h e arriv ed a t th e fa m iliar ex p ressio n a n + 1

n + 1

earlier ob ta in ed b y F erm at in th e calcu la tion of areas.
T h u s it is reco gn ized th at th e tw o fu n d a m en tal p ro b -
lem s, v iz. th e ta n gen t p ro b lem a n d a rea p ro b lem are
in verse problem s, th e cru x of d i® eren tial an d in tegra l

The two

fundamental

problems, viz. the

tangent problem

and area problem

are inverse

problems, the crux

of differential and

integral calculus.
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The relation

connecting the two

processes of

finding the area

and the derivative

is known as the

Fundamental

theorem of

Calculus.

calcu lu s. T h e relatio n con n ectin g th e tw o p ro cesses of

¯ n d in g th e area a n d th e d eriva tiv e is k n ow n a s th e F un -
dam en tal theorem of C alculus.

N ew to n d id n o t give a p ro o f (in th e strict sen se o f rig ou r

to d ay ) o f it th o u gh h e grasp ed its essen ce an d fu ll p o -
ten tial. T h e actu al p ro of is d u e to C au ch y w h o laid
th e fou n d a tio n s of m o d ern m ath em atica l a n aly sis m ore
th an a h u n d red y ea rs later. T h e in ven tion of ca lcu lu s
a® ected every b ran ch of scien ce, m o re so in m ath em a t-

ics a n d w as p ro b ab ly th e sin gle m ost rem arka b le ¯ n d in g
after E u clid 's classica l geo m etry, n ea rly tw o th ou sa n d
years earlier.

C a lc u lu s a n d Q u a d ra tu re o f th e H y p e rb o la

T h e a p p licab ility of calcu lu s n eed n o t b e stressed h ere,
b u t w e w ish to see h ow th e q u a d ratu re of th e h y p erb ola
w as ach ieved . D u e to S ain t{V in cen t, it w as red u ced to

¯ n d in g th e b a se of th e log arith m . A m on g th e ca lcu la -
tio n of d eriva tiv es, n eed less to say th e expon en tial fun c-
tion f (x ) = bx , b > 0 got sp ecial atten tio n an d f 0(x )
is p ro p o rtion al to f (x ), th at is f 0(x ) = k f (x ) = k bx ,

w h ere k = lim h! 0 b
h ¡1
h
. In p articu lar, th e d eriva tiv e is

u n ch an ged w h en w e ch o ose th e b ase b su ch th at k = 1 .
A h eu ristic d erivatio n lead s to b = lim m ! 1 (1 + 1

m )
m , th e

n atu ralbase e. T h is cu riou s n u m b er w as p ro b ab ly recog -
n ized b y th e m erch an ts o r m on ey len d ers m u ch earlier.

W ith th is th e p rob lem of q u ad ra tu re can easily b e com -
p leted . L et y = e x , or eq u iva len tly, x = log e y = ln y .
W e see fro m d y

d x = y th a t
d x
d y =

1
y ; th a t is

d
d y (lo g e y ) =

1
y .

In oth er w ord s lo g e y is th e an tid erivative o f
1
y . N ow

sin ce th e an tid erivative is n oth in g b u t th e area, it follow s
th at lo g e y =

R 1
y
d y . T h is p rov es th at e is th e req u ired

b ase, ju stify in g th e n am e n atural base w h ich b a ² ed th is
au th or fro m early d ay s as to w h y e w as u sed as th e n a t-
u ral b a se rath er th a n 10 , ca lled th e com m on base.
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The curious number e

appears in  connec-

tion with the hyperbola

somewhat in a similar

fashion as   does

with the circle.  These

two numbers are

connected by a third

object i, the complex

square root of �1 via

one of the most

beautiful  equations in

mathematics, namely

e i+1 =0.

The shadow given by

equation (3) which is

y2 = ax3 + bx2 + cx + d

will give rise to all

cubics.

A T a il to th e T a le

T h e cu riou s n u m b er e ap p ears in con n ectio n w ith th e
h y p erb ola som ew h at in a sim ila r fash ion as ¼ d o es w ith
th e circle. T h e m ost fa scin a tin g fact is th at th ese tw o

n u m b ers are con n ected b y a th ird ob ject i, th e com p lex
sq u are ro o t of ¡ 1 v ia on e o f th e m ost b eau tifu l eq u a tio n s
in m ath em a tics, n am ely e i¼ + 1 = 0 .

N ew to n 's co n trib u tion to oth er m ath em a tical areas is
also q u ite sig n ī can t, an d a few o f th em are in d icated
b elow .

C u b ic s

A p art fro m oth er resu lts in cu b ics, N ew to n sh ow ed th at
m an y o f th e im p orta n t p ro p erties of con ics h ave th eir
an a lo gies in th e th eory of cu b ics. F u rth er to th e fu n -

d am en ta l classī cation of th e eq u ation s a s algebraic a n d
tran scen den tal, b y an aly zin g a n d stu d y in g th e asy m p -
totes, h e classī ed th e eq u a tio n s in to fo u r characteristic
form s;

1 ) x y 2 + h y = a x 3 + bx 2 + cx + d ;

2 ) x y = a x 3 + bx 2 + cx + d ;

3 ) y 2 = a x 3 + bx 2 + cx + d ;

4 ) y = a x 3 + bx 2 + cx + d :

E a ch of th e a b ov e eq u ation s is fu rth er d iscu ssed in d e-
tail a n d th ere are 78 fo rm s w h ich a cu b ic m ay ta ke. H e
en u m erated 72 , an d th e rem ain in g on es w ere la ter m en -
tio n ed b y S tirlin g, N icole a n d N icolas B ern o u lli.

It is w ell k n ow n th a t th e sh ad ow of a circle ca st on a
p lan e b y an illu m in a tin g p o in t gives rise to a ll th e co n ics
d ep en d in g o n th e an gle of illu m in a tion . N ew ton m ad e
th e rem arkable observation th at th e sh ad ow giv en b y th e
3rd eq u a tio n in th e ab ove list; y 2 = a x 3 + bx 2 + cx + d

w ill give rise to all cu b ics. L ater th is fa ct w a s d em o n -
stra ted b y N ico le an d C la irau t a n d ag ain b y M u rd o ch
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in 1 740 u sin g certa in cla ssī ca tio n o f cu rves in to ¯ ve

sp ecies b a sed o n th e p oin t o f in tersectio n w ith th e x -
ax is.

T h e o ry o f E q u a tio n s a n d Im a g in a ry R o o ts

A m o n g th e m an y w ork s of N ew to n on w h ich h e u sed to
lectu re d u rin g th e years 1 67 3 to 16 83 , th e m ost in terest-
in g o n e is th e ex ten sion of D esca rtes' ru le of sig n s to give

b o u n d s to th e n u m b er o f im ag in a ry ro o ts. H e u sed th e
p rin cip le of co n tin u ity to ex p la in h ow tw o real a n d u n -
eq u a l ro ots m ay b ecom e im a gin ary in p assin g th rou gh
eq u a lity, illu stra tin g th e fa ct th at th e im ag in a ry ro o ts
o ccu r in p airs. F u rth er, h e also p resen ted ru les to ¯ n d a
su p erior lim it to th e p ositiv e ro ots a n d to d eterm in e th e

ap p rox im a te va lu es of th e n um erical roots. T h e m o st
fascin atin g resu lt is h is attem p t to ¯ n d a ru le b y w h ich
th e n u m b er o f ro ots ca n b e d eterm in ed b y com p arin g
th e sign s o f certain fraction s. In d eed , h e w as aw are th at
h is ru le w a s n o t u n iv ersal. T h is p rob lem w a s h a n d led

an d d iscu ssed b y C am p b ell, M aclau rin , E u ler an d o th -
ers. S u b seq u en tly, in 18 65 S y lvester su cceed ed in p rov -
in g th e g en eral resu lt.

T h is article is in n o w ay su ± cien t to g au g e th e stren gth
an d v ersatility of N ew ton a s a m ath em a tician . H e h ad
su m m ed u p an a ssessm en t of h is w ork in th e fo llow in g
w ord s; \I do n ot kn ow w hat I m ay appear to the w orld;
bu t to m yself I seem to have been on ly like a boy playin g
on the sea-shore an d divertin g m yself in n ow an d then
¯ n din g a sm oother pebble or a prettier shell than ordi-
n ary, w hile the great ocean of truth lay all un discovered
before m e".
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