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ABSTRACT. In this paper we shall study a fractional order
functional integral equation. In the first part of the paper,
we proved the existence and uniqueness of mild and global
solutions in a Banach space. In the second part of the paper,
we used the analytic semigroups theory of linear operators and
the fixed point method to establish the existence, uniqueness
and convergence of approximate solutions of the given problem
in a separable Hilbert space. We also proved the existence
and convergence of Faedo-Galerkin approximate solution to
the given problem. Finally, we give an example.

1. Introduction. We consider the following fractional order
evolution equation in a Banach space (X, ||.||):

u(t) = uo + ﬁ/ (t = 0)~(—Au(0)) do
(1.1) e
+ ﬁ/o (t = 0)7="£(8,u(6), u(a(9))) dob,

where A is a closed linear operator defined on a dense set and 0 < 8 < 1,
0 < T < oo. We assume that —A is the infinitesimal generator of an
analytic semigroup {S(¢) : ¢ > 0} in X, I' is the gamma function and
u(0) = up € X. The functions f and a satisfy certain conditions to be
specified later.

Regarding earlier works on existence and uniqueness of different type
of solutions to fractional differential equations we refer to [1, 8-14,
24] and references cited in these papers.
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For the initial study on existence, uniqueness and stability of various
types of solutions of differential and functional differential equations
we refer to Balachandran and Chandrasekaran [3], Byszewski and
Lakshmikantham [7], Byszewski and Akca [6], Lin and Liu [18] and
references cited in these papers.

Initial studies concerning existence, uniqueness and finite-time blow-
up of solutions for the following equation,

u'(t) + Au(t) = g(u(t)), t>0,
u(0) = ¢,

have been considered by Heinz and von Wahl [17], Murakami [21] and
Segal [26]. Bazley [4, 12] has considered the following semilinear wave
equation

(1.2)

u”(t) + Au(t) = g(u(t)), t>0,

- u0) =6, 1(0) =,

and has established the uniform convergence of approximate solutions
to (1.3) by using the existence results of Heinz and von Wahl [6].
Goethel [22] has proved the convergence of approximate solutions to
the problem (1.2) but assumed g to be defined on the whole of H. Based
on the ideas of Bazley [4, 5], Miletta [20] has proved the convergence
of approximate solutions of (1.2).

2. Preliminaries. We note that if —A is the infinitesimal generator
of an analytic semigroup, then for ¢ > 0 large enough, —(A + ¢I) is
invertible and generates a bounded analytic semigroup. This allows us
to reduce the general case in which —A is the infinitesimal generator of
an analytic semigroup to the case in which the semigroup is bounded
and the generator is invertible. Hence, without loss of generality, we
suppose that

IS@E| <M fort >0

and
0e p(—A),

where p(—A) is the resolvent set of —A. It follows that for 0 < o < 1,
A® can be defined as a closed linear invertible operator with domain
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D(A%) being dense in X. We have X,, — X, for 0 < o < k and the
embedding is continuous. For more details on the fractional powers of
closed linear operators we refer to Pazy [23]. It can be proved easily
that X, := D(A®) is a Banach space with norm ||z||, = [|[A%z|| and it
is equivalent to the graph norm of A®.

We notice that Cr = C([0,77], X), the set of all continuous functions
from [0, 7] into X is a Banach space under the supremum norm given
by

[¥llr = sup o), ¢ €Cr.
0<n<T

It can also be proved easily that Cy* = C([0,t]; X,,), for all ¢ € [0,T],
is a Banach space endowed with the supremum norm

[¥lle,a == sup [[¥(n)lla, ¥ €CF.
0<n<t

We assume the following conditions:

(A1): The nonlinear map f : [0,T] x X, x X, — X satisfies:

2
£ (t 21, 22) — £ (5,90, 92)| < L(r)(lt —s|” + D llzi — willal,
i=1

forallt,s € [0,T],afixed v, 0 <v <1, x;, y; € B.(X,) for all i = 1, 2.
Here L : Ry — R, is a nondecreasing function. For any r > 0 and
Banach space (Z, ||.]|z), we define

B.(Z)={z€ Z:|z||z <r}.
(A2): The function a : [0,7] — [0,T] satisfies the following two
conditions:
(i) a satisfies the delay property a(t) <t for all t € [0, T7;

(ii) The function a is Lipschitz continuous; that is, there exists a
positive constant L, such that

la(t) —a(s)| < Ly|t —s|, for allt,s € [0,T].

We define the Riemann-Liouville integral of order 8 > 0 by

Po(t) = o [ ¢~ 07 o(0) a0



98 M. MUSLIM AND A.K. NANDAKUMARAN

By a mild solution of the evolution problem (1.1), we mean a contin-
uous solution u of the following integral equation given below
(2.1)

)= [ GOS0t
+ 5/0/0009(15 — 3)5*1%(6)5((15 — S)ﬁg)f(s,u(S),u(a(o)))dads,

where (3(0) is the probability density function [15, 25]. For the further
detail on mild solution, we refer to [10, 11, 12].

3. Existence of mild solutions. We take
(3.1) / 61=0¢4(0) db = Ny,
0

where (3(6) is the probability density function [16]. For R > 0, let
M|up||le < (R/3) and

S={u:uecCy,|ullyao <R}
Choose tg, 0 < tg < T such that

2R . 1 y . 1/(B(1—a))
(3:2) to < | 5 Ca™ N7} (1 = ) {L(R)T” + 2R] + No} :

where C,, is a positive constant depending on « satisfying
(3.3) [A*S@)] < Cat™,

for all £ > 0 and |/ f(0,0,0)|| = N2. We have used the above inequality
(3.3) throughout the paper.

Theorem 3.1. Suppose that —A is the infinitesimal generator of an
analytic semigroup S(t) with ||S(¢)|| < M, t > 0 and that 0 € p(—A). If
the conditions (A1)—(A2) hold and ug € D(A), then equation (1.1) has
a unique local mild solution. Moreover the mild solution u is uniformly
Hilfer continuous.
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Proof. We will establish the existence of a solution u of equation (1.1)
on [0, ty] for some tq such that 0 < ¢ty < T.

For any 0 < T < T, we define a mapping F' from C% into C% given by

8 t o B g1
" / G (0)S(t 9)u0d6+ﬁ/0 /0 0t — 5)°~1¢(6)
((t - 8)59)1‘( ¥(s), ¥(a(s))) d ds.
Clearly, F' is well defined.

To prove this theorem, first we need to show that F' : S — S. For
any ¢ € S, we have (F¢)(0) = ug. If t € (0, 9], then we have

(POl < [ " OIS0 Aol d6
wof | T ot — )P (0)|A°S((t - 5)°8)
(s, (s), wla(s))) — £(0,0,0)]| o ds

t e o] s B—1 a s 8
+5/0 /0 0(t — )" " Ca(O)IA*S((t — 9)°0)]|
x [|£(0,0,0)| d6 ds

B(1—a)
< M||uglla + N1Ca{L(R)[T" + 2R] + NZ}h'

Hence, from the above inequality, we get ||F'¢|;y,o < R. Therefore,
F : S — S. Our next goal is to show that F is a strict contraction
mapping on S.

For all ¢ € [0, %] and 1,%3 € S, we have
(Fon)(0) - (i) 5// Bt = 9"~ ¢5(6)S((t - 5)°0)
£(5,61(5),va(als))) — (5, (5),a(as))] d0 ds.

Hence,

1(FP1) () = (F2)(#)llo < B/O /Ooo 0(t — 5)"Ca(O)A”S((t — 5)70)]]
1£ (s, 91(s),¥1(a(s))) — f(s,¥a(s), P2(al(s)))]| df ds.
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From condition (A1) and inequality (3.2), we get

I(FP1) () = (F2) () la

1 Oa v l-«a
< R ML+ 28) + Nt s — ballua

2
S §||¢1 - ¢2||t0,0¢7

for all 91,12 € S. Hence, F is a strict contraction mapping on S and
therefore F' has a unique fixed point in S.

Hence for all ¢ € [0, 0], we have

/gﬁ S(tP0)uo db

+;8/0/0 0(t — )P 1C3(0)S((t — 5)°0) £ (s, u(s), u(a(s))) df ds,

where u(0) = up. Now we will show that the function u is Holder
continuous on [0, to] with respect to the o norm. For any ¢4, t2 € [0, o],
where t; < t3, we have,

(3.6)
A% u(ts) — u(ty)] / Ca(0)[S(£50) — S(£76)] A%ug db

+5/t1 /0 O(t2 — 5)P1¢5(0) A*S((t2 — 5)70)
x £(su(s), ula(s))) do ds
/ / B[(ty — s)P~1 — (ta — 5)°~1]C5(6)

x A%S((t2 — 5)°0)f (s, u(s), u(a(s))) df ds
+/8/0 /0 0(t1 — )P~ ¢s(0) A*[S((t2 — 5)°0)

— S((tr — 5)°0)]f (s, u(s), u(a(s))) b ds
=L+ 1+ I3+ 1.

Hence,

(3.7) [u(tz) = w(t)lla < [[all + 1 22]l + 2] + (| Za]]-
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We have
L= [ GOS0 - SE01A
0
0o to
~ [Tao| [ a0 45020 400 ) an.
0 t1
Therefore,
0o to
Inl< [ coo) [ pors A0S (o) Auo deds
0 t1

[e’e] t2
< Caﬂ/ 91*044[,(9)/ ==Y Auy || dt db.
0

t1

Hence,
Inl< 5= )c ol Au | (#5107 — 717y
3.8 a)—
(3.8) < Cull Aug || N1 B(ts + K(ts — £1))P0=2=1(ty — )
< C||Aug|| N1 BEPA= 71 (g — ¢,)P1=)

where 0 < Kk < 1.
Also,

Ls(R
59) 120 < G0 it — )P0,

(3.10) ||Z3]| gﬂNlLf(R)Ca/O 1(t1—s))‘*l[(tl—s)*)‘“—(tg—s)*)‘“] ds,

where Lf(R) = {L(R)[T” + 2R] + N2}, A = 1 — o and p =
(1=8)/(1 = Ba).

Hence, after some calculation we get
(3.11)  |[3]] < BN1Lf(R)Coud" (1 — ¢)"AI=1M =1ty — )M 1=1)]

where ¢ = (1 — (/X)) and 0 < § < 1.
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Also, we notice that
(3.12)

Clia " B—-1 —Ba —Bo
[all < BN Ls (R)— / (tr = 8)" [t — )77 = (t2 — 5)""%]ds
0

Cita . a _B(1-a)— —a
SﬂNlLf(R)%Jl Y1 —ep) PO -1y, )0

where ¢; = (1 — (a/B)/(@), 0 < §; < 1 and Oy, is some positive
constant satisfying ||A*1S5(t)|| < Criat 1% for all t > 0.

Thus the function v satisfies the uniform Hélder condition on [0, ¢o].
Hence with the help of the conditions (A1)—(A2), we can show that
the map

tr— f(t u(t), u(a(t)))

is uniformly Holder continuous on [0,%y]. This completes the proof of
the theorem. ]

4. Approximate solutions and convergence. In this section we
assume that 0 < 7' < 00, 0 < 8 < 1,0 < a < 1 and X is separable
Hilbert space. Also we need an addition conditions on the operator A
namely:

(A3): A is a closed, positive definite, self-adjoint linear operator
from the domain D(A) C X into X such that D(A) is dense in X. We
assume A has the pure point spectrum

0<XA <A <A<

where A,,, — 00 as m — oo and a corresponding complete orthonormal
system of eigenfunctions {¢;}, i.e.,

Api = Mg and (i, ¢5) = 0y,

where 0;; = 1 if i = j and zero otherwise.
If (A3) is satisfied, then —A is the infinitesimal generator of an
analytic semigroup S(t) in X.

Let X, denote the finite dimensional subspace of X spanned by
{b0,P1,--- ,¢n}, and let P™ : X — X,, be the projections associated
with the spectral set of the operator A for n =0,1,2,....



FUNCTIONAL INTEGRAL EQUATION SOLUTIONS 103

We define
frn i [0,T) X Xo X Xo — X
such that
fa(t,z,y) = f(t, P "z, P"y).
For n =0,1,2,..., we define the maps F,, on S as follows: for u € S
and ¢t € [0,T]
(4.1

)
(Fou)(t) = /0 Co(6)S(t°0)uo db
B / / To( 5P e (0)8((t - %)

X fn(s,u(s),u(a(s)))dbds.

Theorem 4.1. Assume the conditions (A1)—(A3) are satisfied.
Then, there exist ty, 0 < tg < T and a unique u, € S such that

Fou, = uy, for each n =0,1,2,3,... . More precisely, u, satisfies the
integral equation
(4.2)

U, (t) = / b C(0)S(t70)ug db

0
t o)
+ﬂ/ / 0t — 5)°1¢5(0)S((t — 5)°0)
0o Jo
X frn(8,un(s),un(a(s)))ddds,
for all 0 < t < tg. Moreover, u, is uniformly Holder continuous on

[0,t0], where 0 <o <T.

Proof. We can prove this theorem by using a similar technique as in
Theorem (3.1). O

Corollary 4.2. Letug € D(A) and 0 < n < 1. Then, u,(t) € D(A")
for all t € 10, to].

Proof. As the function u, is uniformly Hélder continuous on [0, ¢o],
hence with the help of conditions (A1)—(A2) we can see that the map
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t = f(t, P un(t), P"u,(a(t))) is uniformly Holder continuous on [0, to];
hence, u,(t) € D(A). Since D(A) C D(A") and u,(t) € D(A), hence
our Corollary is proved. O

Corollary 4.3. Let ug € D(A) and 0 < n < 1. Then, there ezists a
constant My independent of n such that

[Aun || < Mo,

for all t € [0, to].

Proof. From equation (4.2), we have
(4.3)
_ )81
147, (0)] < Mifwolly +8 [ [ 6t =910
|A"S((t — 8)P0) ||| f (5, P"un(s), P un(a(s)))|| df ds

B(1-n)
< M|Juolly + N1Co{L(R)[T" + 2R] + Nx} (i —

< M.
This completes the proof of the Corollary. ]

Theorem 4.4. Let ug € D(A) and the assumptions (A1)—(A3) are
satisfied. Then, {u,} C S is a Cauchy sequence and therefore converges
to a unique function u € S.

Proof. Let n > m > ngy, where ng is large enough and n, m,ny € N.
Hence from Theorem 4.1 we have

un () = /0 h C5(0)S(t°0)uq db

(44) s / / T ot — 5P (0)S((¢ — 5)°0)

X fn(8,un(s),un(a(s)))dbds.
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For t € [0, to], we have
(4.5) (| A% (un(t) = um (t))]|

sgéﬂfwrww*@wmwsw—@%m
(5 4 (5), 2 (@(5))) — Fon (5 1 (5), s (a(s)))]| dO .

For n > m and o < n, we have

(4.6)  [fn(5; un(s), un(a(s))) = fm(s; um(s), um(a(s)))ll
< [ fn(s,un(s), un(a(s))) = fn(s, um(s), um(a(s)))ll
+ 1fn (s, um(s), um(a(s))) = fm (s, um(s), um(a(s)))ll
<2L(R)|lun = umlls,0 + LIR)[[JA*(P" = P™) Aup (s)
+ AP = P™) ATu (a(s)) ]
Now we calculate the above inequality (4.6) as follows.

Let m < n. Then X,, C X,,. Let X;- be the orthogonal complement
of X,, for all m = 0,1,2,...; then X;: > X5\, We can write
X=X,0X:=X,0X .

Let z € X be an arbitrary element. Then, we can write z = z,;, + Ym,
where z,, € X,,, and y,,, € X,J;L. Then, P"z = z,, € X,,. We can see
easily that y,m, € X;k = ym = ZI, . 1a;¢; + Y, where y, € X;-. Let,
Zyy = X 410iPi-

Hence, z = zp, + 2, + v}, and P"z = z,,, + 2),,.

Therefore,

P'z—P"z =z, =% . a;¢;.
If, 2 = X%°,a;¢;, then ||z||* = £, |a;|?.
Since, A* "¢, = \;" "¢; [19]. Hence, we have
[AT(P™ — P™)z||* = (A*7(P" — P™)z, A*T(P" — P™)z)
= (N 1@ ATy, X 10, AYTdy)
= (Bl 1@ "0, Bl 1050 "8;)
- Eng m+1a1aj)\a 7])\06 7]<¢“ ¢J>
2(a— n

<A (S yalail®)

l
< w41
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Therefore,
oa— n m 1
AP = P™) Aum (s)]| < N [ A ()|
(4.7) ml
< ﬁMm
A
where M) is the same as in Corollary 4.3. Similarly, we can see that
n m 1
(4.8) I(P™ = P™)um(a(s)))lla < 7= Mo-

Therefore, the inequality (4.6) becomes
(4.9)  |lfn(s, un(s), un(a(s))) = fm (s, um(s), um(a(s)))l

M,
< 2L(R)||tn — Um |50 + 2L(R)——

n—o’
Am

We use inequality (4.9) in inequality (4.5) and get
(4.10) || A%[un(t) — um (t)]]]

<2L(R)S / / T 0t — )P G (O)|AS (¢ — £)°6)|

X ||t — Um||s,o O ds

cor®) s [ [ o- 9" i00)
x |A“S((t — 5)°0)|| df ds.

The first integral of the above inequality (4.10) is calculated as follows:
(4.11)

t oo
2L(R)S / / 0t — )5 1Cs(0)[A°S((t — )°0)|un — thm s, B s
t
< ﬁCaQL(R)Nl/ (£ = P09y, — 1wy [ ds.
0

Second integral of the above inequality (4.10) is calculated as:

My
Am @

(4.12) 2L(R) 5/0 /Oooe(t—s)ﬂ_1§5(0)||A°‘S((t—s)ﬂ0)||d0ds

< CQQL(R)MoNl tﬂ(l_a)
S a3 b .
Am (1 - «)
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We put the values of these integrals in the inequality (4.10) to get
(4.13)
CoL(R)MyN, Bll-a)

[|wn,

AL %(1—a) °
+28C. L(R)N /(t—s)ﬁ<1*a>*1||un—um||s,ads.
0

Application of Gronwall’s inequality will give the required result. This
completes the proof of the theorem. ]

With the help of Theorem 4.1 and Theorem 4.2 we have the following
existence and convergence result.

Theorem 4.5. Assume the conditions (A1)—(A8) are satisfied.
Then, there ezists tg, 0 < tg < T such that u, given by equation (4.2)
converges in S to a mild solution u € S of the equation (2.1).

Proof. The existence of u on [0, %] is clear from Theorem 4.4. We
only need to prove that u is given by equation (2.1). We have the
following inequality
(4.14) |If (2, P”un( ), Pt un(a(t))) — £(t, u(t), u(a(t))|l

L(R)[||P"un(t) = u(t)[la + [[P"un(a(t)) — u(a(t)) o]
L(R)[I(P™ = Dun(t)lla + [lun(t) — w(t)l|a
+ [1(P™ = Hun(a(t))lla + [[un(a(t)) — u(a(?))[al.
Hence, ||f(t, P"un(t), P"un(a(t))) — f(t, u(t),u(a(t))] — 0 as n — oo.

Thus we have
(4.15) 6/ / 0t —5)°1¢s(0)S((t — 5)°0)
Il f (£, PMun (t), P un(a(t)))—f (¢, u(t), u(a(t))|| ddds — 0 when n — oco.

Hence from the above inequality we can see that u is given by equa-
tion (2.1). This completes the proof of the theorem. O

The next theorem is all about the uniqueness and global existence of
u.
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Theorem 4.6. Suppose that 0 € p(—A), —A generates the analytic
semigroup S(t) with [|S(t)|| < M, fort >0, ug € D(A), the condition
(A2) holds and the function f : [0,00] X Xo X Xq — X satisfies
the condition (A1l). If there is a continuous nondecreasing real valued
function k(t) such that
(4.16)

I f(t, z1,22)|| < K(t 1+Z||m| fort>0, z; € Xo, i =1,2,
then the mild solution w is unique and exists globally.

Proof. We can continue u as long as ||u(t)||o stays bounded. It is
therefore sufficient to show that if u exists on [0, T, then [|u(¢)||o is
bounded as ¢t 1 T

For t € [0, T[, we have
(4 17)

/ Cﬁ Aa tﬂeuodﬁ—i—ﬁ// Qt_sﬂ ICﬁ() A2
S((t — 5)°0)f (s, u(s), u(a(s))) o ds.

From the above equation, we get

o)l < Mlualla+8 [ [ 607 Ga0)14%5( - )%0)]
£ (5,u(s), u(a(s)))|| df ds.

Hence ‘
i < 1t Co [ (¢ 507 ull 0 ds,
0
where C; = M|[u(0)|la + (E(T)N2CoT?1-))/(1 — @) and Cyp =
2k(T)BN>C,,.
Hence, by Lemma 6.7 [23, Chapter 5], we get the result.

To complete the proof of the theorem we only need to show that u
is unique on the whole interval. Let u; and us be two solutions of the
given fractional differential equation (1.1). Then, by a similar argument
as above, we see that

t
lur — wsllo < 2L(R)BNCa / (£ — 8509 luy — ], ds
0
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Hence again by Lemma 6.7 [23, Chapter 5], we see that the solution u
is unique. This completes the proof of the theorem. i

5. Faedo-Galerkin approximations. We know from the previous
sections that, for any 0 < 9 < T, we have a unique u € Cy, satisfying
the integral equation

/@ S(t°6)uq db

+5/0/0 e(t_s)ﬂ_lgﬂ(a)s((t_S)Bg)f(syu(s),u(a(e)))d@ds‘

Also, there is a unique solution u, € Cy, of the approximate integral
equation

/gﬂ S(tP0)uo db

+ﬂ/0 /0 0t — 5)°1Ca(0)S((t — 5)°6)
X frn(s,un(s),us(a(s)))dbds.

Faedo-Galerkin approximation is given by @, = P™u,, satisfying

/gﬁ S(tP9) P uq df

+ﬂ/0/0 o(t — )’ ¢a(0)S((t — 5)°0)P"
X frn(s,un(s),un(a(s)))dbds,

where f, is defined as earlier. Note that u, is in a finite dimensional
space. If the solution u(t) to equation (5.1) exists on 0 < ¢ < tg, then
it has the representation

(5.2)

(5.3)

(5.4) u(t) = Z o (1) s,

where «;(t) = (u(t), ¢;) for all § =0,1,2,3..., and

(5.5) Za t)¢is
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where o' (t) = (U, (), ¢;) for all i = 0,1,2,3,... .

As a consequence of Theorem 4.1 and Theorem 4.4, we have the
following existence and uniqueness result.

Theorem 5.1. Suppose that the conditions (A1)—(A3) are satisfied
and uy € D(A). Then there exist functions @, € C([0,t0]; X,,) and
u € C([0,t0]; X) satisfying

/gﬁ S(t6) P uq df

4+ 8 / / 0t — 5)°1¢s(60)S((t — 5)°6) P
X fn(8un(8), un(a(s)))df ds

(5.6)

and

/gﬁ S(tP0)uo db

— )t —5)° s,u(s), u(a s
+/6/0/0 0(t — s)7 " Cp(0)S((t — 5)70)f (s, u(s),u(a(f))) db d

such that @, — u in C([0,to]; X) as n — oo, where f, is same as
defined earlier.

Theorem 5.2. If the conditions (A1)-(A3) are satisfied and ug €
D(A), then for any 0 < to < T, we have

lim sup [g)\fo‘{ai(t) - a?(t)}Q] =0.

n—oo 0<t<tg

Proof. We have
Au(t) — (1)) = A° [Z{axt) - a?(t)}@]

=0

(5.8) _
= Z AHai(t) — o' (t) } i
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Thus, we have
(5.9) 1A% [u() = an(@)* = Y A*|ai(t) — af (¢)].
i=0
Hence, as a consequence of Theorem 5.1, we get the required result. O

6. Example. Let X = L?((0,1); R). We consider the following
fractional order integral equation

w(t, z) = w(0,7) + ﬁ /0 (t — )P~ (82w (6, 2)) do

v t — )Pt w(l, T w(a T
w5 L (=0 F0.0.0(6.0). 0.0(a(6), ) db.

w(t,0) =w(t,1) =0, t €[0,7], 0 < T < o0,

(6.1) L1

where F' is a given sufficiently smooth function satisfies the Hélder
condition.

We define an operator A
(6.2) Au = —u" with v € D(A) = H?(0,1) N H;(0,1).

Here clearly the operator A is self-adjoint, with compact resolvent and
is the infinitesimal generator of an analytic semigroup S(t).

We take oo = 1/2, D(A'/?) is a Banach space with norm
lelhys = 1422, = € DAM2),

and we denote this space by X o.

We observe some properties of the operators A and A'/2 defined by
(6.2) (cf. [5, 15] for more details). For u € D(A) and A € R, with
Au = —u”" = du, we have (Au,u) = (Au,u); that is,

(—u",u) = [ = Aul7s
so A > 0. A solution uw of Au = A\u is of the form

u(x) = C cos(VAx) + Dsin(vVAz)
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and the conditions u(0) = u(1) = 0 imply that C =0 and A = \, =

n?w2, n € N. Thus, for each n € N, the corresponding solution is given

by

(6.3) up (2) = Dsin(y/Anz).

We have (u,,, u,,) =0, for n # m and (up,u,) = 1 and hence D = /2.
For w € D(A), there exists a sequence of real numbers {a,,} such that

x) = Z Ay (), Z(a")2 < 400 and Z()\n)Q(ozn)2 < +o00.

neN neN neN

We have
Al/2 Z \/7 ap, Un (T

neN
with u € D(AY2); that is, 3, cn An(an)? < +oo.

The semigroup S(t) is given by the following expressions

St)u = Z exp(n2t) (w, U ) Um,

n=1

where, {u,,}, m =1,2,3,4,... is the orthogonal set of eigenfunctions
of A given by equation (6.3).

Thus, the equation (6.1) can be reformulated as the following abstract
equation in X = L?((0,1); R):

1 t
u(t) = ug + == | (t—0)P~1(—Au(h))dd

I T AP o
+F(,8)/0(t 0)” " f(0,u(0),u(a(f))) db,

where, u(t) = w(t,.), that is, u(t)(z) = w(t,z), t € [0,T], z € (0,1),
u(0) = uo and the function f : [0,T] x X/ x X1/ — X is given by

(6.5) [t u(t),u(a(t))(z) = F(t, 0zw(t, z), Ozw(a(t), ).

In particular, we can take

2
F(tur,uz) = folt) + () Y Ilug]u,
i=1
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where the functions fo : [0,7] — X and b : [0,7] — R are Holder
continuous.

For the function a we can take

(i) a(t) = kt, where t € [0,T7] and 0 < k < 1.

(ii) a(t) = kt" for t € I =[0,1], k € (0,1] and n € N;
(iii) a(t) = ksint for t € I = [0, (r/2)] and %k € (0,1].

It may be verified that all the assumptions of Theorem (3.1) are
satisfied which ensures the existence of solutions of (6.4) as well as that
of (6.1). Thus, all the results of the Sections 3, 4 and 5 can be applied
to the problems (6.4) and (6.5).
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