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1. Introduction

We consider the following fractional integral equation in a Banach space (X, ||.|):

1
u(t) = —— | (t -0 (—Au(9))dd —/ 0)P~1f (6, u(6))de, 1.1
(t) = O+F(,B) ( )P (—Au(9)) +F(,B) (t=6)""f(6,u®)) (1.1)
where A is a closed linear operator defined on a dense setand 0 < 8 < 1,0 < T < 0o0. We assume —A is the infinitesimal
generator of an analytic semigroup {S(t) : t > 0} in X and the nonlinear map f is defined from [0, T] x X into X satisfying
certain conditions to be specified later.

Regarding earlier works on the existence and uniqueness of different types of solutions to fractional integral and
differential equations, we refer to [1-6] and references cited in these papers.

Muslim [1] has considered the following fractional order integral equations in a Banach space X of the form

u(t)_u0+7ﬂ)f (t—6)\1(— Au(@))d@—i—Tﬂ)/ (t — )10, u®)do, te (0,T] (1.2)

and

u(t) = u0+Tﬂ)/ (t—6)~(— Au(@))d@—i—Tﬂ)/ (t —6)P7'f(6,u®), u(a®)))dd, te(0,T], (1.3)

where —A is the infinitesimal generator of a compact analytic semigroup and proved the existence and uniqueness of local
solutions.
Initial studies concerning the existence, uniqueness and finite-time blow-up of solutions for the following equation
u'(t) + Au(t) = g(u(t)), t=0, (1.4)
u(0) = ¢,
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have been considered by Segal [7], Murakami [8] and Heinz and von Wahl [9]. Bazley [10,11] has considered the following
semilinear wave equation
u’(t) +Au(t) = g(u(t)), t=>0, (1.5)
u@0 =¢, u(0) =1y,

and has established the uniform convergence of approximate solutions to Eq. (1.5) by using the existence results of Heinz
and von Wabhl [9]. Goethel [12] has proved the convergence of approximate solutions to the problem (1.4), but assumed g
to be defined on the whole of H.

In this paper, we use the Banach fixed point theorem and analytic semigroup theory to prove the existence, uniqueness
and approximation of solutions of the given problem (1.1). Further, we also prove certain approximation results.

The plan of the paper is as follows. In Section 3, we prove the existence and uniqueness of local solutions and in Section 4,
the existence of global solution for the problem (1.1) is given. Section 5 deals with the approximation of solutions. In the
last section, we have given an example.

2. Preliminaries

We note that if —A is the infinitesimal generator of an analytic semigroup then for ¢ > 0 large enough, —(A + cI)
is invertible and generates a bounded analytic semigroup. This allows us to reduce the general case in which —A is the
infinitesimal generator of an analytic semigroup to the case in which the semigroup is bounded and the generator is
invertible. Hence, without loss of generality we suppose that

IS <M fort >0
and
0 € p(—-A),

where p(—A) is the resolvent set of —A. It follows that for 0 < o < 1, A* can be defined as a closed linear invertible operator
with domain D(A%) being dense in X. We have X, — X, for 0 < a < « and the embedding is continuous. For more details
on the fractional powers of closed linear operators we refer to Pazy [13]. It can be proved easily that X, := D(A%) is a Banach
space with norm ||x||, = ||[A*x]|| and it is equivalent to the graph norm of A%,

We notice that & = C([0, T], X), the set of all continuous functions from [0, T] into X is a Banach space under the
supremum norm given by

I¥llr == sup Iy (I, & € Cr.
0=<n=T

It can also be proved easily that Cf = C([0, T]; X,), forall t € [0, T], is a Banach space endowed with the supremum norm

[¥llre = Sup Iyl ¥ € CF.

<n<
We assume the following conditions:

(A1) —Ais the infinitesimal generator of an analytic semigroup S(t).
(A2) The nonlinear map f : [0, T] x X, — X satisfies

If(t, %) = (s, I < LO[E —s|" + [Ix = yllal,
forallt,s € [0,T],afixedv,0 <v <1 andx,y € B,(X,), whereL : Ry — R, is a nondecreasing function and forr > 0
Bi(Z)={zeZ:|z|z <1},

where (Z, ||.]|z) is a Banach space.
We define the Riemann-Liouville integral of order 8 > 0 by

1 t
B - _ p)s-1
IPg(t) = F(,B)/o (t—0)""g(6)do.

Definition 2.1. By a mild solution of the evolution problem (1.1), we mean a continuous solution u of the following integral
equation given below

u(t) = /mcﬁ(G)S(tﬂG)uodeJrﬂ/ /we(t—s)ﬂ—lgﬁ(e)s«t—s)ﬂe)f(s, u(s), u(a(p)))dods, (2.1)
0 0 0

where ¢g(0) is the probability density function [14,15].

For further detail on the mild solution, we refer to [1,3-5].
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3. Existence of solutions

Throughout the paper we have assumed that0 < T < 00,0 < f < land0 <a«a < 1.
We have the following theorem regarding the existence of a local solution.

Theorem 3.1. Suppose that —A is the infinitesimal generator of an analytic semigroup S(t) with ||S(t)|| < M, t > 0 and that
0 € p(—A). If the function f satisfies the condition (A2) and uy € D(A), then the fractional integral equation (1.1) has a unique
local solution.

Proof. We will establish the existence of a solution u of Eq. (1.1) on [0, ty] for some to such that 0 <ty < T.
We take

f 0'"¢5(0)d6 = Ny, (3.1)

0

where g (0) is the probability density function [4].

Forany 0 < T < T, we define a mapping F from G;‘ into @‘% given by,
[e'e) t [e'e)
(Fy)(t) = / £5(0)S(tPO)uedo + /3/ f 0t — )P 1¢5(0)S((t — 9)PO)f (5, ¥ (s))d6ds. (3.2)

0 0 Jo

Clearly F is well defined. For R > 0, let M||uoll, < % and

S={uzuecy u®l. <R}

to?
Choose ty, 0 < tg < T such that

R, e
to < [EC" NI — ) {LR)[T” + R] + Ny} 1] , (3.3)

where C, is a positive constant depending on « satisfying ||A*S(t)|| < C,t~%, forallt > 0and ||f(0, 0)|| = Ns.
To prove the theorem, first we need to show that F : S — S.Forany i € S, we have (Fy)(0) = uo. Ift € [0, to] then we
have

oo t o0
IEYIOlle = / tpO)ISE6) 1A uol|d6 + ﬂ/ / 6(t =)’ 15 0)A*S((t — 9)70)]|
0 0 Jo

t [e'e)
X |If (s, ¥(s)) — £(0,0)[|d0ds + / / 0t — )1 ¢p(O)IIA*S (¢ — 5)?O)[IIf (0, 0) || dds.
0 Jo

B(1—c)
< Mlluolle + N1Co{L(R)[T" + R] + Nz}(;) —
o (34)

Hence F : S — S. Our next goal is to show that F is a strict contraction mapping on S.
Forallt € [0, to] and ¥, ¥, € S, we have

t 00
(Fyr) () = (Fyra) (8) = ﬁf / 0(t — )" '2g(O)S((t = $)PO)F (5, ¥1(5)) — f (5, Ya(5))1d6ds.
0 Jo

Hence,

t [e'e)
[(FY) () = F2) (O]l < ﬂ/ / 0(t — )" eg @) IA*S (£ = $)PO)IIf (5, Y1(5) — F (5, ¥2(5)) [|dOds.
0 Jo

From condition (A2) we have
1 G
R(1— )

1
< 5”‘#1 = V2lleg,as

for all 1, ¥, € S.Hence F is a strict contraction mapping on S and therefore F has a unique fixed point in S.
Hence there exists u € S, such that for all t € [0, ty], we have

A

I(FY) () — (F) (D)lle < Ni[L(R)(T” + R) + Nalt? 11wy — ¥y o

u(t) = /OQ ¢5(0)S(tPO)uedd + ﬂ/ /oo 0(t — )P 1¢5(0)S((t — $)PO)f (s, u(s))dAds, (3.5)
0 0 0
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where u(0) = uy. Now we will show that the function u is Holder continuous on [0, ty]. For any t;, t, € [0, ty], where
t; < tp, we have,

A%Tu(ty) — u(ty)] = / 5 (O)[S(6) — S(tP6)1A%upd6
0
ty [e’e)
+ﬁf / 0(tz — )P 125 (0)A*S((t, — $)PO)f (s, u(s))dAds
tq 0
+(—B) / / OL(t — )P — (&2 — )P 1125 (0)A*S((t2 — 5)PO)f (s, u(s))dods
0 0

tq [e’e)
+,3/ / 0(ty — 97 Lg(OAS((& — 9)70) — S((tr — 9)PO)If (5, u(s))dOds
0 0

=hLh+L+5L+14. (3.6)
Hence,

lu(tz) —ut)lle < L1+ 1120l + 1131 + (4]l (3.7)
We have

I = /OO 5 O)IS(L)6) — S(tF6)1A%uedd
0

00 ty
= / 2p(0) [ / ﬂetﬁ_lA“S(tﬂG)Auodt] de.
0 t1

Therefore
o0 ty
Ll < / ¢p(0) f BOLPA*S(70) ||| Auol|dtdd
0 tq
[ee] ty
< Caﬁ/ 91—“;3(9)/ tPA=9=1 Ay || dtdb.
0 t
Hence
Il = = Augl (1) — (817
11 = (1_00 o 0 2 1
< GullAug|IN1B(t; + 8(t, — )P0ty — 1))
< CollAug|IN1 B8P =71ty — £)P1~), (3.8)

where C, is some positive constant satisfying [|A*S(t)|| < C,t “forallt > 0and0 < § < 1.
Also, we have

L < b ®) CoNi (6 — £)P1), (3.9)
(1—-a)
and
51
5] < BN1Ls (R)Cy / (tr — 9" (61 — 5) 7 — (6 — s)"M]ds, (3.10)
0

where Lt (R) = {LR)[T" + Rl + Ny}, » =1— B and p = {=£.

Ba

Hence, after some calculation [similar to Theorem 3.2 [4]] we get
131 < BN1Lr (R)Co 81" (1 — ©) 778y — )™ (1710, (3.11)

1
wherec = (1 - (§)™)and0 < &; < 1.
Similarly we get,

Crag [© ) i )
Ilall < BNiLy (R) == / (t; — 9Pt — 7P — (&, — 5)P*)ds
0
C
< BNiL(R)—2.8,% 71 (1 — ¢1) PI=01 (1, — £)P01-),

o

1
wherec; = (1 — (%)W), 0 < §, < 1and Cy4, is some positive constant satisfying |A*T1S(t)|| < Ciyot~ "% forallt > 0.
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Thus the function u satisfies a Holder condition on [0, ty]. With the help of the condition (A2), we can prove easily that
the map t — f(t, u(t)) is Holder continuous on [0, ty]. This completes the proof of the theorem. O

4. Global existence

Theorem 4.1. Suppose that 0 € p(—A) and —A generates the analytic semigroup S(t) with ||S(t)|| < M, for t > 0, ug € D(A)
and the function f : [0, 00) x X, — X satisfies the condition (A2) . If there is a continuous nondecreasing real valued function
k(t) such that

IF (€ 01 < k(@)1 + lIxlla) fort =0, x €X,, (4.1)
then the fractional integral equation (1.1) has a unique solution u which exists for all t > 0.

Proof. By Theorem 3.1, we can continue the solution of Eq. (1.1) as long as ||u(t)||, stays bounded. It is therefore sufficient
to show that if u exists on [0, T), then |u(t)||, is bounded as t 1 T.
Fort € [0, T), we have

[e%e) t [e’e]
A%u(t) = / s (0)A*S(tPO)uedd + B / f 0(t — )P 1¢5(0)A*S((t — 5)PO)f (s, u(s))dAds. (4.2)
0 0 0

From the above equation we get

t o0
1l < Mluolla + B / / B(t — /P15 (O)IAS((t — $)PO) [ (5, u(s)) | dbds.
0 0

Hence
t
lu®lle < C + Cz/ (t — )P u(s) |4 ds, (4.3)
0

where C; = M||ug|le + kDN G TP and G, = k(T)BN;C,. Hence from Lemma 6.7 [Chapter 5 in Pazy [13]], u is a global

(1-a)
solution.
To complete the proof of the theorem, we only need to show that u is unique for the whole interval.
Let u; and u, be two solutions of the given fractional integral equation (1.1). Then for any t > 0, we have

t o0
lui (£) —ux(H)]le < ﬂ/ / o(t — S)ﬁ7]C5(9)||Aa5((f — PO (s, ui(s) — f (s, ua(s))||dOds
0 0
t
< /3N1Ca/ (t = PTO7Nf (s, ur(s)) — f(s, uz(s)) llds
0

t
< L(R)ﬁMCa/ (t — )P g (s) — ua(s) [lods.
0
Hence from Lemma 6.7 [Chapter 5 in Pazy [13]], the solution u is unique. This completes the proof of the theorem. O

5. Approximate solutions

To prove the existence and convergence of approximate solutions to fractional integral equation we need additional
conditions on X and A.
We assume the following assumptions:

(A3) X is a separable Hilbert space.
(A4) The operator A is a closed, positive definite, self-adjoint linear operator from the domain D(A) C X into X such that
D(A) is dense in X. We assume A has the pure point spectrum

O<A<A <A< SAp<---,

where A, — 00 as m — oo and a corresponding complete orthonormal system of eigenfunctions {¢;}, i.e.,
Adi = i and (¢, ¢;) = 5y,
where 6; = 1ifi = j and zero otherwise.
If the conditions (A4) is satisfied then —A is the infinitesimal generator of an analytic semigroup {S(t) : t > 0} in X.

Let X, denote the subspace of X generated by {¢q, ¢1, ..., ¢y} and P" : X — X, be the associated projections operators.
Forn=0,1,2,...,wedefine the maps F, on S as follows: foru € Sand t € [0, T]

(Faw)(t) = /OO £5(0)S(tP0)P"uodo + ﬂ/ /Oo 0(t — )P4 (0)S((t — $)PO)P"f (s, P"u(s))dAds. (5.1)
0 0 0
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Theorem 5.1. Let n > ng, where nq is large enough and n, ng € N. If the conditions (A2)-(A4) are satisfied then there exists a
unique u, € S such that Fyu, = u, foreachn =0, 1, 2, 3, ..., ie. u, satisfies the approximate integral equation

o0 t o0
Uy (t) = / 25(0)S(tPO)P updo + ,8/ / 0(t — )P 71¢5(0)S((t — $)PO)P"fu(s, P"uy(5))dOds. (5.2)
0 0o Jo
Moreover the solution u,, is uniformly Hélder continuous on [0, tg].

Proof. With the help of Theorem 3.1, we can show easily that the mapping F,, has a unique fixed point given by

o t oo
Uy (t) = / 25(0)S(tPO)P"ugdo + B / / 0(t — )P 1¢5(0)S((t — $)PO)P"f (s, P"uy(s))dOds (5.3)
0 0 0
which is uniformly Hélder continuous on [0, tp]. O

Corollary 5.2. If ug € D(A) then u, (t) € D(A") forallt € [0, ty], where0 < n < 1.

Proof. As the function, u, is Holder continuous on [0, ty], hence with the help of Theorem 3.1, we can see that the map
t — P"f(t, P"u,(t)) is also Holder continuous on [0, ty], hence u, € D(A). Since D(A) C D(A") and u, € D(A) hence our
Corollary is proved. O

Corollary 5.3. If ug € D(A) then there exists a constant My independent of n such that
[A"up || < Mo,
forallt € [0, tp]and 0 <n < 1.

Proof. From Eq. (5.3) we have,

o0 t o0
un(t)=/ gﬁ(e)S(tﬁe)P"uodeJrﬁf/ 0(t — )P 1¢5(0)S((t — $)PO)P"f (s, P"uy(s))dOds. (5.4)
0 0 0
Hence

t o]
[ATun ()] < Mlluoll, + ﬂf / 0(t =)’ 14 O)[ATS((t — )P 0) [ IP"f (s, P"un(5)) | d6ds.
0 Jo

B(1=n)
< M|luoll, +N1CW{L(R)[TV +R] + Ny} ((1J —
< Mp. (5.5)

This completes the proof of the Corollary. O

In order to prove the convergence, we need the following stronger assumption on the nonlinear map f than (A2).

(A2') The map f is defined from [0, 00) x X, into D(A") for 0 < o < n < 1 and there exist a nondecreasing function
L from [0, c0) into [0, o) such that

IF (t u) = Fs, v)lly < LOIE = I + u — v]lo),
forallt,s € [0,T],v € (0, 1]and u, v € B, (X,), wherer > 0.

Theorem 5.4. We choose n such that 0 < o +n < 1.If uy € D(A) and the assumptions (A2)-(A4) and (A2') are satisfied then
{un} C S is a Cauchy sequence and therefore converges to a unique functionu € S.

Proof. Let n > m > ngy, where ng is large enough and n, m, ng € N. Hence from Theorem 5.1 we have

o t o0
Uy (t) = / 25(0)S(tPO)P"updo + B / / 0(t — )P 1¢5(0)S((t — $)PO)P"f (s, P"uy(s))dOds. (5.6)
0 0 0

Fort € [0, ty], we have

A% (un(£) — um ()] < ﬁ/ / 0(t =)’ 1¢pO)|A*S((t — )POIIIPS (5, P"utn(s)) — PTf (s, P"upn(s))]|dOds.(5.7)
0 Jo
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We have
IP"f (s, P"un(s)) — P"f (s, P"um(s) | < [IP"[f (s, P"un(5)) — P"f (s, P"um(s)]Il + [|(P" — P™)f (s, P"m(5))
< IP"[f (s, P"un(s)) = f (s, P"um()]IIl 4+ IP"[f (s, P"um(5)) — f (s, P"um ()]
+ 1(P" = P™)f (s, P um(s)) |
=< L®)[un(s) — um($)lla + LR JA*T"(P" — P™)A"up(s) |
+ 1A (P = P™ATf (s, P"um(5)) |- (58)
Let m < n then X, C X;. Let X be the orthogonal complement of X, forallm = 0, 1, 2, ..., then X;> > X.'. We can write
X =Xn®X: =X, ®XL.
Let z € X be an arbitrary element. Then, we can write z = z,, + ym, Where z,, € X, and y,;, € Xn#. Then, P"z = z,, € Xp.
We can see easily that y, € Xor = ym = S, 10id; + ), where y), € X" Let, z;, = B 4.

Hence,z =z +z), +y,,and P"z = z;, + z,,..
Therefore,

P'z —P"z =z, =% 0.
If, z = 2 a;¢; then |1z]|* = =2, |a;]?.
Since, A" "¢ = A; "¢; [16]. Hence, we have

[A*~1(P" — P™z||* = (A*""(P" — P™)z, A*"(P" — P™)z)
(Bl @AY "y, E}-"_mHaA“""d)j)
(Blm@ir; b, D j= m+1a1)‘q_n¢1)
= Il @A "A“ i, b5)

" Bl lail?)

m+1
2
< o eI
Therefore,
”AOt—?? (Pn — Pm)Anum(S)” = (n—a) ”Anum(s)”
Am
< 1 M, 59
= oMo, '
A=)

where M is same as in Corollary 5.3.
Now we use the inequality (5.9) and assumption (A2’) in inequality (5.8) and get the following inequality

C1

IP"f (s, P"un(s)) — P"f (s, P"um ()| < L(R) [|un(s) — ttm($)|lo + L(R) /\n : (5.10)
where C; = L(R){T" 4+ R} + [[f (0, 0) ||, and & < 1 < 1.
From inequality (5.10) and inequality (5.7), we get the following inequality
t [e’e}
A [un () — um (O] < L(R)ﬁ/ / 0t — )’ c5O)IA*S((t — )P ) l[|un(s) — Um(s)[l«dOds
o Jo
MO t [ee} p1 N p
+LR) =B Ot — )" Lg(O)|A*S((t — 5)70)]|dOds
m 0 0
Cl t 00 4
+ A—nﬁ/ / 0(t — )P 7125 (0)IAS((t — 5)P0) | dOds. (5.11)
m 0 0

The first integral of the above inequality (5.11) can be estimated as follows

t o0
LR)B f / 0(t — )P 1egO)IAYS((t — $)PO) [ |un(s) — um(s)llodOds
0 0

< BC,LRN; / (t — )P0 Uy (5) — i (S) [lods. (5.12)
0
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Second integral of the above inequality (5.11) is estimated as follows

L(R)MoN1  g(1—a)
o

Mo o B—1 P B Ca
L(R)—— B Ot — )P L@ IA*S((t —5)P0)|dOds < t . (5.13)
Mo o Jo Am (11— a)
Similarly third integral can be calculated as follows
C Y C,C1N —
—Sﬂ/ / 6t =9 5@ IA"S (¢ —70) ldods < T, (5.14)
Am- Jo Jo (1—a)Am

Finally, we deduce from the inequality (5.11) that

t
A [un (£) — um(O1]| < BCLL(RIN / (t — 9P (s) — up(s)[|ods
0
CoL(R)MoN; (A1) CCiNT  g1—a)
A1 — ) ° am(1—a)® 7

The application of Gronwall’s inequality and adding m — oo to the above inequality gives the required result. This completes
the proof the theorem. O

(5.15)

With the help of the Theorems 5.1, 5.4 and 4.1 we can state the following existence, uniqueness and convergence result.

Theorem 5.5. Let n > ng, where nq is large enough and n, ng € N. If the conditions (A2)-(A4) and (A2') are satisfying then
there exist a unique u € S such that u, — uin S and u is given by Eq. (3.5).

Proof. We only need to prove that the limit u obtained above satisfies the integral equation (3.5). We have

[(P" — Dug|| = 0, asn — oo. (5.16)
We also have
IP"f (t, P"uy) — f(t, u(®)|| < [[(P" — Df(t, P ua (D) || + [If (£, P"un(£)) — f(£, u(®)|l, (5.17)
where ||(P" — Df (t, P"u,(t))]|| — 0and ||f(t, P"u,(t)) — f(t, u(t))|| — 0,asn — oc.
Therefore,

/ £p(0)S(t70) | (P" — Duol|d6 + ﬂ/ / 0(t =) " 1¢pO)S((t — 976)
0 0 Jo

x ||[P"f(s, P"u,(s)) — f(s, u(s))||d9ds — 0 whenn — oo. (5.18)
Hence from inequalities (5.16)-(5.18) we can see that u, converges to u where u is given by Eq. (3.5). This completes the
proof of the theorem. O

6. Example

Let X = L%((0, 1); R). We consider the following fractional order integral equation,

t
w(t,x) = w(0, x) + Tﬂ)/ (t — 0P 12w, x))dd + Tﬂ)/ (t —0)P7F (6, 9,w(8, x))do,

w(,0)=w(,1)=0, te[0,T],0<T < o0, (6.1)

where F is a given sufficiently smooth function which satisfies the Holder condition.
We define an operator A.

Au= —u" withu € D(A) = H, (0, 1). (6.2)

Here, clearly the operator A is self-adjoint, with compact resolvent and is the infinitesimal generator of an analytic semigroup
S(t). We take o = 1/2, D(A'/?) is a Banach space with norm

IXll1/2 == IAY?x||, x € D(AY?),

and we denote this space by X ,.
The Eq. (6.1) can be reformulated as the following abstract equation in X = L?((0, 1); R):

- g)P—1 _ — )1
u(t) =ug + F(,B)/(t )"~ ( Au(@))d@-l—r(ﬂ)/(t 0)"~f(6,u(9))do, (6.3)
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where u(t) = w(t, .) thatis u(t)(x) = w(t, x),t € [0, T],x € (0, 1) and the function f : [0, T] x X;,, — X is given by
f(t,u(t))(x) = F(t, oyw(t, x)). (6.4)

We can take f (t, u) = h(t)g(u’), where h is Holder continuous and g : X — X is Lipschitz continuous on X. In particular we
can take g(u) = sinu, g(u) = &u, g(u) = arctan(u), where £ is constant.
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