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Abstract In this article, we consider a distributed optimal control problem associ-
ated with the Laplacian in a domain with rapidly oscillating boundary. For simplicity,
we consider a rectangular region in 2d with oscillations on one part of the boundary.
We consider two types of functionals, namely a functional involving the L?-norm
of the state variable and another one involving its H'-norm. The homogenization
of the optimality system is obtained and then we derive appropriate error estimates
in both cases.
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1 Introduction

In this article, our aim is to consider a distributed optimal control problem associated
with the Laplacian with a rapidly oscillating boundary. For simplicity, we consider
a rectangular region in a plane (2d) with oscillations on one part of the boundary.
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Presently, we consider only a model problem, but it is motivated by real problems mod-
elled by Navier-Stokes/Stokes/Viscous—Moore—Greitzer equations. There are vari-
ous homogenization problems with oscillating/rough boundaries in the literature. The
asymptotic analysis of the solutions of partial differential equations (PDEs) with highly
oscillating data in an oscillating boundary arises in many interesting and challenging
physical models.

To cite an example, boundary value problems, in particular control or controllability
problems involving highly oscillating boundaries or interfaces have various applica-
tions in industrial problems such as flows with rough boundaries (rough boundaries
can be modelled as oscillating boundaries), rough interface, air flow through com-
pression systems in turbo machines such as jet engine. For example, the last one can
be modelled by the Viscous—Moore—Greitzer equation derived from Scaled Navier—
Stokes equations (see [9,27,28]). Here the pitch and size of the rotor—stator pair of
blades in the engine provides a small parameter compared to the size of the engine
which is oscillatory as well as rotating (moving). The motion of the stator and rotor
blades in the compressor produces turbulent flow on a fast time scale. When the engine
operates close to the optimal parameters, the flow becomes unstable. This model gives
motivations to look into control problems described by PDEs of evolution type such
as the heat equation or the Navier—Stokes equations. As the problem is quite com-
plicated, we wish to begin with a sample problem of Laplacian with an oscillating
boundary and the control region is away from the oscillating regions, though the aim
is to consider controls acting on the moving boundaries.

For simplicity, we consider nearly a 2d rectangular region with oscillating part on
one side of the region to be made precise later. Basically the oscillating part can be
viewed as slabs of width € > 0 but of height O (1) fixed to a rectangular region. In fact,
the oscillating boundary can be of different types. Basically there are two categories,
namely the oscillations with large amplitude (that is O (1)) and oscillations with small
amplitude (thatis O (¢“), o > 0). The small amplitude oscillation problems are easier
to handle. In this article, we deal with a problem with O (1) amplitude. Such regions are
considered in the literature for studying homogenization of PDE problems. We mainly
refer to the paper by Amirat et al. [4]. But we do not see much literature regarding opti-
mal control/controllability problems. There are plenty of literature on the asymptotic
analysis of problems with oscillating boundaries (see [1,3,6,10-12,15,16,31] and the
references therein). For general homogenization, we refer to [8,13,19,33]. Regarding
the homogenization of optimal control/ controllability, we cite some of the references
as [20,21,29,30]. A few references are concerned with optimal control problems and
derivation of optimality systems, one can refer to [2,7,11,14,23,25,26].

2 Notations and problem description

For € > 0, a small parameter, we consider a varying domain €2, as in the Fig. 1 which
we describe below. Let L > O and g : R — R be a smooth and periodic function with
period L. The smoothness of g is required to establish some regularity results. The
graph of g describes the bottom part of the boundary ¢, namely
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Fp ={(x1,x2) : x2 =g(x1), x1 € [0, L] =1}.

Let0 < a < b < L and 7, be the € L-periodic function defined on [0, L] by periodic
extension of

() = M’ if x; € (ea, €b),
XD =100 ifxy €0, €L)\(ea, €b),

with M’ > M > m, where
m = max{|g(x1)|, x1 € I}.
The graph of 1, provides the oscillating boundary. One would like to consider moving
oscillating domains of the form 7(¢, 2). In this paper, we do not discuss the analysis
in such domains. Define the fixed part of the domain Q™ as
Q7 ={(x1,x2): 0<x;1 <L, gx1) <x2 < M}.
Let
Iy ={0,x2) : g(0) =xo = M}U{(L,x2) : g(L) =x2 = M}
which is the vertical boundary of Q2™ and
Fy={(x1,M): 0<x; <L}
is the upper boundary of 2~. We, now define 2, as
Qe ={(x1,x) €R*: 0 <x1 <L, glx1) < x2 < nelx1)}
which is the domain ~ together with small strips of width € and height (M’ — M)
attached to 2~ (see Fig. 1). In fact, Q2 can be viewed as the bidimensional section of

a more realistic solid cube in which small slabs are attached to it. The boundary 92,
can be decomposed as

0Q2e =T UTs U e,

where y, is the contribution from the periodic strips.

Let Q = {(x1,x2) : 0<x; <L, g(x1) <x2 <M’} be the full domain. Let Qj =
{x € Q¢ | M <x3 < M’} denote the top part of Q¢, with Q¢ = Q7 U([0, L] x {M}) U
Qf. LetH l’,”er (Q2¢) (respectively L%er (£2¢)) be the subspace in H™ (Q2¢) (respectively
L?(Q)) of functions which are L-periodic with respect to the x; variable. In that case
we shall say that the functions are ['s-periodic because they take same values on both

sides of I'y. We denote by s“ze the periodic extension of 2, in the x-direction.
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Let o CC Q7 be the subdomain of 2~ in which the control acts. Without loss of
generality, we assume that

owo={(x,x): 0<x;1 <L, gx1) <xa <M},

where M > M~ > m.

Remark 2.1 We have taken this special domain €2, with oscillations of order 1 on one
part of the boundary to understand the behavior of optimal control problems. One can
indeed consider other type of domains, but we will not discuss it here. O

2.1 Problem description

We consider the following interior optimal control problem, where the control is acting
on the sub-domain w:

—Aye = f +0xo in e,
ye=0 on Ye,
Ve = U on [,
Ve is I'y — periodic.

2.1

Here # € L%(w) is the control function and ¥, is the characteristic function of w.
Throughout the paper, we assume that

1/2
geCl, (R, ueHy(Iy) andfeLl, (). 2.2)

It is well-known that if the Assumptions (2.2) are fulfilled and if 6 € Lfm (w),
then Eq. (2.1) admits a unique solution y. = y.(0) € H;e,(Qe). We denote y. the

extension by 0 of y. to €2, and thus y. € H ;er (€2). The solution operator

(fvgiu)'—)yé
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.. . 1/2 . .
is linear and continuous from L%er(Q) X L?)er (w) x Hpé, (I'p) into H]ler (2). That is

Vel @) = CULS 2@ + 101 L2w) + Nl g12qmy))- (2.3)

where C > 0 is independent of €. Let us consider the following two cost functionals

1
Je (e, 0) = —/(ye —ya)* + §/92
2 2
Qe w
and

1 B
J2.e(ye, 0) = §/|Vye —Vyd|2+5/92,
Qe 2}

with 8 > 0, y4 is a given desired state belonging to Lf,er (2) for Ji ¢ and to H;er (2)
for J» .. Since we are going to see that y. is of order €, i.e. O(€) in the upper part
Q7 , it is reasonable to take supp y; C Q. This assumption is assumed throughout
the paper.

Associated with these functionals we consider the two optimal control problems

inf{J1.c (ye,0) 10 € L2, (@), (ye, 0) obeys (2.1)}, (P1o)
and
inf{J2.c (ve, 0) |6 € L3, (@), (ye,0) obeys (2.1)}. (Py.e)

Remark 2.2 'We could be interested in considering much more general elliptic opera-
tors and/or general cost functionals. We shall discuss these issues in a later paper. O

For each € > 0, the minimization problem (P ) is quite standard and it admits a
unique solution (¥, 6,) (see [7,24,32]). We call (¥, 6,) the optimal solution, where
0, is the optimal control and j. the optimal state. Further, it can be characterized using
the adjoint state (co-state) z. , where z. solves the adjoint problem

—AZe =Y —yg inQ,
Ze =0 on ye U T, (2.4)
Ze € Hy, ().

The following theorem is well established.

Theorem 2.3 Let f € L*(Q2) and (Je,0c) be the optimal solution of (P1.¢). Let

Ze € H ;l)er () solves (2.4), then the optimal control is given by

B 1.
O = ——Ze Xw-

B
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Conversely, assume that a pair (Je, Ze¢) € H;e, () x H; (2¢) solves the optimality

system

er

. L, ) . R
—Ay€=f—Ez€xw inQe,¥%e =0 onye, ye =u onlyp, 2.5)

—AZe = Ve — ya inQe,2e =0 ony.UTy.

Then, the pair (ye, —%26 Xo) IS the optimal solution to (P ¢).

The first aim of this article is to study the asymptotic behavior of (y, O )ase — 0
and obtain the limit equations.

Using the convergence of the optimality system, we in fact show that the minimiza-
tion problem will converge to a suitable minimization problem. This is done in Sect. 3.
The other important aspect of the article is to prove some corrector estimates. We show
some H'- estimates in terms of the L?- estimates using certain test functions. In fact
these test functions were used earlier by other authors for studying homogenization
problems (uncontrolled) in such domains, see [4]. This is the content of Sect. 4. Test
functions are also introduced in the same section. Finally, we study the analysis of
Dirichlet cost functional in Sects. 5 and 6.

3 Homogenization Theorem
3.1 Estimates

Assume that (y, 0e) is the optimal solution of (P ¢). With 8 = 0, let y.(0) be the
solution of the problem (2.1), then using the classical weak formulation or (2.3), we get

Iye Ol g1,y = C. 3.1)

Since (ye, 0,) is a minimal solution, we get

i B[ -
/ Ge =+ 5 / 5 < / (7e(0) — ya)* < C. (3.2)
Qe w Qe
Thus we have
16ell 12wy < C. (3.3)
I¥ell 20 < C. (3.4)

where V. is the extension by 0 to Q.
Using the weak formulation of the adjoint system (2.4), it follows that

Izel g1y = C, 3.5

where C > 0 is independent of €. Then we have the following theorem:
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Theorem 3.1 Let (y, 0c) be the optimal solution of the problem (P ), then O €
H'(w) and there exists a constant C independent of € such that

10l g1y < C (3.6)
and
[ ¥ell 1oy < C. (3.7)

Proof The fact 0, € H'(w) and estimate (3.6) follow from the characterization 6, =

1
—EZG Xw- Estimate (3.7) is then a consequence of the first equation in (2.5). O

Thus, we have, along a subsequence

Ye = yo weakly in H'(Q)
Ze — Zo weakly in H () (3.8)
O — 0y weakly in H!(w),
for some (¥o, Zo, 0p) € Hj () x HY(Q) x HY(w). In fact, we shall get the strong
convergence in H 1(€) for z, and hence for the control &, in H' (w).

Introduce the following problem in Q7. Given 6 € Lz(w), lety e H ;e, (27) be
the solution to

—Ay=f+0x, inQ,
y=0 on Iy, (3.9)
y=u on I'p.

The limit cost functional J is defined by

1
510.6) =3 /(y a4 §/92. (3.10)
Q- )

Let (¥, 6) be the solution to the minimization problem

inf{J1(y,0) | 0 € L*(w)}, (. 0) obeys (3.9)}, (P1)
_ . oL o
Then, 6 can be characterized by 6 = _BZ’ wherez € H per (27) solves
—AZ=y—y; inQ7,
[Z:O onI, UL, G.11)
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Theorem 3.2 Let (y, ) and (v, 0) be, respectively, the optimal solution of (P1,¢)
and of (P1). Then

0. — 6 strongly in H'(w),
Ye — y strongly in HI(Q),

where

~n
I

y inQ27,
0 inQT.

Moreover
J1.c Fe,0e) —> J1(3,6) when e —> 0.

Proof Restricting the Egs. (2.1) and (2.4) to 27, and using the convergence (3.8), it
is easy to pass to the limit in 7 to get

_Ayozf—%zoxw inQ~, yo=u onl},

—AZo = Yo — Ya nQ7, zo0=0 onTly, (3.12)
50,20 € Hppp (7).

Recovering the boundary condition yo = zo = 0 on I, is quite easy. Let xq+ be the
characteristic function of SZ:‘ c QT then by standard result, we have

b—
Xor — A weakly* in L®(Q") where A = a

Now passing to the limit in the equation ye = y, Xqi> We see that y = 0 in Q™ since
0 < A < 1. Similarly Zp = 0 in Q*. Thus (3.12), together with yo = Zo = 0 on I[',,,
is the optimality system corresponding to the minimization problem (P;). According

to Theorem 2.3, its optimal solution is given by (yo, _EZO Xw)-

Thus, we have

- _ _ _ _ _ 1_
y=y0, z=20 and 6 =0)=——Z0Xw-

B

Moreover, using the strong convergence y. — y in L%(2T), we can verify that
lim J1.¢(Fe. 6c) = J1(3.6).
e—0
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AT

Fig.2 AT
Further,

lim [ | Vze |? = lim /@e — Yd)Ze
e—0 e—>0
Qe

Qe
=/@—yd)z=/|V2|2.
J

o
Since Z is 0in T and Z € H'(Q), we get

= = 2
Vze — [IVzll7.

2
”LZ(Q) (@)
Thus Ze — 2 strongly in H'(Q) and in particular 6, = Z ¥, — 0 = Z X, strongly in
H'(w). Similarly, we get the strong convergence of y, and hence the theorem. O

4 Error (Corrector) estimates

The aim of this section is to derive certain error estimates. Indeed, we admit that
we are not able to do a complete error analysis, but following the work in [4], we
get H'-estimates of the control (or adjoint state) away from the oscillating boundary
in terms of the L2-estimates of the optimal state. This, in turn, will produce H 1 _esti-
mates of the state in terms of L2-estimates. We need to recall the relevant test functions
(see [3-5]).

4.1 Test functions
Let A* be the unbounded domains defined by AT = (a,b) x (0,00) and A~ =

(0, L) x (—o0, 0) which in some sense has to be seen as % scaling of (ea, €b) x (M, M")
and Q7 respectively, and then extended up to infinity (see Fig. 2). We denote the
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variables in the cell domains A™ and A~ as £ = (£, &). Define the test functions
Yt as

Y€ H'(AY), ¥ € Hye por(A7), V¥~ € LX(A7), (4.1)
satisfying
(AYET =0 in A%,
v =0 on (0,a) U (b, L) x {0},
+— +
YT =0 on dA™\(a, b) x {0}, 42)
yr=y" on (a, b) x {0}
oyt oy
—— =——+1 on(a,b) x {0}.
L 08, 982
For § > 0, define the average of ¢~ along the horizontal line §&, = —4§ as
| L
Pr=p50) =+ / ¥ (61, —8)dyi. (4.3)
0

For following result, the reader can refer to [2,3,5,22,24].
Proposition 4.1 The problem (4.1) and (4.2) admits a unique solution. Further,

1. B1(6) is independent of 5 and we denote it by B.
2. Foranya € N x N, § > 0, there are positive constants C, Cq, s such that

| %Y (€) |< Cos e €2, VE=(&, &) € (a,b) x (5,00), (4.4)
and

| 8% (Y (§) — B1) |< Cas €%, VE=(&1, &) €(0,L) x (—00,=8).  (4.5)

Corollary 4.2 v~ — B € HI}cr(A_). o

This is trivial because, by (4.5), we have

_ 2 _ - 2 - _ 2
||W - ﬁl”Lz(A’) - ||W /31”112((0’1‘))((_1,0)) + ||¢ '81||L2((0,L)><(—oo,—1))
—1

<Ci+C; / eS2dgy < C.

—00

It is already given that V(y~ — B1) = V¢~ € L2(A7).
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Extend ¥+ by 0 to (0, L) x (0, co) and then extend periodically to R%r which is
again denoted by y*. Similarly the periodic extension of ¥~ to R? is also denoted
by ¥ ~. These test functions are used to obtain corrector results. It is not, however,
possible to obtain exact corrector results as in an uncontrolled problem since we have
to work with the optimality system with varying right hand side.

Corollary 4.3 The test functions y* defined by (4.1) and (4.2) satisfy
y(*1 x2— M
fr (=)
Qf
_fx1 xp—M
Jlr (=)o
€ €
G
[ (e (22)
€ €

Qe\Be

2
dx < Ce,

2
dx < Ce,

2
dx < Ce °/¢,

where B = (0, L) X (M — €, M + €) is a strip of width 2€ around the upper part
Iy, C is a positive constant independent of € and \ is the function defined by

_|y™ inAT,
w_lw*' inAT.

Proof Since there are O (e~ 1) e-cells like e AT, by periodicity, we get

u 2 eb M’ Iy
f(n x- PR (¥ X
Jlor G o [ [ (2
Qz' ea M
p M
fCe/
a

M
2
[ wrolfa
0
< Celly T2 (p+y < Ce.

2

dx

Similarly, we get the second estimate. Again

[ (e (22

Qe\Be

2
dx

Ce—C/G’

IA

<c / vyt @) de+ / vy~ @) de

A+ \(a,b)x(1,00) A~\(0,L)x(—1,0)

by (4.4) and (4.5). O
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4.2 Estimates on co-state and control

To derive corrector estimates, one needs to have more regularity on the solution of
the corresponding homogenized problem. This can be obtained with the additional
regularity assumptions

feH,(Q)NL},(Q), g€ H, (0.L) and y; € H,, (27). (46)

er per per

Remark 4.4 To get error estimates on the optimal solution y, one may require f €
H;‘;er (27), but for the co-state, it is enough to have (4.6). O

Recall that the co-state 7 € H!

per (£27) is the solution to

—AZ=Yy—ys InQ7,
z=0 onI', UTy, @7)
where y is the solution of equation (3.9) with 6 = 0 = —%2. Since the control is
located in w, we cannot deduce from the optimality system (3.12) that y € H;er (27)

and 7 € ng,(Q_). However, using for example a truncation argument, since the
dimension is n = 2, by the standard regularity (see [17,18]) we can show that

€ Hy,.(R) C C*(R) and Z e HS, (R) C C*(R), (4.8)

per
where R is the band

M+ M-

R={(x1,x)]0<x <L, 5

< x3 < M}.

. . _ 9z
The error estimate is based on the flux of z, namely Py across the upper boundary
X2

of 7. Introduce ¥ € Hll,er(Q_), the solution of
AP =0 inQ7,
#=0  only, 4.9
9 =Pz only.

~ 0z
Denote by ¥ the extension by 0 of ¥ to 2. Since B_Z ‘r e H%2(I',), we get
Xp U

9 € Hy, (Q7) C CP(Q). (4.10)

Since ¥ does not belong to H 1(Q), we are using it only in the domain €2\ B, (where
B¢ is defined in Corollary 4.3) and we have the following theorem.
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Theorem 4.5 Let 7. and 7 be respectively the solutions of the inhomogenized and
homogenized co-state equation defined in (2.4) and (4.7), let ¥ be the solution of
(4.9) and y. be the optimal state. Then

Iz — £ = €Dl @z = C 15 = Fllizam) + €72, (.11

where 7 the extension by 0 of 7 to Q. O

Remark 4.6 We would like to obtain estimate without the term ||y, — ):1|| 12(.) on the
RHS. We believe so, but a proof is not yet worked out. O

The proof of Theorem 4.5 is very similar to the one of Theorem 4.1 in [4]. However
our result is different. It is why we rewrite only the first part of the proof where the
additional term || ye — y|l.2(-) appears. For the other parts, we shall refer to [4].

To prove Theorem 4.5, as in [4], we need another class of test functions for the
proof. Let 9.7 € H'(Q") and 9, € H,,,(Q7) satisfy

Al?: =0 in Q:—,
Al?E_ZO inQ-,
95 =0 on ye\(ve NTw),
B 0z
ﬂe = ﬂla_xz ) on ye NIy, (4.12)
_ Z

v =9, —,31@ on I')\(ye NTy),

329€+ .

= on I')\(ye NTy).
0x2 0x2

X1 xp—M X1 x2—M
Denote ¢ = ¢ (?], 26 ), Vo =y (?1, 26 ).Then,wecanwrite

Ze—Z— €0 =Tc+epe +me in Qe (4.13)

where

_ ~ 07 .
r+=ze—z—60j—ea—(x1,M)¢j in QF,
X2

. = (4.14)

= 9z . _
T, =2 —2—€V; —e—(x1, M)(Yyo —P1) in Q7,
| 0x2

( RD;
ot =0F —e— (x1, M)y in QF,
0x2

Pe = (4.15)
- 99 — o
pe =0, =0 —e—(x1, M)y in Q7,

dx2
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and

0z 20
— (1, M)y F + e — (xi, M)y,
0x7 0x2

Te = (4.16)

+
TS =€

n——eﬁ(x M)(w——ﬁ)+ezﬁ(x M)y
€T T 9x b € ! x> b €’

We need to estimate 7., p. and 7.

Proposition 4.7 Assume the regularity conditions (4.6). Then t. and p, respectively
defined by (4.14) and (4.15), satisfy

el @ = € [15e = Flli2gary +€2]
and
1ol i1 g, < Ce.

Proof Estimates on tc: —Since t7 € H' (QF), t7 € H' (27) and ) = 7 at the

€

— — 8 —+ a —
interface QF NQ~, we get 7. € H!,, (Q). Actually, itis easy to see that fe _ Tl
_ _ P 8x2 8x2
on QF NQ~. We compute Atze in Q. In QF, we have
8%z 9%2 dyt
Ate = ATl = (Je — ya) — e ——(x1, M)yl — 2¢  M)—=,
Te e = (Ve = ya) 9x20m (x1, M), ox1ns (x1, M) ox1
and in Q2_ we get
337 9%7 Iy
ATe =A1 =Y — ) —¢€ M - — 2e , M)—5.
g =0 Tom (x1, M) (Yo — B1) Tean M

Further,

0z -M
Ze Iry= —ea—z (x1. M) (w— (x—l &) - ﬂl) ,

X2 € €

0 xg M —M
9x7 € c
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We need test functions which vanish on these boundaries to use in the weak formula-
tions. Choose ¢1, ¢, € C2(R; [0, 1),

0 if s > 2t

¢1(s) =
1 if s < 3
1 if s > M+TM,
$a(s) =

: 3IM+M'
0 if 5 < =

In Q let us define

0z - M
)} (x1,x2) = —63—;2()61, M) (lﬁ (x—l &) - /31) @1(x2)

€ €

and

x1 M —M
—) ¢2(x2).

3z
t2(x1,x2) = —Ga—xz(xh Myy™* (?,

Then clearly, e — 7} —12 € H I],er (Re¢) with 7. — ! — 72 = 0 on the boundary y, UT,.

Hence, we can use it as a test function to get

/|V‘L’€|2dx =/vt€-v(r€—r€‘ —rf)dx
Qe

Qe
+/ Vi, - Vtldx +/Vf€ - Vldx
Qe Qe
= — / AT, (tE — 162) dx — / AT (re — 151) dx
Q Q-
+/ Vi, - Vildx + / Vi - Vrldx.

ot Qe
Using Proposition 4.1, from the definition of 7, fori = 1, 2, we get

1
aT,

3)6,'
and 4.17)

2
T,

3)6,'

<Ce ¢ in Q"

<Ce ¢ in QF.
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Now using the expression for Az, and the Cauchy—Schwarz inequality, we get
IVeela g,

<cC [enw:an(Q;)nre =2l 2t) +ElVE = Billz ) lIte — 7 2oy

+ /(ye —ya)(te — T8 + /(ye — e — 1)
Qr Q-

2 1
+ Vel p2a,) (19720208 + 192 12600 ) -

el ll 2 () IV (e = D)l 28, + €IVE = Bill2ian) IV (7 = THll 2 |-

Applying the estimates of ¥, ¥ — B in Proposition 4.1, the inequalities in (4.17)
and Poincaré inequality, we get

1971220, = €[ @IVl gy + €™ + v = vall 2 It = 22
15 = 7l 2@ 19720 |

Note that Q7 consists of e-strips of length 1 and applying Poincaré inequality in each
strip, summing up to have

2 2
lte — <, ||L2(Q:r) < Ce||V(te — 7¢ )||L2(Qj)~
Considering y. in each strip and using Poincaré inequality, we obtain
”yG”Lz(Q:F) < Ce.

In other words the Poincaré constant is of order € (see [4]). Since y; = 0 in the strips,
we have

€lye — yall 2oy < CE°
Hence we get
IVl 20, < CllTe = Fllz2q-) + €/ + 1. (4.18)

Estimate on p: We can work on an analogous fashion, by computing Ap, and intro-
ducing p! and p?, to get

”va”LZ(QE) < Ce. 4.19)

We will not present the details here and we refer to [4]. Let us mention that (4.10) is
needed to prove (4.19).
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Estimate on m.: The estimate 7. may be deduced from definition . in (4.16) and
from the regularity results stated in (4.8). We get

IVl 208, < Ce™/*. (4.20)

Combining (4.18), (4.19), (4.20), we get (4.11) and the proof of Theorem 4.5 is
complete. O

Remark 4.8 One can also get H'-error estimates for the optimal solution in terms of
the adjoint state. For example, with f = 0, one can prove in an analogous fashion that

_ ~ _ _ 3
e =y — € g1, = C ["Ze = Zllr2w) +€2] :

d
Indeed, ¢ is defined via the flux 8_y in Q7. Our aim is eventually to get the above
x2

estimates without the first term on the right hand side, which is not successful so far.
O

5 Dirichlet cost functional

One can do an analysis by considering the Dirichlet cost functional J>  defined in
Sect. 2.1. For convenience, we recall the definition of the control problem

inf{J2.¢ (ve, 0) | 6 € L* (@), (v, 0) obeys (5.1)}. (P2e)

where

1 B
Sre (ye,0) = 5/ IVye — Vyal* + 5/92,
Qe ®
with 8 > 0, y; € H'(Q) and

—Aye = f +0xo in Q,
Ye=0 onye,ye =u only, 5.1
Ve is I'y — periodic.

The problem (P, ¢) has a unique solution e, ¥e) which is characterized by the opti-
mality system (see [23,24,32])
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Ze Ye € Hp,, (Q),
—AVe = f + e xw in Q,
—AZe = —A (V. — ya) inQe,

ye=0 on Ye, (5.2)
Ye =u on I,

Ze = on ye U,

0_6 = _%Ze

Remark 5.1 Tt is possible to consider more general oscillating cost functionals of the

form
1 X B 5
E/B(Z)Vye~Vye+5/9-

Qe (2]

The analysis of (5.2) will be more delicate. We will not attempt to do it in this paper.
O

Since the Dirichlet integral J,  contains derivative terms, it is easy to get the H!-
estimate straight from the functional. Considering the solution ye = y¢(0) with 6 = 0
of the Eq. (5.1) and using the fact that (ye, 6¢) is optimal, we get

Jre (Je. 0c) < Joe (ye, 0).
This yields
IV3el 720, + 1072, < C.
Thus, we have
el < €. 10ellz2w) < C. (5.3)

where ¥, is the extension of j. by zero to 2. Now using the variational formulation
of the second equation in (5.2), we see that

IZell 1) < C. (5.4)

Thus, we may deduce the following convergence as

Ye = o weaklyin H' (Q),
Ze — 7o weaklyin H! (Q), (5.5)
O — Gy weakly in H'! (w).
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In what follows, we will get the strong convergence of these sequences in H'.
Again by a similar argument as in the previous section, we have

y=0, z0=0 in QT.

Passing to the limit in (5.2), which is straightforward, we obtain

—Ajo = [+ 6oxw in Q™
—AZp=—-A (o —ys) inQ”
y=0 on Tl
_ (5.6)
Yo=u on I
20=0 onT, U,
bo = —%Zo
System (5.6) is the optimality system of the limit minimization problem
inf(J2 (y,0) | 0 € L* (@)}, (y.0) obeys (5.7}, (P2)
with
1 B
R0 =3 [Ivo-yP+L [ o
Q- w
and
y € Hée, (Q‘) ,
—Ay=f+0x» inQ,
5.7
y=0 onl, 57
y=u on .

Hence, (5o, 6o, Z0) = (.0, Z), where (3, 0) i the solution to problem (P») and Z is
the corresponding adjoint state.
Actually, we have the following convergence theorem.

Theorem 5.2 Let (ys, 9_5) be the optimal solution of problem (P; () and ()7, 0_) be that
of problem (P»). Then

D (B) — 72 () whene —> 0. (5.9)

1<

. — )fz strongly in H' (Q), (5.8)
— 6 strongly in H! (w). ’

>

€

Further,
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Proof Since we have the convergence in (5.5), to complete the theorem, it is enough
to show that

IV3ell?2 g — I1VY1172q
and
=2 =2
”VZE ||L2(Q) — ”VZ”LZ(Q)

Notice that, by trace theorem, we can conclude from (5.5) and (5.2), that

ay, ay
e [ I weakly in H~/? Tp). (5.10)
av ov

Weak formulation of (5.2) and (5.6) satisfied by y. and y, respectively, along with
convergence (5.5) and (5.10), give the following

95
hm/|Vy€ _llm/fy€+11m/9€y€+11m< Ve u>
v H— 1/2(Fh) Hl/Z(r\h)
Qe
ay
fy+ [ 0y+ (=, u
W 12y, 112y
- / ViR
o

In the same way, using the weak formulation of (5.2) and (5.6) satlsﬁed by z¢ and Z,
respectively, with (5.5) and the strong convergence of Vy, —> vy y in L*(2), we can
show that

IVZell3

=12
||L2(Q) — ”VZ”LZ(Q)a

which by the characterization of 6, and 6 gives (5.8). Finally

_ = 1 B B _
Jre (e, 0e) = 5/ | V(Fe — va) |2+5/92
Q w

1 _ -
- 5/ | V(¥ = ya) I2+§/92=Jz(§,9),
o

(0]

and the proof is complete. O
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6 Corrector for Dirichlet cost functional

In this section, we derive corrector (error) estimates similar to the one in Sect. 4, but
for the case of Dirichlet cost functional studied in Sect. 5. Indeed, there is a change
in the estimate since the cost functional and hence the adjoint equation are different.
We will not present the complete proof as it follows in similar lines as in Sect. 4, but
sketch the important steps.

Let y,z and 9 be the limit optimal solution obtained in Sect. 5. Define ¥ €
H},,(7) via the flux ‘”g—;) in ©~ which solves the following problem

AY =0 in Q7
9 =0 on I 6.1)
33 — 3
ﬁ:ﬂlu OnFu.
dx2

We want to estimate of ¢ in C3 (?). For that, we must have y — 7 € ngr (R) C
C 4(F). Thus we assume that

g € HS, (0,L) and yg € Hp,, (Q7). 6.2)

We have the following theorem.

Theorem 6.1 Assume (6.2) and v solves (6.1). Let y, 0. are the optimal solution
and Z¢ is the adjoint states corresponding to the problem (P> ). Then, there exists a
positive constant C, independent of €, such that

I(Ge =) — Ge —2) — €@l g, < C/%. (6.3)

for € small enough, where B = (0, L) x (M — e, M + €). Here O is the extension to
Q of ¥ by zero.

Sketch of the proof. As in Sect. 4.2, we define 9 € H'(QT) and 9. € H),, (")
which satisfy

AV =0 in QF,

AY. =0 in Q7,

19:_ =0 on ye\(ye NTy),
3(5 — 3

ﬁe_ = ﬂlM on ye N Ty, (64)

dx2

_ 9(y—2)

19:_ = 196 — ﬂlT on Fu\(y& N Fu),

9ot L

— =" on [y\(ye NTy).

L Jxo iR%)

@ Springer



164 Ann Univ Ferrara (2012) 58:143-166

Then, we may write

(Fe—3) —Ge—2) — €0 =Tc +€pe + e in Qe, (6.5)
where
o 0(y—2) .
=9 —Ze 19:“—6;— M)y in QF,
Te= ) 2 G- .
U =0e—y) —(@Ee—2) —€¥. —¢€ % ——— 1, M) (y. — 1) in Q,
o =0 —e—(x1, M)y S in QF
Pe =
_ _ 0 . _
pe =0, —z?—ea—xz()cl,M)l//e in Q7,

and
3G —12) o0
n:_=€8—)62(X1,M)W:+628—)62(X1,M)W:_7
Te =
G -2 - 9 -
mo = e (M) (v —ﬁ1)+e2ax2 (x1. M)y

Hence, in QF, we have

33 S _ = 82 S _ 3 ouT
At = AtS = —e#(xl, M)y — 20D Ve
0x70x2 0x10x2 dx1
and in Q2_ we get
are= =20 7D (g — ) —2e 297D Ve
¢ € 8x18x2 ’ dx10x2 ’ axy

Similar to the computation as in the proof of Proposition 4.7 (compare At in the
proposition), we can derive the estimate

Itell g1,y < Ce¥2. (6.6)
Similarly
loell 1@ = Ce. (6.7)
and
I7ell 1 @\ < Ce™ /. (6.8)
We can conclude the proof by combining Egs. (6.5)—(6.8). O
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Remark 6.2 One can also get an error estimate for the state. This is similar to the one
in Sect. 4. For example, with f = 0, one can prove in an analogous fashion that

—_ - X - - 3
15 =5 — €l gy =€ [”Ze — 22w +€2] :

0

Obviously here ¢ is defined via the flux B_y in Q7. Our aim is eventually to get the
X2

above estimates without the first term on the right hand side, which is not successful

so far. O
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