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Abstract. This article is devoted to the study of optimal boundary control problems associated with
Laplacian posed on a domain having rapidly oscillating boundary. A rectangular region with oscilla-
tions on the top boundary is considered as a domain for simplicity. A control is applied on the regular
bottom boundary part, away from the oscillatory one. We discuss both, Dirichlet as well as Neumann
boundary control problem. In both of the cases the L?- cost functional is taken into account. A com-
plete asymptotic analysis of the optimality system is obtained and then we derive appropriate error
estimates. Homogenization is quite similar in both and is not very difficulty. But the major contribu-
tion of the work in this paper is the error analysis and we need to construct different test functions for
Dirichlet and Neumann boundary conditions.

1 Introduction

Optimal control problems whose state equations are described by Partial Differential Equations
(PDESs) have applications in various areas and it pursued intensely in the scientific world. The sub-
ject is quite matured, but still it has tremendous scope for doing research. See few reference in this
direction [6], [7], [13], [19], [21], [22], [29], [30]. If such problems are posed on a highly oscillating
media, then an asymptotic analysis (homogenization) is call for. There are plenty of such oscillating
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domains like; composite media, porous media, domains with rough boundaries and so on. The prob-
lems defined on domains with oscillating boundaries are rather delicate topics and these are more so
with optimal control problems.

The boundary value problems, in particular control or controllability problems involving highly os-
cillating boundaries or interfaces have various applications in industrial problems such as flows with
rough boundaries (rough boundaries can be modelled as oscillating boundaries), rough interface, air
flow through compression systems in turbo machines such as jet engine. For example, the last one
can be modelled by Viscous- Moore- Schwartz equation derived from Scaled Navier-Stokes equa-
tions (see [9], [23], [24]). Here the pitch and size of the rotor - stator pair of blades in the engine
provides a small parameter compared to the size of the engine which is oscillatory as well as rotating
(moving). The motion of the stator and rotor blades in the compressor produces turbulent flow on a
fast time scale. When the engine operates close to the optimal parameters, the flow become unstable.
This model motivated to look into control problems described by PDEs of evolution type such as heat,
Navier-Stokes equations etc. As the problem is quite complicated, we wish to begin with a sample
problem of Laplacian with an oscillating boundary and the control acts on a part of the boundary
which is away from the oscillating one, though the aim is to consider controls acting on the moving
boundaries. Apart from the boundary control one can also think of distributed control over some re-
gion in the domain. The authors recently studied such a homogenization problem for the Laplacian in
[27].

As the problem in such generality is extremely difficult, in this article, our aim is to consider an opti-
mal boundary control problem associated with the Laplacian with a rapidly oscillating boundary. For
simplicity, we consider nearly a rectangular region with oscillating part on one side of the region to
be made precise later. Basically the oscillating part can be viewed as slabs of width € > 0, fixed to a
rectangular region. Such regions and other type of domains with oscillating boundaries are considered
in the literature for studying homogenization of PDE problems (see [1], [2], [4], [10], [11], [14], [15],
[28]) and the references there in. But we do not see much literature regarding optimal control/ control-
lability problems in domains with oscillating boundaries, but regarding the general homogenization
of optimal control/ controllability with oscillating coefficients and porous domains, we cite some of
the references as [17], [18], [25], [26]. For general homogenization, we refer to [8], [12], [16], [30].

The layout of the paper is as follows. In this section, we present the notations and definition of
oscillatory domain. In this article, we study the control problem with L>— cost functional with controls
acting through the boundary. In fact, we consider two situations, namely Dirichlet boundary control
and Neumann boundary control. One can also consider other types of cost functionals which we will
not be doing it here. Optimality systems are derived by a usual procedure. This is done in section 2.
The section 3 is devoted to the homogenization of the problems under consideration. We first prove
that the optimality system converges to a system of equations. We also prove the convergence of the
cost functional and optimal control proving thus that the limit system obtained is indeed the optimality
system. But the main and interesting contribution of this article is the derivation of error estimates
known as corrector results. This is done in section 5, whereas in section 4 some preliminary results are
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recalled. Though the homogenization follows in a same pattern for Dirichlet as well as Neumann, one

requires to construct different test functions for error estimates. Conclusions are available in section
6.

1.1 Notations

We consider the two dimensional domain ¢ as in the Figure 1. It consists of two parts. One is related
to € > 0, a small parameter, through the e—dependent oscillations in its boundary. We denote it by
Q. Let us point out the fact that € is in the form of {%}new which will be going towards zero during
the analysis in this article. Another part of € is a fixed and almost rectangular region Q™.

We will first try to understand Q, mathematically. Let L > 0 and 0 < a < b < L. Assume 1 be
the eL-periodic function defined on [0, L] by periodic extension of

(x1) = M if x| € (ea,eb),
MeW=0 M i x €[0,eL]\ (e, eb)

with M’ > M. The graph of 1¢ provides the oscillating boundary. Now we can write QF = {(x1,x,) €
R%2: 0<x < L, M <xp <me(x1)}. Now let us move ahead to understand Q~, completely. Consider a
smooth and periodic function g : R — R with period L such that m := max{|g(x;)|, x; € [} <M. The
smoothness assumption on g, we demanded, is extremely important for the regularity results, proved
in Section 5. Q™ can be described with the help of g, as Q™ = {(x1,x2): 0 <x; <L, g(x1) <xp <M}.
The top boundary I', of Q~ can be described as I', = {(x;,M) : 0 <x; < L}. The bottom boundary
and the side boundary of Q™ are I', = {(x1,x2) : x, = g(x1), x; €I} and

Is = {(0,)62) : g(()) <x SM}U{(LVQ) : g(L) <x SM}?

respectively. Finally, we can write Q. = Interior{Q~ UQZ UL, }. Here Interior{-} is the interior of
the set “-” in R? with respect to lebesgue measure. For the shake of completeness, we need to notify
oscillatory boundary part of domain Q¢ as

Ye = {Boundary{Q¢} \ {TsUT,}} U(0,M)U(L,M)

and full domain as Q = {(x,x2): 0<x; <L, g(x1) <x2 < M'}. Here Boundary{-} is the boundary
of the set “-” in R? with respect to lebesgue measure.

In a nutshell, Q¢ can be viewed as the bi-dimensional section of a more realistic solid cube in which
a large number of small vertical slabs of small cross section are attached on the top. The boundary
0Q, can be decomposed as 0Qe = I', UL’y UYe, where Y is the contribution from the periodic strips.
One may be interested in moving oscillating domains of the form m (t, )g‘) In this paper, we do not
discuss the analysis in such domains.

Let us introduce some convention and also recall some very famous and useful related spaces. On
the vertical boundary Iy, we always assume periodic conditions throughout the paper. Let H,, (Qe)
and Lf,e, (Qe) be, respectively, represents the H™ (Q,) and L? (Q,) functions which are I';-periodic,
namely it takes same values on both sides of I's. In what follows, we consider I'; periodic functions.

Remark 1.1. We have taken this special domain €2, with oscillations of order 1 on one part of the
boundary to understand the behavior of boundary optimal control problems in such domains with
control applied on the regular boundary, away from the oscillatory one. One can indeed consider
other type of domains and control application set up as current one. We believe, at least same homog-
enization results as like contemporary cases can be proved, but we will not discuss it here. ad
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2 Problem Description and Optimality System

In this section, we describe problems with Dirichlet boundary control as well as Neumann bound-
ary control. L* cost functional is considered in both cases. Appropriate a priori estimates and the
corresponding optimality systems are derived using standard theory available in the literature.

2.1 Dirichlet Boundary Control

In this subsection, we consider the Dirichlet boundary optimal control problem, where the control is
acting on the lower surface I', such that

—Aye = fin Q¢, ye =0o0nYe, ye =uonly, ye is I'y — periodic, 2.1

where f is the given source function defined on Q and u € Lpe, (I'p) is a Dirichlet control function.
Indeed the more general realistic controls are L* controls, by trace theorem, we will not have solutions
to the above problem using Lax-Milgram in the usual weak formulation. The solution considered here
are known in the sense of transposition. See [29].

Definition 2.1. A function ye € L2, () is a solution to equation (2.1) if and only if

per (

J o= [ g / WE, forall g € 12, (Q0) 2.2)

and y, € H,,, (€¢) is the solution to problem —Aye = ¢ in Q¢, Yo = 0 on Y UT.

per (

Consider a smooth function i € C]%e, (€7) such that h|r, = 0 and A|r, = 1. In fact, choose & such
that it vanishes in the neighborhood of I',, and is identically 1 in the neighborhood of I',. Then the

product function hye satisfies

—A(hfe) =@in Q" , hye =00n LUT,, hye € H,,, (Q7), (2.3)
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where ¢ = (Ah)q) — Vh-V — h(Ad). Regularity results available for the rectangular domain Q~
provides hy: € (Q7). By classical weak formulation of (2.3) and Poincaré inequality, it follows

a)v’s . a(h)v’s) 1/2

per

that ||| ;12(o-) < C, where C are positive constants independent of €. Thus i Hper (I'p)
and by trace theorem
oy, d(hy, 5
12| =222 <cmslase <c )
V() Vo llzzr,)

~

where C is a positive constant independent of €. So, the term u 2% introduced in (2.2) is well-

defined and hence the Definition 2.1 is meaningful o oY

It is well known that for every f € Lper (Q) and u € Lf,er ('), by transposition method (see [5],
[20], [29]), the equation (2.1) admits an unique solution ye = ye (1) € pe, (Qe¢). In this paper ~ will
denote the extension of the underlined function “-” to whole of Q by 0. Thus J¢ € Lpe, (). More-
over the operator (f,u) — Ye is linear and continuous from L2, (Q) x L2, (I') into L3, (Q), i.e.

1 Fellr2(0) < C(HfHLz +[ull 2, ) where C > 0 is independent of €. For some § > 0 which also
acts as regularlzatlon parameter and a given desired state y; € Lpe, (Q), we wish to consider the L*-

cost functional 8
J J : )P+ s / 2
1,8() 18y€ 2/ +2Fu
where u € L2

ver (Tb) and ye = ye (u) € per (Q¢) is the solution of (2.1) in the sense of (2.2). We wish
to analyze the following optimal control problem;

inf{Jy ¢ (ye,u) | (ye,u) € per (Qe) X Lper (Tp), (ve,u) satisfies (2.1)}. (2.5)

For fixed € > 0, it is a standard quadratic optimal control problem (see [29]) and hence the problem
(2.5) admits a unique solution # and the corresponding solution to equation (2.1) is denoted by
Ve = Ve (te). We call (¥, ), the optimal solution, where % and y, are known as optimal control and
¥, optimal state corresponding to (2.5), respectively. The characterization of g can also be established

Z _ . . . .
== where Z, known as adjoint state or co-state, is the solution of the adjoint problem

Bov

as ﬁg -

—AZg =y —yain ¢, Ze =0on Y UL}, Ze € per (-Qe) (2.6)

Since we will be seeing that ye is of order € i.e. O(€) in the upper part Q, it is reasonable to take
supp yqg C Q.

Remark 2.1. Boundary optimal control may be quite interesting for much more general elliptic oper-
ators and/or general cost functionals. We planned to discuss these issues at a later paper. ad

In the current scenario one has the following well established theorem ([5], [20], [29]).

Theorem 2.1. Let f, y; € L2

per () With supp y4 C Q-, let (Je,ite) is the optimal solution to

107
equation (2.5) then u, = B% where Zg is the solution to equation (2.6). Conversely, if a pair
(e, Ze) € pe, (Q¢) X H},, (Qe) obeys the system

—Aye = f in Q¢, Je =0 on Ve, Je = ® on I,

B ov 2.7)

_A2£ yd IIl Qg, ZS 0 on YgUFb
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197
then the pair <)79, B;\f) is the optimal solution to problem (2.5).

2.2 Neumann Boundary Control

In this subsection, we introduce the Neumann boundary optimal control problem, where the control
is acting on the lower surface I';, through the Neumann data as follows

)
“Aye = fin Qe ye = 0 on ¥, % —uonT}, yeis [y — periodic, 2.8)

where u € Lf,e, (I'p) is a Neumann control function. Though, there may not be much difference in the
homogenization analysis, the error estimates seems to be different. It is well known that for every
fel?, () andue L2, (T), the problem (2.8) admits a unique solution ye = ye (ug) € pe, (Qe).
Note that in this case the solution is defined via standard weak formulation. Notice Je € Hper (Q).
Moreover, the operator (f,ug) — e is linear and continuous from L2, (Q) x L2, (T') into H},, (Q),
ie. |l @) < C (I fllz2(@) + l#llz2(r,)) » Where C > 0 is independent of €. For some B > 0 and a

given de51red state y; € Lper (Q) with supp yq C Q~, we wish to consider the same L?- cost functional

as in Dirichlet case B
7 242 / 2
2,e )’aa 2 / + ) T, u

The problem is to find (J, #e) which minimizes the cost functional, namely,

Jz,s (ﬁs) = J2,e ()_)Ea ﬁe) = inf J2,8 ()78, M) . (2.9)
uELz(D,)

Here j¢, ye, respectively, the solutions corresponding to ite, u of the problem (2.8).

For each € > 0, the minimization problem (2.9) is quite standard and it admits a unique solution
(Ve, ite) (see [S], [20], [29])). We call (J, ite ), the optimal solution, where i, is the optimal control and
Ve, the optimal state. Further, it can be characterized using the adjoint state (co-state) Z¢ . Let Z¢ solves
the adjoint problem

o . i} oz _
—AZe = Ve — yq in Q¢, Ze =0 0n ¥, 87\:3 =0onl}, z € per(QS) (2.10)

The optimal control is then given by %e = ——Z¢|r,. The following theorem is well established.

B

Theorem 2.2. Assume f € L2, (Q) and y; € L2,, (Q) with supp y; C Q™. Let (J¢, it ) be the optimal

per per
solution to equation (2.9) then u = —BZg]rb, where Zg is the solution to equation (2.10). Conversely,
if a pair (J¢,2) € per (Qe) X leer (Q¢) obeys the system
oy 1
—AYe = f in Q¢, Je =0 on 7, a)’e = —2Zon I},
B @2.11)

. 0%
_Afs:)?s_)’d mn QS7 2320 on 'Yg, XZOOH Fb

1
then the pair <)7€, —Bég|rb> is the optimal solution to problem (2.9).
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The first aim of this article is to study the asymptotic behavior of (Ve,ile) as € — 0 and obtain the
limit equations for Dirichlet and Neumann boundary control. Using the convergence of the optimality
system, we in fact show that the minimization problem will converge to a suitable minimization
problem. This is done in Section 3 for both cases of Dirichlet as well as Neumann boundary control.
The other important aspect of the article is to prove some corrector estimates. We show some H'-
estimates in terms of the L2- estimates using certain test functions. The test functions used for deriving
corrector results are different for Dirichlet and Neumann boundary control cases.

Remark 2.2. For Neumann boundary control, we took supp y; C Q~ because of the same reason
mentioned in Dirichlet boundary control case. Although, the optimality discussion and homogeniza-
tion analysis have nothing to do with this assumption i.e. optimality and homogenization results are
still valid without this assumption.

3 Homogenization Theorem

3.1 Estimates (Dirichlet Boundary Control)
Let y. = y¢(0) be the solution of the problem
—Aye = fin Qe, ye =0 0n Y UTy, ye € Hp,, (Qe), 3.1)

where f € L?,er (Q). By simply writing the classical weak formulation of equation (3.1), we will have
1¥e(0) |11 () < C, with a positive constant C, independent of €. Since y¢(0) is a solution of (2.1)
corresponding to the control u = 0, using the optimality of (J, i) for the cost function Jj ¢ (e, ute),
we can easily conclude ||ize|;2(r,) < C1, [[Fellr2(q,) < C2, with positive constants independent of &,
Cy, C,. Let Z¢ be the solution of problem

—AZe =Y, —yain Q¢, Ze =0 0n Y Uy, Z € H),, (Qe). (3.2)

Classical weak formulation of (3.2) and boundedness of J in L? (Q¢) yields ||Ze||y1(q) < C. where
C is a positive constant independent of €. We get more regularity for it and y. which is given in the
following theorem.

Theorem 3.1. [Regularity]: Let (J¢, ile) be the optimal solution of the problem (2.5), then i €
Hlle/rz (Tp), ye € H;e, (Q¢) and there exists positive constants C;, C, independent of € such that

el g12(r,) < Crs Vel @) < Co

Proof. Recall h € C2

per (Q7), introduced in subsection 2.1. The product function hZe satisfies

—A(hZ) = fe in Q, hZe =00n UL}, hz € H),, (Q7),

where fe = —(Ah)Ze — Vh-VZg — h(J, — y4). Thanks to the uniform boundedness of y, and Z in

the space L? (Q¢) and H' (Q) respectively, we can conclude f; is uniformly bounded in L?W Q7).

Hence using regularity for the rectangular domain Q~ we get hZ; € leer (Q7) and ||hZe||p2 -y <
a d(h
Clfell 2@y < C, with a positive constant C, independent of €. Thus % = (a\Z/g) € H;e/rz (I'p) and

by trace theorem
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%
ov

< CllhZel| 2y < €, (3.3)
Hl/z(l"b)

i == B
I SHHl/z(Fb) B H2(Ty) p H v

where C and C) is positive constant independent of €. Now, we can declare the validity of classical
weak formulation of equation (2.1) with u = it and the estimate (3.3) will easily provide the required
H'- estimate on .

We can now provide the homogenization theorem. For that, first let us introduce the limit problem.

Limit Problem: Given f € Lpe,(Q) andu € L2,,(Tp), lety € L2,,(Q7) solves the problem

per per

—Ay=finQ ,y=0onl,,y=uonl} 34
As earlier, we seek the solution in the sense of transposition. Then consider the minimization problem
inf {J1(y(u),u) : (v(u),u) € L2, (Q7) x L*(T,) satisfies (3.4)}, (3.5

where the cost functional is given by

Jl(y,u)zi/ (= ya)* 2/ (3.6)

The problem (3.5) has a unique solution (¥,i) € L2, (Q7) x

per I'y) and satisfies the system (3.4).

(@)

per (

. . . 10z
In fact, & can be characterized using the adjoint system and is given by i = — * and 7 7cH)

B av per

is the solution of the problem
—A7=y—y4inQ ,7=00onT,Ul}. 3.7

As earlier, one use the regularity of the adjoint system to see that, the optimal solution (¥,i) €
/2

H[Lr (Q7) x Hper (I'p). Hence the solution a-posteriori can be defined as a usual weak solution.

Theorem 3.2 (Homogenization). Let (7, i, Z¢) be the optimal solution of the system (2.1) and (2.6)
with respect to the cost function Jg (ye, ue ), then

(Q), Ze — Zstronglyin H!, (Q).  (3.8)

ite — i1 weakly in H;,{,Z (Tp), ye — y weakly in H er

per

(y,u) solves the minimization problems (3.5), which also means that J; ¢ (¢, ite) — Ji (7, ).

Proof. Theorem 3.1 and the uniform boundedness of Z¢ in H' (Q) suggest that there exist (1, yo,20) €
;e/rz (Ty) x HY,, (Q) x HL,, (Q) such that e — uo weakly in Hpl? (Iy) and

per per
Ve, Ze — 0,20 weakly in H per (Q), respectively, upto a subsequence, stll denoted by €. The limits

yo and zo satisfies (3.4) and (3.7) respectively. Compact embedding of pe,(Q) in Lf,e, (Q) im-

plies ye,Z — Yo,20 strongly in L2, (Q) respectively. This implies yp = zo = 0 in Q% because

per

Xop — b4 weakly* in L*(Q") and we can write j; = YeXoy» Ze = ZeXog- But yo,20 € Hp,, (Q),

hence yg =z9p =0on [,.

Weak formulation of (2.1) gives us [, Vye- V@ = [ f¢ for all smooth function ¢ with compact
support inside . So we can say yo and ug satisfies (3.4). Similarly we can prove zg and y satisfies
the problem (3.7). By using z¢ and zg as a test functions in (3.2) and (3.7), respectively, we will have
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lime0 fo, | VZe ?= [o- | Vzo |>. Tt implies Ze — zo strongly in H},, (Q). From here, it is not diffi-

per

1 9z - . T
cult to see that ug = — 20 and hence the limits Yo, Up and zo satisfies the limit optimality system and

B av

also the cost functional converges to the limit cost functional.

Thus by the uniqueness, we indeed see that yo =y, ug = it and 79 = Z.

3.2 Estimates (Neumann Boundary Control)

In the case of Neumann boundary control, the homogenization analysis is more or less similar to that
of Dirichlet boundary control. Hence we quickly go through this section. Let ye = y¢(0) be solution
of problem

. 0
—Aye=finQe, ye=00nYe, B- =00n Ty, ye € Hypy (), (3.9)

where f € L2 (). By simply writing the classical weak formulation of equation (3.9), we will have
[¥¢(0) || 71 () < C, with a positive constant C, independent of €. This implies [|ie;2r,) < Ci and
[ Vell22(q,) < C2 because of the optimality of (Fe, i) for the cost function Jg (e, ue). Here Cy, C, are
positive constants independent of €. Let Z¢ be the solution of the problem

. 0z
—AZe =, — yq in Q¢, Ze = 0 on Y, % =0 on Ty, Z € Hyy (Qe). (3.10)

Classical weak formulation of (3.10) and uniform L?-boundedness of e give ||Z|| m <CwithC, a
positive constant independent of €. For ii; and j; we get more regularity than we got earlier. Thanks to

the uniform H!-boundedness of Z , we can conclude by trace theorem ||ize | 1 nry) = 7 lZellmer,) <

C, where C is positive constant independent of €. By the classical weak formulation of equation (2.8)
and uniform H'/?-estimate of i, it is easy to see ||Je|| mi(e) < C, where C is a positive constant
independent of €. ad
Now we are in a situation to provide the homogenization theorem.

Limit Problem: Given f € L?,.(Q) and u € L2,,(I';), lety € H!,.(Q™) solves the problem

per ‘per per
L dy
—Ay=fin Q ,yzOonFu,g:uoan (3.11)
Consider the minimization problem
inf {J5(y(u),u) : (y(u) ,u) € Hy,, (Q7) x L*(T,) satisfies (3.11)}, (3.12)
where the cost functional is given by
3.13
Yu) =3 / Y =Yd) (3.13)
The problem (3.12) has a unique solution (¥, i) € H},, (@) x L%]er (T') and satisfies the system (3.11).
1
In fact, i can be characterized using the adjoint system and is given by i = _BZ andze H ;er (Q7)is
the solution of the problem
- S L 07
—A7=y—ysin Q ,zzOOnFu,a——Ooan (3.14)
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As earlier, one use the regularity of the adjoint system to see that, the optimal solution (¥,i) €

H;er (Q7) x H;é,z (T'»). Hence the solution a-posteriori can be defined as a usual weak solution.

Theorem 3.3 (Homogenization). Let (J, i, Z¢) be the optimal solution of the problem (2.8) and
(2.10) with respect to the cost function Jg (ye, ue ), then

ity — i strongly in H%,z (Tp), Ye, Ze —> ¥, Z strongly in Hll,er (Q). (3.15)

Moreover, (y,i) solves the minimization problems (3.12), which also means that
Jae (e, te) — J2 (3, ) - (3.16)

Proof. Above estimates suggest the existence of (ug,yo,z0) € H, ;6/,2 (Tp) x H;e, (Q) x H;e, (Q) and a
subsequence of &, still denoted by €, such that
iie — o weakly in Hpl? (D), Se, Ze — Yo, 20 weakly in H',, (Q), (3.17)

per

Proceeding the same way as in Dirichlet case, we can prove yo =0 in Q%, y,=0onTI, and
20=0 in QT, 7o =0 on I',. Weak formulation of (2.8) gives us Jo- Vye - Vo = Jo- fo for all smooth
function @ with compact support inside 7. So by (3.17) we can say yg and u satisfies (3.11). Sim-
ilarly we can prove zp and yg satisfy the problem (3.14). By taking Z and zg as a test functions in
(2.10) and (3.14), respectively, and using equation (3.17), give lime o [o_| VZe |*= [o | Vzo [%. It
implies Ze —> zo strongly in H' (Q).

This along with the characterization of e give i — ug strongly in H 1/2 (I'p) and up = —ézO.
This give the required convergence of y, by taking y. and yy as test functions in (2.8) and (3.11),
respectively. Hence the limits yg, up and zo satisfies the limit optimality system and also the cost
functional converges to the limit cost functional. Thus by the uniqueness, we indeed see that yy = ¥,
up=gand zo = 7.

4 Test Functions and Estimates

In this section we will see some test functions and error estimates related to them. These test functions
and error estimates are not new. We pick them up from [2]. One can also check [1], [2], [3] and [27]
and the reference there in for details and applications.

Let A* be the unbounded domains defined by A"t = (a,b) x (0,0) and A~ = (0,L) x (—o0,0).
From figure 2, It is easy to relate these unbounded domains to our domain Q¢ by € scaling in x;-
direction and finite restriction in x;-direction. We denote the variables in the cell domains A™ and A~
as y = (y1, y2). Define the test functions y* as y* € H'(AT), y~ € Hfm per(A7), VY € L*(A7),
satisfying

Ayt =0in A*, gy =y~ and 3 = 3L +1 on (a,b) x {0}, @1
vy~ =0o0n (0,a)U(b,L) x {0}, y* =0o0ndA"\ (a,b) x {0}. '

For 8 > 0, define the average of y~ along the horizontal line y, = —8 as B; = B (9) =
% fOL v~ (y1,—0)dy;. We will borrow the following results from [1], [3].
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Ola o |« yl 0 a b L yl
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Proposition 4.1. The problem (4.1) admits a unique solution. Further,
(1). B1(d) is independent of § and we denote it by f3;.
(2). Forany oo € N x N, 6 > 0, there are positive constants C, C,, 5 such that

| %" () < Cos e Yy = (1, y2) € (a,b) x (8,%0) (4.2)
and
[ 0%(W™ (y) = B1) [< Co5 €2, Yy = (31, y2) € (0,L) x (—o0,—). (4.3)
(3) v - Bl € leer(Ai)'
The proof of Proposition 4.1(3) is trivial and can be found in [27] and in other references. 0O

To obtain the correctors results, we need to redefine the above mentioned test functions, Wy and
V-, to whole of R?. Extend y* by 0 to (0,L) x (0,0) and then extend periodically to R2 which is
again denoted by y*. Similarly the periodic extension of Y~ to R? is also denoted by y~. These
test functions are used to obtain corrector results. We will see in next section that it is not, however,
possible to obtain exact corrector results as in an uncontrolled problem since we have to work with
the optimality system with varying right hand side. One can find the upcoming corollary and its proof
in [27] and see other references.

Corollary 4.1. The test functions Y= defined by (4.1) satisfies
2
+ (X1 x)—M / _(x1 xx—M
PR d <C£7 ) -
felor (5= [ (257)
)
Q¢ \Be € €

where C, ¢ are positive constants independent of € and B = (0,L) x (M —&,M +¢) is a strip of width
2¢ around the upper part I';,.

2
dx < Ce and

2
dx < Ce /¢,
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5 Corrector Results

This section is devoted to the study of corrector results for the optimal solutions and the adjoint states
of Dirichlet as well as Neumann boundary control problems. Test functions, described in Section
4, will be extensively used in different forms for this analysis. A tremendous amount of results for
different cases will be presented here but we will skip the proof of those ones who are of similar
type by briefly explaining the key changes. This section contains our major contribution of the article.
Denote Wy (x1,x2) =yt (2, 2) in Qf and y; (x,x) =y~ (2,2H1) inQ~.

5.1 Optimal state (Dirichlet Boundary Control)

We will start with the corrector for the optimal state of Dirichlet boundary control case. To derive
corrector results, we need good regularity for the optimal solution and adjoint state. Hence, we assume
the data

fEHp (Q7)NL,, (Q), g € HY,(0,L) (5.1)

and O~ = {(x1,x) €R?: x; €R, g(x;) <xp < M}. The extension of j to O~ by L- periodicity, is a
solution in H' (O~) of the problem
—Aj=finO0 ,3y=00onRx{M},y=i on {(x,g(x1)): x1 €R}.

Standard regularity results and assumption (5.1) gives

FEHS, (Q7)cCH(Q). (5.2)

Further, introduce

6 ) = 2 (1 MV (1,2) in 2,
Ee(x) = ’ (53)

& (x) = ;)Cyz(xl,M) (Ve (x1,x2) —B1) inQ.

Now we will state our main theorem of this subsection whose proof will come later.

Theorem 5.1. Assume (5.1). Let (ye,ite), (¥,i), respectively, be the optimal solutions of the in-
homogenized and homogenized control problems given by (2.5) and (3.5). If & is as defined in (5.3),
then for small enough € > 0,

5 — €& s () + 15 = =& o) < € (£+ e — @l ey ) (54
where C is a positive constant independent of €.

Proof of this theorem needs some preparation. Define ® and w, by

0 inQ", oF in Q7
0= {(o ing-, 4 ©= {cog inQ-. (53)

(Q7) and ©f € H'(Q¢), 0; € H,,(Q7) solves the following partial dif-

: - 1
The functions ®~ € H per

per
ferential equations
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_ S dy _
A" =0inQ", ® :Bla—(xl,M) onl'y, ® =0onT}. (5.6)
X2

and

Aoy =0 inQf, Aw, =0 inQ~, o :—F,s onTY,

of =& onY\I, of =0, *Bl (xl, M) onTy\ Ve, (5.7)
aoﬁ amg
ox;  Oxp w\Ye-

a_
o =Big, (1,M) on %y,

Let 7, be the function defined by

+
Tg: i
8

Clearly, t7 € H' (QF) and 1, € H' (Q7). At the interface of QF and Q~, trace of ’C+ and T, agrees

—eo) —e&f in QF,

—y—em, —€&; inQ". (5-8)

=Ye —
Ve

because of the boundary conditions of Je, y, 0F and &F at Qf NQ~. Hence, Te € H,,, (Q). Te =0
oty 9T, - -
on Y. Moreover, a—g = a—s in H'/2(Q} N Q™). In the weak sense, we can write
X2 X2

f+£A<§y_ (x1, )> Yo +2eV (aa (x1, M)> -Vyfin QF,
X2 X2
—Atg:

oy - oy - R
€A <a 2(X1,M)> (Wa _Bl) +2eV (axz(XbM)) V(\Ifg —Bl) in Q.
Integration by parts gives us

Itel7i ) < € IVellf2 000

Qe av H-1/2(T,),H'/2(T)

=C </Q€+fﬂcg—e/€+A(aaxy_2(x1,M)> wjta—ZE/Q V(aai;(xl,M)> VTewd
_g/Any;(xl,M)) (we—Bl)rg—Zs/V<§xy_2(x1, )> Ve (wi —B)

a ay a'tg _ _
2 — M —
e r, oV <ax G, )) (ve =B) e+ <a\’ (G u)>H1/2(rh),H1/2(rb)) ,

where C is a positive constant independent of €. Cauchy-Schwartz inequality and (5.2) implies

HT£HH1 (@) =C (HTSHLZ Q) +8H\Vs HLz o) 1 Tell 208 +’3H‘I’e HLz o) IVTell2ryys (59

e |[vz —Bill o Iellizian) +€ e =Bl o Ve 20y
+elv; —B: HHI(QE\BE) el )+ 1 — ﬁ||H1/2(r,,) Itellnan

for € > 0 small enough. Here again C is a positive constant independent of €.
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5 1/8 1 e(b+kL) - 1/8 1 e(b+kL) | rxi Qr, 2
Ielliz o) / % / /a+kL % 1= / /a+kL /a+kL or (t,%2)
1/8 ! e(b+kL) | Jr, |2
el ) < €6 —a)® / /a+kL S| <SPVl (510
Combining (5.9), (5.10) and Corollary 4.1, we get [|Te||1(q,) < C (8+ ||z — 12||H1/2(Fh)) , where C is
a positive constant independent of €. Let ¢ = ®¢ — ®. Note that ¢ € pe, (Q¢) and
¢ =wf inQf,
gsz{ ©or T (5.11)
Gc =W, —® inQ
which solves the partial differential equation
At =0inQf, Ag; =0inQ7, ¢ = —& onT), ¢f = —El on ¥\ I,
a0 o™ (5.12)
¢ =¢c onl,\V, ¢ =0ony.NT,, aixz = ai‘; + ey on I\ Ye.
Now, introduce ®¢ = Ge — Pe, Where pe € H,, (Qe) solves the problem
Ape =0in Q¢, pe = —&F on e \ T, pe =00n YNy, pe=—& onT}. (5.13)

Integration by parts gives

el 0 < CIVEER 20

e))?
:0</ V<;S~Vgs—/ Vgg-Vps—/ Vgs-vw/ Vps-Vpg)
Qg Qg -Qs QS

Using the above equations and boundary conditions with some elaborate computation, one can get
0w~
HGSgH%{l o) <C <,CG£> . The regularity (5.2) implies that @~ € H,, (Q7) C
N ) H (g BT
C% () . Hence, we can conclude ||@e|| H(Q) < C, where C > 0 is a constant independent of €. Next

we prove
[Sellr1 (@) < C. (5.14)

If we prove |[|pel|s1(q,) < C, then we are through because of the H ! uniform boundedness of @.
Construct a function y € C?(—oo, +0) such that

1 if M”M < xp and 3”’4+M > X,
Y(x) = (5.15)

e m+3M 3IM+M’
0 if - <X < -

Again, define Y; = Wy&;. Notice that Y = & on Y UL, and || Y| g (@) <C.Use (pe + Y¢) as a test func-
tion in (5.13), we will get [|pe| ;1 (q,) < C. Now we have developed enough tools to prove Theorem
5.1.
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Proof of Theorem 5.1 :- By triangle inequality, we can write
I — €&l oz + e — 5 €55 llncar
< 115 €& 1 o) + IFe — 5 — €0 — €5 llniar) +ell0 ()
= ||V =y — €0 —€&¢[ |1 (0 HE[O (|10
= [Ite +e&(@e — )41 (q,) +EllO” [|#1(0-)-

Hence
e — €& [| (o) T e =7 = €& [l @) < lItelln o) +ellGelln oy +elo lm@-).  (5.16)

We will have the desired result (5.30), by combining (5.14) and (5.16) with the H I_estimate of T, in
terms of e and i. O

The recipe, we have prepared for proving Theorem 5.1 will also help to prove the following theo-
rem. We skip the details.

Theorem 5.2. Assume (5.1). Let (Je, e ), (¥,i) be the optimal solutions of the in-homogenized and
homogenized control problems given by (2.5) and (3.5), respectively. If m is as defined in (5.5) then
there exists a positive constant C independent of € such that

e =5~ e0llu (a5 < € (e+ 17— lar,)) (5.17)

where B is a band around the upper boundary as in Corollary 4.1.

5.2 Adjoint state (Dirichlet Boundary Control)

Corrector for adjoint state in Dirichlet boundary control case can be proved similar to Theorem 5.1
but here we are presenting another way, inspired from [2]. Indeed, to derive corrector estimates for
the adjoint state in the case of Dirichlet Boundary Control on I',, one need to have regularity on the
solution, but it can be achieved with less regularity on the assumptions in comparison to (5.1) on the
given data f, g and y,;. We assume that

fEH (Q)NL2,, (Q), g€ HS,(0,L), vy € Hi\ (7). (5.18)

Similar to subsection 5.1, using standard regularity arguments and assumption (5.18), we get

FEH,, (Q7) CC*(Q) and hence z € HY,, (Q7) C C*(Q). (5.19)
Let ® now be defined by
0 inQ*,
= { o inf-, (5.20)

where ™ € H ;e, (Q7) is the unique solution of the problem

.
Ao~ =0in Q" co*:[sla—z onT,, ® =0onT}. (5.21)
X2
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Theorem 5.3. Assume (5.18). Let Z¢, Z, respectively, be the solution of the in-homogenized and ho-
mogenized co-states given by (3.2) and (3.7). Again let y¢, ¥, respectively, be the optimal state of the
in-homogenized and homogenized control problems given by (2.5) and (3.5). If ® be the solution of
(5.20), then for small enough € > 0,

1Ze —Z— €0l g1 (op\p) < C [Hfs —Illz@ +e/2|, (5.22)

where C is a positive constant independent of €.

o)
For proving this theorem we need to develop the required tools. From (5.19), we have had €

oxa
H>,,(Q7) which implies

— 5
o €H,

The function ®~ and Z be extended by L- periodicity to O~ it follows that ®~ € H' (O~) is the
solution of problem

(Q)cc(Q). (5.23)

Ao =0in0, ® = Blaaxz onRx{M}, ® =0on {(x1,g(x1)): x1 €R}. (5.24)
2

Let T, be the function defined by

3
T = g—emj—e—z (x1,M)yg in QF,

Te = 2 o (5.25)
o _ Z _ . _ )
Te —=2e —2Z— &M _STM(xlvM)(Ws _Bl) inQ".

and p¢ be the function defined by

ot = 0f €% (v, M)y in Q.
Pe = 2 e (5.26)
_ _ _ ® _ . _
Pe =0 —0 —&€—=—— (x,M)y, inQ".
axz

where ®F are functions in H' (QZ) and H},e, (Q7), respectively, satisfying

Aof =0inQf, Aw; =0in Q~, oy =0onT},

07
o =0 onY\T, m;:m;—m% on I\ Ve, (5.27)
07 o oJo
- _ il F e — € 1—* .
©e Blaxg onYe M, x> x> on [\ Ye

Proposition 5.1. Let T and pe are the functions defined in (5.25). Assume (5.18), then for small
enough € > 0, there exist a positive constant C independent of € such that

el o) < € [[15e = Tl +¢¥2]

and
IPell (0 < Ce.
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Proof: Estimates on Te: Since 1 € H), (QF), 1, € H),,(Q7) and 1 =1, at the interface
+ —

- - oty ot

QI NQ~, we get Te € H),, (Q). In fact, it is easy to see that a— 3. on QF NQ~. We compute
X2 XD

ATe in Q¢. We have

— 23z vy .
Atg_ = (yﬁ_yd) szBx (xlv )Ws ZSax aX2 (be) a\';l n Q‘g_

ATg — _ B _ a\v,

Aty = (Ve —¥) - Za (et M) (W = Br) — 28525 (v1, M) 3

oz x1 glx)—M
Further T¢ |, = —€— M | = - d

urther T¢ |1, s (x1,M) <\u ( = . Bi ) an

0z M —-M

Te lyen(0,0)xm'= —sa—z (x1, M)y (xel, c ) . We need test functions which vanish on these
X2

boundaries to use in the weak formulations. Choose 01,9, € C?(R;[0,1]) such that

m+M M+M
01(s) = {Olfs>3m+M 0a(s) = {11fs>

lifs < 0if s < 3M+M.

In Q, define 1} (x1,x)) = —eaaxz; (x1,M) (\p_ <xl, g(xl)—M> — Bl> ¢ (x2) and

€ €
0 M -M
T2 (xl,xz):—sa—xz2 (x1, M)yt (xl, )¢2 (x2). Clearly, Te — T3 — T3 € H),, (Q¢) with T, —

€ €
72 = 0 on the boundary Y. UT},. Hence, we can use it as a test function to get

/]Vtg\zdx:/ ViV (e — Te — T¢) dx +
Qe Qe Qe

_ —/;Ars(rg—rg)dx—/gArg(rg—Té)dx

+/ V*@Vtﬁdxﬁ—/ V1, - Viidx.
QF Q7

V1T - Vtldx + / V1, - V1Zdx
Qe

1
Te
<Ce“®inQ, |=%|<
ox; X;
Ce“/fin Qf, where C, c are positive constants independent of €. Now using the expression for AT,
and Cauchy-Schwartz inequality, we get

Using Proposition 4.1 and the definition of T¢, i = 1,2, we get

1920y < € [elW ey e — Rliz(ar) +elWe —Billzza Ite — 2l

/m (e —a) (TS_T§)+/7()7£_)7) (te —T¢)
V5l 20 (V22 0) + IV 2 )

el 2o IV (e = 2) iz +EWe —Bullzziay IV (e =) |-

_l’_

Applying the estimates of y, Wz — B; from Proposition 4.1(3), the exponential decay of . for
i = 1,2 and Poincaré inequality, we get
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195l 2200 < €[ (72) 1952y + €/ + 115 = valz o I17e = iz o

HIFe =Sz i) I Veellz o] -
Note that QF consists of e-strips of length 1 and applying Poincaré inequality in each strip, sum-
ming up to have ||te — TZ:HLZ(Qer) < Cel|V (te —7) ”L2(£2§) and since y; = 0 in the strips, then con-
sidering y, in each strip, using Poincaré inequality we get ||7¢]| () < Ce. In other words the
Poincaré constant is of order €. Thus we have €||3e — ya||,» (@) < Ce?. Hence we get ||V7|| 12(0) <
C[I5e =5l2@) +&2 +e ]
Estimate on pe: We can work on an analogous fashion by computing Ape and introducing p} and

p2 o get [|Vpe 2, < Ce. 0
Now define

: d
e (1, M) Wi +€25— (1, M) i,
ox dx (5.28)

0z 0w~
T, =e— (x;,M) (y; — 22— (xi,M)vy; .
e =5, (x1,M) (yg —B1) + o (x1,M) yg
As far as T is concerned, we can take VT, and estimate using (4.1) which is valid only in Qg \ Be.

Thus we get [|VTte||12(0.\5,) < Ce /%, where C, ¢ are positive constants independent of €. The proof
of this statement is same as last discussion of T¢, which we are not going to repeat again for .

TS =
TEg:

Proof of Theorem 5.3 :- Notice that Z; — 7 — €0 = Te + €pe + Te in Q¢. Now the proof of the theorem
is straightforward because of the availability of required estimates in the above discussion. ad
Define

600 = S (v M)V in
Ee(x) = 02 (5.29)
Ce (x) = 3, M) (ye —B1) inQ".

As we proved Theorem 5.1, one can prove the following result.

Theorem 5.4. Assume (5.18). Let Z¢, Z, respectively, be the solution of the in-homogenized and ho-
mogenized co-states given by (3.2) and (3.7). Again let j, y, respectively, be the optimal state of the
in-homogenized and homogenized control problems given by (2.5) and (3.5). If & is as defined in
(5.29) then for small enough € > 0

1Ze — €58 || (o)t 1Ze =2 —€&¢ ||lgi@-) <C (8+ A8 —)7HL2(97)) ) (5.30)
where C is a positive constant independent of €.

Corollary 5.1. Assume (5.18). Let (Ve,ite), (7,i), respectively, be the optimal solutions of the in-
homogenized and homogenized control problems given by (2.5) and (3.5) then there exists a positive
constant C, independent of €, such that

e = ll y-112r,) < C (IFe =Tl 2@y +€) » (5.31)
for € small enough.

Proof. By trace theorem and Theorem 5.3
e = llp-12r,) < Cllze = 2]l ()% (stm). £2322))

< Cllze — 2l 1 e\ < C (|I7e 2 +€)-
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5.3 Optimal state (Neumann Boundary Control)

In this subsection, we will deal with the corrector for the optimal state of Neumann boundary control
case. The analysis and results look similar to that of Dirichlet. But the main contribution is the con-
struction of appropriate test functions. We skip many of the computations. Let (7,i) be the optimal
limit solution obtained in Section 3.2 (Theorem 3.3). We assume (5.1). The extension of y to O~ by
L- periodicity, is a solution in H! (0™) of the problem

o)
—Aj=finO ,3y=00onRx{M}, % =idon {(x1,8(x1)): x; ER}.
Standard regularity results and assumption (5.1) gives

FEH,, (@) cCH(Q). (5.32)

Further, introduce
6 () = X (. M)y in @
Eelx) = e S (5.33)
B (1) = 5= (v1.M) (v — i) in @
Now we will state our main theorem of this subsection whose proof will come later.

Theorem 5.5. Assume (5.1). Let (¥, i), (7,i), respectively, be the optimal solutions of the in-
homogenized and homogenized control problems given by (2.9) and (3.12). If & is as defined in
(5.33) then for small enough € > 0,

7 — €55 N o) + 156 =7 — 2 ) < € (B e~ 2ty ) (534)

where C is a positive constant independent of small enough €.

We need to introduce some test functions. Let ®~ € H}, (™) is the unique solution of the prob-

per
lem 3 30
A =0in Q" o :BIB—;(xI,M) onT,, ;)—VZOOn T,. (5.35)
Define ®, ®; as
0 inQ", _ [of inQT,
0= {0) inQ and @, = {‘De inQ- (5.36)
where of € H'(Qe), 0 € H,,, (Q") also solves the partial differential equation
) _ . 0w, &,
Awf =0 inQf, Aw; =0 inQ", 8\/8_:_ a\j on [y,
m;r = _gg on YS\Fuv 0)8+ = (l)g - Blai)?;(xlaM) on ru\Yﬁa (537)
B oy on;  Jdw,
0, = Bla—m(xl,M) onYeNT,, a—x‘z = axz on T\ Ye.

Let T, be the function defined by

+ 5. _emt —eET in OF
T = Te = Je 0 €&l in QF, (5.38)
TE

=V.—y—ew, —€§, in Q.
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Clearly, t7 € H' (QF) and 1, € H' (Q7). At the interface of QF and Q, trace of 77 and 1 agrees
because of the boundary conditions of J¢, 7, ®F and £ at QF N Q™. Hence, 1e € H Il,er (Q).7%e=0
oty It

on Ye. Moreover, —% = —% as H~!/ 2(Qf NQ7) function. By a suitable computation (we omit

0x2 0x2
here) as in Dirichlet case, we get |Te[|1(q,) < C (8—1— ||ite — i|| (Fb)) , where C is a positive constant

independent of €. Let ¢ = 0 — . Note that ¢ € H ;e, (Q¢) and solves the partial differential equation

, EDNNN: . vy
Agg =0inQf, Az =0in Q™ a—\i:— 8\? on I},
o =-& onye\l“u,fg:gg on ')\ Te, (5.39)
G =0onyNT ai—ai—i-aionl“u\yg.

“Ox,  Oxy  Ox

Here ¢, ¢; are the restriction of ¢ to QF, Q~ respectively. Now, introduce @ = G¢ — pe, Where
Pe € H},, (Qe) solves the problem

{Apg =0in Q¢, pe = —&F on Y\, pe =0o0n Yy NIy, aalz:‘ = —aa%_ onTI}. (5.40)

Use of integration by parts along with some calculation shows that

1®ell771 () < ClIVBe[F12 (0,5

:0(/ Vw@g—/ Vc;g-Vps—/ Vgs-VpeJr/ Vps-Vpg>.
Qg Qg -Qe QS

00~
Boundary conditions in earlier problems implies ngHil(Q y<C <7m€> .
_ ) v H='2(C\¥e) H' (T \Ye)
Equation (5.2) implies ®~ € H,,, (Q) C C* (Q~) . Hence, we can conclude [|®¢||;1(q,) < C, where
C > 0 is a constant independent of €. This implies if we prove ||pel|y1(q,) < C, the proof of

IGell 1 (@) < C is trivial. To do this choose a function y € C?(—oo, 4-0). More precisely, let

1 MJFTSM, < X2 and3mT+M > Xn
= / ’ 5.41
y(x2) {O M ) o MM (5.41)
ae  d&
If we define Y = W&, then Yz = &¢ on 7, 3 = 3y O I’y and HTQHHI(QS) <C.Use (pe+Ye) as a

test function in (5.40), we will get [|pe||1(q,) < C. Now we have enough tools developed to prove
Theorem 5.5.

Proof of Theorem 5.5 :- By triangle inequality, we can write

19 = €8¢ Ml (o) + 176 =5 — 8¢ [l (@)
< |17 —Ségnyl(gg) + Ve —y—e0” —€& |lgia) tEllo g o)
= [|7e =V —ew — €[l 1 () +ENO [ 510
= [T + (0 — 0)||g1(0) TN || 11(@-)-
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Hence
196 = €8¢ Nl (o) + 17e = — €8 [l (@) < IITeller (<)
+ellGellr ) +ello™[[m1o-)- (5.42)
We will have the desired result (5.34) because we already have all the required estimates. a

The recipe we prepared for proving Theorem 5.5 will also help to prove the following theorem.
The details of this result, we are not going to present here.

Theorem 5.6. Assume (5.1). Let (Je, i), (7,i) be the optimal solutions of the in-homogenized and
homogenized control problems given by (2.9) and (3.12), respectively. If w is as defined in (5.36) then
for small enough € > 0

Ve =V — €0l g1 (0 \8,) < C (8+ [t — ﬁ||L2(rb)) (5.43)

where C is a positive constant independent of €.

5.4 Adjoint state (Neumann Boundary Control)

The corrector for the co-state of Neumann boundary control case will be discussed in this subsection.
For that very first step is the demand of some assumption which will give us required regularity of y.
Assume

feH,, (Q)NL;,. (Q), g€ HS,(0,L). (5.44)

The extension of j to O~ by L- periodicity, is a solution in H' (O~) of problem

d
—AZ7=3—y;in 0 ,z=00onR x {M}, £:00n {(x1,g(x1)) : x1 €R}.

Standard regularity results and assumption (5.44) gives

ZEH,, (@) ccH(Q). (5.45)
Further, introduce .
& (¥) = 5 - (n M)W in Q4
Ee(x) = X2 (5.46)

_ 0z _ N
ge (x):%(x17M> (\Vs _Bl) in Q.
Now we will state one of our main theorem of this subsection whose proof will come later.

Theorem 5.7. Assume (5.44). Let Z¢, Z, respectively, be the solution of the in-homogenized and ho-
mogenized co-states given by (3.10) and (3.14). Again let j¢, ¥, respectively, be the optimal state of
the in-homogenized and homogenized control problems given by (2.9) and (3.12). If & is as defined
in (5.46) then for small enough € > 0,

I — €8¢ 1 (o) + I2e — 285 i) < € (215 ~ Tz ) (5.47)

where C is a positive constant independent of small enough &.
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As in the previous cases, we need to introduce appropriate test function. Define ® and ®; by
0 inQ", of in Q"
0= . andwe =4 ¢ . ’ 5.48
{00 inQ, ¢ ®; inQ". (5.48)

Here ®~ € H! ver () is the unique solution of problem

07 10
Ao~ =0inQ", o~ :ﬁlaé(xl,M) onT, = =0onT}. (5.49)

and o € H'(Q¢), ®; € H),. (Q7) solves the partial differential equation

per
Ao =0in Qf, Aw; =0in Q™ a;if_ a(.;% on Iy,

of =-& onv\T,, o)gzms—ﬁlaafz(xl, M) on T\ Ve, (5.50)
OF =B (1,M) on AL, S = 9%

o om M\
Let T, be the function defined by

+_ 3 + + 50 OF
Tez{rg _; —ewf —e&f inQF, (5.51)

—7—¢em, —€e&, inQ".

Clearly, t7 € H' (QF) and 1, € H' (Q™). At the interface of QF and Q~, trace of T and T, agrees

because of the boundary conditions of ¢, y, ®F and £ at QF NQ~. Hence, t. € H per (Q¢).Te=00n
oTe Jty  Odtg _ =
Ye and W = 0 on I',. Moreover, E £ ~1/2(QF N Q) function. Finally, we get estimate
X2 2%)

1Tl (00 <C (8 +{|7e — 7| Lz(Qf)) , where C is a positive constant independent of €. Let G; = ¢ — .

Note that ¢¢ € pe, (Q¢) and solves the partial differential equation
. _ . 0G &,
At =0in Qf, Ag; =0in Q™ a—\i:—a—\j on I,
G ==& onYe\Iu, ¢ =6 on T\ e, (5.52)
96l _ dg | dw~

=0 N, ==
Qg on e 8x2 a)CQ ax2

Introduce ®e = Ge — Pe, Where pe € pe, (Qe¢) solves

Apg 011'1 Qg, pgz_gg on Ye\ru7 pg—OOI’I ngru, aap\:‘:__aag\«‘; on Fb. (5.53)

00~
A routine calculation, leads to ngH%p o) <C <,(i§g>
E NV " o) HATAR)
tion (5.45) implies that ®~ € H,,, (Q~) C C? (Q~) . Next we prove |G|l (q,) < C. It is enough to
prove ||Pe|| g (@) < C then we are through because of the similar arguments given earlier. Construct a

function y € C?(—oo,4-00) such that

< C, since assump-

(5.54)

3 !
W(x ) {] M+4M < xp and M%M > X7,
2

!
0 meM <x < 3MIM .
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; o
Again, define Yz = y&¢. Notice that Y = &¢ on e, a—vg = BEJVS on I, and HYgHHl(QE) <C.Use (pe+Ye)

as a test function in (5.53), we will get ||pe| 1(q,) < C- Now we have enough tools developed to prove
Theorem 5.7.

Proof of Theorem 5.7 :- By triangle inequality, we can write

I7e — €8¢ [lpy1 (o) + l1Ze =2 = €&¢ llan(a)
<2 — €& oy ) +1IZe —2— 0" — €& [l o) Tl [l
= [|Ze — Z— 0 — €&l 1 (q,) TEIO |51

= [|Te + &(0e — ) || (@) TE[O7 (|10

Hence |[Ze — €8¢ lly1(ap) + 1% = 2= ¢ [l (@) < 1Tl o) +&llGellm () +&ll@™ [l Again
like earler, we will have the desired result (5.47). O
We can also derive the following result whose proof will not be presented here.

Theorem 5.8. Assume (5.44). Let Z¢, Z, respectively, be the solution of the in-homogenized and ho-
mogenized co-states given by (3.10) and (3.14). Again let y¢, y, respectively, be the optimal state of
the in-homogenized and homogenized control problems given by (2.9) and (3.12). If ® is as defined
in (5.48) then for small enough € > 0

e ~ £~ eollianny < C (e 17~ Tl ) (5.55)
where C is a positive constant independent of €.

Corollary 5.2. Assume (5.44). Let (¥, ie), (¥,i), respectively, be the optimal solutions of the in-
homogenized and homogenized control problems given by (2.9) and (3.12). then there exists a positive
constant C, independent of €, such that

e — il y-12r,) < C (e =3l 120 +€) (5.56)
for € small enough.
Sketch of the proof:- By trace theorem and Theorem 5.8
e = tlzaqry) < ClZe =2l (101 (g 122

< Cllze = Zll 1 08 < C (I17e = Fllr2(0-) +€) -

6 Conclusions

In the previous sections, we have considered a rectangular domain with oscillating boundary. Then
a controlled Laplacian problem with controls acting on the boundary are introduced together with
a L?-cost functional. There are two types of problems namely one with Dirichlet boundary control
and other one with controls acting as Neumann boundary data. Indeed the controls are acting on
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the boundary where there are no oscillations. Of course, the more interesting problem is to consider
controls on the oscillating boundary. But we have not considered this situation in this article.

The homogenization of the problem is relatively easy and follows along the same steps for both the
cases. But the main focus of the paper is the derivation of error estimates which depends on various
test functions. Though the fundamental ingredient is a function which is available in the literature,
one need to cleverly construct different test functions for Dirichlet and Neumann. In each case, we
have two types of error estimates (see Theorems 5.1 and 5.2). In Theorem 5.1, we have the error
estimate in the full domain Q; where the test functions & depends on €. But in Theorem 5.2, the
error estimate is in the domain Q¢ with a strip is removed from it. The advantage in this situation is
that the test function is independent of € and hence it is computable. Similar results are available in
all other situation as in sections 5.2, 5.3 and 5.4.
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