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Abstract. An optimal control problem in a two-dimensional domain with a rapidly oscillating
boundary is considered. The main features of this article are on two points, namely, we consider
periodic controls in the thin periodic slabs of period ¢ > 0, a small parameter, and height O(1)
in the oscillatory part, and the controls are characterized using unfolding operators. We then do
a homogenization analysis of the optimal control problems as ¢ — 0 with L? as well as Dirichlet
(gradient-type) cost functionals.
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1. Introduction. In this article, we consider an optimal control problem asso-
ciated to a boundary value problem in a two-dimensional oscillatory domain 2. with
oscillating boundary. The domain ). consists of a fixed bottom region 2~ and an
oscillatory (rugose) upper region QF (see Figure 1). We introduce an optimal control
problem in €. for the Laplacian operator with controls acting on the oscillatory part
QF with periodic controls and with Neumann condition on the oscillating boundary.
More precisely, the periodic controls are acting on the periodic slabs of the domain
of period ¢ > 0, a small parameter, and height O(1). The choice of such controls
are new, and it comes from a fixed region (that is, from a reference cell A™; see Fig-
ure 3). The controls coming from a fixed domain are useful in numerics, though we
did not carry out any computations in this paper. The aim of the present article is
to characterize the controls and then study the limiting analysis (homogenization) of
the optimal solution (namely, optimal control and the corresponding state) and the
associated adjoint state. This involves the homogenization of the optimality system
and proving the limit system is indeed the optimality system corresponding to the
limit optimal control problem. In general, the motivations for studying problems de-
fined on oscillatory domains come from the need to understand flows in channels with
rugose boundary, heat transmission in winglets, propagation of electromagnetic waves
in regions having rough interface, etc. (see, [4], [19]).

In the optimal control problems studied in [34], [35], [36], [37], the authors intro-
duced controls acting away from the oscillating part of the domain. There is a vast
amount of literature related to the asymptotic analysis of problems with oscillating
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boundaries; see, for example, [1], [3], [4], [5], [9], [10], [11], [17], [18], [20], [21], [30],
[35], [38].

As mentioned earlier, we consider the periodic controls on the oscillatory part
together with Neumann condition on the oscillating boundary. Unlike Dirichlet con-
dition, the limit problem is quite different in the case of Neumann problem. One
of the main features of the article is the characterization of the optimal control via
an unfolding operator. In fact, our analysis leads to a nice relation between optimal
control and adjoint state. Later, this relation is exploited to obtain the limit sys-
tem. Further, we get a distributed control in the upper part of the limit domain (see
Figure 2) consisting of fixed upper and lower parts. The limit system also satisfies
appropriate interface conditions.

The method of periodic unfolding was introduced in [13] and further developed in
[14] (see also Damlamian [15]). The periodic unfolding method adapted to oscillating
boundaries can be found in Damlamian and Pettersson [16]. Though several methods,
like 2-scale convergence, are available in the literature, we use the method of unfolding
to study the problem under consideration since the other methods do not seem to be
amenable in this situation. Here, we could give the characterization of optimal control
via adjoint system. Hence, we believe the elegant method of unfolding is well suited
to the problem in this article.

Indeed, the method of unfolding is well developed and applied to many problems
in the literature. In addition to the normal difficulties encountered in an oscillating
domain, we also have to deal with the optimality system (a coupled system) involving
state, optimal control, adjoint state, and also the associated cost functional, and
hence further analysis is required to obtain the limit optimal control problem (see
Theorems 5.2 and 6.2).

The layout of the paper is as follows. We describe the configuration of the domain
in section 2, which is similar to the domain considered in [16] (also see [35]). In the
same section, we also describe the control problems with different settings, namely,
with two types of cost functionals. The existence of periodic controls are also presented
in the same section. The unfolding operator in the domain as well as unfolding on the
boundary are introduced in section 3. The properties of these unfolding operators are
recalled from [16]. The optimality systems and adjoint states are given in section 4.
The characterization of the optimal control via the unfolding operator is the main
result of this section (see Theorems 4.1 and 4.2). This is done both for L? and
Dirichlet (gradient-type) cost functionals. Appropriate estimates, the convergence
analysis, homogenization, and the main result for the L? cost functional are presented
in section 5, whereas section 6 is devoted to the study of analogous results in the case
of the Dirichlet cost functional.

We have studied the problem in the two-dimensional domain, but we believe that
it can be carried out for three or more dimensions with appropriate modifications. For
example, see [31] for a three-dimensional oscillating domain. For general literature in
homogenization, we refer to [7], [8], [12], [22], [40], and the references therein. For
some references regarding the homogenization of the optimal control/controllability,
the reader can refer to [23], [24], [31], [32], [33]. Also, see Lions [27] for a survey on
controllability, stabilizability, etc. See the references [2], [6], [10], [25], [26], [28], [29],
[39] for optimal control problems and the derivation of optimality systems.

2. Oscillating boundary domain and problem description. Now, we de-
fine the domain 2. and limit domain €. Let L > 0, and for a small parameter ¢ = %,
N € 7Z, we consider an oscillating domain 2. as given in the Figure 1 and describe
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F1G. 1. The domain Q.

it below. Let g : R — R be a smooth periodic function defined on the interval [0, L]
with period L. Let 0 < a < b < L and 7, be a periodic function defined on [0, L] with
period €L, where in the fundamental cell [0, eL], the function 7. is defined by

(1) = M’ if x1 € (ea,ed),
MU= M it 2y € ]0,eL)\(ea, eb)

with M’ > M > m. Here, m is the maximum value of the smooth function ¢ in [0, L].
We can write the domain €. as

Qe ={(z1,22) ER*: 0< zy <L, g(21) < 22 < me(1) }-
The bottom boundary I'y of €2, is defined as
Fb = {(xlva) P I = g(xl)a T € [OaL]}

Let QF be the upper region (rugose) of the domain €2, which is the union of slabs of
height (M’ — M) and width €(b — a). It can be defined as

N-1
QF = U (keL + ea, keL + eb) x (M, M").
k=0

Denote Q~, the fixed bottom region of the domain 2. which is described by
O ={(z1,22): 0< 21 < L, g(1) <2 < M}.

The vertical and top boundary of 2~ denoted by I'y and I, respectively, are defined
as

Iy ={(0,22) : g(0) < axo < MYU{(L,22): g(L) < a2 < M}
and
M'={(z1,M): 0<z; <L}

The highly oscillating boundary ~. of . is given by

7e=00.\ ().
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Fi1G. 3. The domain AT.

where 0€), is the boundary of Q.. The common boundary between QF and Q~, denoted
by T, is defined as

N-1

De= | J (keL + ea, keL + eb) x {M}.
k=0

We can also write Q as Q. = Int (QF UQ~). Let Q = {(z1,22) : 0 < 1 < L, g(x1) <
x9 < M'} (see Figure 2). The bottom part of the boundary of € is the same as that
of Q.. The vertical boundary of €2 is denoted by I'ys and can be written as

Ly ={(0,22) : g(0) <ap < M'}U{(L,x2) : g(L) <o < M'}.
The top boundary of 2 is given by
Iy ={(x1,M"): 0<z; <L}

Define Q1 as Q" = {(z1,22) : 0 < 21 < L, M < z3 < M'}, and then we can
write Q = Int (Qt UQ~). Let AT be the reference cell (see Figure 3), defined as
AT = (a,b) x (M, M’).

Let H),,.(Q) = {f: f e H(Q), f(z1 + kL, z2) = f(x1,22) for all k € Z}. A
function defined in €. is called I's-periodic if they take the same value on both side
of T'y.
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We now consider the following control problem:

—Aue +ue = f+ 0o+ in Q,
ou c
< =0 on v,
2.1 ov €
(2.1) ue = honly,

ue is I's — periodic.

Here, f € L?(2), the source term and the boundary term h € H;e/rz(l"b) are given.
Further, 6° is the control function acting on the oscillatory part QF and Xo+ 18
the characteristic function of QF. One of the attractions of the paper is that we

take the control 6 of the form 6(xy,x2) = 0(%, x3), where § € L2, (AT) is a
control function defined on the reference cell A*. It is known that if § € Lger(AJr),

then (2.1) is a standard elliptic problem and hence admits a unique solution u. €
H! (9) (depending on ) that satisfies uc|r, = h. The solution operator is linear

per

and continuous from L2, () x L2, (QF) into HL, (Q.), i.e.,

per per per
(2.2) luellmr ) < CULflLz@) + 10N p2ry + 12l a2 ey);

where C' > 0 is independent of €. Let us consider two cost functionals, namely, the
L2-cost functional and the Dirichlet cost functional; more precisely,

1
Touet) =5 [ Juc—uaP+ 2 [0,
Qe QO

1
oo (ue,0) = 5/ Ve — Vug|? jug/+ 162,
Q. Q!

respectively. Here, 8 > 0 is a regularization parameter and u, = () is the solution of
the problem (2.1) corresponding to f. The desired state is denoted by uq € H),,.(Q).
With these cost functionals, we consider the optimal control problems

(Pie) inf{J; e(ue, 0)| 0 € L*(A"), (uc, %) obeys (2.1)}

for i = 1,2. Now we prove that (P, ) for i = 1,2 admit unique solutions. Since
ue = ue(f) depends on 6, we can also denote J; (ue,0) = J; (6) when there is no
ambiguity.

THEOREM 2.1. For each € > 0, the minimization problem (Py ) admits a unique
solution.

Proof. Let m. = infger2(a+) J1,e(ue, 0). Since me < Ji (0) < co and using (2.2),
we get 0 < m,. < oo. Hence, there exists a minimizing sequence (0, ), € L*(AT)
such that lim, oo J1.c(u?,0nc) = me. Without loss of generality, we can suppose
that Ji c(ul,0n.c) < Ji,e(ul,0), which implies [|6 ][ 22(a+) < C since [|0p || L2(a+) =
05l 2o+ )- Here, ug, u? are solutions of (2.1) corresponding to data 65, , 6 = 0,

respectively. So up to a subsequence 6,, . — 0. in L?(AT) as n — oo. Using the fact
that L2-norm is weakly lower semicontinuous, we have

(23) / |0_e|2 < hmlnf/ |9n,e|Qa
A+ At

which gives

(2.4) / |9_:|2§11minf/ 6c |2,
QF of 7

€
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where 9_:(3:1,3:2) =0, (%, 72) and 05,.c = On (%, 12). Note that we use the upper
script € to represent the periodic oscillations with respect to first variable 1 and lower
script e represent that it comes from the problem. Let us denote ug = uc(f, 0y, ), the
solution of (2.1) corresponding to f, 6 .. We know from the L? bound of 65, . on QF
and norm estimate (2.2) that Hu?||H1 E) < C, which implies u — Tc as n —> o0 in
HY(Q.).

Claim. We prove U, = u.(f, 9_:) We know that u? solves the partial differential
equation (2.1) for 6¢ = 65 _, and from the variational formulation we get

n,e?

(2.5) /Qevug-ws— A 8“?h+/ w'p = /f¢+/ 0 Xops 0

To prove our claim, we need to show the following variational formulation:

(2.6) /vm-w— a“€h+/ U€¢:/ f¢+/ Xt O ¢
Q. Ty ov Q. Qe Qe ‘

It suffices to prove that

(2.7) lim 05, & :/ 0. ¢ for ¢ € L2(QF).
Qf

n— 00 of

Now compute the limit

keLJreb
lim 9; E(b = lim Z / / —1 332) ¢($1,JJ2) dflildl‘z
k

n—oo Joi n—00 eL+eca
kL+b

=€ lim Z / / n € y; $2)¢(€y7$2) dyditg
n—00 kL+a

kL+b
= / / e(y, v2)p(ey, x2) dydzs
P kL+a
N-1 keLJreb_ x
/ / 0 (—1,$2) o(x1, x2) dridrs
k=0 /M Wk ¢

_ / 0.
of

Hence, (2.7) proved. We know that uc(f,05 ) — T in H'(Q), by weakly lower
semicontinuity of the L2-norm, gives

(2.8) / [T — ug|?* < 1iminf/ |ue(f, 9;76) —ug)|?.
Qe

€

Hence, combining (2.4) and (2.8), we get J1,e(ﬂe,§e) < liminf Ji e(ue(f,One), One) =
me. Therefore, (%, 0.) is a solution to problem (P ). Uniqueness follows from the
strict convexity of the L2-cost functional. d

THEOREM 2.2. For each € > 0, the minimization problem (P ) admits a unique
solution.

Proof. The proof is similar to Theorem 2.1. O

In the next section, we introduce the unfolding operator and its properties re-
quired for our article. Then using these operators, we derive the optimality system
and characterize the optimal control using unfolding operators.
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3. Unfolding operators and its properties. We define the periodic unfolding
operator and some of its properties without proof. The proofs can be found in [16].
For z € R, we write [z], as the integer part of x with respect to L, that is, [z], = kL,
where k is the largest integer such that kL < z and {a};, = x — [z]L.

DEFINITION 3.1 (the unfolding operator). Let ¢¢ : QT x (a,b) — QF be defined
by (x1,22,y1) = (€[2]L + ey1,22). The e-unfolding of a function u : Q@ — R is the
composite function u o ¢¢ : QF x (a,b) — R. The operator that maps every function
w: QT — R to its e-unfolding is called the unfolding operator. The unfolding operator
denoted by T€, i.e.,

T {u:QF = R} = {Tu: Q1 x (a,b) = R},
is defined by

x
T u(wy,z2,y1) = uo ¢ (21, T2,y1) = u (6 [%L + €y1,$2) .

If U is an open subset of R? containing QF and u is real valued function on U,
then Ty will mean T acting on the restriction of u to QF. We now state the following
properties of the unfolding operator 7°¢.

ProroOSITION 3.2.

(i) T is linear.
(i) Let u,v be functions QF — R. Then T<(uv) = T(u)T*(v).
(iii) Let u € LY(QF). Then

/ Tfudx:L/ u dx.
Q+ x (a,b) Qf

(iv) Let u € L*(f). Then T<u € L*(Q" x (a,b)) and |T°ul|r2(0+ x (a,p)) =
VI|ullp2oz)-
(v) Let w € HY(QF). Then T¢u € L*(0,L; HY((M,M") x (a,b))). Moreover,
%(Tfu) = Te(aa—;;) and a%l(TEu) = eTé(a‘r’—;‘l).
(vi) Letu € L?(Q%). Then Tu — u in L*(QF x (a,b)).
(vii) Let ue — u in L2(Q1). Then Tu. — u in L2(QF x (a,b)).
(viii) For everye, letu. € L*(QF) be such that T u, — u weakly in L*(Q" % (a,b)).

Then

1

Ue — Z~/a u dyy
weakly in L?(QF).

(ix) Let uc € HY(QF) for every e > 0 be such that Tu. — u weakly in
L2((0,L) x (a,b); HX((M,M"))). Then

b
Ue — %/a u dy;
weakly in L?((0,L); HY((M, M"))).

We use ~ to represent the extension by 0 to the bigger domain under considera-
tion. We now define boundary unfolding on I, i.e., on the common boundary of
and .

DEFINITION 3.3. Let ¢5, 5, ¢ (0,L) x (a,b) — T be defined by (v1,y1)
(e[=]z +ey1). The e-unfolding of a function u : T'c — R is the function uo @5, _,;
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(0, L) x (a,b) — R denoted by Ty, _,,, that is,
woers SAu e = RY = {T5 _pu:(0,L) x (a,b) = R}
is defined by
Tyt =uo @y, =1 (e [%}L + eyl) .

If U is an open subset of R? such that T'c C U and u: U — R, then TS _, u =
T _ (u
wng

r.) . The properties of boundary unfolding operators are given below.
ProrosiTiON 3.4.
(i) Tyg,—ps is linear.
(ii) Let u,v be functions from I'c — R. Then Ty, _ (uv) =T5 _p/(u)Ts, 5/ (v).
iii) Let w € L%2(.). Then TS _,;u € L?((0,L) x (a,b)) and, moreover,
=M

(T8, —nrvll 220,0) % (a,0)) = VIlull L2(re)-
(iv) Letw € H'(T.). Then Tf,_pu € L*(0, L; H'((a,b))) and o= (T5,_pu) =
6T§2:M(§_u)-
1

(v) Letw e L*(0,L). Then TS, _pu— w in L*((0,L) X (a,b)).

(vi) Suppose that ue — w in L*(0,L). Then T¢, _,ue — u in L*((0, L) x (a,b)).
(vii) Suppose that u. is a sequence in L*(T'.) such that Ts _prte = u weakly in

L2((0,L) x (a,b)). Then @, — L [*u dy, weakly in L(0,L).

4. Optimality system. Let (@.,6.) be the optimal solution to the problem
(P1,e). In this section, we derive the characterization of 6. with the help of unfolding

operators and adjoint state T, € H;GT(QE)7 which solves

— AT, + Ve = Ue — ug in Q,
0v, 0 o
= n
(4.1) ov e
7. =0 on I,
v is I'y — periodic.

THEOREM 4.1. Let f € L?(Q), h € H*(T'), and (Tc,0.) be the optimal solution
of (Prc). Let v € H),,. () solve (4.1), and then the optimal control is given by

— 1

Oc(y1,12) = 3

where T is the unfolding operator as in Definition 3.1. Conversely, assume that a
pair (tie,0c) € HL, () x HL,,.(Q) solves the optimality system

per per

1 L
E/ Teﬁe(xlay27yl)dx1 )
0

=N + e = f + 0 xor in Qe
—ADe + Ve = Ue — uq in e,
it _, Oic

= 7_:0 OT Ve,

(4.2) o v

e =h, Ve =0 only, U, Ve arel's — periodic,

9e(y17y2) = —%

1 L
f/ T (21, Y2, y1)dxy |
0

Then, the pair (te, 0¢) is the optimal solution to (Pj.).
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Proof. We know from Theorem 2.1 that (P;.) admits a unique solution, say,
(., 0.), where 0. is the optimal control, . is the optimal state, and ?E(xl,xg) =
O (L, x2). Let F(0) = Jic(ue(f,6),0). From the optimality condition of (@, 6.), it
follows that

(F(@c+X0) —F(0.)) >0 YA>0andf e L*(AT).

>| =

Now calculate

F(@. +)\0) — F(8.)

—¢ 1 15} —e
o _ 2 62__ - _ 2__ 2
_ /|u€A ual® + /j|0€+w| 2/Qe|ue udl 2/9?'06'

—/ ey — ) (e +The — 2ua) + 5/ (2NF56° + A26°2),
Q. 2 Jor

2
where ue y = uc(f, 9_: +A0°9). Note that we x = u x—Te is the solution to the equation

—Aw+w = MY+ inf,
ow

v

w=20 on [y,
w is I'y — periodic.

=0 on-~,,

Using the continuity of solution operator, we get
lweall 1) < CIAIO] L2 (a+)

Thus, we x — 0 in H'(€,), and hence the sequence (uc x)x converges to u, in H'(£2)
as A — 0. Set wpe = %we)\. Notice that wge . € H(Q) is a solution to the equation

—Aw+w =0%g+ In Q,

ow —0
(4.3) v on e

w=0 onlYy,

w is I'y — periodic.
Then, we get 0 < limy_,0 5 (F (6. +A0)—F(6.)) = fQ (Te —uq)woe e+ [+ :6°. Thus,
F'(6.)0 > 0 for all @ € L?(A*), which implies that F’(6.)0 = 0 for all § € L?(A™T).
Hence, for the optimal solution, we get

(4.4) / (Te — ug)wpe c = —5/ g.0°.
Q. Qf

Since T, satisfies the system (4.1) and wge  satisfies (4.3), we have

(4.5) / (Te — ug)woe ¢ :/ VU, - Vwge —|—/ TeWpe :/ TH°.
Q. Q. Q Qf

Using the unfolding operator,

—e 1 — 1 _
96962—/ T€9€T€962—/ Oc(y1,y2)0(y1,y
QF L QF x (a,b) L QF x (a,b) (v1,32)0(u1. 32)

= / Oc(y1,92)0(y1, y2)
A+
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and

1 1
[ooor=7 [ rmre—p [ 1) b
of L Jotx(ap) L Jotx(ab)

1 L
:/ [f/ T€66($15y27yl)d$1] 0(y1,y2)-
A+ 0

Hence, from (4.4) and (4.5), it follows that

/ 0c(y1,y2)0(y1,y2)
At

1 I
=73 [—/ Te@e(xlvymyl)dxl] 0(y1, y2) for all 6 € L*(A™).
0

This gives the optimal control in terms of the adjoint state via unfolding operator as

- 1
(4.6) be=—7

1 L
Z/ TV (x1,y2,y1) dx1 | -
0

To prove the converse, suppose that (i, o) € H'(Q) x H'() and . obeys the
optimality system (4.2). For every § € L*(A™T), we have

~ ~ 1 N ne
F(0.+0) — F(0.) = 5/9 [ue1 — tel” + g /m |6 ?

+/Q(u61 Te) (0 +6/ 66,

€

where w1 = uc(f, é: + 6°). Observe that

| (en =) =)

€

= V(ue,l - ’&’6) ' V@e + / (ue,l - ﬁe)@e +
Q. Q. o0, O

_ / o0 = 1 / T3, T°0°
ot L Q+ % (a,b)

1/ .
= — T,
/A+ [L 0

Hence, F(. +0) — F(A.) > 0. Thus, (i, ) is the optimal solution to (Py..). 0
A similar characterization can also be obtained with the Dirichlet problem, namely,

the optimal control problem with the cost functional J; .. Suppose, (T, 0.) is the so-

lution to problem (F»); then the optimal control 6. can be characterized with the

:_5/ 09_—5 G
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help of adjoint state v, which solves the partial differential equation

—AT +U. = —A(Te — uqg) in Qe,
O,

ov

e =0 onl'y, v, is 'y — periodic.

(4.7)

= (vue - vud) © Vo OIl e,

Once again, we need to consider F(0) = Jo (uc(f,0),0), and then as in the above
proof, we have to compute F’(6.). By defining the adjoint system as in (4.7), one can
simplify the optimality condition F'(6.)8 = 0 for all # € L?(A*). In the process of
simplification, we get the second condition in (4.7), which comes from the right-hand
side of the first equation. In a similar way, as in the proof of the Theorem 4.1, with
appropriate modifications, we arrive at the following theorem.

THEOREM 4.2. Let f € L?(Q), h € H*(T'), and (Tc, 0.) be the optimal solution

of (Poc). LetTe € Hp,,.(Qc) solve (4.7), and then the optimal control is given by

(4.8) ge(ylva) = _%

1 r
f/ TVe(x1,y2,y1)dxy | -
0

Conversely, assume that a pair (i, 0c) € H),.(Qc) x H).,.(Qc) solves the optimality
system

—Ad+ae = f+0xgr in Qe
—Abe + 0 = —A(le — ug) in e,

dic . Ob. .
(49) E =0, E - (VU’E Vud) vV 0n e,

e =h, ve =0 only, U, Ve arel's — periodic,

A 1

Oc(y1,2) = 3 !

L
z/ Té@e($17y2ay1)dxl‘|~
0

Then, the pair (tic,0.) is the optimal solution to (Py.).

5. L2-cost functional. Having described the optimality systems in both cases,
we now proceed to study the homogenization of optimality systems. After proving the
convergence of the optimality system, we see that the optimal solution converges to the
optimal solution of the limit system. We start with the study of the homogenization
corresponding to the L?-cost functional.

5.1. Homogenized system. Consider the spaces

V(Q) = {w e L*(Q) : % e L*(Q7), g—i € L2(Q)}
and
Vo () = {1/) € L*(Q): % € L*(Q), g—@ € L*(Q) and Y|r, = 0} )

These spaces V(§2) and V5(€2) are Hilbert spaces with respect to the norm defined by

oy ||? N H&mg-

2
2 _ 2
190V @) = 1¥ll720) + Ham ox,

L2() L2(Q7) '
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For given f € L?(Q) and § € L?(M, M'), consider the system

32 +
— u2 +ut =f+0xqr nQF,
Oxs
—Au"4+u  =f inQ~,
+
(5.1) %L =0 onl,
v
ut = - b—adut  Ou” onT
o ’ L 8332 o 8332 ’
u~ =h only, u is 'y — periodic.

Write u = uTxq+ +u~ xo-. Consider the variational formulation of the problem (5.1)
as follows: Let f € L*(Q2). Find u € V(Q), which satisfies u|r, = h such that

o [ (00 0 vviu [ O
7 /Q+< +ut +/Qi(Vu Vi +u1)) h

8—562 5302 Ty 85C2

(5.2) o

— [ s [

for all ¢ € V() with ¢|p, = h. The existence and uniqueness of v € V() that
satisfies u|p, = h follows in a standard way. The linearity of the solution operator of
(5.1) is obvious. If we take ¢ = u as a test function in (5.2), we get the continuity of
the solution operator. More precisely,

(5.3) lullvy < CUfllzz) + 101 L2 ar,mry + HhHHl/Q(Fb))a

where C' > 0 is independent of e. Now consider the L2-cost functional .J; defined by
1 [ (b— b— M

(5.4) J1(u,0) = —/ axg+ +xa- ) Ju—ug®+ b=a)8 62,
2 Ja L 2 M

Associated with this cost functional, we introduce the limit optimal control problem
as
(Py) inf{Jy(u,0)| 0 € L*(M,M’), (u,8) obeys (5.1)},

which admits a unique optimal solution denoted by (@,0). We now characterize the
optimal control 8 of the problem (P;) using the adjoint state T. Let 7 € V() solve
the adjoint problem

%ot
- 8;)% +ot =@ —uy) inQ7,
—ATT 4T =(u —ug) inQ,
=+
(55) P _ ) onT,
8{E2 "
b—adv ov~
o+ = - = — F
v v L 8332 8332 on ’
v~ =0 on I'y, v is 'y — periodic.

THEOREM 5.1. Let f € L*(Q), h € HY?(T}), and (@, 0) be the optimal solution
of (Py). Let v € Vp(R2) solve (5.5), and then the optimal control is given by

_ 11 [F_
9——3 E/O Ud$1‘|.
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Conversely, assume that a pair (4,0) € V(Q) x Vo(Q) solves the optimality system

orat A 0%t N .
e +at=f+0, — 973 +ot = (At —ug) in QF,
AT +aT =f, —AT+0T =07 —ug) 7,
-t St
9uT o, 9 _ 4y on T,
85C2 85C2
(5.6) g _go bmadat _0am o b—ad0t 000
n ’ L (95(22 o (95(32’ o ’ L 8332 n 8332 ’
u~=h, v =0 on I'y, u,0 are I'yy — periodic,

. 11 /&

Then, the pair (t,0) is the optimal solution to (Py).

5.2. Convergence analysis. Assume that (U, 6.) is the optimal solution of
(P1e). Let uc(0) be the solution of the problem (2.1) corresponding to 6§ = 0, and
then from (2.2) we get

(5.7) [ue(O) |z @) < C,

where C' > 0 is independent of €. Using the optimality of the solution (%, 6. ), we get

(5:5) [om—wal 5 [ FR < [ a0 -up <.
Q. 2 b Q.

Thus, we have
(5.9) 1820 L2y = 8ell 2a+) < C and [T 120, < C-
From the weak formulation of the adjoint problem (4.1), we have

(5.10) [Tell 1) < C,

where C is independent of €. Since h € H,%TZ (T'y), by the standard trace theorem,
there exist z in H,,,.(2) such that z|r = 0 and z|p, = h. Let K = {¢ € H,,.(Q) :

per

¢|r, = 0}. Set U = Z+ 7., and then 7, € K solves the problem
—AY +T. = f+0 Xqr +AZ—ZF inQ,

(5.11) aayye =0 onv., y.=0 only,

Yy, isI's — periodic.

The variational formulation of (5.11) is as follows: Find 7. € K such that, for all
¢ e K,

(5.12) /QGVye-v¢+/ﬂeye¢:/mf¢—/ﬂgvz-v¢+/ﬂj95¢—/§zez¢.
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THEOREM 5.2 (main theorem). Let (T, 0.) and (u,0) be the optimal solution of
(P1) and of (Py), respectively. Then

0. — 0 weakly in L*(A™T),
h—

L
Telo- — Tlo- weakly in H'(Q7),
h—

L
Telg- — Tlg- weakly in H(Q7),

a T|o+ weakly in L2(0, L; H*(M, M")),

EE|Q;¢— —

a T+ weakly in L*(0, L; HY (M, M")),

5493— —

where 6 = —%[% fOL vdxy] and Te, T are the solutions of (4.1) and (5.5), respectively.
Proof. We know this from the continuity of the solution operator
[Tl m ) < CUIF L2y + 10cllLzasy + 1Rl gzy))-
Using the estimate (5.9), we have
(5.13) ||EEHH1(Q€) <,

where C is constant independent of €. Since the sequence (f,) is bounded in L?(A*),
by weak compactness, there exists a subsequence (still denote by ¢) and 6, such that

(5.14) 0. — 0y weakly in L2(AT).

Let . " and u. ~, respectively, be the restriction of T, to QF and Q~.

Step 1 (claim). We prove that the sequence T<u.t is bounded in the space
L2(0,L; HY((M, M') x (a,b))) and satisfies the following: there exists
ug € L?(0,L; HY((M, M") x (a,b))) such that

(5.15) T<u.t — uf weakly in L*(Q1 x (a,b)),

(5.16) 7.t — Lyt weakly in L2(0, Ly H (M, M")).

Moreover, uj is independent of the third variable y;. All convergence takes place

along a subsequence, but at the end, by uniqueness, we get the convergence of the
entire sequence.
Proof of the claim. We have

— 12
||T “6+HL2(0,L;H1((M,M/)x(a,b)))

L
o 2
:/O [ u5+(x1)HHl((M,M’)X(a,b)) da

2
:/ €2TE
Q+ % (a,b)
:/ T< | €2
Q+ % (a,b)
7 / (52 ou.t
Qf

(9[121
— 2
(5.17) < LTl a.) -

ou. ™
8$1

ou. "
8{E2

g2
‘35‘; + \a:f) as
2

€

2
+T° |E€+ |2> dx

_ 2
ou.t

(9[121
2 ‘

ou.t
8332

2
+ ‘UEJr‘z) dx
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The boundedness of the sequence 7%, " in L?(0, L; H*((M, M") x (a,b))) follows from
(5.13) and (5.17). Hence, (5.15), which in turn implies

(5.18) T — ug weakly in L*(QT x (a,b)),
(5.19) 0 (Tuct) — Dug. weakly in L2(Q" x (a,b))
85C2 85C2 ’ ’
+
(5.20) 8(?/1 (Tu.t) — ?72 weakly in L2(Q x (a,b)).

From Proposition 3.2(v), it follows that

7+ +
(5.21) T* (aaue ) - 2 0 weakly in L2(QF x (a,b)),
X9 X9
7+ +
(5.22) T (88“6 )4 88“ weakly in L2(Q* x (a,b)).
Ty Y1

Again from Proposition 3.2(iv), we have

ou. "
8331

i

ou.
B \/_H Oz

o) < V|G| 1 0.

2(Q+ x (a,b)) L2(

which implies the boundedness of the sequence Te( o * —) in the space L?(QF x (a,b))

from (5.13). Thus, from (5.22), it follows that 84‘7;% = 07 and hence g is independent
of y;. Further,

10 b—
(5.23) U — E/ ug dyy = Taug weakly in L(0, L; H* (M, M")).

This completes the proof of the claim.
Since .~ is bounded in H*(Q~) by (5.13), up to a subsequence (still denoted by
€), we get

(5.24) T~ — uy weakly in H'(Q7).

Define ug as

+ +
_Jug ifzeQ”,
(5.25) uo(w) = { u, ifxe .

Step 2. We claim that uy € V() and trace of uy on I' is h.

The continuity of the trace map and the convergence of u.~ to u, weakly in
H(Q27) implies that the restriction of uy on Iy is h. Since ug € L*(Q2) and g—gi’ €
L?(Q7), it is enough to prove that ‘g—;‘;’ € L%(Q) for the first part of the claim. This
will be achieved if we prove that the trace of uj and u; are equal on I' since ug is
independent of y1, § 8“0 € L*(Q7), and g—gg € L*(Q7). Since %, .
the equality of traces for the boundary unfolding operator, that is, T}y, _, (EEJF FE) =

TS, (T Ir,), ie,

(5.26) (@) |agmrs = Ty—ps (W™

r.)-
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From the continuity of the trace operator, we get

(T(@e™)) |ap=rr = ug |zo=ns weakly in L*((0, L) x (a, b)),
and from (5.24), we get

Te |wgmrs — Up |zp=nsr strongly in L*(0, L).
This implies
TS —pr (We Jop=nr) = g |zg=ns in L2((0, L) X (a,b)).
Passing to the limit in (5.26) as € — 0, we get
U Laar = g leamar in L0, L),

since u;{ and u, are independent on y; variable. This proves Step 2.
Now TE% is bounded in L?(Q% x (a,b)), and hence there is an element P €
L?(QF x (a,b)) such that

Lou.t
(95(21

(5.27) T — P weakly in L*(QT x (a,b)).

Step 3 (claim). The limit P = 0. To prove the claim, recall u. = Z + g, from
(5.11). We observe that u. " is equal to J,|o+, say, . 7. So 7. ™ have the same limit

as u. T, i.e.,
7 + +

(5.28) Eaay—é - gﬂ weakly in L?(QF x (a,b)),
Xro i)
= +

(5.29) 7\ p weakly in LAQF % (a,b)).

8951

Let ¢ € D(Q") and n € C*[0, L) be arbitrary and let ¢ = n’. Now choose the test
function

c L1
o(2) = ey ({2} ).
eJr
Note that ¢¢ is continuous in each strip of 2} which are disjoint and hence continuous
on QF. From the definition of e-unfolding of ¢¢ and by Proposition 3.2, we get

T

76" = eo (e| =] +eyrma) vlnn),
1 (50) = Lo
= Eaa—jl (6 {%L + €y1,9€2) Y(y1) + ¢ (6 [%L + €y17$€2) V' (1),

r(52) -2 (e [2], e v

8x2 - 66—@
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On convergence, we get

(5.30) T¢¢¢ — 0in L*(QF x (a,b)),
(5.31) T* gij — ¢(x1,22)¢ (1) in L2(QT x (a,b)),
(5.32) 2% L o L*(Q x (a,b)),

8:52

as € — 0. From the variational formulation (5.12), we get

l%[/ﬂevﬂe-v&+/ﬂeyeﬂ :gig(g[/ﬂgf&—/mvz-v&}

. li 0pc — | Zoe|.
(5.33) +e13%{9€+ b /de’}

€

Now notice

/ Vye-w?f+/ yea}:/ V@J-Wﬂ/ 7. o
Q. Q. of of

1 7 T 0P 7 T
:_/ 700 pe 0% e OV e
L O+ x(a,b) (9321 (9321 (9322
1
(5.34) + —/ Ty, TT¢".
L Jotx(ab)
Hence,

(5.35)  lim UQ Vye-w?wr/g @Jﬂ = %/m ( b)P¢(x1,xz)w’(yl)

e—0

and
|1 [ veves [ 36— [
Q. Q. or Qe
L
oha ot
1/ — €
_ — TEfTE(bE—FTEHE Tegbe
L Q+x(a,b)( )
(5.36) -0,

as € = 0. Combining (5.35), (5.36), from (5.33) we get

(5.37) /Q oy D) =0

folo
(9322

3261

Since ¢ and n are arbitrary, we get P = 0 a.e. (x1,22) € QT, y1 € (a,b) and hence

the claim in Step 3.
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Step 4. Now take a test function ¢ € C>(Q) such that |p, = h in the variational
formulation of (2.1) for § = 6.. Now as € — 0, the left-hand side of (2.1) becomes

o, 1 ou. " o
ewseise [ et (5) ()
/Qe Y w Y w I 8V L Q‘*’X(a}b) 8331 8331

1 ou.t o0 )
i e i
L /mx(a,b) < 0w > (3372
1
+ = / T T+ | Va. Vi
L Jo+x(ab) Q-
ou.~
+/ Ty — h
— Ty BV
1 oug O n
I L QF x(a,b) (Bxg 8—x2+uow
S
(5.38) + | Vue Ve tuge— [ Sp
O Iy 8V

and the right-hand side of (2.1) becomes

/st¢+/@€+92¢ /fw+/ f¢+/ 7w
- L /mx(a b) e f¢ "I L /Qﬂ(a,b) Tegi v

(5.39) - % /mx (a,b) ot / ferg /§2+><(a,b) o

Hence,

1 s o0 [ (o v [
L/Q+Xab>(8x282+u w>+ (Vuo™ - Vi +ug ) L o
1
—2 [ e [ s
Ot x(a,b) a-

which implies

b—a dug oY _ _ oug™
7 / (a—xZaT+ ¢)+/Q(V“0W+W)‘ L !
b—a

Sl MR L

for all ¢y € C*°(Q) with ¢|r, = h and hence true for all ¢ in V(Q) by density.
Therefore, ug satisfies the differential equation (5.1) for # = 6y or, equivalently, (5.2).
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Similarly, we find the following convergence for the adjoint state T, described in (4.1):

T¢ (mbj) — wolg+ weakly in L*(QF x (a,b)),

v,
Te <—m) — 0 weakly in L*(QT x (a,b)),

8331

e 8EE|Q+ B'UQ|Q+ . 2 +
T < Dy ) Dy weakly in L*(Q" x (a, b)),

b—a

volo+ weakly in L?(0, L; H' (M, M")),

66'9;" —

Telo- — volo- weakly in H'(Q7),

where vy € V() satisfies (5.5) for & = ug. From the optimality condition, . (y1,y2) =
—%[% fOL TTc(x1,y2,y1)dz1], and the convergence 0, — y in L2(AT), we get

L
(540) 0o = —% l%/o 50d$1‘| .

Therefore, we get the optimality system corresponding to the minimization problem
(P1). According to Theorem 5.1, the optimal solution is given by (ug,6y). Thus, by
uniqueness, we have

U =ug, U=1vg, and = b.

This completes the proof. a

6. Dirichlet cost functional. In this section, we derive analogous results with
the Dirichlet cost functional J> . All the details are not given, as many of the argu-
ments are similar to the previous section.

6.1. Homogenized system. The limit cost functional J; is described as

1 [ b- 1 b— M’
(12(71,9):5/Q+ L“ +—/Q_ |Vu|Q-—Vud|2+u/ 0.

2 2 M
The limit optimal control problem is given by

dulgr  Qua’

8332 8—332

(P) inf{Jz(u,0)| 0 € L*(M,M’), (u,6) obeys (5.1)}.

It has a unique solution, say, (%, ). The adjoint state T solves the problem

vt _ 0% ,
e U+:_8—x§(u+_ud) in QF,
—ATT+7 =-AT@ —ug) nQ,
ot
(6.1) SR (Vat —Vug) - v on T,
8332 "
b—a 0dv v
7t=97, ——— =_—"_onTl
R R, P
v = on I'y, vis 'y — periodic.
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THEOREM 6.1. Let f € L*(Q), h € HY?(T}), and (@, 0) be the optimal solution
of (Py). Let v € Vp(R2) solve (6.1), and then the optimal control is given by

N
0=—=1= vdry | .
ﬂ L/O (% $1‘|
Conversely, assume that a pair (4,0) € V(Q) x Vo(Q) solves the optimality system
8%* 8%* 0?
_ 0t = At _ n OF
3:(:2 A 3:('2 gz (07 —ua) in O,
—AU” +4" = f, —Av —|—f1_ =—-A(G" —ug) in Q7
9+ 9ot
0, & = (Vat — Vug) v oon T,
ov v
(6.2) gt _ g boeodt _oam o b—adit 00
B ’ L 8332 B 83327 B ’ L 8332 B (95(22 ’
- =h, vV =0 on I'y, 4,0 arel's — periodic,
N B
0=—=|= odxy | -
ﬂ L/O v 5(‘1‘|

Then, the pair (t,0) is the optimal solution to (Py).

6.2. Convergence analysis. Assume that (ﬂe,ge) is the optimal solution of
(Ps,c). Let ue(0) be the solution of the problem (2.1) corresponding to § = 0, and
then from (2.2) we get

(6.3) e (0|1 (0. < C,
where C' > 0 is independent of e. Using the optimality of the solution (7., 0. ), we get

(6.4) /Q V(T —ua)|? + g /Qe+ 6c° < /Q |V (e (0) — ug)|* < C.

Thus, we have
(6.5) 180206y = 18] 2y < € and VT 2o, < C.

The variational formulation of the adjoint problem (4.7) is the following:
Find v, € {v € H'(Q,) : v|r, = 0} such that

(6.6) /Vve Vo —l—/ Teh = /V c—ugq) Vo

for all ¢ € H'(Q) that satisfies ¢[r, =0. -
THEOREM 6.2 (main theorem). Let (u.,0.) and (u,0) be the optimal solution of
(Ps,c) and (P»), respectively. Then
0. — 0 weakly in L*(A™T),
h—

U+ weakly in L2(0, L; H' (M, M')),

EE|Q;¢— —

Te|o- — Tlo- weakly in H(Q7),
h—

Y B+ weakly in L2(0, L; HY(M, M")),

55|Q: —
Telg- — Dlg- weakly in H(Q7),

where 6 = —%[% fOL vdxy] and T, U is the solution of (4.7) and (6.1), respectively.
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Proof. In a similar fashion as in the previous section, we deduce from (6.5) that
(6.7) el o) < C and [[Vc|gro) < C

and the convergence

b—

(6.8) Ueclgr — —— o+ weakly in L3(0, L; H (M, M),
(6.9) Te|o- — Tlo- weakly in H*(Q7).

Further, from (6.5), we see that

(6.10) 0. — 6y weakly in L*(A™).

Let .1 be the restriction of U, in QF and .~ be the restriction of 7. in Q. Now

€— 2 .
1T a0, orrr rt vy oy < E [7elf 0

So, the sequence T, " is bounded in L?(0, L; H((M, M) x (a,b))), and hence there
exists a subsequence (still denoted by €) such that

(6.11) T, — vf weakly in L?(0, L; H*((M, M’) x (a,b))),

which implies

ot ot TE c ) =0 ¢ — ) = =
(6.12) T*v. v, T ( 0z > 0xy’ = ( Oxy > oy

weakly in L?(Q x (a, b)). From Proposition 3.2(iv) and (6.7), it follows that T€(6m+)

is bounded in L?(QF x (a,b)). Then from (6.12), we get 3 9 _ () With the help of
Proposition 3.2(ix) and convergence (6.12), we conclude that

1 b
(6.13) T — Z/ vy weakly in L2(0, L; H* (M, M'")).

Since vy is independent of y; variable, we have f vg dy; = (b—a)vg and N T d Y1 =

(b— )(%0 Thus, (6.13) becomes

(6.14) T — b ; Cod weakly in L2(0, L; HY(M, M')).

Since TE(ME ) is bounded in L?(QF x (a,b)), we get

e ov.t

(6.15) o

— R weakly in L*(Q" x (a,b))

for some R € L?*(Q" x (a,b)). We now characterize R. Since the sequence T~ is
bounded in H'(27), we get the convergence

(6.16) T~ — vy weakly in H'(Q7)
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for some vy € H'(27). Define vy as

(6.17) v —{ vg ifweqt,
. 0 =

vy ifzxeQ”

and vy € Vp(2). The proof is similar to the proof in Step 2 in Theorem 5.2.
We now identify R. Consider the test function ¢¢ described as in Step 3 of
Theorem 5.2. Now, taking ¢ = ¢€ in (6.6), we get

/ WE-WT%L/ w}?:/ WJ-V¢€+/ T o
Q. Q. oF ot

€

5+ €
1 e (7 (5 (55)
L O+ x(a,b) (9321 (9321

+ T (%€+> Te (a¢€> + TﬁﬁjTﬁﬂﬁE)

(9322 (9322

1
(6.18) - — Ro(w1,22)¢ (y1) ase—0
L Jo+x(ap)

and

/ V(T — uq) - Vor
Qe

= V(EEJF —uq) - Vo©

af

1 ATt — uq) . O 0wt — uq) 8¢6>
= S e e

L A*X(a,b) ( Bxl Bxl sz Bxg

1 6ud ’
6.19 - —— — , — 0.
(6.19) Ty o S (o) ase

Combining (6.18) and (6.19), we arrive at

5ud ’ - % -
Lo (B gt) otmmwon = [ (54 522) oo maniun) =0

Since ¢ and 7 are arbitrary, we get

8ud

2 _ _dua
(6.20) R=-5

To end the proof of the main theorem, we need to find the equation satisfied by the
adjoint limit vg. Taking ¢ € {¢ € C(Q)| é|r, = 0} in the left- and right-hand side
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of (6.6), we get

/ Vo, - Vb + Db
Qe

:/ (Vm+~vw+m+¢)+/ (Vo™ - Vi + 7.7 ¢)
o Q-

€

1 oot oY ov. )
- T* e (L2 e e (£2

L /mx(a,b) ( ( Oy ) (8551) ( O ) <5$2>)

+

L € (= € _ _
z/ﬂ*x(a,b)T (UE+)T (¢)+/Qi (VUE Vb + e 7?)

1 dug O 1 / <8v8L o n )
- —= —C 4 — -+
L /Q‘*’X(a}b) (9321 (9321 L O+ x(a,b) (9322 (9322 Yo w

—I—/ (Vv(f -V —|—v07w) ase—0
o

and

_ 1 Oug OY 1/ o(ug — uq) O
V(T — uq) - Vi = —= AL L A Do _Ad) 22
~/Qe (te —ua) - VY L/mx(a,b) Oy 0z1 L Jotx@p  Or2 Oz

+ V(ug™ —uq)- V¢ ase— 0.
o0

Thus, it follows that (since vy and ug are independent of y7)

_ +
b a/ﬂ+ <%B—w+vo+w)+/_(VUQ-V¢+vo¢)

L dxy Ox
(6.21) 2 0T
_b—a O(ug —uq) OY _
- L AJF B:,CQ 8—552 + o V(UO —ud) V¢,

which in fact holds true for all ¢ € V5(€2) by density. Hence, vy € V() satisfies

82 + 32 +
A C el 7 PSS

0x3 0x3
—Avg +vy = —A(ug” —uq) in -,

o +

(6.22) 9% —0 on T,
6$2
b—advyt™ Ovy~
+ = - = ]_—‘

vo Yo L 8332 8332 on s
vy =0 on Iy, v, is 'y — periodic.

We also have the convergence 6. — 0y in L2(A1), T¢(Ve|q+) — volg+. Thus, we get

L
(623) 00 = —% l%/o Uodx1‘| .

Therefore, we get the optimality system corresponding to the minimization problem
(P2). According to Theorem 6.1, its optimal solution is given by (ug,8y). Thus, by
uniqueness we have

EZUQ, V=19 andO:GO.

Hence, the main theorem is proved. a
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