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An optimal boundary control problem in a domain with oscillating boundary has been investigated in this paper. The
controls are acting periodically on the oscillating boundary. The controls are applied with suitable scaling parameters.
One of the major contribution is the representation of the optimal control using the unfolding operator. We then study the
limiting analysis (homogenization) and obtain two limit problems according to the scaling parameters. Another notable
observation is that the limit optimal control problem has three controls, namely, a distributed control, a boundary control,
and an interface control. Copyright © 2016 John Wiley & Sons, Ltd.
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1. Introduction

We discuss the homogenization of an optimal control problem associated with the Laplacian in a two-dimensional domain with an
oscillating boundary. The domain is a standard one considered by many authors in the literature. See, for example [1-9], and so on.
The domain Q¢ consists of bottom and upper parts, respectively, denoted by 2~ and Q;" (Figure 1). The region Q7 is fixed, whereas
Q;" has an oscillatory (rugose) boundary. In fact, the two-dimensional domain Q. can be thought of as a cross section of a three-
dimensional oscillatory domain (Figure 2). Refer to [10, 11] for the homogenization results in three-dimensional domains. But here, we
restrict to the two-dimensional domain, although the results may be extended to three-dimensional domains.

We introduce optimal control problem in Q. for the Laplacian operator. The novelty of this article is the consideration of periodic
controls acting on the boundary of the oscillating part with appropriate scalings. Another important point is that the periodic controls
come from the boundary of a fixed periodic cell (Figure 4), which may be useful in numerics as well. In this article, we characterize
the optimal controls via the unfolding operator. This new characterization is also used to study the homogenization of the optimal
system and subsequently the limit optimal control problem. We obtain a relation between optimal control and adjoint system using
characterization. We remark that different scaling leads to different optimality system.

The motivation of studying a problem defined on oscillatory domain comes from various applications; for example, the need to
understand flows in channels with rough boundary and heat transmission in domain with rough interface, to name a few.

In [5-8] and [12, 13], the authors have studied controls problems with control acting away from the oscillating part of the domain.
In this paper, we consider controls on the boundary of the oscillating part through Neumann condition which seems to be more
complicated. Unlike Dirichlet condition, the limit problem is different in the case of Neumann problem. As remarked earlier, the charac-
terization of the optimal control is given via the unfolding operator. The method of unfolding is introduced and developed in [14-17],
and it is well-developed and applied to many problems. Particularly, in [17], the method adapted to oscillatory boundaries. In the past
40 years, several methods have been introduced to study homogenization problems, but we feel that the unfolding method seems to
be more amenable in the present situation. We do not find any other way of characterizing optimal controls. In addition to the charac-
terization of optimal controls and difficulties in oscillating domain, we also have to homogenize a coupled optimality system involving
optimal state, adjoint state, optimal control, and cost functional.

We briefly describe the layout of the paper. A detailed configuration of the domain is given in Section 2. The minimization problems is
described in Section 3 together with the proof of existence and uniqueness of the optimal solution (optimal control and corresponding
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Figure 1. The two-dimensional domain Q..

Figure 2. The three-dimensional domain 2.

state) with periodic controls arising from the boundary of a fixed cell. We do use appropriate scaling parameters ¢ with « > 1. Two
types of unfolding operators (internal and boundary) are reproduced from [17] (see also [8]) in Section 4. All the results, namely, the
optimality system and characterization of optimal controls (Theorem 5.1) and the limit system and two homogenization theorems
(Theorem 5.4 for the critical case @ = 1 and Theorem 5.5 for o > 1) are presented in Section 5. In the critical case @ = 1, the controls on
the oscillating boundary splits into three controls in the limit system: a distributed control on the upper part of the domain, a control
on the upper boundary, and finally, an interface control between the upper and lower domains. On the other hand @ > 1, there is no
distributed control. The proofs of the theorem can be found in Section 6.

There is also a large amount of literature on the homogenization with oscillating boundaries, which has tremendous applications
as well (for example, [1-13], [17-26], and [27]). For some recent work on oscillating boundaries, see [9] and [28-32]. For general lit-
erature in homogenization, we refer to [33-36] and the reference therein. Some references regarding the homogenization of the
optimal control/ controllability, the reader can refer to [10, 11] and [37-40]. See [41-45] for optimal control problems and derivation of
optimality systems.

2. Description of an oscillating domain and notations

The description of the oscillatory domain Q¢ C R2 is given in the succeeding paragraphs. For a fixed parameter ¢ = 15 withm e N, we
consider an oscillating domain Q. as given in Figure 1. This can be viewed as the cross section of Figure 2. Let g : R — R be a smooth
(say, Lipschitz) periodic function with periodic 1 (in fact, one can use any period) and 0 < p < g < 1. Let ¢ be a periodic function
defined on [0, 1], with periodic €, defined on [0, €] by

hy if x; € (ep,€q)
Velx1) = . N
<CO=1hy ifxr € 0,0\(ep.ea)
. ______________________________________________________________________________________________________|
Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2016, 39 4354-4374




A. K. NANDAKUMARAN, R. PRAKASH AND B. C. SARDAR

with hy > h; > hg. Here, hg is the maximum value of the smooth function g in [0, 1]. We take the domain Q¢ as
Qe ={(,x) eR?: 0<x; <1,9(x1) <x2 < De(x7)}-

We decompose the boundary of the domain Q, dQ2¢ into three disjoint parts as 0Q2¢ = y, U ys U ye, where the bottom boundary
yp and side boundaries y; of Q2 are given by

Yo = {(x1,X2) 1 X2 = g(x1), X1 € [0, 1]},

¥s = {(0,x2) : 9(0) < x; <M} U{(1,x2): g(1) <x2 < hy}.

The top boundary y is given by ye = 92¢ \ (5 U ys). Let QF bethe top part of the domain Q, which is the union of slabs of height
(h, — hy) and width €(g — p), that is

m—1
QF = | ke + ep, ke + €q) x (hy, hy).
k=0

Denote 27, the fixed part of the domain 2, which is described by
Q7 ={(x1,x2):0<x1 <1, g(x1) <x3 < hq}.
Now note the boundary of 27, namely, 02~ = y; U y, U y,, where top boundary of Q7 is given by
Ye ={(x1,h1): 0 <x; <1}.

We can also write Q¢ as Q¢ = Int (Q;" U Q7 ) . We denote the full domain €2 (Figure 3) as Q2 ={(x;,x2): 0 <x1 <1, g(x1) < x2 <hy}.
The bottom part of the boundary of 2 is same as Q, which is y,. The vertical and top boundaries of 2 denoted by yy and y,,

respectively, are given by
vy ={(0,x2) : g(0) <xa < hy} U{(1,x2) : g(1) < xa < hy}
and
yu={(x1,h2): 0 <x <1}

Denote Q1 as Q1T = {(x1,x2) : 0 < x; < 1, hy < xa < hy}, then we can write Q = Int (Q+ U Q—) . Let y be the reference
boundary (Figure 4), defined as
y=r1UpyaUys Uy,
where

y1i={y1,h):0=<y; <piU{yi,h):g<yi <1},

v2={0.h):p=<y1 =g} y3 ={(p.y2) : h <y < ha},
va ={(q.y2) i hi < y2 < hy}.

K:
hs Tu
ot 7g
hy Ye
75 o
b
I
0 1 Xy

Figure 3. The domain 2.
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Figure 4. The fixed boundary y = U?:1 Vi

Let yf := Ye N Ye, ¥5 = Ye N yu, and the common boundary between QZF and Q™ denoted by y5 is defined as
m—1
ys = U (ke + €p, ke + €q) x {h1}.
k=0
Notation: Let Ay = y1, A; = y2 ,and As = (p,q) x{h;}. Let H; be the space of H'— periodic functions, which vanishes on the bottom
boundary y,. A function defined in Q¢ is called ys-periodic, if they take the same value on both side of ;. For any function u defined
on Q, we denote U extension of u by 0 to the hole domain €.

3. Description of an optimal control problem

For 6 € Lf,e,(y), define 6€ = (xy, +€¥)xy; + Xy, +€%%y,) 0 € Lf,e,(y), whe/rg the scaling parameter « > 1. For any set E, ¢ is the
characteristic function of the set E. We define the periodic oscillatory controls 8¢ € L?(y,) such that

§E(X1,X2) = 0° (ﬁlxz)- (3.1
€

Forf € L, (Q2) and ¢ € L2(y.) defined earlier, consider the following control problem:

—AUe +ue =f inQg,
au, -

—< =6 onye,

ov

u¢ =0 onyy,

Ue is ys-periodic.

A variational formulation is given as follows: find ue in H. such that

/ Vue-V¢+/ u€¢:/ fo+ | 0 (3.3)
Qe Qe Qe Ve

forall ¢ € H.. It is known that ( 3.2 ) admits a unique weak solution ue in HL. The solution operator is linear and continuous from
L7 (R2) x L2, (ye) into H], that is

luellm@o = Ce (Iflz) + 1020, ) (34)

where, in general, Cc > 0 depends on e. Let us consider an L?-cost functional functional:

1
Je(ue, 0) = 5[9 |U6—Ud|2+§/ 1612,
€ 4

. ______________________________________________________________________________________________________|
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where 6 € Lze,(y) Ue = Uc(0) is the solution state of (3.2 ) corresponding to  and 8 > 0 is a regularization parameter. The desired
state is denoted by ug € L2 ser(§2). With this cost functional, we consider the following optimal control problem:

inf {Je(ue,G): 0 € L2(y), (ué,ég) satisfies (3.2)}. (Pe)

Now, we show that the optimal control problem (P¢) admits a unique solution.

Theorem 3.1
For each € > 0, the minimization problem (P.) admits a unique solution.

Proof
Because the functional J¢ (ue, ) > 0, there exists the infimum m, := ir;f Je(ug, 0).Indeed, 0 < me < oo because me < Je(ug, 6) for
0eLl2(y)

any fixed 6 € L2(y), in particular, m¢ < Je (ue, 0). Hence, there exists a minimizing sequence (0y,¢)n>1 € L2(y) such that Je (u?, 6pe) —
me as n — oo. Without loss of generality, we can suppose that Je (u?, Op¢) < Je(u2,0) for n large enougb. Here, u??, u? are solutions
of (3.2) corresponding to the data 6, ¢, 6 = 0, respectively. When 6 = 0, we have the corresponding 8¢ = 0. Then, it is easy to see
that the constant in (3.4 ) is independent of €, that is, [|u2 |1 (o.) < C. Thisimplies |6y l;2¢,y < C.So there exists a subsequence still
denoted by (6,,¢)n, which converges weakly to some 6 in L2(y), that is, 8, — 6 in L?(y). Using the fact that L?>-norm is weakly lower

semi-continuous, we have
/ 10e1* < Iiminf/ |On,e |- (3.5)
y n—o0 y

We know from norm estimate ( 3.4) that ||u? || ;1 () < Ce, which implies up to a subsequence u? — ue in H' (Q2¢) as n — oo.

Claim: The limit uc is the weak solution corresponding to f and 52 that is, ue = ue(f, 55).

We know u? solves the partial differential equation ( 3.2 ) for ¢ = 9,56, and we have the following variational formulation:

/ ng-v¢+[ ug¢:/ fo+ | 6.9, (3.6)
€ Qe Qe Ye

V¢ € H!.To prove our claim, we need to show the following variational formulation:

/ Vue-Vqﬁ—f—/ up=| fop+ | 6°¢ VoeH. (3.7)
€ Qe Qe

Ye

Using the convergence u? — u, in H'(2¢) and Trace theorem, we obtain

lim Vu’e’-VqH-/ u‘;qb:/ Vue-VqH-/ Uep (3.8
Qe Qe €

n—00 Qe

It remains to prove that

ni”clo/ 0S¢ = e€¢ for ¢ € L2(ye). (3.9)
Now, to compute the limit, let
. m—1 ke+e€ ep
6 ¢ = ( / BE_ (1, )b (xr, hy)dxy + / 0% (ke + ep, x2) (ke + €p,x2)dx2
Ye k=0 ke
ket+eq ___
+ / N nE(x1,h2)¢(x1,h2)dx1 + / 6(ke + €q,%2)¢ (ke + €q,x3)dx;
ke+ep

e+eq

(k+1e __
+ / 9;€(X1,h1)¢(x1,h1)dx1)
ki

m—1

hy
f One 1) 32 otk + ey + < [ Zonepdpthe + epasi

h
m—1

e / One91:) 3 ke + ey )y + € / e (0, 2) (ke + €0, x2)db;

+e/ bnerh) S plke + vy b,

k=0
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Taking limit as n — oo, we obtain

- p m—1 h
nIIn;o/ 0;,6¢ = E/ 05(y1,h1) Z ¢(k6 + 6y1,h1)dy1 + Ga/ 9€(p,xz)¢(k€ + 6p,X2)dX2
- Ve 0 k=0 h
q m—1 hy
+ 6/ 9€(y1,h2) Z ¢(k6 + €y1,h2)dy1 + €a/ Hg(q,Xz)(].')(kG + €q,X2)dX2 (310)
p k=0 h2
1 m—1
+e/ By hn) 3 ik + ey, hy)ay.
q k=0
On the other hand

ke+ep X hy
[ 0¢ (?lfh) @ (1, hy)dxy + € / 05 (ke + ep, x2)¢ (ke + €p, x2)dx,
ke h

- m—1
-3 (
Ve k=0

ke+eq X hy
| e (S he) b0 b e [ 6 ke cqrarpthe + eq x)de
k ha

+
e+ep
(k+1)e X
+ / 0s (—Vm) ¢(X1/h1)dx1)~
ke+eq €

By resealing each term, we will end up with the same expression as in (3.10 ). Hence, (3.9 ) proved.
Because u? — ue in H'(Q2¢), by weakly lower semi-continuity of L2— norm gives

/ |u€—ud|2§I’i7n_1)iorlf/ [u? — ugl?. 3.11)
€ QG

Hence, combining (3.5) and (3.11), we obtain Jc (ue, 6¢) < Iirﬂ)inf]6 (U2, 6ne) = me.
n o0
Therefore, (ue, f¢) is a solution to problem (P,). Uniqueness follows from the strict convexity of the L2-cost functional. O

In the next section, we introduce the unfolding operator and its properties required for our article. Then using these operators, we
derive the optimality system and characterize the optimal control using unfolding operators.

4. Unfolding operators and its properties
We define periodic unfolding operator and some of its properties without proof. The proofs can be found in [17] (see also in [8]). For
x € R, we write [x] as the integer part of x, that is, [x] = k, where k is the largest integer such that k < x and {x} = x — [x].

Definition 4.1

(The unfolding operator) Let ¢¢ : Q1 x (p,q) — Q2 be defined by (x1,x,,x3) > (e [%] + ex3,X2). The e-unfolding of a function
u: Qj‘ — R is the composite function uo ¢€ : Q1 x (p, g) — R.The operator that maps every function u : Qj‘ — R toits e-unfolding
is called the unfolding operator, which we denote by T¢, that is

Té:{u:szj—nx}—>{v:sz+x(p,q)—>R}

defined by

X
TEu(x1,x2,X3) = U0 @€ (x1,X2,X3) = U (e [—1] + ex3,xz) .
€

If U is an open subset of R? containing QT and u ais real valued function on U, then T€u will mean T€ acting on the restriction of u
to Q;" The following prosperities of T¢ can be obtain from [17].

Proposition 4.2

(i) T€islinear.
(ii) Letuq, up betwo functions from Q;" — R.Then T€(u1uy) = T (uq)T€ (uy).

(iii) Letu € L'(Q7). Then
/ T¢udx = / u dx.

Qtx(pg) +

€

. ______________________________________________________________________________________________________|
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(iv) Letu € 12(QF).Then Téu € 12(2T x (p, ) and IT€ull2( @+ x(pg)) = ||u||L2(Q:r).
(v) Letu € H'(QF).Then T€u € L2(0, 1;H' ((h1, h2) X (p, q))). Moreover,
u
T(TGU) = T6 — 1, 87)(3(7'6”) = GTE W . FUI’thEI', ”TGUHLZ(O,];W((h1,hz)><(p,q))) < C”“”HWQ:)

:
(vi) Letu € [2(Q1).Then T€u — ustrongly in L2(Q7F x (p, 9)).

(vii) Letue — ustronglyin L2(Q71). Then T€ue — ustrongly in L2(QT1 x (p, 9)).
(viii) Letforeverye, uc € LZ(Q:“) be such that T€ue — uweakly in L2(Q T x (p,q)). Then

q
Te— /u(x1,x2,x3) dxs weakly in L2(QT).
p

(ix) Letue € H'(2F) forevery € > 0 be such that T€ue — uweakly in L2((0, 1) x (p, g); H' ((h1, h2))). Then
q
Te — [u(x1,x2,X3) dx3 weakly in L2((0, 1); H' ((h1, h2))). O
p
4.1.  Unfolding on the boundary
For our analysis, we define boundary unfolding on y5, y5 ,and y5.

Definition 4.3
For i = 1,2,3, the e-unfolding of a function u : yf — R is the function Tfu : (0,1) x A; — R defined by Tfu(xi,x2,x3) =

u (6 [ﬁ] —+ €X3,X2).
€
If Uis an open subset of R? such that yf Cc Uandu: U — R, then Tfu = T¢ (u|y,_s), for functions u with a well-defined trace on yf.
Some of the essential properties of boundary unfolding operators are stated in the succeeding texts ([17], [8]).

Proposition 4.4
Fori=1, 2,3,

(i) Tf islinear, and for functions us, u, from y — R, we have Tf (uyuz) = TF (u) T (u2).

(i) Ifue2(yf), thenTfu € L2((0,1) x A)) and || T ulli2 o1y xa) = lullzcype)-

(i) If ue —> ustrongly in H'((0, 1) x (hy, hy), then Tfuec —> u strongly in L2((0, 1) x A)).
)

(iv) If uc be asequencein L2(yf) such that Tfue — u weakly in L2((0, 1) x A;), then &g — / u dxs weakly in L2(0, 1). O
Ai

5. Main results

In this section, we present our results, namely, the optimality system and the characterization of the optimal control, the limit system,
and the main convergence theorems.

5.1.  Optimality system

Let (U, f¢) be the optimal solution to the problem (P). Our aim is to derive a characterization of 6. with the help of unfolding
operators and adjoint state Ve € H!. The adjoint state V. solves

—AVe + Ve = Ue —Ug in Q,
0ve =0 on

ED = Yer

Ve =0 on yy,

Ve is ys-periodic.
We now present one of our major contribution, namely, the characterization of the optimal control via the unfolding operators.

Theorem 5.1 B
Letf € L2(Q2) and (U, 0¢) be the optimal solution of (P¢). Let Ve € H. solves (5.1), then the optimal control is given by

_ -I 1 _ 1 B
Oc(yr,y2) =— ] [Xw/O Ty (Ve) O, hi,yn) dxy 4 yys€” 1/0 TVe (X1, Y2, p)dx

1 1
+ Xyz/ T5Ve(x1, hy, yr)dxy + Xy4€a_1/ T¢(Ve)(x1,Y2,9) dX1]
0 0

. ______________________________________________________________________________________________________|
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where T¢, T£, T be the unfolding operators as in Definition 4.1 and Definition 4.3, respectively. Conversely, assume that a pair ({e, Ve) €
H! x H! solves the optimality system

—Ale + 0 =f in Q,

—AVe + Ve = le —ug in Q,

au =€ v
€ _ :’ € —0 on Ye, (5.2)
v ov

EIG=O, \7€=0 on Y,

Ue, Ve are ys-periodic.

Define 0; as

R 1 L PR L
Oc (y1,y2) = — ] [Xw/ T3 (Ve) (x1, b, yn) dxy + xys€” 1/ TVe (1,2, p)dxy
0 0

1 1
+ X, / TE0e (0, hanyr ) + fyg€® ™! / T (06) (1, y2, @) d)ﬁ]
0 0

Then, the pair (U, ée) is the optimal solution to (P¢). O

5.2. Homogenized systems

We now consider the limit optimality systems corresponding to scaling parameters « > 1 and @ = 1. Consider the following
Banach space:
ad - d
vo(@) = v e 2@ 29 @), 2 e 2@y and g, = ol
3X1 BXZ
with respect to the norm defined by
oy |* H Wle- |
2 2
= + 5 + | — .
Wl = 1Vl H %2 || 2(e) S TS
Foragivenf € L?(Q), 0 € L?(hy, hy), C; and C; in R, consider two systems forj = 0, 1:
2ut
+ ot
— P! +uT =f—jfyqg+ inQT,
—Au” +u" =finQ7,
duT
—g =G, onvy., (5.3)
V
du— dut
ut=u, S —(@-p =G ony,
aXQ aXz
u~— =0 onyy, U isyy-periodic.

Write u = ut yo+ + U™ yq-. The linearity of the solution operator of ( 5.3 ) is obvious, and we have the continuity of the solution
operator. More precisely

lullvey = C(Iflz) +illOllzcnp)) - (54)

Existence and uniqueness of u € V,(R2) follow in a standard way. Now, consider the L?-cost functionals J; and J, defined by

1 —_n)2 hy
J1(U,9,C1,Cz)=§/Q((q—p)xg++XQ—)|U—Ud|2+(q p)/h 162
1

4
f 2 B
——|C = |Gl .
+2(1—(q—p))| 17+ 5lG
and
806G = [ (@-Prar +xa -l + 5ot IGR + SiGR.

. ______________________________________________________________________________________________________|
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Associated with these cost functionals, we introduce the following optimal control problems:
inf {J1 (U, 9, C1, Cz) 1 0e Lz(h1, hz), C], C2 € R and (U, 9, C], Cz) obeys (53) fOI’j =1 } (P1)
and

inf{h,C,C): C,C €Rand (u,C, C) obeys (5.3) forj = 0}. (Py)

We will see later that (P1) corresponds to the case @ = 1 and (P,) corresponds to « > 1. Further, the problems (P1) and (P>)
admit unique solutions. First, we characterize optimal controls 8, C;, G, of the problem (P;) using adjoint state v, which are given in
Theorems 5.2 and 5.3. We omit the proof of these theorems. Let v € V() solves the adjoint problem

AN — o+
=tV  =@U" —ug) inQT,
0x35
AV 4V =W —ug) inQ,
vt
—0 , (5.5)
9%, on yu
v vt
vi=v, S —(g-p)o—=0ony,
3X2 8X2
v =0 on yp, V is yy-periodic.

J’_

Here,wedenotev =V yo+ +V yo-.

Theorem 5.2 L
Letf € [2(Q) and (u, 0, C;, G,) be the optimal solution of (P;). Let v € V,(R2) solves ( 5.5), then the optimal control is given by

1
5 = E(Xz) = ﬁ/{; V(X1,X2)dX1,

1 1 (5.6)
—  1-(@q- _ — - _
C = —M/ vy, hdy, G = -1 p)/ Uy, hy)dy
B 0 B Jo
Conversely, assume that a pair (4, v) € Vo(R2) x Vo(R2) solves the optimality system
2ot N AN N
— uz +ot=f-6, - V2 +ot =@t —uy) in QF,
x5 x5
—AU+ U =f, —AV +V =l —uy) inQ,
dat s vt _0 on
ax, axy Ve
. W 00~ it
at =a, -@-p)—— =G ony,
ox oy a 2 (5.7)
vt =0" (—)—av =— on
=V @-pg =0 Yo
Uu" =0, v_=0 on y 0, vareyy — periodic,
o 2 1
0= / V(x1,%2)dxq,
@-pJo
A 1—(g— T . _ T
¢ = —M/ oy, hdy, € = - p)/ Uy, hy)dy.
B 0 B Jo
Then, the pair (4, 0, G, (fz) is the optimal solution to (P,). O

Similarly, we have the following theorem corresponding to (P,).

Theorem 5.3 L
Letf € L2(Q) and (U, C;, C;) be the optimal solution of (P,). Let v € V() solves ( 5.5), then the optimal control is given by

C = _‘I(zfp)/(; v(y,h)dy, G = —(q‘#p)/(; v(y, hy)dy

. ______________________________________________________________________________________________________|
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Conversely, assume that a pair (i, V) € Vo(2) x Vo(2) solves the optimality system

920t 020t
_ ot =f — ot = @t —uy) in QF,
P! +u P! + v (u Uqg) i
CAG A =, AV i = ([ —ug) in QT
ot - vt — 0 on
aXz T aXz - Yur
N N au— aut N
it=i, S —@g-pS— =0 ony. (5.8)
8xz 8X2
=i ( )8\7"‘_8\7_ on
=V @-pg =g Yer
U~ =0, v =0 on y, 0, vareyy — periodic,
R 1— _ 1,\ . ( _ 1A
¢ :—M/ Wy, hydy, G =2 p)/ Uy, ha)dy.
B 0 B Jo
Then, the pair (4, G, (fz) is the optimal solution to (P). (]

5.3.  Convergence theorems
We now state the main homogenization theorems. We have the following theorem for o = 1.
Theorem 5.4 B L
(Critical case @ = 1) Let (u¢, 6¢) and (u, 6, Cy, C;) be the optimal solution of (P¢) with @ = 1 and of (P), respectively, and v¢, v be the
corresponding adjoint systems given, respectively, by (5.1) and (5.5). Then
Uelgs — (@—p)Tlg+ weakly in L2(0, 1;H' (1, hy)),
Velg+ = (q—p)Vlq+ weakly in L2(0,1;H'(hy, h2)),
Ue|o- — Ulo- weakly in H'(7),

Velo- — V]g- weakly in H'(Q7),

<52,¢> ~ (9,9)
forallg € H'(Q1), ® = ®(6,G,G) and

17 17 _
(q),(ﬁ) = / C1¢(X1,h1)dX1 + / C2¢(X1,h2)dX1 + / 9¢(X1,X2)dX1dX2
0 0 Qt

and

2
@G-p)

1 . 1 o . 1
7= [ W, G = =P (Z p)/o vy, hn)dy, cz=—(qﬁp)/0 vy, ha)dy.

Similarly, we have the following theorem for & > 1.

Theorem 5.5

(Casea > 1) Let (Ué,ge) and (@, C;, G;) be the optimal solution of (P¢) with @ > 1and (P,), respectively, and V¢, V be the corresponding
adjoint systems given, respectively, by (5.1) and (5.5). Then

Uelg+ — (9= p)ulg+ weakly in L%(0,1;H' (hy, hy)),
VETQj — (g — p)V|q+ weakly in L2(0, 1;H (hy, hy)),
Ue|o- — Ulo- weakly in H'(Q7),

Ve|o- — V|q— weakly in H'(Q7),

K

0c — @ = ®(C;, G3) weakly in (H1 (Q""))
where

17 17
(<I>,¢)=/O Cip(x1, hy)dx; +[0 Cap (X1, hy)dxq dx;
|
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and

1—(q—-p) [ —  @-p [
G :_T/o v(y, h1)dy, CZZ_T/O. v(y, h2)dy. -

5.4. A priori estimates

Assume that (tie, f¢) is the optimal solution of (P¢). Let uc(0) be the solution of the problem ( 3.2 ) corresponding to # = 0, then
we obtain

lue @) n (@ <G (5.9)

where C > 0 is independent of €. Using optimality of the solution (Ue,gz), we obtain

[ |ae—ud|2+é/|5€|2s[ e (0) — ugl? < C. (5.10)
Qe 2 V4 Qe

Thus, we have

10clli2yy < Cand [[Ue 2, < C. (5.11)
From the weak formulation of the adjoint problem ( 5.1 ), we have
Vel (o < C (5.12)

where Cis independent of e.

Lemma 5.6
For any uc in H'(Q¢), there exists constant C > 0 independent of € such that

luellzyenye = Clluell (e
luellzrenyy < Clluellno-

Proof
By Trace theorem, there exists a positive constant C > 0 independent of € such that

2 2 2 2 2
ey, gy = [ lul? < / Ue? < Clluc gy < Cllte 2o -
YeNVc (3

Again, by Trace theorem and Hélders inequality, we obtain

ke+€q

m—1
2 2 2
luelagy,ry = / Z=3 f (Ue (1, 7))
YeMVu k=0 ki

€+ep

m—1

ke+e€q hy au€ 2
= Z »/k / 7(X17X2)dX2 + Ue(X1,g(x1)) dx;
g

o Jke+ep o) 0%

m—1 . ke+teq hy due 2
<Cy —S(a,)dx |+ u2(a,9(a)) | dx
ki g

it Jretep o 0%

m—1 keteq phy
([ ]

k=0 ket+ep Jglxi)

au
< C( + IIUeIIf,l(Q)).

ES

due

8x2

2
2
+ llue ”L2<yb))

2
€

L2(S2¢)

Thus, we have

luellerenyyy < Clluelli .- 0

Proposition 5.7
Let (Ue, 0¢) be the optimal solution of (P¢). Fora > 1, there exist a positive constant C > 0 independent of € such that ||t¢ || 41 (. ) < C.

Proof

Taking ¢ = Uc in the variational formulation ( 3.3 ), we obtain
|
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Ze_
0, Uc.

= 112
||U6||H1(Q€) = / fue +
Qe Ve

Using Cauchy-Schwarz inequality, we obtain
/Q fle = [IflliziollUe iz = Ifllz@)llUellm@o-
€
We now estimate the second term of the right-hand side of (5.13 ):

e _ =, _
eeues/ 1921 1|
Ve Ve

m—1 ketep —~
=Y 4 BCe ol A
k=0 ke

hy _
+/ 16¢ (ke + €p, x2)||Te (ke + €p, x2)|dx;

hy

ke+eq =
+/ 185 Gr, ) [T G, )b
ki

e+ep

hy —
+ / 195 (ke + €q, x2)] T (ke + €d, x2)]dx;
hy

ke+e =
+ / 1% 00, ho) [T (o, )
ki

€+eq

Therefore, by Cauchy-Schwarz inequality, we obtain

= m—1 p_ 1/2 ke+ep
[ Fa=y e ([Beonmpan) ([
Ve k=0 0 ke
b 1/2 hy 1/2
+ e / 1B (p.y2) Py / G (ke + €p, x2)dxa
h hy
q _ 1/2 ke+e€q 1/2
b (/ |ee(y1,h2)|2dy1) (/ |Ue(X1,h2)|2dX1>
p ke+ep
- 2 172
e / 18c(a,y2) Py, [ G (ke + €q,x,)dxs
h h
1 /2 ke+e
4 (/ 3. (y1,h1)|2dy1) (/
q ke+e€q

1/2
|u5(x1,h1)|2dx1)

1/2
|UE(X1,h1)|dX1)

IA

ke+eq
“(/
ke+ep
ke+e€
“(/
ke+eq
1/21n —1/217 —1/275
€20ellay) (€72 MTelzivermy + €2 le lgrenyo)

—1/23 - kewe e 2 v
+ €7 2)0cll2g) Y /I; /h [T€Ue (x1, %2, p)| “dx1dx;
k=0 € !

ke+e€
“
ke

EHQE”L?()/) (”Ué “Lz(yeﬁyu) + ”Ue “Lz(yeﬁyc))

+ € NOelliziy) (ITUeba=plli2c+) + 1TUels=qll22+)) -

h

1/2
|U6(X1,h1)|dx1)

IA

hy 1/2
/ |T€U€(X1,X2,q)|2dX1dX2)
h

Copyright © 2016 John Wiley & Sons, Ltd.

(5.13)

(5.14)

. m—1 ke+ep /2 hy 1/2
61/2”96 “Lz()/) Z /l; |U5(X1,h1)|2dx1) + 60‘—1/2 /}; |U€(k€ 4 6p,X2)|2dX2
k=0 € !

1/2 hy 1/2
|u€(x1,h2)|2dx1) 4 x71/2 (/ |u€(ke+eq,x2)|2dx2)
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By Trace theorem and Proposition 4.2(v)

Ze_ — _ _ =
95 Ue = [|0e ”L?(y) (”ue ”Lz(yeﬁyu) + [|ue ”Lz(yeﬁ‘yc) +€* k lue ”,.p(Q;F)) . (5.15)
Ye

Therefore, combining (5.11), (5.13),(5.14), (5.15), Lemma 5.6 and because o > 1, we obtain

lvelln (o < C

6. Proof of theorems

In this section, we give the proof of all the theorem presented in Section 5.

Proof of Theorem 5.1:

We know that (P¢) admits a unique solution by Theorem 3.2, say (Ue, B¢), where ¢ is the optimal control and ug is the optimal state.
Forf € Li(y), let F(0) = Je(ue(f, 69),0).
Because 0 is optimal, for any i > 0, we have

= (FOe+10)—F@0) = 0

Now calculate

_ o
F@e +16)~F) = 5 [ e —ual + 5

2.1
1 -t
| 2/%' o

1 _ _
3 ) e =80 + 8~ 200+ 5 [ @0+ 70
Qe 14

where ue , = Ue (f, Eﬁ + ;ng) is the solution of (3.2) with non-homogeneous boundary term @e +,u§g. Note that we ;, = Ue—Ue

is the solution to the equation

—Aw+w =0 in Qg,

w is ys-periodic.
Using the continuity of solution operator, we obtain
IWe sl oy = CelllI0€ N2y

Thus, we,,, — 0 strongly in H'(Q¢) as 4 — 0, and hence the sequence (Uc ;) .>0 converges to Ue strongly in H'(Q¢). Set Wse
ﬁWe,u Notice w € H'(Q) satisfies equation

96
—Aw+w =0 in Q,
ow -
5, =0 onve (6.16)

w =20 on y,
w is ys-periodic.
Thus, Wae is independent of i1, and hence

1 _ _ _
0< lim — (F(@E + 1) —F(9€)) = / (Ue —unwgz _+ ﬂ/ 6.0.
n—>0 [l Qe € 14

Hence, F(6¢)0 > 0,V 0 € L2(y), which in turn implies that F/(6.)6 = 0, V 6 € L%(y). Thus for the optimal solution, we obtain

(e —ug)wg. = —ﬂ/ 0.0. 6.17)
! b4

ohy
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We now derive the characterization of 6. Because v, satisfies the system (5.1) and Wge satisfies (6.16 ), we have

/ Vgé?zf (Ue — UgW =—ﬁ/5€9. 6.18)
Ve Qe € v
We know
/ VeeAez/ V€0A€+/ V€0A€+/ Veh°. 6.19)
Ve Vi V5 ye\(vfUY%)

Using the unfolding operator

/ Veé?Z/ TEWe) (x1, b, x3) TE(BF) (x1, by, X3) dxr dxs
vy (0,1)xA;

_ —_ X
/ TS )01, b, ) (€[] + exa, ) dadxs
(0,1) XA €

/ T'IG(VG)(X1Ih1IX3)0(X3,h1)dX1dX3
(0,1)xAq
1
:/ {/ T‘IG(VE)(Xhh]/X?;) dX]} 0(X3,h])dX3.
A UJo
Similarly

o 1
[ =] { [ Ti(va(xhhz,xgdm}e(x3,h2)dx3,
Vs Ay Jo

and

_ m—1 hy A
/ Veh€ = Z / Ve (ke + €p, x3)0¢ (ke + ep, x2)dx;
ye\(vfUY$) —o (/M

hy o
+ / Ve (ke + €g,x2)0¢ (ke + eq,xz)dxz§

hy
(L )

m
60{
€ =0 ke €

N /hhz (/k(k’”)é v. (6 [’%] + eq,xZ) dX1) 9(q,X2)dX2}
€

1

hy 1
=2t {/ (/ TGVG(Xan,p)dM) 0(p. x2)dx;
h'l O
hy 1
+ / (/ TGVE(Xth.Q)dM) 9(q1X2)dX2}-
hy 0

Now using (6.18) and (6.19), because 6 is arbitrary, we arrive at the characterization of the optimal control 6. as in the theorem.
To prove the converse, suppose that (Ue, Ve) € HL x HL and 6 obeys the optimality system (5.2). For 6 € L2(y), we have

A ~ 1 N NN A
F(Be + 6) — F(be) = 3 /;2 ‘uéj —Ué‘z + g[ 101 + /Q (Ue — Ue)(Ue — Ug) +/3/ Oc 0.
€ Y € Ve

where u¢ 1 = Ue (f, 9;6 + §E) Observe that

A

Jdv

€

(Uey — Ue)

(Uer — 00) (0e — ug) = / V(Uer — ) - Ve + /g (Uer — Do) + /a

=/ of:-,s/éee.
Ve v

Hence, F(ée +0) — F(ée) > 0.Thus (Ue, ée) is the optimal solution to (P¢). O
. ______________________________________________________________________________________________________|
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Proof of Theorem 5.4:
We know from Proposition 5.7 that we have

lUellm (o <C (6.20)

where C is constant independent of . Let us denote U, T as the restriction to U in Q;" and ¢~ the restriction of ¢ to Q7.

The sequence T€U€+ is bounded in the space L2(0, 1;H' ((h1, h2) x (p, q))). It follows from Proposition 4.2(v) and ( 6.20 ) that there
exists u(')" in L2(0, 1; H' ((h1, hy) x (p,q))) such that up to a subsequence

T€U T — uf weakly in L2(0,1;H' ((hy, ) x (p,q))). (6.21)

From Proposition 4.2(v) and (6.21), it follows that

TéUt —  uf weakly in L2(Q1 x (p,q)), (6.22)
ou + P +
e (2 )~ o weakly in 27 x (0,9), (6.23)
aXZ 3x2
ou + P +
ere [ &< o %o weakly in L2(27F x (p,q)). (6.24)
8X1 3X3
Again from Proposition 4.2(iv), we have
duet 3 _
Eﬁ = 8)6( = ellmo
U@t <pa) 'z

ou +
which implies the boundedness of the sequence T¢ (;E

™ ) in the space L2(Q 1 x (p, q)) from (6.20). Hence, there exist an element
1

P e 2(QT x (p,q)) such that

€ aUE+ 120+
T v — P weakly in L7(Q7 x (p,q)). (6.25)
1
. augL + . . . s .
Thus, from (6.24 ), it follows that e 0,and hence uy is independent of xs. Further, using Proposition 4.2(ix)
3

— q

et — / ut dxs = (g — p)ug” weakly in L2(0,1;H" (hy, hy)). (6.26)
p

Because U¢ ~ is bounded in H'(Q27) by (6.20), up to a subsequence (still denoted by ¢), we obtain

Ue™ — uy weakly in H'(Q7). (6.27)
Define ug as
+ +
_Juy ifxeQT,
Uo(x) = { uy ifxeQ . (6.28)

It can be proved that ug € Vo(R2); see the proof of Theorem 5.3 in [8].

Claim: The limit P = 0. Let ¢ € D(Q71) and € C°°[0, 1) be arbitrary and let ¥/ = 1". Now choose the test function
X
900 = o0y ({2})-

Note that ¢€ is continuous in each strip of Q;" which are disjoint and hence continuous on Qj‘ From definition of e-unfolding of ¢¢
and by Proposition 4.2, we obtain

. ______________________________________________________________________________________________________|
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TEhC = e¢ (e [Xi] + EX3,X2) ¥ (x3),
7e (3¢6) _ 1i(T6¢E),

X, € 0X3

eg—z (e [X1 ] + €X3,X2) Y)+¢ (6 [)%] + exs,xz) v (x3),

B
T (%) - E%z (E [Xei] + €X3,X2) ¥ (x3).

On convergence, as € — 0, we obtain

T€¢€ — 0in L2(Q7T x (p.q))

a €
TS gl ) in (@Y x (p,)
TG% —0in L2(QT x (p,q)).

sz

—

From the variational formulation ( 3.3 ) for 9€ = @6, we obtain

lim (/ vué.vﬁ+/ aéﬁ)znm( f$€+[f$€’).
€—0 . « €—0 Qé Ve
Here, 3)\5 of ¢€ to Q™ by 0. Now notice

/GVUG-V$g+/;2€UG$g=/;2

+VU€+V¢€+/ U€+¢€

d Qf
_ / re due T A due T e 99°
Q+x (p.9) 3X1 8X1 3X2 3X2
+/ Teae+7-e¢e
Qtx(pg)
- P (x1,x2) ¥ (x3)
Qtx(pg)

ase — 0,and

fo° + Ei}?:/ foc +/ Zeqbéf TEF T
Qe Ve ef Ve \(YcUy) Qtx(pg)

ha

m—1 hy . .
+ex 1y { | Oc(p,y2)¢ (ke +€p,y2) ¥ (p) + 0e(a,y2)¢ (ke +€q,y2)¥(q)
k=0 1

h

—0, ase — 0.

Combing (6.33 )and ( 6.34), from ( 6.32) we obtain
[, powxnee =0
Qtx(pg)

Because ¢ and 7 are arbitrary, we obtain P = 0 a.e. (x1,X;) € QT,x3 € (p,g) and hence the claim.
Similarly, we find the following convergence for the adjoint state v, described in (5.1).

I (mnj) — Voley+ weakly in L2(0, 1;H' ((h1, h2) x (P, 9))),

Velg+ = (@ p)volg+ weakly in L2(0, 1;H' (1, hy)),

Velo- — vola- weakly in H'(Q7),

where vy € Vo (Q2) satisfies (5.5) foru = uo.

. ______________________________________________________________________________________________________|
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Now choose a test function ¢ € C°° () such that ¢|,, = 0 in the variational formulation (3.3 ) for ¢ = @6. As e — 0, the left-hand

side of ( 3.3 ) becomes
_ _ T ( ¢ ) T ( ¢ )
VUue -V +Uegp = IN I 4T =) T
/;25 € ¢ €¢ Q+ x(p,q) ( ( 8X1 ) 8X1 aXZ 8X2

+/ T€U€+T€¢+/ VU{-WH—/ ) (6.38)
Qtx(pg) - Q-

dug 8¢

+ i —
— +u, + Vug™ - V¢ + ug ¢.
Qt+x(pg) < axy 0x 0 ¢) /;2— ° ¢ o®

The right-hand side of ( 3.3 ) becomes

/ fo+ | 6.6 = / fo +/ fo+ | 6.0 (6.39)
€ Ye Q: Q- Ye
Using Proposition 4.2(vi), we obtain
lim f¢ = / TfTS¢ = (g —p)/ fo. (6.40)
e~o)od Qtx(pa) at
Further
7 o= 9€¢ + [ 6o +/ 0. (6.41)
Ve Vi ye\(¥fUys)

Now using Proposition 4.4(iii) and the characterization of the optimal control 8, we obtain

53;5:/( ) TE (5§) (1, b1, X3) TE (@) (x1, b, X3) dxy dxs
0,1) XAq

2

> X
= /(\ ) Qi (6 [:1] + EX3,h1) Tf(¢)(X1,h1,X3) dX1dX3
0,1) <A

= / Oe(x3,h1) T§ (¢)(x1, h1,x3) dxydxs
(0,1) %A,

1 1
= _E ) (/ TfWe)(y,h1,X3)dy) Tf(¢)(X1,h1,X3)dX1dX3.
0)xA \Jo

Also, we have the convergence v, — v; in H'(Q7), by Trace theorem v, — v; in L%(y.), and by Proposition 4.4(iv), (v), we
conclude that

1
lim / 9 ¢ = —— (/ Vo_(y h1)dy) ¢(X1,h1)dX1dX3
€—>0 (0,1) %A

_ 1—(q P)/ (/ vy (y,h1)dy)¢(x1,h1)dx1.

Similarly

—€

/ 96¢ = / TZE (52) (X1,h2,X3) T2€(¢)(X1,h2,X3) dX1dX3
Vi (0,1) %Az
< X
= / 9: (6 [i] + €X3,h2) T5 () (X1, ha, x3) dxydxs
(0,1) <Az €

= / 55 (X3,h2) Tze (¢)(X1,h2,X3) dX] dX3
(0,1)xA;

-l 1
-5/ ( | Tf@)(y,hz.X3)dy) TS (6) 0, hay o) e .

01)xA; \Jo
|
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Because T (Ve) — v in L2(0, 1;H' ((h1, hy) x (p,q))) and T$ (Ve) = T€(V)|y,, we obtain

—_ 1
im, [ 829 =~ ([ v 0 oray) p, s
€0 J ¢ B Jonyxa

__-p / ( / (y,hz)dy)¢(x1,h2)dx1.

and

hy ~

— m—1
/ giqb = Z s e (ke + €p, x2)p (ke + ep, x2)dx,
ye\(¥fU¥5) —o (/n

1

hy —~

—+ s e (ke + €q,x2)@ (ke + €g,x2)dx2

1

m—1 hy . hy .
=) { Oc(p,x2) (ke + €p, x2)dx> + / 0¢(q, x2)p (ke + €g,x2)dx | .
k=0 h h

Using the characterization of optimal control in terms of unfolding operator, we obtain

—_—

f Oco
ye\(vfuUys)

m—1 hy 1
3 e ; / ( / Tf(ve)(x1,xZ,p)dX1)¢(ke1 + €p.xa)dx;
k=0 hn 0

ha 1
+ /m (/0 TG(VG)(XhXZIq)dX])(p(kE +€q,xZ)dx2}

6201—1 m—1 ha 1 e
Z / (/ TGWe)(X1,X2:P)dX1) (/ T€(¢)(X1,X2,p)dx1) dx,
¢ i=o’M 0 ke
- m L[ (k+1)e
/ (/ IN (6)(X1,X21 q)dX1) (/ T€ (¢)(X1,X2,q)dx1) dx
, a (6.42)

m—1 2 (k+1)e 1
= €2a_2 I;) /I;] (/1;6 (/O TG(VE)(X1,X2,p)dX1) T€(¢)(X1,X2,p)dX1) dX2
m—1 .p, (k+1)e 1
ey A ( [ ( [ (VE)(xth,q)dx]) re (¢)(X1,Xz,q)dX1) d,

1
= 2 { i ( [ Té(Ve)(Xth,P)dM)T€(¢)(X1,X2,P)dX1dXz
Qt+ 0

1
+ / (/ TGWE)(XIIXZIq)dM) T€(¢)(x1,x2,q)dx1dX2} )
Qt 0

Now, we consider the case @ = 1in (6.42), and passing to the limit ¢ — 0, we obtain

/\ 1
/ 05 — {/ (/ Vo(X1,X2)dX1) & (x1, x2)dx1dxa
e \(yfuys) Q+ \Jo (6.43)

1
+ /§z+ (/0 Vo(X1,X2)dX1)¢(X1,X2)dx1dx2}.

Therefore, we obtain the following limit equation:

@ (% - ¢) [ v vorio)=@-p [ o+ [ o

— ] B 1
_A (‘I(pr)/o V()_(J:,h‘])dy) ¢(X1,h-|)dx1 _/O ((qﬁp)/o V(;I—(y,hz)dy) ¢(X‘|,h2)dX1

+(@-p) o (ﬁ/o Vo(X1,X2)dX1) & (X1, X2)dx1dx;

. ______________________________________________________________________________________________________|
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forall ¢ € C°°(R) with ¢|,, = 0, and hence true for all ¥ in V() by density. Therefore, uy satisfies the differential equation ( 5.3 ) for
j=1witho =6° G =, C, = C3, where

1
0° = ﬁfo Vo(X1, X2)dxq,
1-(@q-p [ -p (!
= _¥/0 vy (v, h)dy, €0 = —(qﬁp)/o ve (v, ha)dy.

Therefore, we obtain the optimality system corresponding to the minimization problem (P;). According to Theorem 5.2, the optimal
solution is given by (uo, 6°, C?, C9). Thus, by uniqueness, we have

U=up Vv=vo and0=6° G, =C, G =0C.

This completes the proof of Theorem 5.4. O
Proof of the Theorem 5.5 :
The proof is similar till the equation (6.42 ). Now, take @ > 1in (6.42) and pass to the limit ¢ — 0, to obtain
/ 0 — 0. (6.44)
re\(¥fUys)

Thus, we have the following limit problem:

a — —_—
(Ch p)/ (aljf > USF¢)+/Q_ (Vio 'V¢+”°¢)=(q_p)/mf¢+/g_f¢
1—(q— _ 1 _ 1
_/(; (#/o " (y’h‘)dy) ‘i’(x“h’)dx‘_/o ((q ﬁp) fo v (y,h2>dy)¢(X1,h2)dX1

which is true for all ¥ in Vo(2). Hence uy satisfies (5.3 ) for j = 0 with C; = €%, G, = C9, where

_ _ 1 _ 1
c?=—1 (Z p)/0 Ve (v, h)dy, ng_(qﬂp)/o v (v, o) dly.

Using Theorem 5.3, the optimal solution is given by (ug, C?, C9). Thus, by uniqueness, we have
UZUO, VZVQ, a:C?, Cz ZCS

Hence the proof. O

7. Conclusion and remarks

In this article, we have characterized optimal control in terms of the unfolding operator. This characterization is then used to study the
limiting behavior of the optimality system and adjoint state. Finally, we have shown that the limit is indeed the optimal solution to the
appropriate limit problems. There are two types of limiting problems corresponding to the cases @ > 1 and @ = 1 (critical case). Here,
we would like to remark that there are three controls appearing in the limiting problem, namely, an interior control, boundary control
at the upper part of 2, and interface control between 1 and Q™. In fact, one can see that these three controls are, respectively, the
contribution from three different parts of the controls on y,, namely, ye N Q7F, ye Ny, and ye N y.
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