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Abstract While considering boundary value problems with oscillating coefficients
or in oscillating domains, it is important to associate an asymptotic model which
accounts for the average behaviour. This model permits to obtain the average behaviour
without costly numerical computations implied by the fine scale of oscillations in the
original model. The asymptotic analysis of boundary value problems in oscillating
domains has been extensively studied and involves some key issues such as: finding
uniformly bounded extension operators for function spaces on oscillating domains, the
choice of suitable sequences of test functions for passing to the limit in the variational
formulation of the model equations etc. In this article, we study a boundary value
problem for the Laplacian in a domain, a part of whose boundary is highly oscillating
(periodically), involving non-homogeneous non-linear Neumann or Robin boundary
condition on the periodically oscillating boundary. The non-homogeneous Neumann
condition or the Robin boundary condition on the oscillating boundary adds a further
difficulty to the limit analysis since it involves taking the limits of surface integrals
where the surface changes with respect to the parameter. Previously, some model
problems have been studied successfully in Gaudiello (Ricerche Mat 43(2):239-292,
1994) and in Mel’nyk (Math Methods Appl Sci 31(9):1005-1027, 2008) by converting
the surface term into a volume term using auxiliary boundary value problems. Some
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problems of this nature have also been studied using an extension of the notion of
two-scale convergence (Allaire et al. in Proceedings of the international conference
on mathematical modelling of flow through porous media, Singapore, 15-25, 1996,
Neuss-Radu in C R Acad Sci Paris Sr I Math 322:899-904, 1996). In this article, we
use a different approach to handle of such terms based on the unfolding operator.

Keywords Homogenization - Oscillating boundary - Unfolding operator

Mathematics Subject Classification 35J20 - 35J25 - 35B40 - 76M50 - 78M40 -
80M40

1 Introduction

In this article, we study the asymptotic behavior of a boundary value problem for the
Laplacian in a domain, a part of whose boundary is highly oscillating in a periodic
manner. The asymptotic analysis of boundary value problems involving oscillating
coefficients or in oscillating domains, often called homogenization, has been the sub-
ject of extensive study. We refer to the following texts for an overview of several
such problems [10,20,26]. In particular, homogenization problems involving oscil-
lating boundaries also has been subject to a lot of study ever since the works of
[14,15,27,38]. The principal motivations for studying boundary value problems in
domains with oscillating boundaries come from modelisation issues involving heat
radiators, flows over highly oscillating channels, absorption-diffusion in biological
structures, acoustic vibrations in a medium with narrow channels etc. Other such mod-
els frequently arise in the context of thick junctions [34]. For a sampling of research
on the asymptotic analysis of boundary value problems in domains with oscillating
boundaries, we refer to [1,5,6,8,11-13,16,17,22,24,30,32].

The asymptotic analysis of boundary value problems in oscillating domains has
been extensively studied and this involves some key issues such as: finding uniformly
bounded extension operators for function spaces on oscillating domains, the choice
of suitable sequences of test functions for passing to the limit in the variational for-
mulation of the model equations etc. A simple choice of extension operators is the
extension by zero to the limit domain but these extension operators are not uniformly
bounded between the function spaces except for homogeneous Dirichlet boundary
conditions on the oscillating boundary. Even for homogeneous Neumann boundary
conditions on the oscillating boundary, normally, one needs to find other classes of
extension operators which are uniformly bounded before one can pass to the limit in
the equations. This, of course, will depend on the geometry of the oscillating domains
and a discussion of the existence of such operators for Neumann problems in per-
forated or oscillating domains may be found, for instance, in [21,23,31]. In certain
classes of problems, involving Neumann or Robin boundary conditions on the oscil-
lating boundary, one can also handle this issue differently by extending separately the
functions and their derivatives by zero to the limit domain. The passage to the limit
is usually straightforward but the delicate part consists in correctly identifying the

@ Springer



Appl Math Optim

constitutive relations among the various limit terms. Such an approach has been used,
for example, in [25,29] for obtaining the homogenized models.

In this article, we study a boundary value problem for the Laplacian in a domain
involving non-homogeneous non-linear Neumann or Robin boundary condition on the
periodically oscillating boundary. The non-homogeneous Neumann condition or the
Robin boundary condition on the oscillating boundary are motivated by applications
to control problems. This adds a further difficulty to the limit analysis since it involves
taking the limits of surface integrals where the surface (oscillating boundary) changes
with respect to the parameter. This issue has been handled successfully in Gaudiello
[25] where a model problem involving non-homogeneous Neumann condition on the
oscillating boundary has beed studied. Similar model problem involving non-linear
Robin boundary condition on the oscillating boundary is studied in Mel’nyk [29].
They achieve it by converting the surface term into a volume term using auxiliary
boundary value problems on suitable sections of the oscillating domain. This idea can
be traced back to the works of Vanninathan [39,40] but the introduction of the auxil-
iary boundary value problems, is in some sense artificial, and has no final effect on the
limit problem. Surface terms in periodic homogenization can also be handled using
the extension of the two-scale convergence method proposed in [35] (see also [4]).
The two-scale convergence method was originally introduced by Nguetseng [36] and
subsequently, developed by Allaire [3]. Instead, in this article, we use a more natural
and straightforward approach to handle such terms based on the unfolding operator.
Previously, this method has been applied in the homogenization of a boundary value
problem in an oscillating domain for handling homogeneous Neumann condition in
Damlamian and Pettersson [22]. In this article, we show how it can be successfully
applied in the asymptotic analysis of boundary value problems involving more com-
plicated boundary terms as is the case in the case of non-homogeneous Neumann
boundary condition or Robin boundary condition on the oscillating boundary. The
basic idea of the unfolding operator is to effect a separation of scales by blowing up
the function around any point with respect to the period. This means instead of the
value at the point we keep complete information of the function around the point at
the level of each cell.

The organization of the article is as follows. In Sect. 2, we present the setting of
the problem and state the main results. In Sect. 3, we give a brief overview of the
unfolding operator and some of its main properties. In Sect. 4, we prove some a priori
estimates required for the asymptotic analysis. In Sect. 5, we provide the asymptotic
analysis for the model problem with non-homogeneous Neumann condition on the
oscillating boundary. This can be seen as a special case of the model involving the
non-homogeneous non-linear Robin boundary condition considered in Sect. 6. But we
prefer to present, separately, the simpler case involving non-homogeneous boundary
condition first to fix the basic ideas.
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2 Problem Settings
2.1 Configuration of the Domain

For the simplicity of presentation, we consider a planar domain with regular edges
on the sides and the bottom but whose upper boundary is highly oscillating with a
periodic structure and is rectilinear like that which was considered in [5]. The amplitude
of oscillations is of order 1 whereas the period of the oscillation is of order ¢ with
& > 0, a small parameter. This model corresponds to a 2:1:1 thick junction in the sense
considered by Mel’nyk and Nazarov [31] which means that the body is two dimensional
while the junction (interface with the body) is one dimensional with several periodic
one dimensional protrusions. For the sake of convenience of the readers, we give a
full description of it again.

Lete = %, N € ZT where we let, eventually, N — +o00. We consider the two
dimensional e-dependent domain €2, which consists of two parts, namely, ;" and Q™.
As it is clear from notations, ™ is independent of & but 2 has a highly oscillating
e-dependent boundary which we denote by y; (see Fig. 1).

Let L, M, M’ > 0 be positive constants and g : R — R be a smooth L-periodic
function such that M’ > M > m where m is the maximum value of the smooth
function g in [0, L]. We denote the fixed portion Q™ of 2, as

Q7 ={(x1,x): 0<x;1 <L,glx1) <x2 < M}
and the e-dependent portion Q" of Q. as

N—1
Q;L = U (keL + ea, keL + eb) x (M, M)
k=0
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where a, b are positive constants such that 0 < a < b < L. We can represent 2,
formally as

Q. = Interior{Q~ U Q7 }.
Here, Interior{S} and S, respectively, denotes the interior and closure of the set S in
R? with respect to the standard topology.
The vertical, bottom and top boundaries of 2~ are to be denoted by I'y, I', and T,

respectively. More precisely,

Iy ={0,x2): g(0) <xp < M}U{(L,x2): g(L) < x2 <M},
Iy ={(x1,x2): 0<x1 <L, xo =g}

and
I'={(xi,M): 0<x; <L}
The highly oscillating boundary y, of €2, can be written as
Ye = 082 \ {I's UT's}

where 0€2, denotes the boundary of ;.

In the later part of Sect. 2.3, we shall see that our limit problem is posed in a fixed
domain 2 which consists of two parts (see Fig. 2).

One part is @~ which we described earlier and another part can be denoted as Q.
We can write Q* mathematically as

QF={(x1,x2): 0<x; <L, M<x3<M)
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Fig. 3 Reference boundary Y5 Y
it

and 2 as
Q={(x1,x): 0<x; <L,g(x)) <x2 <M}.

Notice that the interface of Q* and Q™ is, once again, I'. It can also be pointed out
that the bottom boundary of 2 already has a notation as I';. The vertical and top
boundaries of 2 can be denoted by I'y and T, respectively. More precisely,

Ty =1{(0,x2): g(0) <xa < MJU{(L,x2) : g(L) <x2 <M},
and
L, ={(x.M): 0<x <L}
The problem under consideration has Neumann data on the oscillating boundary y,

of Q.. This data arises from a L? function defined on the reference boundary y (see
Fig. 3) of the cell domain which is defined as

Y = Vor Y yst Uy U Ysr U Vor
where

Yoo = {(z1, M) : 0 < z1 < a},

vso ={(a,y2) : M <y, < M'},
Yu ={(z1, M) 1a < z1 < b},

Vsr ={(b,y2) : M < y» < M/} and
Yor ={(z1,M):b <z1 <L}.
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2.2 Notations and the Function Space Setting

For y € L?(Q) (or y € L*(S2,)) we shall denote by y* the restriction of y to QF
(or ;F respectively) and by y~ the restriction of y to Q7. Let H ;er (S2¢) represents
the H' (€2,) functions which are periodic in the x-direction with period L. Similarly,
Co2, () and L3, (), respectively, represents the C* (£2) and L*(2) functions
which are periodic in the xi-direction with period L. In a similar way, we denote

Y ) an er (V),respectively, the space o Y ) an y ) functions whic
L2,, (v)and Hy; (), respectively, the space of L2 () and H'/ () functions which
are periodic on y in the x-direction with period L.

2.3 Statement of the Problem

Letu € L%,er (y). For scaling parameters « > 0, 8 > 0, define u, € Lf,e, (y) as
follows

Ug \= (SﬂXVbI + Sax}’sl + SﬂXVu + Saxyxr + lEﬂXybr)u (21)

where x4 denotes the characteristic function of any set A. Using (2.1), we define
u; € L? (y,) such that

e o X1
ug(x1, x2) = e | —, X2 (2.2)
€

where we abuse notation to denote the fractional part of "6—1 with respect to L by xs—l
itself. Observe that u¢ defined here is ¢ L periodic.

Consider a function p(x2, s) with xo € [M, M’'] and s € R which is smooth in its
arguments. (|g;=0 = 0 and there exists constants Cp, 0 < Cp, C3 such that for all its
arguments

| O it (x2, 8) 1< Co, €y < Ospu(x2,58) < Co. (2.3)
The second assumption in the above implies the strong monotonicity
(u(x2,5) — p(x2, s))(s —s') > Ci(s —s")> forall xp and forall s, s’ . (2.4)

For f € Lg, . (£2), a given data function p with the above mentioned properties
and a positive constant 77, our aim is to study the asymptotic behavior of the following
boundary value problem with a non-linear Robin boundary condition on the oscillating

boundary
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—Aye +ye = f in Qq,

9
% + e (x2, ye) = uy on y,
v (2.5)

Ye =0 onTp,

ve is Iy — periodic,

Note that, if © = 0 we have a non-homogeneous Neumann boundary condition

d
% =ul ony. (2.6)

instead of the non-linear Robin boundary condition on the oscillating boundary.
A solution to (2.5) is intended in the weak sense for which we consider the Hilbert
space

Ve i=1{y € H), () : ylr, =0}

which is a closed subspace of H ;er (2¢). The weak formulation of (2.5) consists in
finding a y, in the Hilbert space V; such that

/ Vye V(b—i—L ye¢+8n/ n(xa, ye)o
3 & Ve

= f¢>+/ ugp, Vo €V 2.7)
Ve

Qe

where we have taken I'g-periodic to mean, periodic on €2, in the x; direction with
period L. The existence and uniqueness of the weak solution of (2.7) can be proved
by standard methods of the theory of monotone operators (for e.g. using Corollary 2.2
and Proposition 2.3, Chapter 2 [37]).

Our main result is the following.

Theorem 2.1 (Main Theorem) Consider« > 1, 8 > 0andn > 1, let y, € V. be the
unique weak solution of (2.7). Then

;} N (b%a> + weakly in L>((0, L); H' (M, M")))

and
Y. — Yy  weaklyin H' (97)

where Y is the extension of ye on Q" by 0 to the whole of Q+. Moreover y = (y™, y™)
belongs to Vo where
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+
Vo:= {y=(y+,y—>: Lfm(m o €L 2@, v~
e H(Q), y" =y~ onT, y7Ip, =0}

and satisfies the coupled system of partial differential equations in a weak sense

82y+
byt (g ) B en o) = £ 810 in 2,
2
3 8 b
L: pO / u(zy, M) dz; onTy,
0x) b—a ),
.
yr=y on I, N (2.8)
Ay b—a\ dy 580
=~z _ - == u(zy, M)dzy onT,
0x7 L 0x) L Jo,auw,L)

—Ay"+y = f inQ—,
y- =0 onTyp,
y is 'y — periodic.

In the above, Ty -periodic means periodic on Q2 in the x1 direction with period L and
8y« is the Kronecker delta function. Here 6 which appears in the first equation is given

by

u(a, x2) +u(b, x2)
b—a

0(x1,x2) = ( ) a.e. (x1,x2) € Q. 2.9)

Remark 2.2 The space V with the inner product

dut ovt . _ _ _
(u, v) = _——+ u vt + Vu™ - Vv~ + u-v
o+ 0x2 0x) o+ - -

can be seen to be a Hilbert space and the canonical weak formulation of (2.8) can be
shown to have existence and uniqueness in ) in the setting of monotone operators by
arguing similarly as in Theorem 5.1 [30].

3 Unfolding Operator and Its Properties

In this section, we recall the definition of the periodic unfolding operator and present
some fundamental properties.

The idea of using an unfolding operator method to handle periodic oscillations in
the coefficients or of the domains can be seen in the works by Arbogast et al. [7]. and
Cioranescu et al. in [18]. It’s usefulness in deciphering weak convergence and simpli-
fying the asymptotic analysis of boundary value problems with periodically oscillating
coefficients or in periodically oscillating domains has been shown in [19]. Recently
this method has been extended to cover the case of locally periodic oscillations [9].
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We refer to [19] for an overview of the unfolding operator and to [22] and [33] for the
proofs of several properties outlined below.

Let [0, L] be a reference cell. For x € R, we write [x];, as the integer part of x with
respectto L, thatis [x]; = kL, where k is the largest integer such thatkL < x. We also
denote the fractional part of x with respect to L by {x}. So, we have x = [x]; +{x}..

Definition 3.1 (The unfolding operator) The operator which maps any function y :
QF — R toits e-unfolding Ty : QF x [0, L] — R defined through

~ X1
T®y(x1,x2,21) =y<s [?]L-i-em,xz) 3.1

is called the unfolding operator. Here  is the extension of y on Q_: by 0 to the whole
of Q.

Note that, for M < x; < M’, T®y(x1, x2, z1) is piecewise constant with respect to
x1 and has it’s support in [a, b] with respect to the local variable z; since V is zero

outside Q7 in QF. Given U C R? open containing €23 and a function y on U, T¢y
will mean T°¢ acting on the restriction of y to €.

Proposition 3.1 (a) The unfolding operator T¥ is linear. If y;, y» € Ll(Qj) are

such that y1 y, € LY (Q), then T (y1y2) = T*(y1)T¢ (y2).
(b) If y € LY(Q) then we have

/ T®y dxydx>dz) = / T?y dxidxadz) = L / y dxidx; .
QFx(0,L) Qtx(a,b) Qf

(c) If w € L'(y,) then we have

L
L/ w=/ f Tew(x, M, 21) dxidz; (3.2)
yeNIT 0 0,a)U(b,L)
L
L/ w=/ / Tw(xy, M, z1) dxidz) (3.3)
YNl 0 J.b)

L/ w
Ye \{CUT }

1 L oM L oM
== / / Téw(xy, x2,a) dxidx; +/ / Téw(xy, x2, b) dx1dxs
& \Jo Jm 0 JM

(3.4)

Proposition 3.2 (a) If y € L*(Q), then T®y € L*(Q" x (0, L)) and
1TVl 2@+ x0,0) = \/ZHylle(Q;) .
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(b) Foreveryy € L2(Q%), we have T¢ (yISZZ’) i y strongly in L*( x (0, L)).

(c) If yo € L2(Q2F) be such that T¢y. — y weakly in L*>(Q* x (0, L)) as ¢ — 0,
then

b
~ 1 20+
Ve — I y dzy weakly in L=(27) .

a

(d) Ify € HY(Q), then Ty € L*>((0, L); H' (M, M') x (a, b))). Moreover

3 3y o 9
Loy ey o1t Y 4a
9x2 axy 97y 0xy
1TV L2 0.2y 11 (. x @by = CIY I (-5

where C > 0 is a positive constant independent of €.

—0
(e) If Ty, e y weakly in L2((0, L); H (M, M) x (a, b))) for a sequence y. €
HY(Q)), then

b
-1
Ve — Z/ dzy weakly in L*((0, L); H' (M, M"))) .

a

Remark 3.3 The property (d) of Proposition 3.2 shows that a Sobolev function loses
regularity in the direction of unfolding with respect to the macroscopic variable (x|
in this discussion) but this regularity is recovered in the local variable (z; in this
discussion).

4 A Priori Norm-Estimates

In the first two lemmas, we show how to obtain some boundary estimates.

Lemma 4.1 There exists a positive constant C independent of € such that

I¥I2enry < Cliyllgi,) Yy € Ve and, 4.1)
I¥lz2¢enryy) < Clylaig,) Yy € Ve. (4.2)

Proof By classical trace theorem, applied to the restriction of H'!(2,) functions to
H'(Q7), there exists a positive constant C > 0 independent of & such that

/ ) » < /Fyz < ClIyl3 -y < Cyling,) ¥y € Ve
YeN

For the second estimate, first we consider smooth y in V.. We decompose the boundary
integral and apply the fundamental theorem of calculus on each vertical section, to
get
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5 N-1 keL+eb 5
y f (y(x1, M) dx;
[o=X]

k=0 eL+ea
N—1 keL4eb M’ Ay 2

= Zf / —(x1,x2)dxa | dx
k=0 Y keL+ea g(x1) 0x2

dy
0x2

)

N—1 keLteb M
sc(x [
k=0 keL+ea Jg(x1)

2
iy ‘
L2(Q)

by applying Cauchy—Schwarz inequality on the vertical sections with C > 0 depending
only on the vertical diameter. This gives (4.2) for smooth y, and by density, we obtain
the desired inequality for all y in V,. O

dy
dx2

Lemma 4.2 Let uf be the boundary data. Then

llut (12, = g2 / lu(z1, M)|Pdz (4.3)
eTLA (Nt ©.0)Ub, L)
G720, 0r, = &7 / lu(zi, MPdz . 4.4)
(a,b)

Proof This readily follows from the properties (3.2) and (3.3) of Proposition 3.1 and
using the fact that T¢ué(x1, x2, z1) = ePu(z1, x2). O

Now, let y, € V, be the unique weak solution of (2.5) so that (2.7) holds.

Proposition 4.3 For o, n > 1 and > 0, there exist a positive constant C > 0,
independent of €, such that

”ys”Hl(QE) < Cforalls .

Proof Let y. € V; be a solution of (2.7). Choosing ¢ = y, in (2.7), we have

||ye||i,1m£)+s"/ M(xz,yg)%:/g fy€+/ ulye.
Ye & Ve

Then, by the monotonicity (2.4) and the fact that p (x>, 0) = 0 for all x,, we obtain

192, < [ Foe s /y ueye. 4.5)

By Cauchy—Schwarz inequality, we get

fQ Fre < Iz el 2oy < 1 F 1l e . 46)
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We have, using (4.1) and (4.3) and the fact that u € Lfm ),

/ - Ugye < ”u§”L2(y£r‘|F)”y8 l2¢enry = C8ﬂ||Ya||H1(QS)~ 4.7)
veN

2

per (¥), we have

Similarly, using (4.2) and (4.4) and the fact that u € L

/ - Ugye < ||M§||L2(ysmru)||)’a||L2(y£mru) = C€ﬁ||}7£||1-11(szs)- (4.8)
yeNl'y

Lastly, splitting the boundary integral on y, \ {I" U I',} into it’s different periodic
components, using the definition of u¢ and the fact that 7y, is piecewise constant
with respect to x1, we get

/ ui)’e
7e\{TUl}
N—-1
=% f
> (L

=0

80( L oM L oM
- //u(mxz)TSyg(xl,xz,a)dxldxz+/ / u(b, x2) T ye (x1. x2, b) dx1ds
eL \Jo 0 Jm

M

!

v
u(a, x3) ye(keL + ea, x2)dxy + / u(b, x3) ye(keL + €b, xz)dx2>
M

2

This, using the fact that u € L%, (y), implies that

per
C 80{—1
/ ugye < (||T£y£|21=a”L2(Q+) + ”T8y8|zlzb”L2(Q+))
ye (UL} L
a—1
<=7 1T Yell 120, L: 1Y (M, M7y 0,1)))
C 80{—1

< T”)’sHHl(Qg) 4.9)

where at the end we have used trace estimate with respect to the z; variable following
the fact that T¢y, isin L2(0, L; H'((M, M’) x (0, L))) and the property (3.5). Then
by (4.7), (4.8) and (4.9). we have

/ ulye < C(eP + e Hlyvell i q,) - (4.10)
Ye

The required uniform bound of y. in H! (Q,) can be obtained by combining (4.5),
(4.6) and (4.10). O

We now give the proof of the main theorem.
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5 Proof of Theorem 2.1: Case u =0

We shall prove the Theorem 2.1 in the case of non-homogeneous Neumann condition
on the oscillating boundary. This case is easier to handle but shows the essential diffi-
culties of the more general Robin boundary condition. Before we prove Theorem 2.1,
we make some observations and prove some preliminary results in the form of some
lemmas.

We consider y. € V; solution of (2.7) with u = 0, that is, with Neumann condi-
tion (2.6). The bound for y. in Proposition 4.3 together with the inequality (3.5) of
Proposition 3.2(d) allows us to conclude that

Ve (@) =€ 5.1

and

1T O 20,11 (. < 0.Ly) < € (5.2)

where C > ( is a positive constant independent of €. This implies the existence of
y~ € H' (Q7)and y* € L?((0, L); H' (M, M") x (0, L))) such that

Y, — y  weaklyin H! (SZ_) (5.3)

and
T%(y;) — y™ weakly in L?((0, L); H'(M, M') x (0, L))) (5.4)
up to a subsequence still denoted by ¢. In what follows, for simplicity, we shall suppress

the super-indices ™ and ~ wherever it is clear that we are looking at the restriction of
ye to QF or Q7 respectively.

Lemma 5.1 y* is independent of the 71 variable.

Proof From Proposition 3.2(d), we know

N e (2, 59

321 8X1

Now, by Proposition 3.2(a) and Proposition 4.3, we observe that
e (9%
8x1
e

showing that the sequence T° <8—> is bounded in L(Q1 x (0, L)).
x

9ye

™ = Clyellgro,y =€ (5.6)

zﬁ]

L2(Q+%(0,L)) L2(Q)
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So, the convergence (5.4) together with relation (5.5) and the bound (5.6) imply
that

ayt _
071 B

0

in the distributional sense on Q% x (0, L). Since, Q1 x (0, L) is a connected set we
obtain that yT is independent of the z; variable on this region. O

As a corollary, using Proposition 3.2(e), we obtain the following convergence

v~ (b_T“> * weakly in L2((0, L); H' (M, M))). (5.7)

Going back to the bound (5.6), we conclude that there exists a subsequence of
0
T¢ (%) still indexed by &, and P € L2(2* x (0, L)) such that

X1

)
T¢ (%) P weaklyin L2(Q* x (0, L)). (5.8)
X1

Lemma 5.2 We claim that

9
¢ (%) — 0 weakly in L2(Q" x (0, L)).
X1

Proof We take ¢ € D(QT) and ¥ € C°[0, L], and consider the following test
functions on 2" which belong to V,

x|
¢ () = £p(x1, )Y ([;}L) . (5.9)
From the definition of e-unfolding of ¢* and by Proposition 3.2(d), we get

T*¢f (v1. 020 21) = o6 (o[ S| +ez1.m) wian.

rde (X1, %2, 21) = liT8<Z5‘€(J€1,362,21)
dx1 €071
= et (e[ 2] +ezrm) v
2] )
e ‘;‘)’z (x1, %2, 21) = saa—i <£ [Z—l] + szl,xz) V(). (5.10)
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These equations give us the following convergences

T¢¢° 2 0 strongly in L2(Q* x (0, L)), (5.11)
o0
8¢ q)(xl xg)—w(zl) strongly in LZ(Q+ x (0, L)), (5.12)
¢ 00° oo
T e —> 0 strongly in L=(2" x (0, L)) . (5.13)
X2

Using ¢°¢ as a test function in the variational formulation (2.7), we get

[+Vys'v¢€+/+ys¢€:/+f¢s
Q4 Q7 Q;

n / s (5.14)
ye\[TUT, )

since ¢¢ vanishes on I and I, due to the fact that ¢ is compactly supported in Q.
By the Proposition 3.1(b), we get

/ Vye - V¢€ + / y8¢€
QF QF

1 d 0 0 A9°
z_(/ <T e 7097 | e y€T8¢)+/ Tsyngng)
L \Jao+xo\ 9x1  9dx] dxy  9x2 Q+x(0,L)

from which it follows, using the convergences (5.11)—(5.13), that

1 d
f Vya-V¢>g+/ Yep® — — P¢(X1,xz)—¢(21) ase— 0.
QrF QrF dzy

L Jo+x,1)
(5.15)

Similarly,after writing the boundary term using (3.4) taking into account (2.1) and
(5.10) and then, using (5.11), we get,

/ fof + f ugp®
QF ye\{IUL, }

1 o
= e+ T [ e [ +ea v
Q+x(0,L)
£ / u(b. x2)¢(8[ ]+sb X)W (b) dxy dx
200, (5.16)

Combining (5.14)—(5.16), we get

d
/ PG, x2, 20 66 5 Y (21) dxrdadzy = 0
Q+x(0,L1) dzy

@ Springer



Appl Math Optim

Yo € D(QY), Vi € C[0, L].

d
But given any f € CZ°[a, b] one can find € CZ°[0, L] such that d—l/f = f(z1) on
21

[a, b] (forexample, we can take Y = Fn where F isaprimitive of f andn € C°[0, L]
is a cut-off function which is identically equal to 1 on [a, b]). From this, it follows
that

b
/ P(x1,x2,21) ¢(x1,x2) f(21) dx1dxadz; =0
a

Yo € D(QY), V f e C¥la,b].

0
Hence, we get P = 0 a.e. in QT x (0, L), that is, Tgai — 0 weakly in LZ(Q* x
X1
(0, L)). a

Proof of Theorem 2.1 We consider ¢ € CZ°(2) and take its restriction to Q, which
is a test function belonging to V; in (2.7), and get

fw-wwf Ve = f¢+/ui¢
Qe Qe Qe Ve

which we write as

dys 0¢ dye 0¢ / /
L7 - Vy. -V
/sz;f dxp 9x) * Qf 0x2 0x2 - QF ved Q- Yo Vot Q- Vel
= [ o [ s [ o (5.17)
Qf Q- Ve

By the convergence (5.3), we have

lim [ Vy.-Vé=[ Vy Vo, (5.18)
e—=0 Jo- Q-
lim [ yeo :/ 7. (5.19)
e—0 Jo- Q-

In particular, since this holds for all ¢ € D(27), we obtain the equation satisfied by
Yy~ in Q7.

We continue to pass to the limit in the other terms. Using the property in Proposi-
tion 3.2(b), convergence (5.8) and the fact P = 0 proved in Lemma 5.2, we have

dye 0 1 0 d
lim/ ﬁ—‘z’:nm—/ e (2N e (92 ) 2o (520
e=0 Jo+ 0x1 0x1  e=0 L Jo+yx.1) x| 0x1

Now, using the properties of the unfolding operator in Propositions 3.1 and 3.2 and
the convergence (5.4), and the fact ytis independent of the 7| observed in Lemma 5.1,
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we conclude that

S IT7y.) . (99
lim — — = lim — T —
e=0 Jor 0x2 0x2  e=0L Jo+yo,) 0x2 dx2
b— ay* d
e / W 99 (5.21)
L o+ 0xp 0xo
lim ¢ = lim lf ey, T8¢ = (222 / +¢(5.22)
£=0 JoF Ve = e=>0 L Jo+x(0,1) Ye o L o+ Y '

1 b—
lim [ f¢ = lim —/ TCf Te¢ = <_“>/ fé (523)
e—0Jof e=0 L Jo+x(0.1) L ot

where we have used the fact that f, ¢ are also independent of the z; variable.
Now we handle the boundary term. For this we apply (3.2), use the definition of
the unfolding operator and u® to rewrite the integral and then pass to the limit to get

1
/ up = TeulT ¢
yeNI (0,L)x ((0,a)U(b,L))

P L
= —/ / u(zi, MYT ¢ (x1, M, z1) dx; dzi,
L Jo Jo,ouw,L)

e—=0 Sﬁo L
—_— —

(/ M(ZI»M)dm)‘P(xl,M) dxy
L Jo 0,a)U(b, L)

Similarly,

: e, Sp0 [* / /
lim usp=— u(zy, M) dzy ) ¢(x1, M) dxy.
e=0.Jy,nr, L Jo (a,b)

Using (3.4) together with the definition of the boundary unfolding operator 7¢ and
that of uf, we get

[
ye\{I'Ul}

80(71

= (/ u(a, x2)p(e [ﬂ] + ea, xp) dxy dx;
Qt &

L
xi

—i—/ u(b,x2)¢(8[ ]—}—sb, X7) dxldxz)
Qt &

0 0
29 Sl (/ u(a, x2)¢(x1, x2) dxi dx; +/ u(b, x2)¢ (x1, x2) dx; dxz)
L o+ o+t
b—a
= a1 </+ 0(x1, x2)¢ (x1, x2) dxy dX2>
Q
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where 6 has been defined in (2.9). So, we have

f Uz = ui¢+/ u§¢+/ ;b
Ye yeNI' ve \{TUT, } yeNly
e—0 8p0 [T
H —_—

(/ u(z1, M) d21)¢(x1,M) dx|
L Jo ©.0)Ub, L)

b _
- (/ 0(x1, x2)¢ (x1, x2) dxy dX2>
Qt

b—a
+ 8q1 (/ 0 (x1, x2)¢(x1, x2) dx) (5.24)
L o+
Combining (5.17)—(5.24), we get the following limit equation for
b—a ayT 9¢ b—a N / _ / _
2 7 Vy™ -V
( L )/Q+axzax2+< L )/my o vy Vet v
b—a L 7850
=\ / f¢+f f¢+/ */ u(zy, M) dzy ) ¢(x1, M) dx;
o+ Q- 0 L Jo.ayue,L)
b— L S b
+ ( “)f ( a f u(zi, M') d11>¢(X1,M/) dxy
L 0 b—a a

+ 8a1 (b_a>/ O(x1,x2)¢p(x1,x2) dx Y ¢ €V (5.25)
L o+

using the density of C° in V.

Now, in the case u = 0, it follows that the equation (5.25) is precisely the weak
formulation of (2.8) by showing that y = (y™, y™) belongs to V. For this, we observe
that (5.3) implies that y~ belongs to H'($27) and from (5.21) and the bound (4.3)

+

a
we have that aL € L2(Q7). The equality of the traces of y* and y~ on I'" can be
x

shown following2[33, Theorem 5.3, Step 3]. For this it is enough to calculate the limit
of fr ye¢ in two ways where ¢ is an arbitrary smooth test function supported on I'.
On the one hand the weak convergence (5.3) and the continuity of the trace operator
implies that

lim ys¢=lim/y§¢=/y_¢.
e—=0 Jr e—0 Jr r

Similar to (3.2) and (3.3) we can see that, for any w € L (I'), we have

L rL
L/w=/ / T w(xi, M, z1)dx dz; .
r 0o Jo

So, applying this to fr ve¢ and using (5.4) along with the continuity of the trace oper-
ator (the trace with respect to the x, variable) in L?((0, L); H' (M, M') x (0, L))),
we get
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1 L L
T = ﬁm—/ / T (yHT¢(x1, M, z1) dx1 dz)
o Jo

lim = lim
e—0 Jp Yoo 8*)0\/ e—>0 L

y
r
=/y+¢
r

since y* is independent of z; and T¢¢ (x1, M, z1) — ¢ (x1, M) uniformly. The equal-
ity of the two limits for all test functions ¢ supported on I" allows us to reach the desired
conclusion.

Uniqueness of the solution of (5.25) implies that the entire sequence y. converges, not
only the different subsequences. O

Remark 5.3 We would like to comment that in Gaudiello [25] the boundary data is
very particular, namely, constant of the form ¢“. This happens when o« = g in our
case and u, is constant. In our case we have, like in their work, a distributed term 6 in
QT which arises from the non-homogeneous data on the vertical part of the oscillating
boundary. But we also get some new non-trivial contributions in the limit problem on
the upper boundary and on the interface.

6 Proof of Theorem 2.1: The General Case
Proof We now turn our attention to the proof of the general case involving a non-linear
non-homogeneous boundary condition on the oscillating boundary.

Step I As shown in Proposition 4.3, there is a positive constant C independent of ¢
such that

Iyellgi@) =C (6.1

Using (2.3) and (6.1), we can prove that there exists a positive constant C independent
of ¢ such that

Gy TEEN N 20,1011 1.7y % 0.1y < C- (6.2)

We have, as in the case u = 0, the convergences like in (5.3), (5.4) and (5.7) the
following convergences

v, — y  weaklyin H! (Q_) (6.3)
T¢(y) — y* weaklyin L2(0,L; H' (M, M) x (0, L))) (6.4)

v =~ <b%“> vt weakly in L2((0, L); H'(M, M"))).  (6.5)

The bound (6.2) implies that, up to a subsequence still denoted by ¢, there exist a
function ¢ in L2(0, L; H'((M, M) x (0, L))) such that

(-, Tg(y;')) — ¢ weakly in L2(0, L; Hl((M, M) x (0, L))). (6.6)
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Step IT Arguing similarly as Lemma 5.2, we can prove that

9 +
T¢ (%) — 0 weakly in L2(Q* x (0, L)). (6.7)
x1

In fact, we choose the sequence of test functions ¢° given by (5.9) used in Lemma 5.2
in the variational formulation (2.7) and pass to the limit. We need to handle the addi-
tional term &" f 1(x2, ye)@® but this can be handled in a similar way using (3.2)—(3.4)
and like in the calculatlons leading to (5.24) we get

8”/u

i
< Ce" Ml T*GIN 20,1 10 .y 0. 1 T O 120, 1: 11 (M 7y % 0,1))) -
(6.8)

The bound (6.2) leads to the conclusion

8”/ w(xa, ye)p® — 0.
Ye

The rest is as in Lemma 5.2. Then, like in Lemma 5.1, we can prove that ¢ is inde-
pendent of the z; variable.

Step III We consider ¢ € C2°(£2) and take its restriction to €2, which can be taken as
a test function belonging to V; in (2.7), and get

/ 9ye 06 [ ye 09
Q

;r 3)61 8)61 Qﬁ 8x2 8x2

+€"/ H(xz,ye)¢=/ f¢+/ f¢+/ uzg. (6.9)
Ye Q;r Q- Ve

We have the convergences of the terms (5.18)—(5.24) as in Section 5. It remains to
identify the limit of &” fyg w(x2, ve)¢ for passing to the limit in the above equation.
Let us introduce the notation

+ yg¢>+/ Vyg-V¢+f Ve
QF Q- Q-

Ee(x1, x2) = p(x2, ye(x1, x2)) ae. (x1,x) € QF
by which
T8 (x1, X2, 21) = m(x2, TPy (x1, x2, 21)).
From (6.2), we can write
IT* Bell 20,111 (.m0 < 0,1 = C-
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Continuity of the trace operator and the convergence (6.6) and the independence of ¢
of the z; variable provide

T¢Es(-, a) — ¢ weakly in L*(QT)
and
£8s(-, b) — ¢ weakly in L>(27).

This implies

lim & f B2, o)
e—0 ¥,

{rury}

o
_—

U
1
= lim — (f T8 (x1, x2, )T ¢ (x1, x2, a)dx1dx2
e—~>0 L \ Jo+

+ EEg(x1,X2,b)Tg¢(X1,Xz,b)dxldm)
Q

_2 (6.10
=7 Q+§¢~ 10)

First note that, by (2.3) and u(x2, 0) = 0, we have | (x2, s)t| < Caz s t. So, by the
trace theorem and (6.1), we have

& / w(x2, ye)@
yeN{T'Uly}

< Ce f vedl < Celyell e 161,
ye{T'UT, }
< Cs. 6.11)

Convergences (6.10) to (6.11), together, imply

2
tim e [ weavos =on [ o 6.12)
e—0 Ve L Jo+

Combining the convergences (5.18)—(5.24) and (6.12) we get the following limit prob-

lem
b—a L) b—a n
( L )fa—a—+( L )/my ¢
2
+5nlz/ c¢+/ Vy‘-V¢+/ v é
Qt Q- Q-

b—a
:( L ) sz+f¢

L 5ﬁ0
+ f¢+f <—/ u(zy, M) d21)¢(X1,M) dxi
Q- o \ L Joauo,L
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_ L b
+<b a)/' (ﬂ/ u(z1, M) dzl>¢(x1,M’) dxi
L 0 b—a a

81 <’ﬂ>/ 0(x1, x2)p(x1.x2) dx VeV, (6.13)
L o+

This is precisely the weak formulation of (2.8) once we see that (y ™, y™) belongs to V
(which is like in the previous section) and identify ¢ (for n > 1 this is not necessary)
which is the final step.

Step IV We are left to deal with the case n = 1. We claim that ¢(x1,x2) =
w(xz, yT(x1, x2)) for almostevery (x1, x2) € QT.Letus consider ¢ = y—A belong-
ing to Vo where y = y*in Q* and y = y~ in Q~ and for any given ¥ € C1(Q).
Observe that, by the monotonicity of u implied by the first of the assumptions on p
in (2.3), we have

/ V3 —V¢|2+/ e —¢|2+/ R
Q- Q- QF
+[+ |3x1)’8|2+/+ | Ve —¢|2
+8/ ((x2, ye) — (x2, ) (ye —¢) =0
Ye

which we rewrite as

2 2
/ 196, +f E +/ |ys|2+/ Vel
QF QF QFf Q-
+/ |YS|2+5/ (X2, Ye) Ve
- Ye
2
—2/ axzysam¢+/ |05, | —2f ys¢>+/ ||
QF QF QF QF

—2f Vy£~V¢+f |V¢|2+/ |¢|2—2f Veoh
- Q- Q- Q-

—8/ M(x2v)’s)¢—8/ n(x2, @)ye +8/ n(x2, )¢ = 0. (6.14)
Ve Ye Ye

To obtain the limit expression of the terms in the first line of (6.14) we proceed by
using y, as a test function in (2.7) and get

2 2
/ |9y ve | +f |9, ve| +/ |y8|2+/ IV yel?
Qf Qf QF Q-
+/ |y8|2+5/ H(x2, Ye)ye = fye +/ ugyg
N Ve Qe Ve

e— b —
—9< La>/g+fy++ Q_fy_
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L
)
_,’_/ (iOf u(zi, M) dZ]>y+(xl7M)dx1
o \ L Jo.aue,L

b— Lrs b
+ “ / A0 / u(zi, My dzy | y* (x1, M) dx;
L 0 b—a a

b—a
+ 8a1 (—)/ 6(x1, x2)y ™t (x1,x2) dx.
L o+

Then, we use the variational Eq. (6.13) with y = (y™, y™) replacing ¢ to obtain

2 2
/ |8X2y5| +/ |3X1y8| +/ |)’s|2
o QF QF
+/ |V)’s|2+/ |y8|2+8/ (X2, Ye) Ve
Q- Q- Ve

b— wtir (b-— 2
ST Ll G [P e
L o+ L o+ L Jo+

3)62
+/ |Vy—|2+/ Il (6.15)
Q- Q-

Passing to the limit in the terms of the third line of (6.14) is straightforward using
(6.3), whereas the limit of the main terms in the second line of (6.14) has already been
obtained in (5.21)—(5.22). We get the following expression as the limit of these terms:

b —
() (2 ot anos [ lonol =2 [ sro+ [ ioR)
Qt ot QF ot
—2] Vy~ ~V¢+/ |V¢|2+/ |¢|2—2f y ¢. (6.16)
- Q- Q- Q-

Similar to (6.12), one can prove

. 2
;}]_12]08/],8“()(2’%)45 = Z/m (o, (6.17)
2
lim ¢ / G2 B)ye = = / G 9y, (6.18)
e=0 J,, L Jo+
2
lim 8/ n(x2, )p = —/ n(x2, P)g. (6.19)
e=0 J,, L Jo+

From (6.17)—(6.19), we will get the following limit for the terms in the last line of

(6.14):
2 +
- <f §¢+/ u(x2, @)y —/ M(X2,¢)¢) (6.20)
Qt Qt Qt

@ Springer



Appl Math Optim

Combining (6.15), (6.16) and (6.20), we get

b —
[ 1oy v+ | |y‘—¢!2+(T")/ 013" = 002
Q- Q- Q+
b— 2
+( La>/ |y+—¢|2+2/ (¢ —n@x2, )T —¢) =0.
Qt Qt
Since, ¢ = y — Ay, we get
A(/ |vw|2+/ P2
Q- Q-
b—
#(7) ([ oot + [ wr))
Qt Qt

2 +
+Z/ (& —pulx2, y" =29y = 0.
Qt

By letting A to go to 0, using the Dominated Convergence Theorem, we obtain
| €= nta sty o,
Qt

Since v is an arbitrary element of CLI, (2), we can conclude that

c(x1, x2) = pn(xa, yT(x1, x2)) ae. (x1,x2) € QF.

7 A Three Dimensional Example

To show the efficacy of the method of unfolding operator in handling homogenization
problems in domains with oscillating boundaries in any dimension, we consider a
three dimension model from Mel’nyk [29] involving a 3 : 2 : 1 thick junction but
we consider non-homogeneous Robin boundary condition. We take 2~ = (0, 1) x
(0, 1) x [0, M] and 2, of the form

X X
Qf = {(m,xz,xs) M <x3 < g(—l, —2)
£ £

for all (x1, x2) € (0,1) x (0, 1)} (7.1)
where g : R? — R is a smooth piecewise smooth periodic function with period
[0, 11%. Let M’ be the maximum of g in [0, 1]>. For any ¢ € (M, M’), we denote by
(1) the open set

w(r) ={(z1,22) : g(z1, 22) > 1}
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and introduce
G={(x3,21,22) M <x3 < M, (21,22) € 0(x3)}.

For simplicity, we assume that g has no flat portions and, for example, we can guarantee
this by assuming that g., # 0. The unfolding operator 7' for the geometry of €2, has
the definition

& o~ X1 X2
T?y(x1,x2,x3,21,22) =Y (€ - +ez1, ¢ . + 622, x3 (7.2)

for any given y € H'(S2). At fixed x3 € (M, M"), the support of T¢y with respect
to the (z1, zp) variable is in w(x3).

We have the following properties of the unfolding operator, similar to those stated
in Propositions 3.1 and 3.2, and are standard to establish (see for example [2]).

Proposition 7.1 (a) The unfolding operator T¢ is linear. Also, if y1, y» € Ll(Qj)
are such that yy y» € LY(QF), then T?(y1y2) = T*(y1)T* (y2).
(b) Ify € LY(Q), then we have

/ T®y dxidxydx3dzidzy = / T®y dx\dxydx3dzidzn

Qtx(0,1)2 0,1)2xG

=/ydx1dx2dx3

QF
and this gives, for every y € L*(QF), we have T®y € L*(Q* x (0, 1)?) and
1Tyl r20.12x0) = ¥ 20ty

(c) Foreveryy € L*(Q1), we have T*¢ (ym;) e>0 y strongly in L*(% x (0, 1)?).

(d) If y. € Lz(Qj) be such that T¢y, — y weakly in L*(2F x (0, 1)?) as ¢ — 0,
then

Yo = / y dz1dza weakly in L*(Q%) .
(x3)

(e) If y € HY(Q}), then T®y € L*((0, 1)%; H'(G)). Moreover

d d 0 0 0 0
ey e Y ey e 0 % ey e OV
9x3 dx3 09z ax; 022 9x2

and
1Tyl 20,02 11G) = ClY I pr g

where C > 0 is a positive constant independent of €.
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—0
(f) If T¢y, X y weakly in Lz((O, 1)2; Hl(g))fora sequence ys € HI(Q;"), then

Ve — y dz1dzy weakly in L>((0, 1)%; H' (M, M"))).

(x3)

For boundary data of the form

ug e o) = eu (2200 (2. 2)) (7.3)

where u is such that

u e L2(graph g;do) thatis

/ w221 22, 81 22Dy 1+ (92, 812 + (3,8 (22))? dardza < o0
0,1)x(0,1)

and for f € L%,e, (£2), our aim is to study the asymptotic behavior of the following

boundary value problem with a non-linear Robin boundary condition on the oscillating
boundary S,

—Aye +ye = f in Qg

d

2% eu(ye) = ug on Se,
av

(7.4)
ye =0 on T,

ve is I's — periodic,

where we have taken I'g-periodic to mean, periodic on €2, in the x1, x» directions with
period 1. The weak formulation of (2.5) is to find y. € V, such that

/ V)’£'V¢+/ ys¢+8”/ M(Ys)¢:/ f¢+[ ugp, Vo €V  (15)
Q Q S: Q S

We can obtain the following result.

Theorem 7.2 We have

Y. — Yy weaklyin H! (Q_) (7.6)

yi = lo(x3)| yT weaklyin L*((0, D* H' (M, M"))) (7.7)
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Moreover y = (y™, y™) satisfies the coupled system of partial differential equations

0 ay™T .
— L (o2 ) + 0@y + 8,18 = lwG3)| f + 816 in 2T,
0x3 0x3
9 +
¥ =0only,
3)(%_
yT =y~ onTl,
ay~ Iyt (7.8)

— (lo(M)]) P 0onl,

—Ay"+y = f inQ—,
vy~ =0 onTy,
y is 'y — periodic.

0x2

Here 6 and E which appear in the first equation is given by

0(x1, x2, X3) = </ M(ZI»ZZ,)%)dV) a.e. (x1,x2,x3) € QT (7.9
dw(x3)

and
B (x1, X2, x3) =per(dw(x3)) p(y ™ (x1, x2, x3)) a.e. (x1,x2,x3)€QT. (7.10)

where per(dw(x3)) denotes the perimeter of (dw(x3)). O

7.1 Sketch of Proof
For proving this result, we once again use the unfolding technique. Once again, for

simplicity, we shall suppress the super-indices © and ~ wherever it is clear that we are
looking at the restriction of y, to ;F or Q™ respectively.

7.1.1 A Priori Estimates

The a prioribounds for y, follow similarly as in Proposition 4.3 as soon as we establish
the following estimate on the oscillating surface S;:

/ Miyg < CEO[_I”Tgyg”LZ((O’])Z;HI((M,M/)X(O’1)2)) (711)

&

To obtain this we first rewrite the surface integral using the slicing lemma for Hausdorff
measures, Lemma 7.6.1 in [28],

, U Ve
uly =/ / ——_ dy dt
fsg 7 I Json) Vsl
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where 7 is the projection on the last coordinate, Vs, 7 is the tangential gradient of
and dy is the line element of the section of S; at the height 7. Using the parametrization
of the surface S, we have explicitly

1 X1 X2 1 X1 X2
S (XL X2y L o (M X2
\/ezg“<£’ s>+82gzz<s’ e)
1 X1 X2 1 X1 XN
1 <_’ _> ) 2 <_’ _)
\/+ 284 g ¢ +82gzz e ¢

This can be obtained by projecting Vr = (0,0, 1) into the tangent space on S;
equipped with the orthonormal basis

1 X1 X2
i (10fea (2:)).
\/ Lo x_z)
2 Z ’ e
x X2 X1 X2 Lo, rxp oxpy 1 X1 X2
e Qs me (0) e (02)

1 x| X2 1 X1 xz\/ 1 x| X2
o2 (2 £ R g2 (2 &
\/1+828Z1(£’8>+82g12<5’8) 1+82g11(8,8)

Partitioning (0, 1)2 into cells of size ¢, Yl:’j. ={(x1,x) rei <x1 <ei+1),¢e <
x1 <e(j+ D}fori,j=0,1,..., N — 1, and using (7.12), we obtain

y / / dye dt
/ Hede S:NT=1(1) |VS€71| ‘

M/
u
Z / / E_y‘a dy dt
Nl (NYy, |Vs, |

Vs, | =

(7.12)

i,j=0
1 X1 X2 1 X1y X2
iyg\/l + =82 <—, —> + g2 (—, —)
I3 e € e e €
= / / dy. dt
i,j=0 Senm =1 ONY 1 (ﬂ x_z) + L2 (x_1 2)
AN 22\ g’ ¢
1 X1 X2 1 X1 X2
e(it+1) U \/ 1+ g2 <—, —> + 582, <—, —)
£ g ¢ I3 )
= / / dx; dt
1 X1 X2
i.j=0 —8z (_v _>
3 g €

where we have used the fact that the line element dy, of the curve {(xi, x7) :

Xp X
g (—1, —2) } N Y‘S with respect to the x| variable takes the form
e ¢
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1 X1 X2 1 X1 X2
o2 (2 —p2 (2L 22
d \/82&1(8’8)"'82812(8,8)
Ve = 1 X1 X2
~— 8z (_v _>
e g €
Then we change variables x| = €i +¢z; in the interval (¢i, €(i + 1)), use the definition

(in particular, the periodicity of u,) and the definition of the unfolding operator to
obtain

fuiyg

s,
“Ni:l w lu(m,zz,g(znzz))T’jy(si+821,8j+£zz,g(Z|,zz),z1,zz)\/62+g3.(21,zz)+g?z(m,zz)

=g dzydt
I-»]A:(,/I;/I 0 8 (21, 22)

u—y /M’ 1 “(11.,zz.,g(m,zz))Tgy(n,xz,g(m.,zz),m,zz)\/sz +82 (1, 22) + 8% (21, 22)
=g
0,02/ M

dxy .

dzydtdx

0 82, (21, 22)

(7.13)

where z, depends on z; and ¢ and is determined by the curve {(z1, z2) : g(z1, 22) = t}
and dx stands for integration with respect to (x, x2).
From this and the assumption on u, we obtain the estimate

&
/ UgYe
Se
2

| M 2\/1+g11(21,22)+g§2(11,zz)
<Ce*” /(OI)ZIM/O (T*y(x1, x2, 1,21, 22)) dzidtdx

82, (21, 22)

1/2

172

82, (21, 22)

1 / 5 \/1+g§1(Z1,Zz)+g§2(Z1,zz) ,
=Ce* / / (Tey(x1,x2,2', 21, 22)) dS(z', z1, 22)dx
©.12)s

<Ce! IT%yell 20,1235 11 Gy < Cce*! llyell g

where S = {(Z/,z1,22) : 7 = g(z1, 22), (z1, 22) € (0, 1)?} and in the penultimate
inequality, we have used trace estimate in H LG).

7.1.2 Convergence Arguments

As aconsequence of the a priori estimates, we shall have convergences similar to those
in (6.3)—(6.7), upto a subsequence. To be precise, this time we shall have

Yo =y~ weaklyin H' (Q7) (7.14)
Tey, — y™ weakly in L?((0, )*; H'(G)) (7.15)
v = lo(x3)| y" weaklyin L*((0, )% H' (M, M"))) (7.16)

where |w(x3)| is the Lebesgue measure of the section w(x3). The convergence (7.16)
follows from the convergence (7.15) by observing, similarly as in Lemma 5.1, that y ™
is independent of z1, z>. Arguing similarly as Lemma 5.2, we can prove that
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9 +
T¢ <8y—6> — 0 weakly in LZ(Q* x (0,1)%) i=1,2. (7.17)
Xi

Using these we can obtain once again the convergences of the following integral terms

lim Vy, - V¢ = / Vy™ - Vo, (7.18)
e—0 Jo- Q-
lim V. ¢ = / y o (7.19)
e—0 Jo- Q-
dys 0 1 ad d
lim/ We 9 _ i —/ Y e (99) _ (7.20)
e—=0 Jof dx1 0x1 e—0 L Q+><(0’1)2 x| ax]
dys 0 1 ad Blo}
lim/ We 3¢ _ i L / A ) = (7.21)
e—0 Jot axz aX] e—0 L Q+x(0, 1)2 0x) axz

. dye 9¢ . ATy ) dy* 9¢
fim [ 2227 = im () 222
e—0 Qj‘ 8X3 E)X3 e—0 Qtx(0,1)2 3x3 Bx

(7.22)
lim | y.¢ = lim Ty T = / loGa) yT¢  (7.23)
e—0 Q e—0 Q+x(0,1)2 O+
lim f¢ = lim TS fT ¢ = / lo(x3)|f¢ (7.24)
e—0 e—0 Qtx(0,1)2 Q+

where we have used the fact that f, ¢ are also independent of the (z1, z2) variables.
For details of these arguments, we refer to the preprint [2].

The bound (6.2) implies that, up to a subsequence still denoted by e, there exist a
function ¢ in L2((0, 1)%; H'(G)) such that

1, TE(y)) — ¢ weakly in L2((0, D% H'(G)) (7.25)

and ¢ can be shown to be independent of the local variables (z1, z2). Like in the
previous section, it can be shown that

¢(x1, x2, x3) = n(yT(x1, x2, x3)) ae. (x1,x2,x3) € Q. (7.26)

Similarly as in (7.13), we obtain

Lz u(ZuZz,l)T%(XLXZ,I,Zl,zz)\/sz+g§1 (z1,22) + g% (21, 22)
/ “g¢=5a71/ / / dzydtdx
S ©.1)? 8:(21.22)

where z»> depends on z; and # and is determined by the curve {(z1, z2) : g(z1, 22) = t}

and dx stands for integration with respect to (x1, x2). Now we can pass to the limit in
the above and we have
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lim g¢—6a1/ / / w(z1, 22, 1) G (x1, xz,z>,/1+(g*'(z' 22)) dzydt dxdx
&0 0.2 M 8 (21, 22)

= 8&]/ (/ u(z1, 22, X3)d Vs, (ZI,Zz)) ¢ (x1, x2, x3)dx1dx2dx3 (7.27)
dw(x3)

Qt
Finally
time [ v
e—=>0 Se
1 ol M(Tsy;r(xlyxz,t,ZhZz))\/Sz+gZ2, (z1,22) + &2, (21, 22)
= lim &"~ / / / dzidtdx
e=0 ©.1)2 8 (21, 22)

= 5n1/ (/ .u'(y+(-x17-x29x3))dVX3(Z]aZZ)) @ (x1, x2, x3)dx1dx2dx3
QF dw(x3)

=1 [ pert@oCea)ia(y un,xm. ) 61, o, )dxndrad (7.28)
Qt
By the convergences (7.18)—(7.28), we conclude, by passing to the limit in (7.5), that

ayT 3
/ Vy V¢ + / o (x3)] e o9 + 5:;1/ per(dw (x3) (™t (x1, x2, x3)) p(x1, x2, x3)dx1dx2dx3
o o+ dx3 9x3 o+

+/ Iw(x3)|y+¢=/ |w(x3)|f¢+5a1/ (/ u(ZuZst)an(m,Zz)>¢(x1,x2»x3)dx1dxzdx3
o+ Qt Qt dw(x3)

which is the weak formulation of (7.8). O

Remark 7.3 By taking u{ = 0 we recover the result proved in Mel’nyk [29] in the
presence of homogeneous Robin boundary condition. The non-homogeneous Robin
condition will permit us in the future to treat the problem of homogenization of control
problems involving controls terms in the Robin boundary conditions. If the oscillating
boundary has flat tops then one can expect a non-homogeneous non-linear Neumann
or Robin condition on the upper boundary of *. To obtain this term it is enough to
split the oscillating boundary into the flat portions and the oblique portions and handle
the convergence of the flat portions similarly as in Sects. 5 and 6.
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