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Abstract Unfolding operators have been introduced and used to study homogenization prob-
lems. Initially, they were introduced for problems with rapidly oscillating coefficients and
porous domains. Later, this has been developed for domains with oscillating boundaries,
typically with rectangular or pillar type boundaries which are classified as non-smooth. In
this article, we develop new unfolding operators, where the oscillations can be smooth and
hence they have wider applications. We have demonstrated by developing unfolding oper-
ators for circular domains with rapid oscillations with high amplitude of O(1) to study the
homogenization of an elliptic problem.

Mathematics Subject Classification 8O0M35 - 80M40 - 35B27

1 Introduction

The main purpose of this article is to introduce certain unfolding operators in domains with
highly oscillating boundaries which are smooth and periodic. Though our approach is quite
general, we consider two types of domains as in Figs. 1 and 4. More details of these figures
are available in later sections. The first domain consists of a fixed part with very general
oscillations on a flat part of the boundary, whereas with the second case, we consider a circular
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Fig. 1 Oscillating domain §2,

domain with oscillating boundary. In both cases, we consider oscillations with amplitude of
O (1). We hope this work will also serve as a precursor to the study of arbitrary oscillating
domains, that is of non-periodic type. So far in the literature, the unfolding operators are
available only for non-smooth oscillatory boundaries. Presently, we give a novel approach
in defining unfolding operator for smooth but periodic oscillations with O(1) amplitude.
This immediately helps us to study homogenization problems in circular domains with rapid
oscillations at the boundary. So far, the study on circular domains is very limited. We hope,
the unfolding operators defined on circular domains with oscillating boundaries will set new
trend in carrying out limiting analysis in such complex domains.

Using the new unfolding operators, we give few examples from homogenization. We
consider, an example of non-linear problem in the first case and an example of a linear
homogenization problem in a circular domain. The optimal control problems in such domains
is the topic of discussion in another forthcoming manuscript.

The unfolding method for homogenization problems in domains with (non-smooth) oscil-
lating boundaries has been widely used by various authors in the last decade. Typically, the
domains are of fixed type with slab-type (pillar-type) oscillating boundaries. Recently, the
authors in [1] have also introduced unfolding operators in domains with multi-level oscil-
lations, known as branched structure and have studied homogenization of optimal control
problem. The authors, Blanchard et al. [9,10], have first introduced unfolding in oscillating
boundary domain to study homogenization of elastic rods with 3D space as well as thin plate.
The general unfolding operator was first introduced by D. Cioranescu, A. Damlamian, G.
Griso in 2002 (see [12]) and later it is used by various authors (see [13,14,19]). Though the
convergence using unfolding operators looks similar to the two scale convergence (see [2,38])
of homogenization theory, we have demonstrated the power of unfolding in the study of the
optimal control problems (see [1,34,36]). In these papers, we have characterized the optimal
controls using unfolding operators.

Thus, developing unfolding operators in smooth oscillating boundaries has paramount
importance for our future study as well. In fact, the study of homogenization in domains with
oscillating smooth boundaries is very limited. Homogenization of an elastic thin film problem
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using I"-convergence has been studied in [4]. See [11], for boundary homogenization with
Neumann boundary condition and in [29], a Poisson problem with curved rough boundaries
in a circular domain has been investigated. Indeed, the amplitude of oscillations is of O(e),
whereas we consider the oscillations with amplitude of O(1).In [5,6], Arrieta and Villanueva-
Pesqueira have also considered a thin domain with smooth oscillating boundary.

On the other hand, there is lot of activity on domain with non-smooth oscillating bound-
aries; more specifically, a domain with a fixed part and a lot of thin periodically distributed
parts (like pillars) attached along certain part of the flat boundary. For example, see [3] for
error estimates and in [7,8], the homogenization of PDEs has been investigated in oscillat-
ing domain using Tartar’s oscillating test functions. In [28], strongly contrasting diffusivity
problem in highly oscillating boundaries has been studied. The authors, Esposito et al. [23],
studied the asymptotic analysis of a p-Laplacian operator using I"-convergence. Homoge-
nization of an elliptic problem with homogeneous Neumann data has been studied in [26].
Gaudiello [25], has investigated Laplace equation with inhomogeneous Neumann boundary
condition posed on oscillating boundary domain and in [27], using extension operators the
authors have studied the homogenization of Ginzburg—-Landau equation. Exact controlla-
bility problems in oscillating domains have been investigated in [17,18]. For literature on
homogenization of optimal control problems on this type of domains one can refer to [16,20—
22,33,35,39,40].

The present domain can also be seen as a very good generalization of domains with thick
junctions. In addition to our recent work [1] in thick junctions, such a domain has been
considered by Mel’nyk [30], where asymptotic expansion method is used and asymptotic
study of Robin problem has been investigated in [15]. Also, see [32].

2 QOscillating boundary domain

For j =1,2,...n—1,let L; > 0 and consider a small parameter ¢ = (&1, &2, ..., &—1),
with g; = ﬁ—f_, N; € Z*. Denote any element x € R” as x = (x/, x,), where x’ € R”~! and
xp € R.Let L = (L, La,...,Ly—1)and B = (0, L) x (0, Ly) x ---(0, L,_1) Cc R*~1,
We, now describe the domain 2, C R" and its boundaries as follows.

Let g: R"~! — R be a smooth and periodic function with period L. Thatis, g (L jej+x) =
g(xYVx' e R*™1 j =1,2,...,n — 1, where {e1, e, ..., e,_1} is the standard basis of
R"~!. Let n be a smooth real valued function defined on B such that it takes the minimum at
the boundary, that is, n(x;) = My =: miny g n(x’), where x; € 9B. Also, assume that the
function n — My is compactly supported in B. Now, extend 7 to the whole R”~! periodically
with period L.

Let M| =: max,yepn(x’) and m > max, g g(x’), with M| > My > m. We define the
domain £2, as

2, = {(x/,xn) eR":x eB, g(x') <x, <n.(x)=n (%)} .

! _ Xn— -1 —
Note that, % = (;‘—:, z—;, e 8’17: ). For x', y’ € R"~!, we formally define x’'y’ as x'y’ =
(X115 .-+ Xn—1y,_,)- The top boundary of §2 is denoted by yj and is defined by

v ={( x)ix € B, xy = ne(x)}
The bottom boundary I}, of £2; is defined by

Iy, = [(x/7 Xp): Xy = g(x/), x' e E] .
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Let 2" be the top part of the domain §2,, which is defined by
2F ={(&', x) eR":x" € B, My < x, < n:(x)}.

The reference set Y (a), for a € (Mg, My), is defined as Y (a) = {y € B:n(y) > a}. Note
that Y (a) is Lebesgue measurable as 7 is assumed to be a smooth function.
Denote §27, the fixed part of the domain £2,, which is described by

2 = {(x/,xn):x/ eB, g(x') <x, < Mo}.

The lateral and top boundaries of 2~ denoted by Iy and I are defined as
I, = {(x/,xn):g(x’) <x, <My x € 813%} and I = [(x’, My):x' € E} ,
respectively. The common boundary I is the lower boundary of £2;7 which is defined as
Iy = {(x', xp) € 2e:x, = Mo}
We can also write £2, as
2 =1 (2FU27).

Our full domain or the limiting domain §2 (see Fig. 2) is described by

2={(" x):x" €B, gx') <x, < Mi}.

The upper part of the limit domain 27 is defined by 27 = B x (Mo, M;). The lower
boundary of £2 is same as that of £2., namely I,. The upper boundary I';, and the lateral
boundaries Iy are defined as follows.

Iy = {(x/, Mi):x' e E} and Iy = {('x/axn):g(-x/) <x, <M, x' € 8@}

Define aset E, = {k € 7'l ek L 4+ ¢B C B} and the reference cell AT is defined as, (see
Fig. 3)

AT = {0 vy €B, My < ya <N}

Let H)(2:) = {f € H! (R"): f(x' + kL, x,) = f(x', xy) Yk € Z""'}. Note that, by kL,
we mean kL = (k;L1, ..., k,—1L,—1). We call a function as I's-periodic if it takes the same

value on the opposite lateral sides of the domain £2,.

3 Unfolding operator and its properties

In this section, we define the periodic unfolding operator (7°¢) and the boundary unfolding
operator (T,f,,o) to study the asymptotic behaviour of the solution of PDEs posed on a domain
with highly oscillating smooth boundary which we have described in Sect. 2. This is one of
the most important sections of the article. Also, we look into some of its important properties
which are required for our analysis in the later sections. Let us define the unfolded (fixed)
domain £2y, where the unfolded functions are defined on, as below.

Let G = {(xn, y):xn, € (Mg, M),y € Y(x,)}, then 2y is defined as 2y = B x G,
which can be written as

Qu ={&" xp, I x" €B, My <x, <My, y€Y(xy)}.
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Fig. 2 Limiting domain
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We, now present an unfolding operator which is completely new and novel. For x’ € R"~1,
we write [x'], as the integer part of x” with respect to L, that is, [x"], = kL, where k =
(k1, ka, ..., ky—1) is the “largest” integer tuple such that kL < x', that is, k;L; < x; for
j=1,2,...,n—1land {x'}, =x" — [x']..

Definition 3.1 (The unfolding operator) Let ¢°: 2y — $2; be defined by (x', x4, y) —
(8 [%]L + ey, xn), that is, ¢¢(x', x,, y) = (s [%]L + ey, x,,). The e-unfolding of a func-
tion u: 2 — R is the function u o ¢°: 2y — R. The operator which maps every function
u: 2} — Rto its e-unfolding is called the unfolding operator. Let the unfolding operator is
denoted by T¢, that is,

T {u: 2 > R} - (v: 2y > R}

defined by

Teu(x', xp, y) =uodp®(x',x,,y) =u (8 [’%]L + ey, x,,) )

@ Springer



86 Page 6 of 30 S. Aiyappan et al.

If U is an open subset of R” containing £2;” and u is real valued function on U, T¢u will
mean 7°¢ acting on the restriction of u to §2;F. Some of the properties that 7¢ enjoys are given
below.

Proposition 3.2 For each fixed ¢ > 0, T® is linear. Further, if u, U:Qj — R, then,
T¢(wv) =T u)T*(v).

The proof follows directly from the definition.
Proposition 3.3 Letu € L'(2;). Then,

/Tgu dxdy:|B|/udx.

Qu F

f ‘udxdy = / / / X; +8y, xn) dx'dydx,

=My yeY(x,) B

/ / Z / u(keL + ey, x,,) dx'dydx,

My yeY (x,) keIng 'eekL+eB

Proof

M,
= Z dx’/ / u(keL + €y, x,,) dydx,
keEeyicek+sB Mo yeY (xy)

M,

"B Z/ / u(keL + €y, x,) dydx,
"EESMO YEY ()

B Z / u(z, x,) dzdx,
keEepro zeke L veY (xp)

= |B| / u(x) dx.

foxs

Proposition 3.4 Let u € L*(2}). Then, T*u € L*(Qu) and ||T¢ull;2q,)

Proof Given thatu € L2(9+) implies [u|*> € L1(9+). From, the above proposition, we get
/ |T¢ul>dxdy = / T¢\ul? dxdy = |B] f lu|? dx.

Qu of

This implies
||TS”||L2(QU) =V |B|||u||L2(Q;')~
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Téu =

]
Proposition 3.5 Let u € H'(2}). Then, T°u € L>(B; H'(G). Moreover, 5

n

0 0 0
7e 2! and—Teuzest—u,forj:1,2,...,n—1.
0xp dy; 0x;
Proof Since there is no oscillation in x,, direction (and hence no unfolding), we obtain that
0 ou
Téu=T¢ . Now, we have
0xy Xn

(A ereme :/”T%‘”%ﬂ(g) dx’
B

n—1 2

5 ou u 2 5
=f et | —| +7T° + T¢ul* | dxdy
— ox; 0x;,
U J=
n—1 2 2
u Ju
= [ r° 2= — 2| dxd
/ Z T 0x; + X, - lul vy
Qu j=1
n—1 2 2
du du
:|B|/ e2|—| + + ul? | dx
— ) | 9x; Xy,
+ V=
< [Blllul}1 g, < 00

[m}

Proposition 3.6 Let u € L2(21). Then, T?u — u in L*>(2y). More generally, let uy — u
in L2(2%). Then, T®us — u in L*(2y).

Proof To see the first part of the theorem, consider ¢ € D(27).

sp_ |(T°9)(x', % 1) = 9wl = sup g (e [£] +evix) — o)

(.y)eQu .)€y
mg(leL]),

IA

where m, is the modulus of continuity of the function ¢ which is defined as

mg(8) = sup {|¢(z1) — P (z2)[: |21 — 22| < 8}

71,2262+
Since ¢ is uniformly continuous in 27, mg(leL]) — 0as e — 0. Hence,

sup|T¢¢ —p| = Oase — 0
u

and thus,

T — ¢ in L>(Qu) Y ¢ € D).
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The density of D(£27) in L2(£2) completes the proof of the first part. Now, suppose that
ue — uin L2(27). Then,

”Tallg — I/l”LZ(QU) = ||T8ME —T%u + T u — M”L2(QU)
< NT%ue — Tfull 20,y + 1T u —ull 120,
= 1T (ue =)l 20, + 1T°u —ull;2(0,)

= VIBlllue —ull;20r + IT°u — ull;2(q,), by Proposition 3.4

< VIBlllue — ull 24y + 1T u — ull 200,
— 0 as ¢ > 0.

Under weak convergence, we have the following result.

Proposition 3.7 Let, for every ¢, u, € L2(.Q£+) be such that T®u, — u weakly in L2(2p).
Then,

- — " Xn.y) d
Ug IB| / u(x', xp, y) dy

YEY (xn)
weakly in L2(2%). Here, Ui, is the zero extension of us to 27 .
Proof Let ¥ € D(£27), then,
/ﬁwzifmrw
& |B| &
o+ 2y

1
— Bl / uyr as ¢ — 0, by Proposition 3.6

Qu
M,
1
= — d dx,dx’
// IB| / wdy |V dndx
B Mo YEY ()

:/ u;ﬁ / udy | ¥ dx,dx’ Yy € D(2T)

o+ YEY (xp)
This completes the proof as D(£27) is dense in L2(2). O
Proposition 3.8 Let u, € HI(Q;) for every ¢ > 0 be such that T®u, — u weakly in

a 1 a
— u dy and L — -
1Bl Jy (xn) 9xp Bl Jy x) %n

L*(B; H'(G)). Then, i, — dy weakly in
L%(£21).

Proof Given that Tu, — u weakly in L?(B; H'(G)), which implies

d
T ug, — "

weakly in L? (L2y).
0x, dx,

T u, — u and
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That is,
d a
T u, — u and relle o weakly in L>(2y).
0xy, dx,
: . - 1 o ou,
Using Proposition 3.7, we get u, — — u dy in L°(£27) and
”E' Y (x,) Xn
1 d
— " dyin L2(21). O
Bl Jy(x,) 0Xn

3.1 Unfolding on the boundary

We, now define the boundary unfolding operator on I, that is, on the common boundary of
Q5 and 2.

Definition 3.9 Let ¢fwo:1|33 x Y(Mp) — T be defined by (x’,y) — & [%]L + ey. The

e-unfolding of a function u: I'; — R is the function u o ¢i,10: B x Y(Mp) — R denoted by
TA840 is defined as

Typp: I — R} — {v:B x Y(Mp) — R}

by

Tyu =uo gy, =u (g [%]L +£y).

If U is an open subset of R"~! such that I, ¢ U and u: U — R then Tl‘f,lou = T)iz:Mo (u|p€).
The properties of boundary unfolding are given below. We omit the proofs here, as they are
similar to that of unfolding operators.

Proposition 3.10 1. Tf,lo is linear.
2. Let u,v be functions from I, — R. Then, T/f,,O (uv) = Tf,,o (u)T/f,,O (v).
3. Let u € L*(I's). Then, Tlf,lou e LX(B x Y(My)). Moreover ”TAE/[OMHLZ(IB%XY(MO)) =
NVIBIull 22
0 0
4. Letu € H'(I). Then, Ty u € L*(B; H' (Y (Mo))) and ——Tjy,u = ejTlf,,Ua—u,for
Yij Xj
j=12,...,n—1.
5. Let u € L*(B). Then, Ti,u — win L3(B x Y (Mp)).
6. Suppose that u; — u in L%(B). Then, Tf/loug — uin L*(B x Y (Myp)).
7. Suppose that u; is a sequence in L2(Iy) such that T,f,,oug — u weakly in L2(B x Y (Mp)).

Then, uy — u dy weakly in L*(B).

Bl Jymp)
In the next two sections, we study two homogenization problems, where one is a non-linear

problem posed in the domain £2, as in Fig. 1 and other is a linear problem described in a
circular domain (see Fig. 4).
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4 Homogenization

We consider a semi linear elliptic equation in the domain £2;:

{ — Aug +k(ug) = frin 2,

+ . o @.1)
e =0o0n y," UTy; ugis I's-periodic.

Here, f; is a given function in L2(82,); k: R — R is a smooth function such that 0 < C; <
k'(t) < Cy Vt € R; 9, is the outward normal derivative. By monotone operator theory (see
[41,42]), it is known that if f, € L%(£2,), then Eq. (4.1) admits a unique weak solution u,
in H; (£2¢). Moreover, the solution satisfies the a priori estimate, that is,

luellgio,y < Cllfell22)s 4.2)

where C > 0 is independent of €. The non-linear problem is not new and it has been studied
in [30], where the author considers the branched structure domain (rectangular type). Of
course, they also do not use unfolding operators. We consider this non-linear problem in the
general domain, we have discussed in the previous section and we use unfolding operators.
From our earlier research, we have realized that unfolding operators are more suitable to such
problems.

Limit problem Let 2(x,) = |Y(x,)|, where |Y (x,)| is the Lebesgue measure of the set
Y (x,) at x, € (Mo, M7). Here, we have chosen 1 such that 4 is a strictly positive function
in [My, M1]. Now, Consider the space

oy

W(R) = {w € C®(Q): ¢ e LA(R), 3 € L*(2), v~ e H'(27) }

with the inner product

(u, v)w = (hu, v) 20+ + (hdy,u, Oy, V) 2(2+)
+ (U, V) 1 -y- (4.3)

Now, define W (£2) to be the completion of W(.Q) with respect to the norm defined by the
above inner product. We can characterize the space W (§2) as
d
W(R) = {w e L2(Q2):y € L*(2), 3—'/’ eL>(Q), ¥y~ € HI(Q_)} .
Xn

Note that W (£2) is a Hilbert space with the inner product defined as in (4.3).

We, now state the limit problem. Given fy € L2(£2), consider the partial differential
equation

d u™ + + o oF
— h(xy,) +hGxp)k@™) = f,° in 27,
dx, dx,
—Au” + k() = fy in 27,
duT
— =0 on Iy U Ty, 4.4
ov
h(Mop) du™ ou~
ut = u-, (Mo) du = “ on Iy,
B dx, dx,

u is I'y-periodic,

where

u=u"yor +u xo-and fo = fi xo+ + fy xa-- (4.5)
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The weak formulation of the above equation is: find u € W (£2) such that

h(x,) out oY N ) .
/ B <8xn dx, +k )w>+/Vu VY 4 k)Y
.

2
1
i [ v [ 5w (46)
2t 2~

forall y € W($2). The existence of the weak solution is guaranteed again by the monotonicity
of k, similar to the case of (4.1). We have the following homogenization theorem.

Theorem 4.1 Assume f. — f, weakly in L3227 ) and f, = 0in R and let u, be the
solution of the semi-linear elliptic equation (4.1). Then,

~  hw)
T B
ug N h(x,) Buar
0xy, Bl 0x,
u; — uy weakly in HI(SZ_),

ug weakly in L2(9+),

weakly in L2(9+),

where uq is the unique solution of the homogenized problem (4.4), with f0+ = 0. Here, u;

and u; are the restrictions of ug to ) and 27, respectively.

Remark 4.2 'We can also consider non vanishing f; on .Qj , but in this case, we need to take
fo € L2(2) and f, — fo strongly in L2(£2).

Proof Recall the a priori estimate (4.2):

luellgio,) < CllfellLz) 4.7

Since f; is given to be weakly convergent, there exists a constant C > 0 independent of &
such that || fz [l .2(o) < C. Hence, we have

luell g1 (o, =< C. (4.8)

Let us estimate T¢u] in the space L?(B; H'(G)) using the properties of the unfolding
operator, which we have discussed in Sect. 3. By using Proposition 3.5, we get

” Ts”:— ”iZ(]B;Hl(g) < B| ”ue”}qu(_%) . 4.9)

The boundedness of the sequence T°¢ uj’ in L2(B; H'(G)) follows from estimate (4.8). By
weak compactness, there exists a subsequence (still denoted by ¢) such that

Teu — ug weakly in L*(B; H'(G)), (4.10)
which implies
Tful — uf weakly in L?(2y), (4.11)
B dug
—Tfuf —~ "o weakly in L%(£2y), that s,
dx, 0x,
dut +
et 0 weakly in L*(22p) (4.12)
0x, dx,
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andfor j=1,2,...,n—1

+ Jut

a ug 9
—Tful —~ o weakly in L%(2y), that s, ajT‘EA 2o weakly in L%(2y).
3yj 3yj ij‘ 3yj
(4.13)
From the Proposition 3.5, we have
dut dur
”ng = VIB| ’8 < VIBllluellgie,)-
0% |l 22620 9x;j |l 200
o o oul 5
Again estimate (4.8) implies the boundedness of the sequence T° 3 in the space L“(2y)
Xj
. dug .
for 1 < j < n — 1. Hence, from (4.13), we conclude that — =0, for 1 < j <n — 1.
Yi

Thus, we have

~

1 Jutr 1 u
+ + s 0 s 12004
— d d - — d kl L~ (82 4.14
U IB] / uq dy an ox, IB] f 0%, y weakly in L=(£27) ( )

Y (xp) Y (xn)
with the help of Proposition 3.8. Since u(J{ is independent of y variable, we get
du ub
/ ug dy = h(x,)ugand / 0 dy = h(xy)—2. (4.15)
dx, 0x;,
Y (xn) Y (xn)
Thus, (4.14) becomes
~  h(w) T h(xy) dut ,
+ n) 4+ e n 0 2ot
— an — eakly in L=(£27). 4.16
Yo T T Mo o Bl oy, oKy In L7 (4.16)
ut o, .
We know that 7 —= isbounded in L=(£2y) for | < j < n—1.Hence, by weak compactness,
Xj

there is an element P; € L?(2y) such that up to subsequence (still denoted by ),

9 +
T aus — P; weakly in L*(2y) for 1 < j <n — 1. 4.17)
Xj

Since k satisfies k()] < C(1 + |t]) V¢t € R, we have Tsk(uj) = k(Tguj) is uniformly
bounded in L2(2y) as Tguz' is bounded in L2(£2y). Hence, there exists a Zin L2(R2y) such
that

Tk(ul) — ¢ in L*(2y) (4.18)

Using the estimate of |[ug|| y1(g,), We have the boundedness of u, in the space HY(2).
Thus, up to a subsequence (still denoted by ¢)

uy — uy weakly in H'(27). (4.19)
Define ug as
up(x) = u0+)(9+ +uy xo- (4.20)
Claim 1 ug € W(£2) and satisfies the limit problem (4.4).
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9
We know that ug € L2(£2) and 8”—” e L2 ) for 1 < j < n. To prove uy € W(R2),
X

aug 2 L. . . 3148'
we need to show — € L“(£2). Note that u; is independent of y variable and so is —.
Xn Xn
ug 5. dug duo
Hence, we have —— 3 € L~ (£27)and also —— ox, elL? (£27). Thus, to show — 3 € L°(82),itis
Xn Xn

enough to prove that the trace of u and u, are equal on . Since u |, = u |, implies the
equality of trace for the boundary unfolding operator, we have Tzle (u | 1‘8) TAS,IO (u | I}) .
That is,

(T W) ley=pto = Ty, (uz 1) - 4.21)
From the weak continuity of trace operator, we can write
(T%u)) lymnty = g Ly=p, Weakly in L*(B x ¥ (Mp))
and from (4.19), we get
Ue =My —> U |x,=p, Strongly in L(B).
This implies
Tyt (e Lxu=po) = g Lx,=pay in L2 (B x ¥ (Mo)).
Passing to the limit in (4.21) as ¢ — 0, we get

_ .0
u{“xn:M() = U | xy=p1p in L°(B),

€ LQ(.Q)‘ Thus, we

. - . . . ou
since ug and u,, are independent of y variable. This shows that 0
Xn
proved the claim.

Identification of the limit P; in (4.17).

For ¢ € D(£27), choose a test function ¢ (x) = sjd)(x){x’} forl] < j<n-—1,insucha
way that cj)g is continuous on £2;". By applylng unfolding operator on q)g and by Proposition
3.5, we get

TS¢; = 8]'ij8¢),

0, 1 9 d
J JoYj Xj
995 1 9 a¢p
e J &€ e . . .
= ——T% " =¢;y;T"—, ,1<i<n-1
axi & ayi d)J 7 axi ! # / ! "
elon - a¢
=¢&;yj .
Bx 7 0Xy,

Let us recall the variational formulation of (4.1) with the test function (1333 .

/wg VS + / k(ue)gh =0, as ¢5 = 0in 2~ (4.22)

+ +
& ‘QS
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Now notice,

Loy dup 005 dup 09
/W V9= IIBSI/ Z( 8T€8'>+T G lerger

=07 X; 0x; 0x; dx, ax,
oF

3u+ 3(15 ouf ol
T TS [ . 'Tfi Té‘
|IB§| / Z i 0x; - ax; <8Jy] ax;j + ¢>

i=0,i#j J

dut

1
€8 o.y.T¢ & _ £ +\ 7€ A€
3%, ejyiT axns/k(“s)¢j = 1B /T k(ug) T ¢;
2F Qu

1
:E/ajyjﬁk(uj) T¢p.
v

Equation (4.22) gives,

qut = d duf .9
/Tg ab:;» re=-| ) SJYJTE ox; a¢. eyl aL;:- TE%
Sy J 2y i=0,i#j i Xi J J
dul ¢ T
+ejy;T? Bxi T‘Ea—/ejijsk(ug)Tﬂﬁ.
v
This implies,

gauj
T T°¢| < e;CIT Ol L2, 11 (G))-

0x;
u
Hence,
dut
11m 7o e -T°¢ = / Pijp =0Vg € D(27).
£0 dx
Ly

Thus, we conclude that/ Pjdy=0on 2" for j=1,2,...,n—1.
Y (xn)
Next, we derive the limit of the non-linear term.

Claim 2 / ¢ dy = hk(ug) in L*(Qu): let ¢ € C'(£2). Here, we use Browder-Minty
Y (xp)
method using the monotonicity of k (see [24,31]). We have

/ |w;—V¢|2+/ o, 1t — B, B2 +/ Vot
Q- 2F

+ /Q_(k(ue) — k(@) (ue —¢) + /m(k(ue) — k(@) (ue —¢) = 0.

By applying unfolding, we get

/ |Vu,; — Vol|? + L |T£ax,,ug — T%8,¢1* + T Vyue |
2- B
+ /Q (kue) = k(@) (e — @) + @ (Tfk(ua) — T k() (TEul — T¢¢) > 0.
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Upon expanding the above inequality, we obtain

/ (IVuel* + k(uoue) + — | (IT*Vul |* + Tk T u))
2~ |B| Qu

+ /Q_ (IVP] =2V Vo + k($)p — k(ue)p — k(@)ue)

i [ (T80 = 2T 00 T, + TH@) TS
U
—Tku)T ¢ — Tk($)T ul) > 0. (4.23)

Now, let us recall the variational formulation:
/ VueVo + k(ue)¢ +/ VueVeo + k(ue)p = / Jed.
2- oF Q-
On applying unfolding,
1
/ Vu, Ve + k(u, ) + —f (T*Vul TV + Tk T ¢) = / fo.
- Bl /o, -

Using the convergence of T°u, and u_ , we can pass to the limit in the above equation and
obtain

1
/Q Vug Ve + k) + — /Q By By b + L) = / fob Vo € C' ().
- U

B

As C1(2) is dense in W (£2), we have (choosing ¢ = ug)

1
/ |Vug|2+k(ug)ug+—/ (18, ud 1> + cud) :/ foug - (4.24)
- Bl /oy -
Note that
1
lim / [Vuel? + k(ue)us + (|TEVuj|2+Tfk(uj)T€uj)
e—0 | Jo- IB|
= lim Sfeute
e—0 Jo-
=/ Soug
o
1
=/ |w5|2+k(u5)u5+—f (192, 1 1> + cud) (4.25)
2- Bl Jo,

Now, we utilize (4.25) in passing to the limit in the first line of the equality (4.23). In the
other components, we just apply weak convergence of 7¢u, and u_ , in respective spaces.
Thus,

fg \Vug — Vo> + — |3x,,u0 3,1 +/_(k(u3)—k(¢))(ua—¢)

B
o / (€ — K@) — @) > 0.
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The aboviinequality is true for all ¢ € W(£2), as C'(£2) is dense in W (£2). Now, for a fixed
Ve Cl(.Q), choose ¢ = ug — Ay, & > 0, to get

)»/ IVy | _'_7 Iax,,I//|2+/ (k(ug) — k(ug — A)) ¥
2- B -

+— (¢ —k@ui —r)) ¥y =0V e CH(R).
Bl Joy,
As A — 0,

|IB%|/ (¢ —kugNy =0V ¢ e C'(2).

Hence, / ¢ dy = h(xk(ug).
Y ()

Claim 3 u satisfies the limit equation: Choose a test function iy € C*(£2) in the variational
formulation of (4.1). Now, using the above limit analysis, we get

/Vu‘E -V +/k(u£)1// = f Vu;r -V + / k(u;r)l// + / Vu, -V +k(u, )y

£2¢ £2¢ .(22' .Q;' 2~
n—1
_ 1 & Ltj eal// & a+ sal/f
~ B ZTF,-TaijFT 8an8x,,
Qu
1
+— T*?k(uj)T%er/(w;.vw+k(u;)¢)
Bl Joy
-
dug oy L N
|IB%|/ 9xs 01y T 1B S, NV
+ / (Vuo™ - Vi + k(ug)y) (4.26)
-
and
/falp_) /f()_l/f- 4.27)
o
Hence,
Buo 810 h(xn), o _ - _
|B|/ 33y 01 Jor 1B k(”o)“fv“‘) 'V'“k(”")'”‘/f"‘”
_ -

which implies

+
LA E T N E—
|

0x, 0x,
0+

Vi € C®(R2). Since C®(£2) is dense in W(£2), the above equality is true for all ¥ in
W (£2). Therefore, ug satisfies the differential equation (4.4) with f0+ =0. O
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Fig. 4 Circular oscillating
domain O,

5 Oscillating circular boundary domain and problem description

In this section, we consider a circular domain whose boundary is highly oscillating. As
discussed in the introduction, the literature in the circular domain is limited (see [29,37,
43]). In [29], the amplitude of the oscillations is of order ¢ and in [37,43], the authors
have studied homogenization problem on a domain with highly oscillating interfaces. But,
we consider, oscillations of O(1). Our novelty in the study is the development of suitable
unfolding operator. Using the unfolding operator, thus developed, we study the corresponding
homogenization. The ideas of the unfolding operator comes from the previous section, but,
we need to develop it in the set up of polar co-ordinates to apply it in circular domains. In
fact, this is one of the major advantages of our approach of defining unfolding operators in
smooth oscillating boundaries.

For a small parameter ¢ = ZW”, N € Z*, we consider an oscillating boundary domain
O, as given in the Fig. 4. We now describe the domain O, and its boundaries as follows.
Let g:R — R be a smooth and periodic function with period 27 and n be a smooth real
valued function defined on [0, 27] such that it takes the maximum at the end points, that is,
n(0) = n(2m) = r; =: maxge[o,27] 1(0). Also assume that the function r; — n is compactly
supported in (0, 27r). Now extend 7 to the whole real line periodically with period 27.

Let ro =: minge(o,27)7(f) and m < minge[o,27] §(A), with 0 < ryp < ri < m. Now,
define the domain O, as

Op = {(n0) e R:0 <0 <27, n.(0) = (%) <r < g®)}.

Typically, O, consists of an annulus type region bounded by the inner circle of radius r; and
outer boundary given by g; and an oscillating region bounded by the outer circle of radius
r1 and the oscillating inner boundary defined by 7. The oscillating inner boundary of O,
denoted by y; is given by

ve ={(r,0):0 € [0,2x], r = n:(0)}.
The fixed outer boundary I, of O; is defined by

L, ={@0):r =g©), 6 €[0,2r]}.
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Let O be the oscillating part of the domain O, which is
(92' = {(r,@) e R*0 <6 <27, ne(0) <r < rl}.

The reference set Y (a), for a € (rg, 1), is defined as Y (a) = {t € [0, 27]: n(t) < a}. Note
that Y (a) is Lebesgue measurable as 7 is assumed to be a smooth function. Denote O, the
fixed part of the domain O,, which is described by

O ={(r,0):0<60<2m, r<r<g@®}.
The inner boundary of O~ denoted by I is defined as
Io={(r1,0):0<6 <2m}.
The common boundary [ is defined as
Ie={(0)eOsr=r}
We can also write O, as
Oc = Int (OFUO7).
The full domain or the limiting domain O is described by
O={(r0)0<6<2mx, rp<r<g@}.
The inner part of the limit domain O™ is defined by
Ot ={(r0):0<0<2m, rg<r<r}.
The boundaries of O are I, and I}, where
Iy ={(r0,0):0 <0 < 2m}
and I, is same as defined earlier. The reference cell D is defined as, D =: {(r,0):n(0) <

r<ry,0<6 <2} (Fig. 5).

Fig. 5 Reference domain D

-
h-——-—‘
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6 Unfolding operator and its properties

We, now define the relevant periodic unfolding operator (7¢) and the boundary unfolding
operator (7;) in the circular domain with highly oscillating smooth boundary which we have
described in Sect. 5, to study the asymptotic behaviour of the solution of PDEs. We, also look
into some of its important properties which are required for our analysis in Sect. 7. Let us
define the unfolded (fixed) domain O,, where the unfolded functions are defined, as below.
LetG = {(r,t):r € (ro, r1), T € Y(r)}, then, O, is defined as O, = (0, 2w) x G, which
can be written as

O, ={r,0,1)|]0<0 <2m,ro<r<ry, te¥Y}.

For x € R, we write [x],, as the integer part of x with respect to 27, that is, [x]2, = 2k,
where k is the largest integer such that 2kmr < x and {x}; = x — [x]25.

Definition 6.1 (The unfolding operator) Let ¢*: 0, — O;" be defined by (r,6,7) —
(r.e [g]zn + 7). The e-unfolding of a function u: O — Ris the function uo¢®: 0, — R.
The operator which maps every function u: OF — R toits e-unfolding is called the unfolding
operator. Let the unfolding operator be denoted by T, that is,

T°: {u: 0} - R} —> {v: 0, > R}
defined by

(T°u)(r,0,7) = o ¢*)(r.0.7) = u(r.e[¢], +er).

If U is an open subset of R? containing O and u is a real valued function on U, T¢u will
mean T°¢ acting on the restriction of u to O] . Some of the properties of T¢ are given below.

Proposition 6.2 For each fixed ¢ > 0, T¢ is linear and T¢(uv) = T¢(u)T*(v), where
u,v:0f - R.

The proof follows directly from the Definition 6.1.

Proposition 6.3 Letu € L'(OF). Then,

/ Téu rdrdfdr =2m / u rdrd?.
Oy of
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Proof

/ urdrdodr = / / / r .9 +£r) rdédtdr

ro teY(r) 0
N—1 2(k+1)em

/ / Z / u(r,2kem + ev) rdodvdr

0 ey (r) *=9 g=dken
N—1 2(k+1)em r

= Z / d@f / u(r, 2kem + et) drrdr

k=0 g _oken ro TeY(r)
-1
=2me Z / / u(r,2kem + et) drrdr
k=07 rey ()

N—
Z / / u(r, z) rdrdo

k= Oro 7€2kem+-eY (r)

=2 / u(r,0) rdrd®.
of
m}

Now, for any u € LZ(OJ) implies [u|*> € L! (OF). Hence, from the above proposition, we
get

f|T8u|2rdrd9=fT8|u|2rdrd9 =27T/|u|2 rdrdf.
Ou O“ O:r

This implies that || T¢ull;2(0,) = V27 ||u ||Lz(0:) and thus we have the following proposi-
tion.

Proposition 6.4 Letu € L*>(OF). ThenT¢u e Lz((’)u)andHTsuHLz(Ou):«/271||u||Lz(O€+).

du Ju 9 d
Proposition 6.5 Let u, a” % € L*(OF). Then, T¢u, a—Tfu a—Tgu € L*(O,). More-
d ou d ou
ovet, —T®u =T%— and —T%u = eT®* —
ar or ot 90"
. Lo . a & & au 8 &
Proof By using the Definition 6.1, we can easily check that a—T u="T o and a—T u=
r r T
0 d
8T8—u. By the Proposition 6.4, we have [|Tu||12(0,) = V27 ||u||Lz(O+), T‘E—u =
20 " € or L2(O,)
d ad d
V21 o and Tg—u 2 u . Hence, the result follows from
Irllzof 20, 30l 208)
the hypothesis. O

Proposition 6.6 Let u € L2(O1). Then, T®u — u in L%(O,). More generally, if yo — y
in L2(O%), then T®y, — y in L*(O,).
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Proof Consider ¢ € D(OT).

sup  [(T¢¢)(r,0,7) — ¢(r,0)| sup  |p(r, e[Clox +e7) — (1 0)|
(r,6,1)e0, (r,0,1)e0O,

mg(2me),

IA

where m, is the modulus of continuity of the function ¢ which is defined as

mey(8) = sup {lp(z1) — @ (22)] : |21 — 22| < 8}.

71,22€OF
Since, ¢ is uniformly continuous in O, mg(2me) — 0as e — 0. Hence,

sup |T¢¢p —p| — Oas e — 0.
Thus, T8¢ — ¢ in L2(O,) Y ¢ € D(OT). The density of D(O1) in L2(OT) completes the
first part of the proposition. To see the second part, suppose that y, — y in L2(O1). Then,

IT¢ye = Ty + Ty — yll12(0,)

< Ty = Tyll120,) + 1T°Y = Y1200,

IT° (e = Mliz20, + 1Ty = ¥lir200,)

V2 llye = ¥l 208 + 1Ty = ¥l 120, (by Proposition 6.4)

1T°ye = yl20,)

A

< NV2xllye = yl2ot) +IT%y = yl20,)
— 0 as ¢ —> 0.

[m}

Proposition 6.7 Let, for every ¢, y. € LZ(Oj) be such that T¢y, — y weakly in L*(O,).
Then,

1
Ve = — / y(r,0,7)dt
2

TeY(r)
weakly in L*>(O%). Here, ¥, is the zero extension of ye to O7.

Proof Let ¥ € D(OV). Then,

1

/ygt/f rdrdf = 3 Ty T rdrdd
7

O+ Ou

1
— o / vy rdrd6 as e — 0, (by Propositions 6.2, 6.3 and 6.6)
b4

Ou
2 ry ]
:f/ — / vdt | ¥ rdrd6
2w
0 ro teY(r)
1
:/ 7 f ydt | v rdrdd Yy € D(OT)
b4
ot e (r)

This completes the proof as D(O7) is dense in L2(O). |
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We, now derive the convergence of unfolding for H! functions.

a
Proposition 6.8 Lety, € H! (OF) for every ¢ > 0 be such that T®y, — y and 3—T5y£ —
r
dy L9 - 1 dye 1 ay .
— weakly in L(O,,). Then, y. =~ — ydrt and — — — — dt weakly in
ar 27 Y(r) ar 27 Y(r) ar
L?(0™F).

Proof Given that
d d
Ty — yand —T¢y, — 22 weakly in L2(O,).
ar or
That is,

e Oy

o = 5 weaklyin L*(O,).

Ty, — yand T*

| 3 o - D1 o
Using Proposition 6.7, we get y, — — ydtin L*(O7)and — — — =~ dr
2w Y(r) or 2w Y(r) ar

in L2(0F). a]
6.1 Unfolding on the boundary

We, now define the boundary unfolding operator on I, that is, on the common boundary of
Of and O~.

Definition 6.9 Let ¢f : (0,27) x Y (r1) — I be defined by (6, 1) — ¢ [%]271 + e7. The
e-unfolding of a function u: I'y — R is the function u o d)fl :(0,27) x Y(r;) — R denoted
by 7.

Tifu: e — RY — {v:(0,27) x Y(r))} — R
by
T u=uody, =ule [%]27‘[ +e7).

If U is an open subset of R? such that I'; C U and u: U — R then T u = T£ (ur,).
The properties of boundary unfolding are given below without proof. In fact, all of them
can be proved analogously as above.

Proposition 6.10 1. 77 is linear.
2. Letu, v be functions from I, — R. Then, T/ (uv) = Tfl (u)Tr‘s1 (v).

1

3. Letu € L*(I's). Then, Tfu € L*((0, 2) x Y (r0)). Moreover, | T ull 12((0.27)x ¥ (o)) =
A/ 27T ||M ”LZ([‘E).
ou

9
Letu € H'(I;). Then, T u € L*(0, L; H' (Y (r0))) and S Thu=ely—
T

96"
Letu € L*(0,27). Then, T u — u in L*((0, 21r) x Y (rp).
Suppose that uy — u in L%(0,27). Then, Tfl ue — uin L2((0,27) x Y (r1)).
Suppose that u. is a sequence in L2(I,) such that Tfl u; — u weakly in L2((0, 27) x

- 1
Y(r)). Then, u, — E/ u dt weakly in L*(0, 27).
Y(r1)

N s

@ Springer



Generalization of unfolding operator for highly oscillating... Page 23 of 30 86

7 Homogenization

The homogenization of the following Laplace equation in the domain O; is the topic of
discussion in this section. We use unfolding operator developed in the last section to carry
out the analysis. Thus, consider

{_Ays+y£=fainos 7.1

dyye =0 on 00;.

Here, f; is a given function in Lz(Og); d, is the outward normal derivative. It is known that,
if f; € L2(0,), then the Eq. (7.1) admits a unique weak solution y, in H 1(©,). The solution
operator is linear and continuous from L3(0,) into HY(O,), that is,

el o < Clfell2o,), (7.2)

where C > 0 is a constant independent of ¢.
The Eq. (7.1) can be written in Polar Coordinates as follows:

P?ye Loy, 13y

T T rar e eSO (7.3)
dyye =0 on 00;.
The variational formulation of the above equation is
dye 0 1 9y, 0
/ 2 2% ardo +/ =222 ardo +/ Ve rdrdo
O, ar or O, r2 a0 060 O,
= / feordrdd ¥ ¢ € HY(O;). (7.4)
O,

~ 1 ~ ~ ~ .
Note that, V f(xg) = 9, f (x0)er + —0p f (xo)eg where e, and ey are the unit normal vectors
r

in radial and angular directions, respectively.

Limit problem Let h(r) = |Y (r)|, where |Y (r)| is the Lebesgue measure of the set Y (r)
atr € (ro, r1). Here, we have chosen 1 such that 4 is a strictly positive function in [ro, 1].
Now, Consider the space

+
W) = [w € C®(0) : ¢ € L*(0), % e L(0), v~ e HY(O™) }

with the inner product

(u, v)w = (hu, v) 20+ + (horu, 9,v) 20+ + (Orut, 3 V) 1 2(0-)
+ (o, 89v>L2(O_) + ) 0. (7.5)
where, (i, v) 20+ =: f0+ uv rdrd@. Now, define W(O) to be the completion of VT/((’))

with respect to the norm defined by the above inner product. Hence, W (QO) is a Hilbert space
with the inner product defined as in (7.5).
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Given fj € L2(0), consider the partial differential equation

d ay™ h(r) ay™ .
—— | h(r)— )| — ——— 4+ h(r +
3r< ") 8r> r or + ()y fo in O7,
— Ay YT = fy in 0,
ayt (7.6)
R A— on I'U I},
dv
_ h(rp)dyt oy~
+ = —_— = — F .
YEY o T e T ar onto
where,
y=y"xo+ +y xo- and fo = ff xo+ + fo xo-- (7.7)

The weak formulation of the above equation is: Find u € W (O) such that

h(r) (dy* oy o / dy~ oy 1 ay oy _
ARy (A drdo o W Y W drdé
/2n<8r or T2V )rdrddt | e T e ae T V)
o

= % / fo ¥ rdrdd + / fo W rdrdo (7.8)
o+ o=

Vi € W(O). As fy € L?(0), it defines a continuous linear functional on W (©). Then, the
Lax—Milgram lemma assists us in obtaining a unique weak solution of (7.6).

Theorem 7.1 Assume that )N‘; is uniformly bounded in L*(©) and let y, be the solution of
the Laplace equation (7.1). Then,

/\_/

y~+ h(r) y dys __h() 8y0
¢ 27 0 o 2 or
Yo — Yo weakly in HY(O),

weakly in L2((9+) and

where yq is the unique weak solution of the homogenized problem (7.6), f0+(r, 0) =
fy(r) f10,r,t) dt with f1(0,r, 1) is the weak limit of T® f, in L*(0,) and fo is the
L? weak limit of fo in O". Here, v and y; are the restrictions of ye to OF and O,
respectively and f; is the zero extension of f; to O.

Proof The continuity of the solution operator gives the following estimate.

1yell o,y < Cllfell 2(0)- (7.9)

Since, f; is uniformly bounded, there exists a constant C > 0 independent of ¢, such that
| fell2(0y < C. Hence, we have

||}’a||Hl((98) <C. (7.10)

Let us, estimate 7¢y," and its derivatives in the space L?(0,) using the properties of the
unfolding operator, which we have discussed in Sect. 6. By using Proposition 6.5, we get

ay, ay
||T y5||L2(ou) —«/7||)’8||L2(O+)’ HTF 3 _rH € and
or |20, L2(0F)
9 0
Hrsys =21 Hyg . (7.11)
aT L2(Oy) 96 L2(0F)
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By weak compactness, there exists a subsequence (still denoted by ¢) such that

Ty} — yi weakly in L2(O,), (7.12)
3 vy 3 vy
Treyr 20 tharis, 70 2e Ve eaky in 22(00) (1.13)
ar d ar ar
and
9 9y Iy vy .
P fyt —~ 33 thatis, eT° 3; — a—g weakly in L%(O,). (7.14)
From the Proposition 6.5, we have
dyS d
‘Tﬁ e = V2r H 2 < V2 lyell o,
90 20, 12(07)
. - dys
The estimate (7.10) implies the boundedness of the sequence T°¢ 20 (Oy).
d
From the convergence (7.14), it follows that yo = 0. Hence, we conclude that
~ 1 ayr 1 [ ooyt
W [ yidr and g,f — f %dr weakly in L2(O") (7.15)
Y(r) Y(r)
with the help of Proposition 6.8. Since yar is independent of T variable, we write
9 + 9 +
/ v§ dt = h(r)y] and / 20 g = 20 (7.16)
ar or
Y(r) Y@
Thus, (7.15) becomes
3 h() oy h(r) dyy
yi— e vy and 8; e 80 weakly in L2(O™). (7.17)

We know that T5% is bounded in LZ(OM). Hence, by weak compactness, there is an

element P € L2(0,) such that up to subsequence (still denoted by ¢),
e ay:- : 2
T 20 — P weakly in L=(O,). (7.18)

Using the estimate of || ye |l 1(0,), we have the boundedness of y, in the space H Lo).
Thus, up to a subsequence (still denoted by ¢)

yo — y weakly in H'(O™). (7.19)
Define, ug as
+ +
oy ifxeOT,
yo(x) = {ya if xeo. (7.20)

Claim yg € W(O) and satisfies the limit problem (7.6).

ayo
We know that yg € L*(0) and — ar S LZ(O ). To prove yg € W(O), we need to show

+

9o 2 .. . .0y
—— € L7(0). Note that y, is independent of 7 variable and so is ar Hence, we have
r

ar

@ Springer



86 Page 26 of 30 S. Aiyappan et al.

dy

8y+ 0 ) 8 )
ar € L“(O7). Thus, to show o € L*(0), itis enough to prove
r

or
the trace of y0 and y, are equal on Ip. Since ys A 1‘5 =y, |r, implies the equality of trace
for the boundary unfolding operator, we have T, ( | pg) T (y,S | 1;) i.e.

€ LZ(O+) and also —

(T°OD) lr=ry = T5 (v 1) - (721)
From the weak continuity of trace operator, we can write
(T* () lr=r, = Vg lr=r, Weakly in L*((0,27) x Y (rg))
and from (7.19), we get
Ve lr=r, = Yo lr=r, strongly in L0, 27).
This implies
T, (v lr=n) = g lr=r, in L?((0, 27) x Y (r1)).
Passing to the limit in (7.21) as ¢ — 0 we get
Y lr=r =Yg lr=r, in L*(0,277),

since y(’)L and y, are independent of t variable.

Identification of the limit P in (7.18): finally, we identify P which is identically 0.

For ¢ € D(O1) and ¢(z) € D(0, 27), choose ¥ € D(0, 27) such that /'(z) = ¢(z). Now
choose a test function

¢°(r,0) = ep(r, )y ({£}).

in such a way that ¢° is continuous on O;. From the definition of e-unfolding of ¢ and by
Proposition 6.5, we get

T = e (r. e [£] +e7) ¥ (),

Tsadb“" _ 10 3(1)( 0 0 ,
%9 = 29c T¢¢p* —58—9 [E]+er) lﬁ(f)+¢<r,€[gj|+8f>l/f(f)»

T 09" = s% <r £ [9] + S‘L') v (7).
ar ar

From the above equations, we derive the following convergences, as ¢ — 0

T¢¢® — 0in L*(Oy) (7.22)
ad)s — ¢(r, )Y/ (1) in L*(Oy) (7.23)
84’6 — 0in L*(O,) (7.24)

Let us recall the variational formulation of (7.1) with the test function ¢®.

/ 0ye 0¢° n 1 9y, 0¢°
ar or r2 90 96

+ ya¢8> rdrdf = / fod® rdrdo ¥ ¢ € H (0,)
O,
(7.25)
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Now notice,

& 1 £ € 1 €
/ 9: 007 | L 003y qg =/ Ove 007 LD IO g
o, \or ar " 1290 96 of \dr 9r r2 96 90

1 (TaayiTga(/)E 1oyt 0¢F

- —T T¢
2w ta

rdrdfdt
ar or r a6 20

u

21
OM

— L / P ¢(r,0)y (t) rdrdédr as & — 0; (7.26)

1
/ygdf rdrd = / yof rdrdo = > / T¢y} T¢* rdrdfdt — 0 as e — 0
T
O Oz’ Oy
(7.27)

and

1
/fgqbg rdrdd = / fed® rdrdd = o f T fe T°¢° rdrdodt — 0 as ¢ — 0.
7T
O, O;r Oy

(7.28)

Combining (7.26), (7.27) and (7.28), we get, fOu P ¢(r,0)y' () = 0, which implies

/ / Plﬁ/(l’) dt | ¢O,r)rdrdd =0V ¢ € 'D(O+).
ot YY)

That is,
[ peoowm=o
Y(r)
Hence,
/ P(r,0,0)¢(t)dt =0a.e. (r,0) € O, ¢ € D(0, 2x).
Y(r)

Thus, P =0 a.e.on OF o
Claim yy satisfies the limit equation: Choose a test function ¢ € C°°(O) in the variational
formulation of the Polar form of (7.3), which is given by

dye 0y 1 dys oY
D OV DOV drdo
/5(8r or T2 90 90 TV

dye 0y 1 dye 3y
= DefV 22V drdo
/o;<ar or 17290 a9 TV )Y

dye 0 1 dy, 0y
+ —_——t =+ drdf = drd6
/;9—<8r ar r2 90 90 ysl/f rar O, fswr g
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Consider the first 3 terms, to get

dys 0P 1 9y ¢
COLA A 4 drdo
f0£+<ar or 290 99 TV )

1 oyt oy 1 ayF .9
(Te Ve Telf+7Ts Ve T8l+T8ij8w) rdrdfdc
r

2 or = or 30 90
O,
1 Iyg Yy
— [ (Zo ¥ dbdr.
_>27'r <8r or TV rdr t
Oll

The next 3 terms satisfies

0ye oY 1 dye oy
De OV " DIV drdo
/of(ar or 200 90 TV )T

dyg oy 1 dyg oy
Do IV, Do IV drdo 7.29
—>/o<3r or T2 o ag TV )rdr (7.29)

and finally,

/fgw rdrdf = / fe¥ rdrd6 + / fe¥ rdrd6
Oe (’)(c+ O~
1
= - / T f. T*Y rdrdfdt + / fer rdrd6
Ou O~

1
— Z—/flw rdrdfdt + / Jo ¥ rdrdo. (7.30)
T
Oy O~

Hence, as ¢ — 0, the limit variational formulation becomes

1 g Y

— [ (B ¥ drdod

2 <8r or YoV |rdrdodz
Oy

dyy 0y 1 9y, 0y _
Do oV Do IV drdo
+/O‘<3r or T2 0 ag TV )rdr

1
= f fiv rdrdodt + f f W rdrdo. 7.31)
Oy (O

That is, yg satisfies the equation

/ hr) <8y°+ W, yow> rdrd6

21 ar or
O+

dyy 0y 1 9y, 0y _
Do OV, Do IV drdo
+/O‘<3r or T2 0 ag TYoV)rdr

= % / foF v rdrdo + / fo rdrdoy (7.32)
o+ (O
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Yy € C*(0), where f; (r,0) = fy(r) f1(r, 0, 7) dr. As we know that C*°(O) is dense in
W (0O), the above equation is true for all ¢ in W (O). Therefore, yq satisfies (7.6). O

8 Conclusions

In this article, the major contribution is the development of unfolding operators in domains
with smooth and highly oscillating boundaries. Then, the unfolding operators, thus developed
have used to study the homogenization problems in such domains. Such unfolding operators
with smooth oscillating boundaries is completely new to our knowledge. This novel approach
is very handy to the study of homogenization problems. In the first part of this article, we
have considered oscillations on a flat part of the boundary. In the second, we have modified
our ideas to develop unfolding operators in curved domains and as a sample, we have studied
itin a circular domain. We have used the corresponding Polar form of the Laplace equation.
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