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boundary is very few. In this article, we use appropriate scaling on the controls act-
ing on the oscillating boundary leading to different limit control problems; namely,
boundary optimal control and interior optimal control problem. In the last part of the
article, we visualize the domains as a branched structure and we introduce unfolding

operators to get contributions from each level at every branch.
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1 | INTRODUCTION

The study of boundary-value problems in domains with rough boundaries or interfaces was started to understand various physical
models such as scattering of waves on rough boundaries, transmission and reflection of waves on rough interfaces, mechanical
problems concerning plates with densely spaced stiffeners, flows over rough walls, vibrations of strongly inhomogeneous elastic
bodies, the fluid-structure interaction problems in which the displacement of the oscillating boundary is governed by equations
of elastic structures, viz., beam equations in one dimension, plate and shell equations in higher dimensions, etc. In order to
understand these kind of physical problems, we need to understand the asymptotic behavior of the governing equation as it
involves different scales. Also materials with rough boundary are used in several industrial applications like microstrip radiator
and nano technologies, fractal type construction, etc. This motivates us to study homogenization of various problems including
optimal control problems in oscillating domains.

In this article, we study the asymptotic behavior of an optimal control problem associated with the Laplace equation in a 3-
dimensional domain with highly oscillating boundary which are smooth and periodic. This can be generalized to any dimension
n 2> 3 though we restrict to the case n = 3. Though plenty of research articles on oscillating domain have appeared in the last 10-
15 years, most of them consider pillar type oscillating domains and some generalization of the same. But recently S. Aiyappan,
A. K. Nandakumaran and Ravi Prakash have considered an oscillatory domain with smooth oscillatory part. There was a novel
approach by these authors in defining new unfolding operators which they have used to study a homogenization problem, in fact, a
non-linear problem. The domain, we denote as €, , has two parts namely the oscillating part QF and the fixed part Q~ (see Figure
for a 2-D pictorial representation). Consideration of smooth domains will allow us to consider more practical problems like
circular domains with oscillatory boundaries (application to circular type radiators), domains with branched structure as in. In
fact, we present a result on branched structures in the last part of this manuscript which is more general than that considered in.
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In this article, we study an optimal control problem with periodic controls acting on the oscillating boundary of the domain.
Using the unfolding operator to be introduced later, we characterize the optimal control at every ¢ stage by introducing an adjoint
system. We have also studied limiting behavior of the optimal control problem. The characterization of the optimal control is
also used to study the homogenization of the optimal control problem.

The study of homogenization on oscillating boundary domain was started long back. For example, one can look at the work of
V. P. Kotljarov and E. Ja. Hruslov (see®). They have considered Helmholtz equation on oscillating domain to study the limiting
behavior. In 1978, R. Brizzi and J. P. Chalot analysed Laplace equation with Neumann boundary condition in">
oscillating domains. There are plenty of articles concerning homogenization of boundary value problems posed on pillar-type,
that is non-smooth and and amplitude of O(1), domains. T. A. Mel’nyk studied homogenization of Laplace equation with non-
linear mixed boundary conditions®L. In"', the authors have considered Laplace equation and studied asymptotic behavior and
derived error estimates. For homogenization of non-linear problems in oscillating domains, one can look into the work of A.
Gaudiello and T. A. Mel’nyk in“®, where they have studied a homogenization of a monotone problem with nonlinear signorini
boundary conditions. In#4, T. A. Mel’nyk studied non-linear parabolic problem using asymptotic expansion. The authors, U.
De Maio, A. K. Nandakumaran and C. Perugia have studied exact controllabillity problems in oscillating domains in“"?, For
more literatures in this direction, we refer tol12U3M42412527 5 the references there in. In all the above works the amplitude
of the oscillation is of O(1). There has been several works on oscillating thin domain where the amplitudeof oscillation is of
O(e). For example, one can look into the work of J. Arrieta and M. Pereira in”®, where they have considered an elliptic PDE
on thin oscillating domain with homogenious Numann boundary condition. J. Arrieta and M. Pereira in® have also studied
homogenization of an elliptic PDE in a locallay periodic thin domain. Further in''¥, the authors have developed unfolding operator
for locally periodic thin domain to study the homogenization of an elliptic PDE and obtained corrector results.

In333438 control problems where the controls are acting away from the oscillating part of the domain have been investigated
with certain error estimates. Recently, A. K. Nandakumaran, Ravi Prakash and Bidhan Chandra Sardar in 36l considered a second
order elliptic interior optimal control problem. In their work, they have used the method of periodic unfolding to characterize the
control and studied asymptotic behaviour. The periodic unfolding operators to study homogenization problems was introduced
in 2002 by D. Cioranescu, A. Damlamian and G. Griso'®. These all are interior control problems. For a boundary optimal
control problem in a pillar-type oscillating domain, we refer to the work of A. K. Nandakumaran, Ravi Prakash and Bidhan
Chanda Sardar (see®’), where they have considered Neumann boundary control problem on the oscillating part of the boundary.
In#, S. Aiyappan and Bidhan Chandra Sardar have studied a biharmonic boundary optimal control problem. For more literature
on homogenization of optimal control problems, one can look into=223122l93335534037 anq the references there in. For general
periodic homogenization theory we refer to!11740 and the references there in. For optimal control problems and derivation of
optimality system one can look into3U,

In this paper, we consider Neumann controls acting on the oscillating part of the boundary which are smooth. Since we are
considering smooth oscillating domains, we can workout all the details to circular oscillating domains, which we believe has
far reaching applications, using unfolding operators in polar coordinates”. We obtain the optimality system at every & stage and
then, we have analyzed the asymptotic behavior of this optimality system as € — 0. The controls are defined with different
scaling factors. Thus, we get two different limit optimal control problem depending on the scaling factor.

The arrangement of this article is as follows. In Section 2, we present the domain and problem description. In Section 3, the
unfolding operator and its properties are stated. Some preliminary results and estimates are discussed in Section 4. The main
results and their proofs have been presented in Section 5. In the last section, we briefly discuss a similar optimal control problem
in a branched structure domain and derived the homogenized problem on a multi-sheeted function space. viewing the oscillating
domain as branched structure as in Section 6 will have more applications as it provides information at any level we wish.

in various

2 | DOMAIN AND PROBLEM DESCRIPTION

For a fixed parameter ¢ = i with m € N, we consider the domain Q, C R3. Through out this article, we denote x’ =
(x1,%,), ¥ = (1, ¥2)s 2/ = (24,2,). Let y : R? = R be a smooth 1-periodic function (that is # periodic in x, and x, direction
with period 1). Let M, = sup{n(x')| x" € [0,1]*}, and M, = inf{(n(x")| x" € [0, 1]*}. Define for x’ € R?, n*(x') = n(x;,). Let
g : R? = R be a smooth 1—periodic function such that sup{g(x")| x’ € [0,1]*} < M,. Note that the graph of 5, will define
the smooth, periodic oscillating boundary of the domain €, to be defined below whereas the graph of g will define the bottom
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boundary. The domain €2, can be written as
Q, = {(¢,xp)| X" € (0, )%, g(x") < x3 <n°(x")}.

The oscillating part of the domain Q is given by

Qf = {(x’,x3)| My<x;<n <x?’> for all x" € (0, 1)2}
and the fixed part Q~ is defined as
Q™ = {(x',x;)| X' € (0, 1), g(x') < x3 < My}.
The boundary of ©_, namely d€2,, can be written as y, U y, U y,, where
7y = {(x". gD x" € 0. 17},
7o = {@(). x3)| X €0(0. 1), g(x') < x5 < My}
Ye = 02\, U7,):
The reference cell A (Fig. is defined as A = {(x', x5)| X" € [0, 117, M, < x5 < n(x")} and the reference boundary y is given
by y = {(x',n(x"))| x' € [0,1]%}. We can write y = S U F, where
S = {(x',n(x")| Vyn(x") # 0} and F = y\S.

More precisely, F can be written as
N

F=Fy UF, ul JF,
k=1

where F, = {(xX',n(xX')| n(x") =1, Vun(x)=0}and M, < t; <1, < ... <ty < M.
Define the sets

Y, ={x' €[0, 1’| (¥, n(x")) € S}

Yy, = {x' € [0.1P| ('.n(x")) € Fy, i = 0.1}

Y, ={x' €lo0, 11| (', n(x")) € F, k=12, ,N}



4 | S. Aiyappan ET AL

Using these notations, we can write y, as y, = 8° U F'*, where

m—1 N
’ PR £ __ £ € €
x e<2(5(1,1)+51@))} and F —FMOUFM]UkL_JlFtk,

i,j=0

s = {(x’,;f(x’))

where
m—1
F;}/ = {(x/,ﬂf(x’))) x e <Z(E(l,]) + EYM,.)>} , forl =0,1
i,j=0

and

Ff = {(X',n“’(x’))

m—1
X € <2 (ei, j) + eY,k)> } , fork=1,2,...,N.

i.j=0
The full domain Q is defined as
Q= {(x',x3)| X' €(0,1)% gx') < x3 < M,}.
In other words, Q can also be written as { = interior <M)), where
Q" = {(x,x3)| X €(0,1)%, My < x5 < M,}.
The bottom boundary of Q is same as that of Q_, that is y,, and the side boundaries y,, are defined as
ve = {(€(x), x3) X' €9(0,1)%, g(x') < x3 < M}

The interface boundary is defined as y, = {(x’, M,)| x’ € (0,1)*} and top boundary part, denoted by y, is given by y, =
{(x', M))| x" € (0, 1)?}. Let us define the space Lier(y) as

L2 ()= (0 € L2(r) 1 0(G.J) + Y. n() = 60/, n()). ¥(i.j) € Z2, almost every Y/ € (0. 1)?).

Now we describe the control problem posed on this domain.

2.1 | Problem Description

Here we are considering a boundary optimal control problem on the oscillating domain €2,. As the oscillating parameter € — 0,
the Lebesgue measure of the boundary increases in the O(é). So we multiply the control by the factor e* with a > 1 to get the
uniform bound for the optimal solution. The other factor with e* which is of O(1) are multiplied to get a nice characterization
of the optimal control via unfolding operator.

For 0 € L?  (v) define 6°(y/, n(y")) = 7.(y', n(y"))0(y', n(y")) where
NVIVAlV 1T+ (V|2
Ver+|Vnl?

Here F;, = U,ILI F, and y, is the characteristic function of a set A. Further, a is a parameter and we get into two different limit
problems depending on @ > 1 and @ = 1. The critical case a = 1 is more interesting. Now for 6¢, define 6¢ € L?(y,) as

(s . n(y)) = 6° (Ln <1>> .
E E

A function defined on €, is said to be y, periodic, if they take the same value on the opposite sides of y,. For 8 € lem(y), we
consider the following L%—cost functional

Jé(ug,e):%/lug—udlzdx+§/|9|2.
Q, 14

7. (Y, n(y") = (;(FMO + XF, t€ Xs+ e"xpm> oG, a > 1. 2.1
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where the state u, satisfies the following PDE

—Au, +u, = f in Q,,
Oue —6; on y,,

v (2.2)
u. =0 ony,,

u, is y, periodic.

where f € L*(Q) and 6¢ € L*(y,) defined as above. Now consider the following optimal control problem: find (i,,0,) €
H!'x lew(y), satisfies PDE li such that

J.@.0,) = inf (T, 0)] 0 €L, (). 2.3)

Here, HE1 is a Hilbert space defined by Hg1 = {¢p € H(Q,)] d)ln = 0, ¢ is y, periodic}. Given f and @ as above, the
variational formulation for the PDE lb is given by: findu, € H 61 such that

/ Vu,Vpdx + / u pdx = / fpdx + / 0,¢, Yo € H.. (2.4)
QE

Ve

‘€ 3

The existence and uniqueness of weak solution of (2.2)) follows from classical elliptic equation theory. Now, we state the
existence and uniqueness of optimal solution to (2.3) whose proof follows from the classical theory (see"Y).

2 ().

Theorem 2.1. For each € > 0, the minimization problem 1) admits a unique solution (i, 95) € He1 X Lper

The characterization of the optimal control using unfolding operator is given in Section 5, Theorem[5.1} Our aim is to analyze
the asymptotic behavior of (i,,0,) as e — 0.

Remark 2.2. As the oscillating boundary is y,, it is natural to consider the control contribution on ¥, in the cost functional J,,
instead of y. One of the justification is that the control is coming from the fixed boundary of the reference domain which is more
easy to apply. Nevertheless, it is also possible to consider the L? cost functional as

ng(ug,e):%/|u£—ud|2dx+/|9"|2.
Q, Ve

Now consider the optimal control problem : find (i}, §!) such that
JN@a!, oY) =inf{J (u,0)| 0 € L), (u..0)obeys (2.2)}, (2.5)
The optimal control problem (2.5) and (2.3)) are equivalent. This is due to the following equality
N e Vunl()/1+1V,nl2(")
A ¥ ¥
/ 161> = / o1+ / £210]” + /
Ve k=1Frk S \182+ |Vy"’l|2(J/’)

[0 (i n00)[ 26)

Fy,UFy,

The verification is straight forward.

3 | UNFOLDING OPERATOR AND ITS PROPERTIES

Here we will recall the definition of newly developed unfolding operator for domain with smooth oscillation and its properties
without proof. For proof, one can see. First, we will define the unfolded domain Q;; in which the unfolded functions are defined.
Before that we will introduce some notations. For z € [M), M, ], define the reference set

Y(2) = {x' € (0,1 n(x") >z},

in other words Y (z) = {x’ € (0,1)?| (x',z) € A} and h(z) = |Y(z)|, Lebesgue measure of Y (z). This is very crucial in the
development of unfolding operator. The unfolded domain €, is defined as follows,

Qy = {(x,x3,Y)| X' €(0,1)*, My<x;<M,, y €Y(x;)}.
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Let 9 = {(x3,Y)| x3 € (My, M,), ¥ € Y(x;)}, then one can write, Q; = (0,1)> X 4. Let 09 = {(n(y').y’)| ¥ € Y,}. For
x' € R?, we write [x'] = ([x,], [x,]) and {x"} = ({x;}, {x,}), here [x,] is the greatest integer part of x; and {x,} is the fractional
part of x;.

Definition 3.1. (The unfolding operator) Let ¢* : Q; — QF be defined as ¢*(x’,x3,)") = <e [x:/] + ey’,x3> . The e—
unfolding of a function u : QF — R is the function uo¢* : Q; — R. The operator which maps every functionu : Qf — R to
its e-unfolding is called the unfolding operator. Let the unfolding operator be denoted by T, that is,

TSS{uZQ:aR}—»{TS(u)ZQU—»IR}

TEu)(x', x5,y )—u(e[ ,] + gy, x3>

IfU c R? containing Q: and u is a real valued function on U, T*(u) will mean, T* acting on the restriction of u to Q: Some

is defined by

important properties of this unfolding operator are stated below.

Proposition 3.2. For each € > 0,

(i) T¢ is linear. Further, if u, v : QF — R, then, T*(uv) = T*(W)T*(v).

/Tg(u)dxdy’:/udx.

Q Qt

(i) Letu € L'(Q}). Then,

(iii) Letu € L*(Q]). Then, T*u € L*(Qy) and ||T¢ul| 12,y = llull L2
(iv) Foru € H'(Q}), we have T*u € L*((0, 1)?, H'(%)). Moreover, ()%Tgu = TE:T" and %Teu = 5T€;7", fori=1,2.
3 3 i i

(v) Foranyu € LZ(Q:), T¢u — u strongly in L*(Qy,). More generally, if u, — u strongly in L>(Q*), then, T¢u — u strongly
in L2(Qy)).

(vi) For any ¢ defined on Q_, we denote ¢, an extension by 0 to the full domain Q. Let, for every €, u, € LZ(Q:) be such that
T¢u, — u weakly in L*(;,). Then,

i, — / u(x’, x5, y)dy weakly in L*(Q™).

Y EY(x3)

(vii) Let, for every ¢ > 0, u, € H'(Q}) be such that T¢u, — u weakly in L*((0,1)*, H'(¢)). Then, i, — / udy' and

Y(x3)

/ —dy weakly in L2(Q").
Y(xw)

6x3

3.1 | Boundary Unfolding Operator and Its Properties
Here we will state the boundary unfolding operator and some of its properties . Proof will follow on similar lines as in"®.
Definition 3.3. For i = 0, 1, the e-unfolding of a function u : F ;4,_ — R is the function (TFw) : (0, 1)? x YM’ — R defined as
(Tu)(x', My, y') = u (g ["—] +ey, M,.> .

If U ¢ R3 containing Fy, M, and u is a real valued function on U, T*(u) will mean, T/ acting on the restriction of u to F ¢

Some of its important propertles that will require in our analysis are given below.

Proposition 3.4. Fori =0, 1.

(i) Tf is linear, and if u,v @ F;, — R, then, T (uv) = T ()T (v).



S. Aiyappan ET AL 7

(ii) Itu € LA(F}, ), then, Tfu € L2(0, 1) X Yy,) and 1T ull 2o 1y, = Ml 2,

(i) If u, — uin H'((0, 1)? X (Mo, M), then, Tfu — u in L*((0,1)> X Y, ).

(iv) If u, be a sequence in L>(F ) such that Tfu_ — u weakly in L2((0,1)* X Y, ), then, i, = / udy’ weakly in L2((0, 1)?)

Yy,

Fort, € (My, M), k =1,2,..., N, we define similar kind of boundary unfolding operators that enjoy Proposition as
follows,

Definition 3.5. For k = 1,2, ..., N, the e-unfolding of a function u : ka — R is the function (Tti u) : (0,12 x Y,k — R defined
as (Ttiu)(x’,tk,y’) =u <£ [x:’] + £y',tk) .

4 | SOME PRELIMINARY RESULTS AND A PRIORI ESTIMATE

In this section, we will prove some preliminary results which are the main ingredients for proving the main results.
Lemma4.1. Letv € C oo(&) and 7 be the reference function on (0, 1) as given in Section 2. Then,

(T*0) (X', n(y), ¥) = v(x',n(y)), ase = 0
strongly in L®((0, 1)? x Y,).

Proof. Note that the function v is Lipschitz as v € C °°(§). Now consider

v < [x?] + 6y’,n(y’)> —o(x',n(y"))

€4 — ¢ +ey
€
where C is a constant independent of €. Thus we have

sup  {|Tv(x",n(y"),y") — v(x',n(y/)|} < Ce.
(x',y)€(0,1)>XY;

|(Teo)(x",n(y), ¥") = v(x',n(y)| =

<C < Ce,

Passing to the limit as € — 0, we get the required result. [
Lemma 4.2. Let ¢ € C®(Q™), then (T¢¢) (X', n(y/), ¥) converges strongly to ¢(x’, 7(3')) in L2((0, 1)? X 0%9).
Proof. : By Lemmal4.1] we have

(T )X, n(y), ¥') = p(' s (Y NPdx'dy' — 0,

(0,1)2xY,
as € — 0. Now,
(TP, n(y), ¥) = b, n( NP/ 1 + |V () 2dx dy
(0,127,
<k / (T )", n (), ) = (', n( D Pdx'dy
(0,1)2xY,
where k = sup{4/1+ |Vy,17(y1)|2| y' € [0,1]%}. In the last inequality if we pass to the limit as e — 0, we get the desired
result. O

Lemma 4.3. (Convergence of Trace) Let T¢u, — u weakly in L2(0,1; H'(4)). Then, T¢u,| o 1pxoe) — "l(0.1px09) i0
L%((0,1)> X 09).
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Proof. Let ¢ € (C®((0,1)* x g))3 . Consider the following

/ V(x3,y’)(T6ug) . d) = - / TEuEdiV d) =+ / TEuE(d) . \/).

(0,1)2x% (0,1)2x% (0,1)2x0%
We can pass the limit in the first two term of the above equation . We get the following as € — 0,
/ Vil d+ / udiv ¢ = igig / Téu, (¢ - v).
0,12x% 0,1)2x% (0,12x0%

Using integration by parts in left side we see that

lirr(} / Tu (¢p-v)= / u(ep - v).

E—

(0,12x90% (0,12x0%

Asp € (C®((0,1)*x ¥ ))2 is arbitrary, the result follows. O

We now give the uniform estimates on the optimal solution 8, and i, . Recall 6 for a given 6 € Lfm(y) Let us calculate the
||95|| . Since, y, = S U FE U FE U Uk | F,,, one can write

02,y = [ 100+ [10p+ [1604 [ 16
F, F, Se U
0 1

k=1 Ty

Now,

x/
/ |6e|? = / 0 (—,M0> dx'
3 £
b 5(11)+£YM
By change of variable and using the periodicity of 6, we have
/ |6<)* = / 161>,
Fy,
Similarly, we have
/ |0A£|2 — / £2a|0|2.
Ullcvzl ij( U,I(VZI ka
Now,
|V un(: I+ IVon( )|2) ' / ;
/|e£|2 / L (L)) fer s v one (2 )ax
€2+ V() e \e e
S¢ 5(1/)+£Y

By change of variable and periodicity of # and 6 we have

eIV (I +|V,n()1?)
£ |2 Y Y / / 2 20/ /
/I0 |” = Z / A IV, 00 0 n(y N/ € + |V ynl>(y)edy

th

c / 0
S

where C is a generic constant independent of . Hence, we have the following lemma

<clel;

Lemma 4.4. For any 6 € L2 (v), we have 116212 e S L2y’ where C is a constant independent of €.
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Lemma 4.5. (A priori estimates) The family of optimal solutions (&
C > 0 such that ||i || g1(q,) < C and 16, 2, < C.

[

6,) of 2.3) is uniformly bounded in €, that is, there exists

Proof. Boundedness of |0, || L2(r,) is obvious from the definition of optimal solution and by Lemma Now, choose ¢ = i, in

the weak formulation (2.4),

/VuVudx+/ i, x—/fudx+/0“‘ua’x

Q Q Ye

€ 3

where 52 corresponds to 6. This implies

N1, 0, < 1A @, + / o,
Ye
Boundedness of i, will be proved if we show that

/egae < Cllall ).

Ve

Since y, = U Fy, U Fy Uk | F, , we have

| b

Cbl)
tl
Qb
M
:
+
>
m M
<
™
+
Tz
> ~—~
>
™m M
|
™M
+
>
m M
<
m

m— W 1+ |(Vx,;1)( 2 < < )) < <x/>>
i, /
E(lj)+£Y €2+ |(V, ;1)_|2 e’ €

<
1l
—

By making change of variable x’ = £(i, j) + €)' the above expression is equal to

/ VIVunOOIZ/ 1+ IVunG)I?

€2+ |V,n()|?

0, (.nO") i, (eGi. j) + €y . n(y))

1+ S 1V,n0nPetdy
g2 7

=/ (¥'.n0N) [ €7/ 1V G / T, (x',n(y/).y) dx' | V1 + [Vn(y)|2dy

Y, (0,1)2

Ijl

By Holder’s inequality in the last equality, we have

/é;l/_lé $ C”ég“Lz(y)“Tgl’_lg||L2((O,1)2,L2(dg))'
SE

From Proposition (iv), we get T* (i) € L%(0,1; H'(¢)). By the trace theorem, we have
TG 20,02, 1209) < CHT Gell 20,12, 1159

where C is a constant independent of €. By the continuity of the unfolding operator, we have

4.1)

4.2)

(4.3)
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ITa Nl 20,002,100y < Nl e, )-
Using the estimate lb we get |0, || 2 S C. Hence we have

/ bea,| < Clla o, (4.4)
SE

From the Lemma 5.6 in®, we have the following

/95&6 < Cllull g, for i=0,1

e
M;

J 4.5)

/ 0%, | < Cllullq,) -

N
Fe
k=1 "1}

From equation (.1I)) and inequalities (4.4]4.5)) give,

— 12 _
”ug“Hl(Qé) < C”uellHl(Qé)'

This implies
lacll ol < €

where C is a generic constant independent of €. O

S | MAIN RESULTS AND THEIR PROOFS

In this section, we present our main contributions, namely the characterization of optimal control, the derivation of limit opti-
mality system and the main convergence results. The proofs will be given in the later sections. Let (i,, 6,) be the optimal solution
to the optimal control problem (2.3)). The optimal control can be characterized using the adjoint problem with the help of newly
developed unfolding operators defined earlier. Let us consider the following adjoint PDE,

5.1)

ov
D, is y, periodic.

The following theorem gives the characterization of the optimal control via unfolding.

Theorem 5.1. Given f € L*(Q), and let (i, §,) be the optimal solution to the optimal control problem (2.3) and 7, satisfies
1} Then, the optimal control §, € Lier(y) is given by

-

VIVnl(y)
€ s = _yT / TEDE(X,’ ﬂ(y,), y’)dx/
(0,1)?
1) = L e ML ydx, i =0.1
M;

(0,1)2

N _ 1 £ = !/ / ’ —

0, ka = _E / Ttkvs(x o y)dx', k=1,2,.,N
(0,1)?

\

. A A l l .
Conversely, assume that a pair (., 0.) € H_ X H_ solves the following system,
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—Ail, + 4, = f in Q,
-AD, +0, =0, —uy; in Q,
ol b

f=¢, —=0ony; a,=0,0 =

ov
VIVynl(y)

— £ A ’ / / ’
f == ] Ta0Ndx

) ©.1p
Q‘F = _% Tleﬁg(x,» M;,y)dx', i=0,1
M;
(0,1)2
0 F = _% tiﬁg(x,7tk’y,)dx/’ k= 1’2""’N
Tk

(0,1
D.,i, are y, periodic.

L

Then, the pair (i, 8) is the optimal solution to (2.3).

(5.2)

Proof. The optimal control problem (2.3)) has a unique solution by Theorem Denote the optimal solution of (2.3) by (i, , 8,).
For A > 0and 6 € L*(y), we denote u,_;, = u,,(f, 0, + A0) which is the solution of state equation (2.2) with §, = 0c + A0°. Let

1 _ B
F(G):E/|u5—ud|2dx+§/|t9|2.
Q, Y

From the definition of optimal solution, it follows that for any 4 > 0, we have

F@, + ,1/?) — F(0) So.

One can derive the following by a simple calculation

F, + 10) — F(9) = i / (U, + i, —uy)u, — i )dx + g / (2406¢ + 1?6%).
Q,

e 14

Note that (u,; — i1,) satisfies,

—A(w,; —iu)+ W, —i,)=0 in Q,
o(u, ;—ii, )
ov
(u.; —u,)=0 on y,

=26, ony,

(u,, — i1,) — v, periodic.
Let w, solves the following PDE
—Awy+wy =0 in
Wy —

av
wy =0 on y,

0, ony,

Wy, ¥, periodic.

Then, u,; — ii, = Aw,. Using the a priori estimate, we get ||lu,; — @ || ;1q ) — 0 as 4 — 0. Hence,

. F@O.+16)- F(©) _
lim = /(u,E - ud)wedx+ﬂ/90£.
Q, 4

A—=0 A

From (5.4), we have

/(ﬁg —ug)wedx + [3/90_5 = 0.
Q, b4

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)
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By using w, as a test function in (5.1)) and 7, in (5.6), we get

/(VDEVLU9 + 0, wy)dx = /(LZg — Uy )Wydx
Q

Q,

‘€ ‘€

/(VDEVwa + O, wp)dx = /éEUE
Q

€ Ve

/éfag = /(ae — uy)wydx
Ye Q

Then, we have

Hence, (5.8) becomes

/ 6o, + p / 60, > 0. (5.9)
14

2
Since, the above inequality is true for all § € Lier(y), we obtain

/ 6¢o, + p / 06, =0, VO e Lier(y). (5.10)
Y

e

N
Sincey, = S°UF Iilo UF ;11 u U in’ the above equation becomes

k=1
/éfﬁe+/ééﬁe+ / éfﬁe+/éfﬁe+ﬂ/eég=0.
Fo F¢ v

N 13
My Ut ka S

We, now look at each of above integrals. Using boundary unfolding operator, the first is given by

<o, = / T (0 )(x', My, )T (6°)(x', My, y)dx'dy'

Fiy ©0,12xY),
/
= / T5 (5,)(x", My, y')0 <£ [x_] + ey, MO> dx'dy
&
(0,1)2XY,;, (5.11)
=/ / T (5,)(X", My, y)dx" 0(y', My)dy'.
Yy f0.1)2
Similarly, we have
/ 6o, = / / TE(0)(x', My, y)dx' $ 0/, M)dy'.
F Y, [0,1)2
" ‘ (5.12)

/é@:/ e“ / T ()X, My, y)dx' 30/, M)dy .
1::

Y, | 12
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Let us look at the integral on the lateral surface.

/9555
- eIV (< >|\/1+|<vx,n> (£)r
= Z / (5.13)

i 6(1 J)+eY \/52 + |er7’] ( ) |2
_ ’ ’ ’
o (Zn(2))a ((2)) 1o 5
€ € € g2

By making change of variable x’ = £(i, j) + £)/, the above sums equals

0 (¥.n0") o, (e(i,j) +&y'.n(y))

L+ 5 VG Pedy
=/ (¥.n0N) [/ 1V (G 2 / T<5, (x',n(y), ') dx’ (5.14)
Y “etiire.17)
\/ 1+ IVunO)1Pdy
=/9 Vo) (€74 1V,m0N / T0, (x'.n(y).y') dx'|\/1+ |V, n(y)|2dy'.
Y,

s (0,1?

nil/ e \/IV,mONI/ 1+ 1V,n(y)?
i,j=1YA

€2+ |V,n(y)|?

Substituting the the relations (5.11), (5.12)), (5-13) in (5.10), we obtain,

/9(y n(y") 4/ 1V, / T0,(x',n(y), y)dx'

(0,1)2

+ /Q(y/, M,) / Tfﬁg(x’,MO,y/)dx’ dy

Yur, (0.1)2

+ / /Tf(ﬁg)(x’,Ml,y’)dX’ 6(y', M)dy

Yar, (0,12

+ / /TE(U Y& 1, Y )dx, ¢ 00 1,)dy +ﬂ/90 0
Uy, 0,12

The above equality is true for all ® € L? (y). By choosing 6 € L2 .(v) suitably, we get the desired result. [

per

Having obtained the characterization of the optimal control, we now proceed to find the limit optimal control problem. For
the convenience of the reader, we explain the limit space and corresponding weak formulation of the limit problem as it is not
very common. Finally, we give the main homogenization results.
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5.0.1 | Limit Problem

Recall h(x;) = [Y(x3)|, x5 € [M,, M,], where |Y(x;)| is the Lebesgue measure of the set Y (x;). Note that A is a strictly

positive function. For each x; € [M,, M], we denote dy(x;) is the surface measure on the level curve

7, () = (¢ x9)| ¥ € 0.1 1) = x3).

w(x3) = / V1 IVun(x)[2dy (xs).
Yay

We define w on (M, M) by

Now consider the space
wW(Q) = {weL2(9)| e L*(Q), yw e H(Q )}
with the following inner product

du Odv

(u, U>W Q) = <h1/l, U)LZ(Q+) + <h_, _> + <u, U)H] Q)
¢ 0xy 0%y [ 120+ @)

Note that W (Q) is a Hilbert space with respect to the given inner product. Throughout this article, we denote

vt =ylg, W =yl fory € W(Q).

The limit optimal control problem is described below:

For f € L? (Q),0,,0, € R, & € L*M,, M,), consider the following optimal control problem: find (i, 9, 9,,d,) €

per

W (Q) X L* (M, M;) X R X R such that

J(@,0,0,,6,) = inf {J(u,0,0,,0)| 0,0, ER, 0 € L*(My, M), }

where J is an L2-cost functional defined as

1
Jw 0,010 =2 / (h(x3) s + 20 )t — uglPdx

Ml
' L BRMY P
+ 21\/ —lw(x3)||9(X3)| dx; + 0,5 +

0.
21y 1 27 21 |

In the above definition, for given 6 € L2(M0, M), 01,0, € R, usolves the following PDE

o (h(xg) > + h(x3)ut = h(x3) [T+ 6 in QF,
X3

—Au" +u = f inQ"

) out
0x; 02
ut=u" —3 - h(MO) =o,0n7y,,
X3

u"=0 on y,, anduis y, periodic.

\

The existence and uniqueness of the limit optimal control problem is presented in the following theorem.

(5.15)

(5.16)

(5.17)

Theorem 5.2. The optimal control problem (5.15) admits a unique solution (i, 8, §,, 8,) € W(Q) X L*(My, M;) X R X R .

Proof. Letm = inf{J (4,0, 0,,0,)| 6 € L* (M, M,),0,,0, € R}. Since {J(u,0,0,,0,)| 6 € L*(My, M), 0,,0, € R} CR is
nonempty and bounded below, there exists a sequence u,, € W (L) and a] R 02 € R such that J(u,, 0,, 01’ og) — m. Without loss

of generality, we can assume that
J(u,,0,,0,05) < J(uy,0,0,0), VneN.
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From above inequality we conclude that |of|, |51, [|u,|l 12y and (16,112 My.M,) Are uniformly bounded. In order to get a bound
for u,, in W (Q), we look into the following weak formulation: find u, € W () such that

out a¢+
/h(x3)< +u+¢+> dx+/(Vu Vo~ +u,p )dx
Q+

0x3 03

/h(xg)f+d)+dx+/f ¢ dx+/02¢+/9 ot + /01

for all p € W (Q). By taking ¢ = u, in ( , we get a uniform bound on [lu,|ly ) as |0} | l051 and 116,11 12(ps, u,)- So, there
exists a common sub-sequence such that

(5.18)

(1) u, — u, weakly in W ()

(i) 6, — 0 weakly in L>(M,,, M)
(iii) of = ¢y inR
(iv) 05 = 6, inR.

The existence of optimal control will be proved if we show that for some u, € W(Q) and € L*(M,, M), uy = uy(8, J,,6>)
satisfying the system (2.1I). Now, we pass to the limit as n — oo, in the weak formulation (5.18), we get

ou + ¢+
/h( X3) . ox, +u+¢+ dx+/Vu0V¢ dx—/h(x3)f+¢+dx+/f ¢ dx
a+ = - a+
+/9¢+dx+/62¢+/61¢
o+ Yu Ye

This shows that uy, = uy(f,4,,d,) is the solution to the weak formulation (5.17). As the L2-norm is weakly lower
semi-continuous, we have

1
A a1 p 1
J(uy,0,6y,6,) == /(h(x3))(9+ + 2oy — ug|*dx + = /
2 2 w(x3)
G+ M, (5.19)
PAM) o B o
0+ oysm
2Yy | 72 20Yy, 1T
This implies that
J(“()? 69 d]? OAZ) =m
This proves the existence part of the theorem. Uniqueness follows from the convexity of cost functional. O

We denote the solution of problem (5.15) by (&, 8, 3,, 6,). Now we will describe the limit adjoint equation which is the key
to characterize the optimal control.

-

ai <h(x3) ) + h(x3)v" = h(xs)@ —u,) in QF,
3
—AvT +vT =i —uy;inQ°,
ovt
— =0 ony,,
{  0x; (5.20)
vt =v ony,,
v~ ovt
— —h —=0 ,
0x5 (My) 0x5 one

v~ =0, on y,andvis y, periodic.

The characterization of the limit optimal control is given in the following theorem. We present the case separately for « = 1 and
a > 1. Recall the parameter « from (2.1]).
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Theorem 5.3. (For « = 1) Let f € L*(Q) and (@, 0, §,, 8,) be the solution of the problem 1| and v satisfies (5.20). Then,
the optimal control is given by

0= —%la)(x3)| / u(z,x3)dz |,
011
[y, |
5 = — ﬂ" v(z', My)dz', (5.21)
[0,11
[Yar |
0"2=—% v(z',M))dz,

(0,112

Conversely, assume that a pair (&, D)€ W (Q) X W (Q) solves the following system of PDE,

P o+ . A
—— | h(x3) + h(x3)i™ = h(x3) " +60 inQ7,
0x5 0x; :
_9 h(x )aﬁJr + h(x)0" = h(x;)@" —uy) in Q*
0x, 3 0x5 3 3 d ’
CAGT AT =fT, A+ =a —d,inQ,
oar _ 90t _
0x; 2 0x; Tw
pat At
it =i, 9 — WM 2= = 6y on .
0x3 0x3
) 00" b (5.22)
At A
0" =07, (My)=— ——=0ony,,
0x;  0x3

§=—%Iw(x3)l / oz, x3)dz' |,

0,112
At roa |YM1| At ’
0(z',My)dz, 02=—T 0(z',M)dz,

[0,112 (0,112
ia-,0" =0 on y,, and #, 0 are y, periodic.

LA
! p

=

Then, (4, 0, 01, 0,) is the solution of the minimization problem (5.15)

Proof. Let (@, 0, ¢;,0,) be the optimal solution of (5.15). For 8§ € L*(M,, M,), 0;, 0, € R, and 4 > 0, we denote u, =
By a simple calculation, we get

M,
J,=J =1 (xa- + h(x3)xq: ) (uy + @ — 2uy)(u, — d)dx + b 1 (2460 + A*6%)dx,
2 2/ o(xs)
Q M, ’
ph(M)) . 20 B 202
(40,0, + A°05) + ———— (20,0, + A709).
2y, | T TR gy, !
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Note that, we can write u, — it = Aw, where w € W (Q) satisfies the following PDE,

9 <h(x3) > + h(xy)w*™ =0 in Q*
oxy X3 X3
—-Aw +w =0inQ~
Jw™*

=0, On
{4 0Oxy e Yu

w* =w on yc

ow~ w

— —h(My)—— =, 0n
ox; ( 0) x5 =oony,

w- =0, on y, and w y, periodic.

\

o J,=J
R z/(m‘
Q
pRM)  p
Vol 20 0

By choosing v as a test function in equation (5.23), we get

ow* ovt .
h(x;) — +wvt |dx+ [ Vw Vv dx= [ OvTdx+ [ ov+ | h(M,)o,v.
0x; 0x;3

QF Q- QF

ow* ovt
h(x3) —+wtvt Jdx+ [ Vw Vv dx = ;(Q+ + h(x3) xo- ) (i —uy)dx.
; 0x; 0x3
Q+ Q-

Q

Hence, we obtain

/Gv+dx+/olv+/h(M1)gzv=/(h(xz))(g++)(g_)(ﬁ—ud)dx.

Q+ Ve Yu Q

Using the above relation (5.25) in (5.24), we get

M
CJ=d .
£III(1) ] = [ 0vidx+ [ ojv+ | h(M))o,v+ p
Q+ Ye Yu M,
ph(My)
+ 0,0) + 7—00;-
Yur Y, 101

0

> 0 for every 4 > 0. we get,

M]
1 -
Hv+dx+/o v+/h(M Yo, + / 00dx
/ 1 Do v+ B o) 3
Y. Y, M,

Q+ c u
oty L B
Vol 22T

—00, 2 =0,

forall @ € L*(M,, M,), 0,, 0, € R. Hence, we have

M,
- BRM) B
00+dx+/ou+/h(M)oU+ﬁ/—90dx + ———0,0, + ——0,0; =0,
é/ 1 102 J w(x;) 3 V| 202 Yy | 101 =
+ e Yu 0

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)
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forall 6 € LZ(MO, M), 0,,0, € R. Choosing 6, ¢,, 0, suitably in the above equation, we get

§=—%|a)(x3)| /v(z,x3)dz,

0,112

Y,
5= —— [, Mg)d.
p (5.28)
(0,112
and
Y,
G, = __l”;" o(z, M)dz!
(0,112
This completes the proof of theorem (5.3)). O

Remark 5.4. Note that, though we have started the optimal control problem with the boundary control, the limit control problem
turns out to be a mixture of interior and boundary controls.

Now, we will write the optimal control problem for the case when @« > 1. Given f € Lier(Q), 01,0, € R, consider the
following control problem: find (i, ¢,, 0,) such that

J(Iz’ 0-17 0_2) = lnf{‘I(u7 017 025) 017 02 € R} (529)

where J is an L2-cost functional defined as

ﬁh(Ml)oz P o2 530
20Yp | 2 21Xy (5.30)

J(”a01a02) =/(h(x3))(gz++Zg—)|”_”d|2dx+
Q+

and u satisfies the following PDE

9 <h(x3)M> + h(xyut = hxy)f* in QF,
0x3 0x3

—Au"4+u = f"inQ"

ou’t

4 —=gp,ony, u =u ony, (5.31)
0x, .
ou~ du
M pm) 2 =
0x4 (M) 0x5 Cronte

u~ =0, on y,andu y, periodic.

L

Theorem 5.5. (For « > 1) Let f € L*(Q) and (@, §;, §,) be the solution of the problem ll and v satisfies (5.20). Then, the
optimal control is given by

[ Yy |
5 = — 240 v(z, My)dz,
(0,112
5.32
Wl 532
02=—T v(z',M)dz,

(0,112

Conversely, assume that a pair (&, 0)e W () X W (Q) solves the following system of PDE,
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L

Then, (&, 0, 0,) is the solution of the

Proof of Theorem [5.3] follows in th

9 <h(x )am) + h(xy)i" = h(x3)f*+0 inQF
0x; 37 0x3 3 3 ’
_9 <h(x )aﬁ+> + h(x)0" = h(x;)@* —uy) in Q*

Al 40T = fTinQ”
—A0T+ 07 =07 -, inQ,

ot _ . o0t

=0, =0ony,
0x5 @2 0% Tu
00 o+
at =4, ph h(MO)ax =g, onvy,
3 3
A+ A
ot = o, h(MO)gU - 3” =0ony,,
X3 X3
o My ,
0=- 5 (z', My)dz',
(0.1
Y,
0, = __;;1' o(z', M)dz,

[0,1]%
i~,0" =0, on y,, and i, D are y, periodic.

minimization problem (5.29)

e same fashion as Theorem [5.3]

The main convergence results are stated below.

(5.33)

Theorem 5.6. (For « = 1) Let (i,, 0,) and (i, 8, §,, 3,) be the solution of the problem (2.3) and (5.15)) respectively, then,

where,

(6,¢) = / 0,0(x", My)dx' + / 0"2¢(x/,M1)dx’+/§(x3)¢(x)dx.

O,

@ — h(xy)a* weakly in L((0, )% H' (M, M),
TF = h(x;)0* weakly in L2((0, 1)%; H' (Mg, M),
a7 — i~ weakly in H'(Q"),

0] — 0~ weakly in H'(Q"),

(b )12, — (©.9) forall ¢ € H'(Q),

1)2 0,1)2 QF

Here, for ¢ € L2(Q:), ¢ is the extension of ¢ by 0 to the domain Q.

(5.34)

Proof. As (i1, 0,) is the optimal solution for the optimal control problem (2.3). Using Lemma we get the estimate

i |l g1,y < C, where C > 0 is a con

stant independent of &.

Similarly, we bound the adjoint state, that is 3 C > 0 such that ||7, || < C. Then it follows from Theorem 4.1 in“! that up to a
sub-sequence 3 u,, vy € W(Q) such that

;‘E — h(x3)ug, ’17\;; - h(x3)u(;r weakly in L*(Q"),

oar
0x3
oir*

13
ox;

a”g 552: 0110+ 1200+
N h(x3)6_x3’ o) N h(x3)a_x2 weakly in L“(Q"),
P
-0, a_s — 0 weakly in L*(Q") fori = 1,2,
X

1

i_ = uy, 0. — v, weakly in H' Q).

Take ¢p € C*(Q) N W (L) as a test function in the variational formulation of (2.2).

(5.35)
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/va;v¢dx+/vajv¢dx+/a;¢dx+/a:¢dx=/f¢dx+/f¢dx+/§g¢.
Qr Q

Q- QF Q- QF

€ € €

165

By the convergence results (5.33)), we obtain

lim [ Vai; Vedx + / Vi Vdx + / i pdx + / it; pdx

Q- QF Q- QF
ouy g+ o S
=/h(X3) a_x36_x3+u0¢ dx+/(Vu0V¢ +MO¢ )dx
QF Q-

and

Q

lir%/fd)dx:/h(x3)f+¢+dx+/f_¢_dx-
Q, Q-

+

The last integral in (5.36) can be written as

/5§¢=/§§¢+/5§¢+ / 5§¢+/§§¢.
ve Fi Fy

N e €
1 Uit F o

By a similar calculation as in Lemma[4.3] we have the following:

- 3

/5§¢=/< /Tf(d?)(X',Mo,y’)dx’>§(y’,M0)dy’
Fiy Yy, [0.112

r 3

/ §§¢:/ < / T (@) My, ydx' 0 0/, Mydy
F;\'Il Y,

(0,117

J

/ b = / e / T 1, YN 00 1)d Y

Ui F, uv,y, | oap
We can write the integral / éz(j) using Theorem as follows.
Sé
[
SE

-1

3
=_£ﬂ / / Vi) / T0.(z', x5, Y)dz | T P, x5, ¥ )d sdx,

[0,112 S 0,117

If we pass to the limit as € — 0, by Lemma4.3| we have

, - P
lim 9‘(,<z’>=—%1 /Ivy/nl(y’) /UO(Z’,xg)dZ’ d(xX', x3)dsdx’,

Se 012 S 0,12

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)
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where §,; = 1 and 6,, = 0 if @ > 1. Using the slicing lemma for Haudorff measure (see Lemma 7.6.1 in%), we can rewrite the
above integral as,
Ml
o
- % / / / VI+ Vim0 / vo(2', x3)d 2" [ p(x', x3)dy, (¥)dx3dx’
[0,1]2 My 7, 0,1]2
—% / |o(x3)] / vo(2, x3)dz | p(x', x3)dx, dxyd xs (5.42)
o+ 0,112
where w(x;) = / 1+ |V onl?(x")dy, (x") and curve vy, is givenby {(y;, yz)’ n(y,y) = x3}.
From Theorem [5.1} using the characterization of optimal control, Proposition 3.4 and Lemma .3 we get
hr% 0 P = ——/ / / vy(z', Mydz' |p(x', M,)dx'dy
Yy, (0,172 \0,172
v (A (5.43)
|YMI | / / / /
= __ﬂ vy(z', M)dz | p(x', M;)dx

0,112 Y0,1]2

There will be no contribution from the other flat parts because of the scaling factor. By combining the equations (5.37), (5.38),

BAT). B33, we get.

ou’ g+ S
/h(x3)(a—x(;a—)%+u+¢+> dx+/(Vu0V¢ +ug)dx
e

= / h(x;) f*ptdx + / [ dx
J

Q,

_ | vo(2', Mo)dz' | g, My)dx'dy
B R >0 >0 (5.44)
(0,112 \o,1

|YM l ’ ’ ’ ’ gt
ﬂ vy(z', M)dz | p(x', M)dx"dy

[0,11> 0,112

; | (x5)| /Uo(z’,x3)dz d(x', x3) dx.

0,112

In a similar fashion, by passing to the limit as ¢ — 0 in the variational formulation of PDE (3.1}, we get

/h(x3)<a—x:%+U+¢+>dx+/(VU0V¢ + v, )dx-/h(x3)(u —uy)p* dx+/(u0 —u)¢p” dx  (5.45)

Qt Qt
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Combining the relation (5.44)), and (5.43)), we get
ous g o o
h(x3) 0_x30_x3 + uo(i) dx+ [ (Vuy Vo~ +u ¢ )dx
o

Q+
vy agp* s o
+/h(x3) EW-FUOQ’) dx+/(VUOV¢ +v,¢7)dx
3 0X3

Q+ Q-

=/h(x3)f+¢+dx+/f_¢_dx
o

Q+
IYMol ’ ! / / /
- vo(z', Mp)dz' | p(x', My)dx'dy (5.46)
[0,112 YO,1]2
IYMll ’ ! ! / /
_T vo(z', M)dz | p(x', M)dx'dy

[0,11> Y0,1]2

—%/|a)(x3)| /UO(Z’,X3)dZ ¢(x/,x3)dx

Q+ 0,112
+‘/h(x3)(u8r —uy)ptdx + /(ua —uy)¢dx,
Q+ Q-
for all ¢ € C*(Q) N W (Q). Thus, the above relation holds for all ¢ € W (Q) as C*(Q) is dense in W (Q) Hence, this shows

that (u, vp) is a solution of the system (5.33). As the optimal control problem admits unique solution, u, = &, v, = o. Hence,
we get the convergence of the whole sequence. This completes the proof. [

Theorem 5.7. (For a > 1) Let (i, §,) and (1, 6, 6, 3,) be the solution of the problem and (5.29) respectively, then,

@F = h(xy)a* weakly in L*((0, 1% H' (Mg, M),

OF = h(x3)o" weakly in L*((0, 1)%; H' (M, M),
- — @ in weakly H'(Q"), (5.47)
o — 0~ weaklyin H'(Q"),

<05’ ¢>L2(y£) d <®7 ¢> fOI' all ()b € HI(Q+)7

™

> ™

where,

(0,¢) = / 019(x", Mp)dx" + / 0,p(x", My)dx'.
(0,1 (0,1
The proof of the above theorem is similar.

6 | OPTIMAL CONTROL PROBLEM IN BRANCHED STRUCTURE DOMAIN (a = 1)

In this section, we will view our domain ©, as a branched structure type domain as in Mel’nyk" and we derive the homogenized
system on a multi-sheeted function space. Here, we follow the ideas introduced in S. Aiyappan and A. K. Nandakumaran®,
where they have considered an interior optimal control problem in a pillar type branched structure domain. Here we consider a
boundary optimal control problem in a more general oscillating domain where as in an interior control problem on a pillar type
domain was analyzed. We divide the domain into number layers (sheets) and in each layer there are number of branches. By
introducing unfolding operators in each branch at every level, we study the asymptotic behaviour of the optimal control problem
and derive the limit problem in a multi-sheeted function space. Using multi-sheeted function space one can easily understand the
contribution of the control applied on a specific branch at a particular level. Thus, it is useful in a need based control applications.

Here, we will fix some notations related to the branched structure. Let {M,| 0 < r < k, + 1} be the set of all local extremal
values of n with My < My < - <M, <M, .Forr=0,1,2,:, ko wedefine A, = {(x",x3) EA] M, <x3<M,,}. Let
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A, has n, number of connected components and are denoted as A, for k € {1,2,--+,n,}. See Figurefor a model picture of
the reference cell A with kg =4 andny = 1,n =2,n, = 1,n; =2 and n, = 1. For z € (M, M, ), the reference set Y, ;(z)
is defined, analogous to Y (z) as in Section as Y, ,(z) = {x" € (0, D?| (¢, z2) € A, ;) and A, (z) = |Y,,(z)|, the Lebesgue
measure of Y, (z).

FIGURE 3 Reference cell A

We can write A, = U Ay, Recall that ¢ = i for m € N. Define Qf p for each level r = 0, 1,2, -+, k, and every branch

k=1
k = ]’2’...’nr as

Q, = {(6(!',]) +ey.x) € QY. x3) €Ay, 1,j=0,1,20-m— 1} ,

and Qf = U Qik. Foreachr,let Q, = {(x',x3) : x' € (0,1), x5 € (M,, M,,)}. The upper part of the limit domain Q* can
k=1

ko
be written as Qt = Interior U Q, pandforr=0,1,-,ky+ 1,7, = {(x', M,)| x' € (0,1)?} see Figure |4
r=0
To make the presentation simple, we assume that the surface dA has no flat parts between x; = M, to x3 =M, _,. For each

r=0,1,2,,ky, define S, = {(x',n(x")] X' € (0,1, M, < nx') < M,,,}, Sip = 0N, NS, S5 =8 N0, , and

y;;k =g - Define the base flat boundary Fy as Fy = {(x', M)| x € (0,1)%,n(x") = M} and the top flat boundary F; ,,
N rk

as Fi 10 = {x3 = My ,1} N0A . Denote Y as the projection of F;, on (0, 1)?> and Y, +1 the projection of F, _; , on (0, 1)%.
Now, we will define the unfolded domain corresponding to every branch at each level. For each pair (r, k), define &,, =

{(x3.9) x3 € (M,, M,,,), ¥ € Y,;(x3)}. The unfolded domains Q“, are given by Q*, = (0,1)* x ¢, ,. In other words,

Q= {(x",x3,))| X' €(0,1)%, M, <x3<M,,, andy' € Y., (x3)}. Now, we define the unfolding operators for each level r

and for each branch k where r =0, 1,2, -+ , kg, and k = 1,2, -+ , n,..

Definition 6.1. The unfolding operator
Tf’k Hu Qi’k - R} - {Trfk(u) : Q:"k - R}
is defined by
/
TE W x3.5) = u < H + ey',x3> :

&

We state some of the important properties without proof. The proofs are similar to that of Section 3]
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X2
Vs
12,
Va
123
0 V3
-Qf V2
V1
2
Yo
0-
Vb
} >
0 FIGURE 4 Limit Domain X1
Proposition 6.2. For eache > 0, and r, k
() T, is linear. Further, if u, v : Qf, — R, then, T, (uv) = Tek(u) k(u)
(ii) Letu € L‘(Q‘rE )- Then,
/Tfk(u)dxdy’z/udx.
@, &,
(iii) Letu € Lz(Qf’k). Then, T u € Lz(Q“k) and || TF ull 2oy = Null 2o -
(iv) For u € Hl(ka), we have T7,(u) € L*((0,1)?, H'\ (@ 1))- Moreover, —(Tgk u = T¢ (;—”) and %Tgku =
B X3 o

esTE (a ) fori =1,2.

(v) For any u € LZ(Q‘E k) TE u — u strongly in LZ(Q“k) More generally, if u, — u strongly in LZ(Q ), then, Tg u—u
strongly in Lz(Qf -

(vi) For any ¢ defined on Q7 , we denote @, an extension by 0 to the domain Q,. Let, for every €, u, € Lz(QE k) be such that
T:u, — u weakly in L2(Q 1. Then,

€

i, — / u(x', x5, y)dy weakly in L*(Q,).

VEY,  (x3)

(vii) Let, for every € > 0, u, € H'(QF,) be such that T u, — u weakly in L*((0,1)*, H'(%,,)). Then, &, — / udy' and

Y, 1 (x3)

/ —dy weakly in L2(R,).

Y, o (x3)

ax;

Similarly, we can define the boundary unfolding operators as in earlier sections.
Here we will consider the same optimal control problem [2.3] as in Section 2] but F,, is an empty set, that is there is no flat
surface between the planes x; = M, and x3; = M, ,,. We describe the case fora = 1. We skip here the other case @ > 1 as itis
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not interesting because there will be no contribution from the optimal control in the interior. The characterization of the optimal
control will be given for each branch at every level using the corresponding unfolding operator.

The existence and uniqueness of the optimal control is given in Theorem[2.1] The following theorem gives the characterization
of the optimal control via unfolding restricted to different branches at various level. We skip the proof as it is similar to that of
Theorem[5.11

Theorem 6.3. Given f € L*(Q), and let (@, 8,) be the optimal solution to the optimal control problem and D, satisfies
ll Then, the optimal control §, € Lier(y) is given by

) VIV ()
0, = _T / T:kve(x',n(y/),y’)dx' for0<r<kjyand1l <k <n,
rk (0’1)2
3 6, i = ; / Tyo (X', My, y)dx'
(0,1)?
= 1
lryn =77 [ TP Mig: Y0

. o 17

The converse as in Theorem [3.1] also holds.

6.1 | Limit Optimality System

Here we recall the following multi-sheeted function space H which was introduced by Mel’nyk in“2, A function of the form

b= {ppt k=1,2,--,n} ifxe€eQ, r=0,1,2,-,k,
¢ ifxeQ~

belongs to H, if ¢ € H'(Q"), for each r,k, ¢,, € L*((0,1)*, H'(M,, M, ))), ¢~ = ¢, for k = 1,2, ,ny, and ¢, , =
¢, i1 ony, if A, and A, shares an interface boundary y,, where r € {1,2,-,ky}, K € {1,2,---,n,}, and k" €
{1,2,-+,n,,,}. Note that H is a Hilbert space with the following inner product=2.

= 6x3 0x;

£ 06, v,
@) = (@7 iy + (V7 VW ey + 3 <(¢r.k’ Ve, + ( k k> >
12@,)

For f € L*(Q),forr € {0,1,-,ky}, ke (1,2, ,n,}, Grk e LM M, ), Ok, +1,k> 00 € R consider the following optimal
control problem: find (u, 0, ;, 3y 41 4> 89) € H X L*(M,, M) X R X R such that
J (i, ér,k, 0_k0+1,ka 0_()) = inf{J(u, Hr’k, Oky+1,k> 00)} (6.1)

where J is an L?—cost functional given by

n

ko n, ko
J(u,9)=/|u_—ud|2dx+22/Ih,’k(x3)u,’k—ud|2dx+22/2 = )|9,,k|2dx
W, (X3
&

r=0 kZIQr r=0 k=1

ko

B 2 [
—0 + ——0;.
P 2|Yk0+17k| ko+1,k 2|YM0| 0
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and u € H satisfies the following equation,

-

9 ( ( )a” ) = f40,, nQ,
—— | A (x3 +u, =f+6,, in
oxs U k k

—Au" +u” =f in Q7

nkO k nkU
/
- Z hrk(x3) (x sMy) = Z Okp+1k O Vit

My

2 hrk(xS) - 2 h, i (x 3)

=0 ony,  forre{0,1,- ky,—1}

2 (6.2)
0u0k
ZhOk( 3) ———00 on y,
X3
u~ =uy,ony,fork=1,2,-,ny, andu, pp =u, v ony, it A and A,

shared interface boundary, where r € {0, 1,2, ---, ky — 1},
K ef{l,2,--,n}, k" €{1,2,-,n.,,}.

u=0ony,and 1 — periodic in x'.

L

The weak formulation to the above state equation is given as: find u € H such that

n,

/( ,ka) ik ¢rk+u,k¢,k>dx+/(vu Vo™ +u"¢)dx
r(]kl

Q

"

ko ko n,
>, / F00v+ 33 [ 040,05

r=0 k=1

/Oo‘l’ (', Mp)dx' +Z / Okyr1k Py k (X' My 1y )

1y oy

for all € H. Let i € H be the optimal state. Let us introduce the following adjoint equation

-

9 oD, ;.
_d_xg< rk(xg) >+U,k = Z(u,k u;) in Q,

k=1
—AD_+17_=L7 —ud in Q7

nko
_Zhrk(x%) =0 on Vio+1
h,  (x h. . (x —Oon forre {0,1,--,k,—1
) Z ri 3) Z r 3) Vr+1 { ko =1} 63)
Zh()k(XB) Ok =0

0x3
17‘ = Dy Ony, for k=1,2,-,ng, and v, j) = U,y v Oy, if A o and A, 0
shared interface boundary, where r € {0, 1,2, -+, ky — 1},
K e{l,2,--,n}, k' e€{1,2,--,n.}.

i~ =0ony,and 1 — periodic in x’

\

Using the unfolding operators that we have defined at various levels and in different branches we characterize the optimal

control in the following theorem. The proof can be written in a similar fashion as in”.
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Theorem 6.4. The optimal control problem admits a unique solution and the optimal controls (ér,k’g_ko +14» 0p) can be
characterize as

0., = —%wr,k()@) / 0., (2", x3)dz" where r =0,1,2, -, kg,and k = 1,2, -+, n,.

(0,1)?

1Yy, 414l
Oppr1k =~ Oﬂ / Oy, 1 (2 My o)dz | fork = 1,2, ny

0,1)?

Y|
[

(0,1)

0o = oy (2', Mp)dz'.
The following theorem states the main convergence result. The proof is similar to that of Theorem 5.6}

Theorem 6.5. Let i, 0, defined as earlier, then the following convergence result holds. For r € {0,1,2,---,k,} and
corresponding k € {1,2,--,n.},

felge, = hyy(x3)id, ) in L*((0,1*, H'(M,, M,,)),
i — i in H'(Q),
Oclge, = Rup(x3)0, in L2((0, 1), H'(M,, M),
o; = 0 in H(Q).
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