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Abstract

In this article, we study the homogenization of an elliptic variational form with oscillating
coefficients in a circular, highly oscillating domain, where the oscillatory part is made of
two materials with high contrasting conductivity (or diffusivity) with the source term in L!.
We incorporate this phenomenon, namely, highly oscillating boundary, rapid oscillating
coefficient, and the oscillating part made of high contrasting materials, which leads to non-
uniform ellipticity as the oscillating parameter goes to 0. Further, due to the L! source term,
the solutions are interpreted as renormalized solutions. To achieve our primary goal, we
have proved the strong convergence results in the context of the L? source term in the first
part (corrector results). In the second part, we have homogenized the renormalized vari-
ational form and established the relation between the e-stage renormalized solution and the
limit renormalized solution via convergence results. The unfolding operator for the polar
coordinates is a central tool for the analysis.

Keywords Homogenization - Periodic unfolding - Oscillating boundary domain - Circular
oscillating domain - Renormalized solution

Mathematics Subject Classification 80M40 - 80M35 - 35B27

1 Introduction

The homogenization of partial differential equations (PDEs) with strong contrasting dif-
fusivity is important because it appears in the modeling of several multi-scale physical
problems, such as the double porosity model, effective properties of composite materials
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with soft and hard cores, effective conductivity of composites made of high and low
conductivity materials, effective behavior of composite materials bearing a high modu-
lus of reinforcement and so on.

Due to the wide range of applicability, several mathematicians have worked in this
direction. Panasenko [26] has one of the earliest works on the multi-scale analysis of
high contrast composites. Several research works have been carried out in this direction
in the last two decades. The homogenization of a double porosity model in a single-
phase flow was studied in [4], which is an interesting piece of work. In [11], authors
have considered the homogenization of a conductivity equation for a medium made up
of highly conductive vertical fiber surrounded by another material assumed to be a poor
conductor. In [29], the author investigates the homogenization of a stationary diffusion
equation in a periodic composite medium made of two components with the ratio
between the diffusion coefficients 0(#) where ¢ is the size of the period and a, — 0.

The homogenization of a hyperbolic PDE with strongly contrasting diffusive coefficients
is performed in [24]. As a general reference for the homogenization procedure in com-
posites made of materials with high contrasting behavior, see Ch. 7 of [5]. For further
reading in this direction, we refer to the articles [6, 10, 20, 27, 28] and references
therein.

All the articles mentioned above are on fixed domains. Not much work has been carried
out on homogenization in oscillating domains with high contrasting diffusivity coefficients.
In this context, one of the earliest works on an oscillating domain is given in [18], in which
the authors consider an elliptic variational form on a pillar-type oscillating domain where
an insulator-type material covers the high conductive core part of the reference pillar. In
[18], the authors have used the pillar type shape very crucially. In [25], using the method
of unfolding operator, the work in [18] is generalized from pillar type oscillating domain to
a very general oscillating domain. Also, an interior optimal control problem is considered
subject to a variational form having high contrasting diffusive coefficients. In [16], homog-
enization of an elliptic variational form was studied in a thin domain with a pillar-type
reference cell made from materials with high contrasting conductivities. Depending on the
ratio between the width of conductive parts and insulating parts, different limit problems
are obtained in [16]. To see more about the homogenization of oscillating domains, we
refer to the articles [2, 3, 13, 23] and references therein.

All the references mentioned above had their source terms in L2, which means the
homogenization method took place in a correct Hilbert space setup. As in this paper, the
source term is in L' Banach space; one cannot expect the solution to be uniformly bounded
in H'. To resolve this issue, we will utilize R. J. DiPerna and P. L. Lions’ description of
the renormalized solution for the Boltzmann equation, which they have introduced in [14].
In addition, in [7, 12], the notion of the renormalized solution has been adopted for the
elliptic equation. We refer to the articles [8, 9, 15, 19, 21] and references therein for further
information on the use of renormalized solutions. In the context of homogenization with L'
source term, in [17], the authors first time have studied the homogenization of a variational
form in non-periodic pillar type oscillating domain with source term fin L!. In comparison
with [17], the domain under consideration in the current work exhibits periodic circular
type oscillations with high contrast diffusivity coefficients.

In this paper, we consider a general second-order elliptic variational form with
high contrasting diffusivity coefficients in a circular oscillatory domain O, (see Sect. 2
regarding the description of O,). Here, we have analyzed the asymptotic behavior of the
following model problem
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—div((ez)(zt + X, + Xo- JA“Vu,) +u, =fin O,,

1
A*Vu, - v¢ =00nd0,. W

The novelty of our work is in three folds,

(i) The domain under consideration is a circular type oscillating domain having the
reference cell made of materials with high contrasting behavior.
(ii) The source term fin the equation is in L.
(iii) Here, we are allowing an oscillating coefficient matrix with O(¢) ellipticity constant
in the insulating region Z..

For the analysis, we require strong convergence with source term f in L?, a significant
result not available in the circular oscillating domain. Also, our approach to circum-
vent the difficulty due to the reference configuration by using the periodic unfolding
method for the circular oscillating domain is a novelty, in the context of homogeniza-
tion, compared to the existing literature. In the second part, we have homogenized the
above problem (1) with source term fin L.

The main contributions of this article are summarized in Theorem 1, Theorem 2 and
Theorem 4. Theorem 1 is about the weak convergence of the solutions and their deriva-
tives when the source term f is in L?. Using the weak convergence results, we have
proved corrector results or strong convergence results which are available in Theorem 2
in the context of L? source term. In Theorem 4, the main homogenization results and
convergence results for the renormalized variational form are described.

The rest of the article is organized as follows. In Sect. 2, we have discussed the
configuration of the considered domain, the primary tool for the analysis that is polar
unfolding operator, and the definition of some auxiliary functions needed for the analy-
sis. In Sect. 3, we have homogenized the considered variational form and also shown the
corrector result when the source term is in L. The central result that is the homogeniza-
tion of the considered variational form with source term, fin L' is presented in Sect. 4.

2 Domain description and unfolding operator
2.1 Domain description

Let 0 <ry<r, <r, be real numbers and for the simplicity of presentation, we take

£ = %n € N. Let A be a connected open subset of R2 which is contained in the annulus

O* = {(r,0) : ry < r < r,} with Lipschitz boundary which is the reference cell (See Fig. 1).
It consists of two parts: namely insulating part Z and high conductive region C. Now define

7, = {(r,e) eOt: <r,{§}2”> eI}, C, = {(r,@) €Ot (r’{g}z,[) eC},
Of =int(Z, UCE) = {(r,&) e0: <r,{§}27[> EA}, O = {(r,@) T <r< rz},
O, =int(0fUO7) and O=int(O*UO"),

where O: is the inner oscillating part with Z_ and C, as its insulating and conducting parts
respectively. The domain O~ is the outer fixed part, O, is the oscillating domain and O is
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Oscillating domain O,

Reference Cell A Limit domain O

Fig. 1 Domain description

the limit domain. Also I',, T, are inner and outer boundaries of O and I',, is the interface.

Here { g } =2_ [zi] 2z, where [-] and {-} denote the integer and fractional parts. For
I3 2T I3 TE
r € (ry, 1), define

Y ()= {0 €[0,27] : (r,0) €T}, Yo(r)= {6 €[0,2x] : (r,6) € C},
Y(r) = Y,(r) U Ys(r) = {6 € [0,27] : (r.0) € A}.

The domains mentioned above are required to define the unfolded domain and unfolding
operator. We assume the following properties:

(1) The setY,(r)is connected for all r € (ry, r)).
(2) There exists p > 0 such that 0 < p < meas(Y(r)) < 2z for all r € (ry, r)).

We now introduce the definition of unfolding operator on O, and its properties.

2.2 Periodic unfolding operator

Since the oscillations in O, are in a circular direction, we need unfolding operators in polar
coordinates to do the analysis. Here we will recall the definition of a polar unfolding operator
for O: and its properties without proof. For proof, one can see [1]. First, we will define the
unfolded domains in which the unfolded functions are defined.
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Oy ={#0,7)|0 €(0,2n),r € (ry, 1)), T € Y(1)},
Oy ={(r,0,7) | 0 € (0,27),r € (ry, 1)), T € Ypo(1)},
Or={(r0,7)]| 6 €(0,2n),r € (ry,r;). T € Y7(r)}.

The subscript U in O, refers to unfolding. Here O, O, and O are the unfolded domains
corresponding to O';, C, and Z, respectively.

Let¢* : Oy — (9‘:r be defined as ¢*(0,r, 1) = (r,e[g] + sr). The ¢ - unfolding of a

2

function u : (’);r — Ris the function uo¢® : O, — R. The operator which maps every func-
tionu : O: — R to its € - unfolding is called the unfolding operator. Let the unfolding opera-
tor be denoted by 7%, that is,

T : {u:(’):—>R}—>{TE(u) 10y - R}
is defined by

T (u)(r,0,7) = u(r, I3 [g]

+£T>,

2
where [g] . = [%] 2z. Analogously, we can define the unfolding operators
T, :{u:C, - R} > {T°(w) : Op - R}and
T :{u:Z, >R} - {T°(w) : Or > R}
Then, we have

T (u) = X0, T, + )(OITE.

IfU c R? containing O: and u is a real-valued function on U, T¢(u) will mean, T¢ acting on
the restriction of u to O:. Some important properties of the circular unfolding operator are

stated below. For each € > 0,

(1) T¢is linear. Further, ifu, v : (92r — R, then, T¢(uv) = T¢(u)T*(v).
2) Letue LI(O:). Then,

/ Tf(u)=27t/ u.
Oy or

(3) Letu € LXO}). Then, T*u € IX(Oy) and | T*ull 20,, = V27 llull 20,
(4) Letu, Z— 3—9 € LX(O). Then, T¢u, gTu ;—TT‘Eu € L*(Oy). Moreover,

iTgu = Té@ and iTéu = eT‘@.
or or ot a0

(5) Letu € L*(O%). Then, T¢u — u strongly in L?(O,,). More generally, if u, — u strongly
in L2(O"), then T®u, — u strongly in L2(O,)).
(6) Let, foreverye,u, € LZ(O:) be such that Téu, — u weakly in L>(O,)). Then,
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i — 1 u(r,0,t)dr weakly in L2(O").
27 Sy

Here i, denotes the zero extension of u, to O.
(7) Let, for every € > 0,u, € H'(O)) be such that T¢u, — u and %T‘E u, — ’;—”r’ weakly in
L*(Oy). Then,

ou
P L[ ugr and Ze L[ % eaklyin 12(0M).
2z Jya or 2z Sy Or

All the above properties are valid for 777 and T.

2.3 Boundary unfolding operator

In order to get the interface conditions, we now introduce the following boundary unfolding
operator 7 on I';. For every € > 0, let us denote the unfolded boundary of I'; by I, defined

by
I'c={(r,0,7) : 0 €(0,2z)and v € Y(r))}
Define boundary unfolding operator 7§, : {u : FZ - R} = {T{@w) : T, > R}as

Tow)(ry,0,7) = u6<rl,e[§]2” + 51).

Note that 7 (u) = T*(u)|,-,,. Boundary unfolding operator also has similar properties as
those of unfolding operator.

2.4 Auxiliary functions

Here we recall some auxiliary functions that are important in studying renormalized solutions
and homogenization with L! data. The functions defined are standard and available in the lit-
erature. For details, we refer to [7, 12, 17, 22]. All the functions are defined from R — R.

kt-—-7 :

t it <k !
Tht) =<k ift>k, : 1
—k ift<—k d F

1 it |¢] < p, i E
g(t) = 1= it p < |t] < 2p, . ‘

0 if |t| > 2p.
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1 if [t] < k, / i ki\
gt =1 ==k if g < ) < b+ 6, : :

0 if [t| > k+ 4.

0 if [t] < k,
Bk i <t < k46, ‘
W e —(k +9) |
g5i(t) = if —k—-0<t<—k, : . kk‘ 3
ift>k+6, v *
1 ift< k-4

—_

3 Homogenization with L? data

Let A = [a; 1540, be a 2 X 2 matrix, where the entries a; : O — R are Caratheodory type
functions. Also, A is uniformly elliptic and bounded in O, that is, there exist &, # > 0 such that

(A4, 2) 2 al 4> and |A(0)A| < BIA]
for all A € R?and a.e in O. Define

A(nf) if (r,0) € O,

AS(r, 0) = [afj(r, Nlor = { A(r,0) if(r,0)e O

Consider the following problem in the domain O,:

{ —div((*xz + xc, + 20" )A“Vu,) +u, =fin O,,

¢ . 2
A*Vu, - v¢ =00n00,.

Here f € L?(O) is a given function, v¢ is the outward normal vector on d0,. The vari-
ational form corresponding to (2) is given as: Find u, € H'(0,) such that

/ (62){15 + X0 + )(Of)AEVuEVv+ uy = / fv forallve HY(O,). 3)
@) 0.

€

The Lax-Milgram lemma guarantees the existence and uniqueness of u, for all € > 0. We
want to study the asymptotic behavior of u, as € — 0. Since the oscillations are in a circu-
lar fashion, to study the asymptotic behavior, we need to write the equation in polar form.
Using polar identities, we get
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AV VA du, du, g_ COS(@) (;)); SIH(H)
& £ =, sin(6) + - f =5 €os(6)

. [cos(e)] [cos(e) ou, gy 41 AE [005(0)] [— sin(@)] ou, gy

sin(@) | |sin@) | ar ar @+ |sin@®)| | cos(®) | or 96
+ lAf —sin(@)| [cos(8)] du, dv A€ —sin()| [-sin(@)] ou, av
7 cos(0) | |sin(®)| 06 or cos(@) | | cos(8) | 06 00"

Now we can rewrite (3) as

Jdu,

e o1 [ou v
/ <(52){1 +)(c) [ae ye] aau ] lgr] +u6v> +/ AVuEVv+u€v=/ @
of ‘ S G 20 - O,

L 00

for all v € H'(O,), where

A€ |cos®) cos(0)] e _ 1y [cos@®] [~ sin(0)
sin(6) | [sin(6) | p= r sin(@) | | cos(8)

e 1 ¢ |—sin@)] |cos(8) e 1 . |—sin(@)| |[—sin(6)
= [cos(e)] [sin(e)] and " =54 [cos(e)] [005(9)]'

y -

On computation, we get det [aé yf] = LdetA®. Since A¢ is coercive, the matrix [af },£:| is
? ﬁE }16 r2 N > ﬂé ’16
also coercive uniformly in O*.

By the definition of the unfolding operator (see Sect. 2.2), we have
T¢(A%)(r,0,7) = A(r, 7). Since it is independent of e, for simplicity, we denote 7¢(A) as
A°. Then, from the properties of the unfolding operator, we see that 7¢(a%), T¢(f%), T¢(y*)
and T*(n°) converges to a, f,y and 7 strongly in LZ(OU), respectively, as € — 0, where

o [cos(8)| [cos(8) IAO cos(f)| |— sin(@)

sin(@) | [sin(8) |’ r sin(@) | | cos(®) |’
! —sin(@)| [cos(d) 1 —sin(@)| |- sin(@)
= ?AO [ cos(e)] [sin(e)] and n = ﬁAO [ cos(H)] [cos(e) ] :

Limit Problem: In order to define the solution of the homogenized variational form and
cell problems, we need appropriate function spaces which we will define now. For any
function ¢ defined on O, we may write ¢ = ¢p* ¥+ + ¢~ yo- = (¢T, ¢~) throughout this
article.

(1) Define V(O) = {y € L*(O) : (x- Vy) € LX(O)andy € H'(O7)}, with the inner
product

(D W)y = (D W) 200y + (- V), (x - V) 200 + (D, W) oy -

Note that since x is strictly away from origin, V(O) is a Hilbert space. Also, since
x - Vi € L*(0), we have w* = w~ on I,. Hence V(O) can also be written as

VO = {w* w7 whx- Yy € LOM XL O),y~ € H'(OT),y* =y~ onTy}

(2) Foranyr € (ry, 1), defineV, = {w € H'(Y(r)) : w = 0 a.e. in¥,(r)} with the norm
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ow
ot

Iwllyey = Wiz v + ‘ :
L2(Y()

(3) Finally V,(0) = {¢ €LXOy) 1 p=0in0 2 € LZ(O,,)} with the inner product
0. 0
(U, vy, ) = WV 20, + <0Z 3_2>L2(0U)'

Here also we use the subscript U because, V;;(O) contains functions defined on the
unfolded domain Oy;.
Now we are in a position to define the limit problem: Given f € L*(0), consider the
PDE

-

—div<a0—(x)(x- Vu+)x> +bgu" =byf in OF,

|x|*

—divA(Vu™)+u" =f in O,

ao—(x)(x-Vqu)x-v:O on I,
3 |x|? 5)

AVu=-v=0 on I,

x-Vu+)x-v=AVu_-v on [,

ut=u" on I,

where
ao(r,9)=/ det.(A(r,T)) . dr and  by(r) = (1= ¢&)dr.
%O | A¢r ) —sin(@)| |- sin(@) Y(r)
P cosd) | | cos)

Here £ is uniquely defined by the family of cell problems: For r € (r, ),

find &(r, -) € V, such that,

/ naf(r D) owE) L g(r’f)w(f)dfz/ w(r)dr forall weV,. ©
Y() at at Y(r) Y(r)

The weak form of the limit problem (5) is given by: Find u = u* yp+ + u™ yp- € V(O) such
that

/‘T)’C(l?( Vu)(x - V¢)+bou¢+/ AVUV G + ugp = /bof¢+/f¢ )

for all ¢ € V(O). Since A is coercive, aj is strictly positive, that is a, > k for some k > 0.
Hence using Lax-Milgram lemma the PDE (7) has a unique solution in V(O).
Using the polar transformation r%u = (x - Vu), we can write the polar form of (7) as:
Find u € V(O) such that
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/ Oa“%+b0u¢+/ AVuV¢+u¢=/ b0f¢+/ f¢, forall ¢ € V(O).
or 0rad o o* o
®)

The convergence theorem in the classical case where f € L? is given below.

Theorem 1 Let u,, u and & be the solutions of (3), (8) and (6) respectively. Then as € — 0,
we have the following convergences (for the whole sequence €):

u, —u weaklyin H'(O"),
i, = |Y(D)|u+ (f —u Edr  weakly in L2(O),
Y(r)

—_—

0 ou,
Xe SN |Yc(r)|0—u, e e 1 6u/ —dr weakly in L2(O™"),
Y,

< or ar <00 " 2ror ) M
ou, ou, d
c hg% =0 e = (- —f_dr weakly in L*(O").

Y(r)

Proof The proof will be accomplished in several steps.
Step 1: (Weak convergences of unfolded sequences) In (4) take ¢ = u, as a test func-

tion to get

ou, du,

20 20
Note that we do not have uniform bound of u, in H'(©,) due to high contrasting diffusivity.
More precisely, the bound of u, in H'(Z,) is of order £~!. Hence, we need to analyze the

convergence of u, in C, and Z, separately. This is done via the unfolding operator.
From (9) and by the properties of unfolding operator and weak compactness of Hilbert
spaces, there exist ug, Wy, w,, 29, z, € L*(O) and u~ € H'(O~) such that

+e + IVl 20 + 20, < Wl (9)

L2(0,)

L2(0,)

T¢(u,) — u, weaklyin L*(Oy),

du,
Té( lgl > - [W’] weakly in (L*(0,))?,
6 o (10)
du,
| R
0 0

u, =~ u-  weakly in HY(OM).

To identify w,, z, and z, take ¢ € C2(Op) and y € C(O7). Then
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b=1i T e ) =i 97 (u,) b
chr _51—>m0 O, or _61—>m() O or ¢ ME
. 0 0 0
=—lim [ Ti, )i’ —/ w22 - ﬂqs
=0 Jo, 0. Or Jo,
ou 0
— 15 3 £ €
f =i [ er (5 Jo=tim [, (5w
I I
0
=—1im/ eTs(u8)<—w>
e—0 o or
ya
/Zw=lim/ €T ou, zp:lim/ iTé(u )%
o 0 -0 oy 00 -0 o or €

. . oy oy ouy
= —lim Tu, | — ) =—- Uy— = —y
=0 OI T OI 61’ OI 01‘

Since ¢ and y are arbitrary, we have

ou ou
Wr=¥’ Zr=0 and Z9=¥
To identify w,, consider
b5, 0) = e¢(r,0.2), (11)

where ¢ = ¢(r,0,7) € C""(OJr C;jr(O 2x)) and ¢ = 0 on O;. That is we have chosen ¢* in

such a way that it will vanish outside C,.. Then
TS (r,0,7) = Ed)(r e[ ] +er, r)
Té(ag)(rer)—e%(re[ | +er7), 1)
Té<aa¢96>(r 0,7) = s%(r el +ent)+ %(r,e[g] rent).

Now use ¢* as a test function in (4). Since ¢* vanishes outside C,, we get

at J/é oi_ 99°
/C; [ﬂf nf] l%_ [d$€]+u¢ fd)

20

Apply unfolding and pass to the limit as e — 0 to get

L) 8-, omvm o

Since ¢ is arbitrary, we have

Now for any ¢ € C°(O¢), we have
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d d
Qo _/ 02 = —tim [ o)L = —hm/ 275
OC (37 OC 0‘[ e—=0 OC 67 =0 OC 61

. o Ou,
= —lim eT;, $=0,
e=0 @) ()0
C
which shows that u,, is independent of 7 in Q. That is, there exist u* € L2(O") such that
uy = u*in O,. Define u; = u, — u*. Then we can write u, as u, = u* + u, withu* € L2(O")

and u, vanishes on O. Also, we can rewrite (10) as

Te(u,) = u™ +u, weaklyin L*(Oy),

du,
e 1 +
Tg( laa_ ] > N l_ E] aaLr weakly in (L*(Op))?,
a0 n
du, 0 ou
eTe (g | )= | == weakly in(L2(0))%,
I a—g‘ 1| or

u, =~ u~  weaklyin H'(O").

Step 2 (Interface Condition): In this step, we are going to prove that u™ = u~ on I[',. By
the continuity of trace operator and using properties of unfolding operator, we get

/Fu+¢=lim/r (Té(ug))L:r T;(¢)=1im/F (Tg(ue|o+))|r=rng(¢)

_hm/ (u |0 TS(d’):/ u ¢,
FC

for any ¢ € CX(I'y). Hence, we have u™ = u~ on I'y. Define
u= yorut + you”

Since x - Vut = r s L*(O%) and u~ € H'(O"), the interface condition gives u € V(O).

Now we are gomg to characterize u, by cell problem (6) and then prove that u satisfies
the limit problem.

Step 3 (Limit Problem): We now derive the limit equations using the results obtained
in the previous steps. Let ¢, (r,0) = ¢(r,0) + ¢, (r, 0, g) , where ¢ € C'(®) and
¢, € C°°((9_U) with 1 periodic in 7 variable and ¢p; = 0 on O,. Now using ¢, as a test func-
tion in (3), applying unfolding operator on both sides and letting e — 0 to get

1 <l(an - yﬂ)a—u% + u¢>rdrd0d7:
0. \ 1 or or

2
1 < ou, 0¢, > /
+ — n——+ W+ u)(¢+¢,) |rdrdodr + AVuVe +ug dx (13)
2z Jo, Jt ot -

-1

f(d+ ¢p)rdrdodr + / fo dx.
2z Jo, o

From density arguments, (13) holds true for all ¢ € V(O) and ¢, € V;(O). By averaging
out, we see that (u, ;) € V(O) X V,(O) satisfies the variational form
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/ <a00_'4% LGl uq§> rdrdo +/ (AVUV + up)dx
ot o

or or 2r
4L Q1 9Py s )+ by) | rdrdds
2r g ot ot ! ! (14)

_ / |Yc(r)| / /
= ———f¢pdx + f¢ rdrd6 + — f(@ + ¢rdrd0dr,
O+

for all (¢, ;) € V(O) X V,(O), where

ay(r,0) = / L an - yprar = / det (A, 7))
vy M YO A1) —sin(@)| [—sin(9)
cos(0) cos(0)

From the ellipticity properties of A, (14) has a unique solution. Now to evaluate #, in terms
of u, put p = 0in (14) to get,

1 du,; 0
=, §%+/<u+ul>¢1 /qul

Now using the cell problem as in (6) and by uniqueness, we may write
u(r,0,7) = (f(r,0) — u(r, 0))é(r, 7).

By replacing the expression for u; from above equality, we can simplify (14) by putting
¢, =0in (14), to get

o o- 2 [

dr o 2r
Y,
=/ Tl g(r)|f¢+/ f¢+i/f¢.
o* T o 2r o

On simplifying, we can write the limit problem as

/ Oguaa¢+bou¢+/ AVUV + ugp = / b0f¢+/ fo, forall ¢ € V(O).
0+

with by(r) = fy(r)(l — &)dr, where & is uniquely defined by the family of cell problems (6).
Hence u is the solution of (8) and Theorem 1 is proved.

One of the central points of the current work is to homogenize (2) with L! data. Now
we need to prove the following corrector results which are very crucial to establish the

homogenization with L' data.

Theorem 2 (Corrector Results) Let u,, u, and & be as in Theorem 1. Define
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g O:—»R by &.(r,0)=¢

g

( 0
g:0" >R by (:;(r,e)=%<r,{

})
fD

Then, we have the following strong convergences.
Ilue, — u”Hl(O’) — 0,

u, — (M+ }(Ié(f_ u)f&)

du, 1 ou
BRBE

[ﬁl [« wa]
Proof Let us define,

af y€ Que _ du Ou ou
Je =/ [ 3 e] [ lfr ‘%ul l fgu] +(ue_u)2
c. LF*n Z_9+ﬂ_55 ae+ﬂsar
5l Fd P
du ' du or / + ug_u_(f_u)ge
S Y

+ /_A(Vug — Vu)(Vu, — Vu) + (u, — u)>.

L2(0,)

— 0.

L2(C,)? LA(Z,)?

By expanding and rearranging, we get
JE=U+ T+ IS+

where

JE = / (€ 2z + 1, + 20 )A“Vu Vu_ + W),
OE
ol |2] |- e a2 |£] %
,ﬂ 11_ _0; dr CE ﬂ n ”_E 092 ()I"
_a‘(_ yg_ 1 1 (au)Z / )
. | (=) + [ (“2u,u+u),
-ﬂE ’16_ ﬂ_‘| lﬂ ar CE( u‘(_u u )

0
[«—ma][$

N
[
[

+

r 1 [ ou

] el

e 0| e | | —wer| T Sy e e
el lo-oe]

185 0| [(f —wél | |(f —wé!

—2u6(u +(f — u)é‘é) + (u+ f — u)&e)z,

I—l

+

+

S
I
|
mt\ MN\, S~ p\= p\a
= 8|
™
:(V'

JE = / —AVu, Vu — AVuVu, + AVuVu — 2u u + u’.

On applying unfolding operator and passing to the limit as ¢ — 0, we get
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N | ay 1 1 ou\?>

limJ, = 27:/ < p n] lf] [7" <6r> )
Similarly since T;((f -wé,) = f—ué=u and T;((f - u)éj;) - (f — u)g—f = % as
€ — 0, by using unfolding operator, we can arrive at

. 1 0 0
limJ5 = ——/ <[a y] I:dul:| [dul
e—0 2]1' 0, ﬂ n ; ;

limJ§ = / (AVuVu + uz).

e=0 4

+ (u+u1)2>.

Also, we have

Using (3) and (14) we get

lim J¢ =lim (s Xz ¥ Xe, + X0 )AVu Vu, + (u) =lim [ fu,
O,

-0
=—/fu+/f(u+u1)+/fu
1 ou 1 ouy \? 2
=3 /. —(w—ﬂﬂ(;) +u +2ﬂ/ n<¥> + (et uy)

+/ AVuVu+u* (by taking ¢ = uand ¢, = u, in (14))

<hmJ +hmJE+hmJ>

e—0
This implies that
limJ¢ = 0.

-0

Now coercivity of the matrix A completes the proof of the Theorem 2.

We are now in a position to study homogenization with L! data.

4 Homogenization with L' data

Now we will consider the variational form with L! data. Let A and A¢ be defined as in
Sect. 3. Consider the following € dependent problem:

{ —div ((52)@ + 20+ X0 JATVu,) +u, =fin O,

15
A*Vu, -v¢ =0on 00,. (13

Here, f € L'(O) is a given function, v¢ is the outward unit normal vector on d0,. As it is
well known, we remark that the solution is not defined in the usual weak formulation but
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using the concept of renormalized solution. Recall the auxiliary function 7, defined as in
Sect. 2.4. A function u, is called a renormalized solution of (15) if

u, € L'(0,) such that Ty(u,) € H'(O,), forall k > 0,
1 2
Z”Tk(”e)”m(og —0as k> oo,
, . (16)
/ (227 + xe, + x0- ) A VT )V(wew,)) + uwglu,) = / fwg,).
o O,

€

| forall k> 0,y € H'(0,) N L=(0,),g € PCX(R) with supp (g) C [k, ].

Here PC;(R) denotes the set of all Lipschitz continuous functions which are piece-wise
differentiable on R with compact support. In polar form, we can write (16) as

(find u, € L'(0,) such that Ty(u,) € H'(0,), forall k> 0,

1
E”Tk(“)”z'(Q) —0as k - o,

[ J
2 a v | 5 T | | 5 (welu,)
/ (e, + 1c) [ﬂf nf] lj%rk(ug)] la ] +Tiowsto)

A

) <(wgu,)
+ /o AVT(u)V(wgu)) + T(u)weu,) = /O fwelu),

for all k> 0,y € H'(O,) N L>(O,),g € PC)(R) with supp (g) C [k, k].

We want to study the asymptotic behavior of u, as € — 0. We prove that the limit prob-

lem nothing but (5) with f € L'(0). The corresponding formulation in polar coordinates
is given below:

Limit problem: Given f € L'(O), consider the problem:

-

find u € L'(O) such that T, (u) € V(O) forall k > 0,

1
z”Tk(”)”%/(O) - 0ask - oo,

0
3] azna ™ sy e+ | ATT@Ywew) + Twew
o r or o-

= /O bofwg) + /O Swgw),
forall k> 0,y € V(O) N L=(0), g € PC\(R) with supp (g) C [k, k.

L

(17
where a, and b as in (5).

We recall the properties of renormalized solutions without proof. The proofs are
available in [17].

(I) (Existence and uniqueness) There exist unique renormalized solutions for (16)

and (17).
(II) (Energy equality) Following energy equalities hold for (16) and (17) respectively:
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/ (2 xz + 20 JA VT (u)IVT, (1) + u Ty (u,) = /0 fT(uy),

€

2
/ %(airk(u)) + bouT, () + / AVT, )V T (1) + uT; (u)
ot r O

= / bofT, (u) + / 1T (w).
ot O~

(Il)  (Lipschitz Property) Let f,,f, € L'(O) and u,, u, be renormalized solutions of
(17) with f = f, and f = f, respectively. Then

Iy — woll oy < W = L2l

Analogous result holds for (16) also.
Now we are going to prove an equivalent form of renormalized solution defined above.

Lemma 1 The renormalized formulation (16) is equivalent to the following formulation:
(find u, € L'(O,) such that Ty(x,) € H'(O,), forall k > 0,

1
z“Tk(U)”?{l(@E) - 0ask — co,

(18)
/o (52}(15 +xc t o~ )A VT (u)Vw + u,w = /O fw,

forall k> 0,w € HI(OE) N L*(O,) such that Vw = 0 when |u, | > k.

That is, u, is a solution of (16) if and only if it is a solution of (18).

Proof Let u, be a solution of (18). Clearly for y and g as in (16), vg(x,) will satisfy the con-
ditions for w in (18). Hence u, is a solution of (16).

Conversely, suppose that u, is a solution of (16). Let w be a test function as in (18).
Choose y = w and g = g, for 2p > k (defined in Sect. 2.4) in (16). Then it follows that

/(9 (62)(15 + X0, + Xo- )AEVsz(ug)ngp(uE)+

€

_/@ (62)(15 + XCE + 107 )AEVTZp(uE)VTZP(ME)WgI,,(uE) + ugwgp(ug) = ‘L fM}gp(us)'

Since Vw = 0 when |u,| > k, we have VT,,(u,) = VT (u,). Then using the Lebesgue domi-
nated convergence theorem, we have

plim (52)@ + X, + Xo- )A‘Vsz(uE)ngp(ué) + u wg,(u,)
— 00 O

3

= / (82)(16 + X, + Xo- JAV T (u)Vw + u w

3

and
lim / g, () = / fi.
r=e Jo, o,
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Now from the third equality in (16), we have
‘ /0 (221, + Xo, + X0~ )A VT, )V T () wg) (u,)
1
< ||w||Lm(Q)[—)/ |VT,, ()| - 0as p — co.
OE

Since this is true for all k > 0, we see that u, satisfies (18).

Now, we require a lemma which gives the boundedness of & given by the family of
cell problems (6).

Lemma 2 Let the function & = &(r, T) be given by the family of the cell problems (6). Then
there exists a constant C independent r, T such that,

|é(r,7)| < C forall r e (r,r), 7 € Y(r).

Proof By choosing &(r, -) as test function in (6), and using the Young’s inequality in the
right hand side, we deduce,

2
/ n(@g(r,f)> F &0 dr= | &0 dr< l/ &) dr+l/ ldz.
v \ 07 Yo 2 Jye 2Jvo

Then the coercivity of A ensures that #n > 6 for some 6 > 0. Hence, there exists a constant
C independent of r such that

”f(r,‘)”Hl(y(r)) < ClY(n| £ 2=C.

Now, for each r € (ry, ry), &(r,-) € V, € H'(Y(r)). Note that ¥(r) is an open bounded sub-
set of R. Hence &(r, -) is absolutely continuous and there exist a constant K independent of
r such that

1€, M oy < KINET M veyy < 22KC.

Since C and K are independent of r, lemma is proved.

Theorem 3 (Corrector Results) Let u,, u be the unique renormalized solutions of (16) and

(17), and &, be as in Theorem 2 (éjs(r, 0) = f(r, { g })) Then as € — 0, we have

— 0.

e = (14 77, = ) L}0,)

Proof Let f" be a sequence in L>(O) such that " — f in L'(O). Let u!, u" be the renormal-
ized solutions of (16) and (17) with source term f". Then

ug = (u+ 7. (f —wé,)

<
LY(O,)

MZ - (un + XIF (f" — u")é&) ‘L‘(OE)

|0+ 2z, (" = &) = (u+ 2z (F ~ 0,

19)

Hue - MZ”LI(OE) +

+

Lo,
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Now we can investigate each term on the right hand side of the above expression. From the

Lipschitz Property of renormalized solutions (see [17]), we have
[|u. = MZHL‘((’)E) <" =fllpo,) — 0as n— oo.
From Theorem 2 with f = f", we have

—> 0 as € - 0.
LX(0,)

u;‘ - (u" + 11, (" - u").fe)

Then again using Lipschitz property of renormalized solutions, we get

|+ 2, = uvz) = (et 2 =),
< =ullpo,) + H(fn —u'—f+ u)‘fé”L‘(IE)
W =fllpo, + " =" —f + “))Q“LI(I,)'

By using Lemma 2, we have

" = fllo,) + " —u" —f + u))éf”Ll(IE) — 0 as n — oo.

So all terms on the right hand side of (19 converge to 0 and hence we have Theorem 3.

Since T,(u,) € H'(O,) and T,(u) € V(O) for all k > 0, the study of truncation func-
tions will be more interesting. The following theorem gives the convergence results of

truncation function and their derivatives.

Theorem 4 Let u,, u be the unique renormalized solutions of (16) and (17), and & be given
by the family of cell problems (6). Then as € — 0, we have the following weak conver-

gences in L*(O"):

Tw)— - | Tuu+ - uwedr Oy Xl oz
Yo lille 27 Sy ’ e gy ke 2r or X7
d 19 p
I rwy—~-L97 L,
XC’ 09 k(uE) 277.' 0r k(u) Yo(r) n ’
¢ iT(u)—\i/ O r st —wdde  and ey, 2 0
A1, 90 KWHe 27 Jy Ot k A1, or . |

Also, we have the following weak convergence in H'(O™), namely
T,(u,) = T,(u) weakly in H'(O7).
Proof From Theorem 3, directly follows that

— 0.

|70 = T+ 2. =0 | o

On applying unfolding, we get

Tu, = T*(u+ y7 (f — wE) — O strongly in L'(Oy) as & — 0.

(20)

@n
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On the other hand
T+ y7 (f — wé) — u+ yo,(f —wé strongly in L'(Oy) as £ — 0.
Define u; = (f — u)£, which is a measurable function vanish on O,. Hence, we have
Tu, — u+ yo,u; = u+u, strongly in L'(Oy) as € = 0. (22)

Since (Tk(ug))2 <u,T.(u,)and A is coercive, from energy equality of (16), we can deduce
that

“)(ck VT (u,)

+ e“)(LVTk(ug)

+ VT )l 20y + 1Tl 20,y < Wllpo).

L2(0,) L2(0,)

Now from the properties of unfolding operators and weak compactness of Hilbert spaces,
we have the following convergences:

()Tk(ug) w

T | o Ticue) | [ = [ we | weakly in (LX(O))’.
ﬁTk(uE) Wo |
’({k(“g) Z_

7e|| e Tu) || = | 2, | weakly in (L%(Op)),
J
2 Ty(u,) %

for some w, w,,wy, z,z, and z,, which we need to identify. Since T°(T,(u,)) = T,(T*(u,)),
using the Lipschitz property of truncation function 7}, we have

/ IT(Ty(u,)) — Ti(u + up)|* < / T (T () — Ti(u + uyp)|?

Oy Oy

< / 2k| T (u,) — (u+ uy)l.

OU
Then from (22), we have
T¢(Ty(u,)) — T(u+ uy) strongly in L*(Oy).

Hence we have w =T, (u) and z =T, (u+u;). Now to identify w,z, and z, take
¢ € C2(Op) and y € CX(O7). Then
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£

. ) . 0.,
4/(chr¢=hr% 0, TC(ETk(us))d}:}?lj’%/OC 5TC(T]€(”6))¢

tim [ 7T ?® o6 _ [ 2
=~ lim /0 TeTw) /O w3 = [ 5T

or

£

P
- —lim/ eTETk(u£)<—W> =0,
-0 o or
ya
/ zu/=lim/ eTf(iT(u ))wzlim/ O e, (u, )y
o 0 €0 o 00 k\Pe €m0 o or k\%e
ya ya ya

o e o\ oy 0
= ll_%/OIT Tk(u£)<ar> = /(-91 Tk(u+u1)0r = [91 aTTk(u+u1)1;/.

Since ¢ and y are arbitrary we have w, = %Tk(u), z,=0and zy = %Tk(u +u)).

. ef O . 0 (e
/O Yy = hm0 . eT <5Tk(u6)>y/ = P—»nlo/(; sa(T Tk(ug))l//
z z z

Now the remaining one is w,. Consider ¢° as in (11) and glg as in Sect. 2.4. Take y = ¢*
and g = g’g in (16) to get

/ (241 + xc, + 10" )A VT )V Ty ()P () ()

€

+/ (e%xz + xc, +)(of)A“’VTkH(ug)V(ﬁ“'g';(ue)+/ ue¢"g§(u5)=/of¢“'g§(ue).

3 3

Now since g’g(ug) = X{ju,|<k} G-€ 3S 6 — 0, by Lebesgue dominated convergence theorem,
as 6 — 0, we obtain:

/ (a1 + xc, + X0~ ) A VT )V g5u,)

£

- /0 (€221, + Ze, + X0 )A VT OV K10, 150

= / (e 2z, + 20, + 10~ ) A VT W)V,

£

/Oueqﬁég'g(uf)—’/o u5¢61(|u5|5k} and /(9f¢£g§(ue)—>/Offlf)(”ut\gk}-

.
Therefore, we have

m? sup / (207 + xe, + 20" )A VT )V Ty () (85) (1)
- O,

€

+/ (€221, + 1c, +10*)AEVTk(“e)V¢S+/ Ueh X {ju, 1<k) =/f¢61{|u5|s1<}-
o, o,

' (23)
The last two terms terms in (23) will converge to 0 as € — 0 from the definition of ¢*.

Now, we look into the first two terms. To handle the first term in (23), lety = land g = g";
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(as defined in Sect. 2.4) in (16). Here g is not compactly supported, but still we can use it
as a test function in (16) due to Lemma 1. Thus

/0 (27 + xe. + X0~ )A VT y () VT ()@ () + /0 u.gh(u,) = /0 184wy,

. A 1 A
Since (85)' = = X{k<ju, |<k+s) a0d 1 &5 () > 0, we have

1

5 /o ANV )V T ) X ki, 1<krs) < W Nl o)

Therefore, we have

lim sup
6—-0

/ (a2 + xc, + 20 )A VT W)V Ty, ()P (g5) ()
O,

i3

. 1
< 51";1 sup < / (e 2z, + e, + 10~ ) A VT )V Ty ) X i, <kt
- o

< ellf o)
which implies
lim <lir;1 sup / (€az + 20, + ;(@—)AEVTH](ME)VTH](uf)qﬁs(g’;)’(ue)) =0.
—> — O

3

Hence from (23), we get

lim (1 + 1o + o~ )A VT (u)Vg* =0
£ 0, € €

Since ¢*° vanishes outside C,, we have

e el | 2Tu) | [ Lof
lim [ AVT )V = [ |% V] g eyt | =o.
£ f, AV TOVe / [ﬂf " [%TM)] [—qs

Apply unfolding operator and pass to the limit as € — 0 using (12) to get

LB - LB
T e 15wl | Srwo | | S| T 2m Jo, 18 1] [wo] |2

at
1 0
=— + —.
27 Jo, (ﬂw, nwg) or
Since ¢ is arbitrary,
g d
Wy = nw, = 1y or )

Therefore we have
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T (u,) T, |

|| 2T ([~ | 2T | weakly in (22(0p)),
Gl 0]
T (u,) T+ (f =) |

|| e 2T || = 0 weakly in (L2(O;)).
e2Tw) ) 5T+ (=)

Then from property (6) of unfolding operator we have (20).

Since {T(u,)} is bounded in H 1(©O7), by weak compactness there exist some

v € H'(O7) such that

T, (u,) — v weakly in H'(O").

But from Theorem 3, using the Lipschitz property of truncation function 7), we get

T.(u,) = T,(u) strongly in L2(O7),

which gives v = T, (). Thus we have (21) and hence Theorem 4.
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