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ARTICLE INFO ABSTRACT

MSC: The current study addresses the control problems posed by a semilinear neutral integro-
34K06 differential equation with memory. The primary objectives of this study are to investigate
34A12 the existence of a mild solution and approximate controllability of both linear and semilinear
37L05

control systems in Banach spaces. To accomplish this, we begin by introducing the concept
of a resolvent family associated with the homogeneous neutral integro-differential equation
Keywords: without memory. In the process, we establish some important properties of the resolvent family.
ApprOXifnate CU“FmHabﬂ_ity . Subsequently, we develop approximate controllability results for a linear control problem by
Neutral integro-differential equations . . . . s .
Resolvent family constru.ctlng a ‘hnear—quadratl'c 'regulator proble.zrn. This 1nclud.es establishing the existence of
Fixed point theorem an optimal pair and determining the expression of the optimal control that produces the

approximate controllability of the linear system. Furthermore, we deduce sufficient conditions
for the existence of a mild solution and the approximate controllability of a semilinear system
in a reflexive Banach space with a uniformly convex dual. Additionally, we delve into the
discussion of the approximate controllability for a semilinear problem in general Banach space,
assuming a Lipschitz type condition on the nonlinear term. Finally, we implement our findings
to examine the approximate controllability of certain partial differential equations, thereby
demonstrating their practical relevance.

93B05

1. Introduction

Let W be a Banach space with its dual W*, and U be a Hilbert space (identified with its own dual). We focus on analyzing the
existence and approximate controllability of the following abstract neutral integro-differential equations:

' t
% [w(t) + / G - s)w(s)ds] = Aw(t) + / N(t = s)w(s)ds + Bu(t)

+ f(t,w,), t€(0,T], (1.1)

wy =y € B.

Here A : D(A) CW — W and N(r) : D(N(r)) C W — W for 7 > 0, are closed linear operators. The linear operators G(r) : W — W,z > 0
and B : U - W are bounded. The conditions on the nonlinear function f : J x 8 — W, where B denotes the phase space, will be
explained in the subsequent section. The function w, : (—c0,0] - W with w,(8) = w(t+6) and w, € B for each ¢t > 0 and the control
function u is in L2(J; U).
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The classical heat equation (where both internal energy and heat flux exhibit a linear dependence on the temperature w and its
gradient Vw) adequately describes the evolution of temperature across various materials, such as copper, silicon carbide, polystyrene,
aluminum, and many others. However, this description does not provide a complete understanding of how heat diffuses in materials
with fading memory, mainly because in the classical model it is assumed that changes in the heat source immediately affects the
material. The works proposed by Gurtin and Pipkin [1] and Nunziato [2] related to heat conduction phenomena in materials with
fading memory, considered the internal energy and heat flux as functionals of w and Vw. This theory is adequate for describing heat
conduction in materials exhibiting fading memory. Subsequently, in the following studies [3-6] neutral integro-differential systems
have been frequently employed to describe heat flow phenomena in various materials with fading memory of the form

t
w(t, &)+ / kit —s)w(s,&)ds| = cAw(t, &)

o

dt

t
+ / ko(t = s)Aw(s, E)ds + h(t, &, w(t, £)),t > 0,& € 2,

)

w(0,8) =0, £ €08,

where w(t, &) represents the value at position ¢ and time ¢ for (#,&) € [0, o) X £ with open and bounded domain 2 € R" has a
boundary 922 of class C2. The constant ¢ denotes the physical constant and k; : R — R,i = 1,2, are the internal energy and the heat
flux relaxation, respectively. For further exploration into various models of partial integro-differential equations and their associated
applications, we refer to [7]. A significant approach to deal with such kinds of systems is to transform them into integro-differential
evolution equations in abstract spaces. In fact, if we assume the value of solution w is known on the interval (-0, 0], we can then
transform the above system into the form

t
%[M0+F0mm]:AMO+/"KU—QMﬂm+f@wm120
0

Moreover, the model proposed by Coleman and Gurtin [8] and Miller [9] for heat conduction in a rigid, isotropic viscoelastic material
under elastic conditions was studied in [10] using abstract evolution equations. It is observed that the theory of the resolvent operator
plays a crucial role in studying semilinear integro-differential evolution equations, see [11-13] etc.

On the other hand, controllability, whether exact or approximate, is widely acknowledged in both engineering and mathematical
control theory. Controllability captures the ability of a solution to a control problem that start from any initial state to a desired
target state through suitable controls. The exact controllability problem has been studied in various instances, see for example, [14—
16] and the references therein. The approximate controllability problem, particularly in infinite-dimensional systems, has received
significant attention due to its broad applications (cf. [17-20]). Many researchers have achieved notable results on approximate
controllability for nonlinear systems in Hilbert and Banach spaces using the resolvent operator condition (e.g., [21-24]).

Recent research on semilinear integro-differential evolution equations, using resolvent operator theory, has yielded significant
advancements in existence, stability, regularity, and control problems etc,. see for instance, [25-28] and the references provided
therein. In particular, Dos Santos et al. [29] established the theory of resolvent operators for the following linear neutral
integro-differential equation of the form

t t
% [w(l) +/ G(t - s)w(s)ds] =Aw() + / N( - s)w(s)ds, t € (0,T1],
0 0

w0) =¢ eW.

They also discussed the existence of mild, strict and classical solutions for the problem of the form given in (1.1) without
considering control. Furthermore, this theory has been increasingly applied in recent years to investigate various neutral partial
integro-differential equations, as demonstrated in [30-33] and many other works.

Recently the approximate controllability problem for neutral integro-differential equations in Hilbert spaces include Mokkedem
and Fu [34], who used fractional power operator theory, fixed point techniques, and the resolvent operator condition. Nonlocal
neutral integro-differential systems with impulses and finite delays were explored in [35] using a resolvent operator theory and
approximation methods. Furthermore, Cao and Fu [36] determined sufficient conditions for the approximate controllability of
neutral semilinear integro-differential equations driven by fractional Brownian motion.

To the best of our knowledge, no results have been demonstrated on the approximate controllability of neutral semilinear integro-
differential equations in Banach spaces, particularly through the utilization of the resolvent operator condition. This work fills this
gap by studying such systems in a reflexive Banach space with uniformly convex dual. Initially, we establish important properties
of the resolvent family that are essential for subsequent developments. We then analyze the approximate controllability of a linear
problem (see Section 3). Subsequently, we derive sufficient conditions for the approximate controllability of our semilinear system
(1.1). Furthermore, we extend the results within the framework of general Banach spaces under a Lipschitz type condition on the
nonlinear term f(-,-). Unlike existing studies [34-36], this work avoids the fractional power theory of linear operators, which is
often used in the literature on integro-differential equations.

2. Preliminaries

Assume that the duality pairing between W and its dual W* is represented by (-, -). The notation £(U; W) and L(W), respectively
stand for the space of all bounded linear operators from U to W, endowed with the operator norm || - || ;.w, and the space of all
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bounded linear operators on W, equipped with the norm || - ||z,. For a closed linear operator P : D(P) € W — Y, the notation
D, (P) represents the domain of P endowed with the graph norm ||z||;, = ||z|ly + [|Pz|ly. The Laplace transform of an appropriate
function J : [0, c0) » W is denoted by J. We now introduce the resolvent and some of its properties.

2.1. Resolvent operator

In this subsection, we introduce the concept of a resolvent operator for the following abstract Cauchy problem involving
integro-differential equations:

t t
% [w(t) + / G(t - s)w(s)ds] =Aw(t) + / N(t = s)w(s)ds, t € (0,T],
0 0

2.1
w0)=¢eW.

Definition 2.1. A one-parameter family of bounded linear operators (Z(t)),», on W is called a resolvent operator of (2.1) if the
following condition are satisfied:

(a) The function Z : [0, ) — L(W) is exponentially bounded, strongly continuous and #(0)z = z for all z € W.
(b) For z € D(A), Z(-)z € C([0, ); D{(A)) N CL((0, o0); W), and

' '
% [%(z)z + / G(t - s),%’(s)zds] =AZ(t)z + / N(t — $)%(s)zds, (2.2)
0 0
' '
% [%(I)Z + / At — s)G(s)zds] =Z()Az + / Z(t — s)N(s)zds, (2.3)
0 0

for every ¢ > 0.
Throughout this study, we assume that the following conditions are verified.

(Cd1) The linear operator A : D(A) C W — W is the infinitesimal generator of an analytic semigroup (S(7)),»(. Let us take two
constants M > 0 and v € (z/2, z) such that p(A) 2 A, = {4 € C\ {0} : |arg()| < v} and [IR(4, Al < M /|4 for all 1 € A,.

(Cd2) The function G : [0,00) — L(W) is strongly continuous and CA}(/l)z is absohitely convergent for z W and Re(4) > 0.
Agditionally, there exists a constant « > 0 gnd an analytical extension of G(4) (still denoted by G(4)) to A, such that
IG(Wl zwry < Ny[A|7* for every 4 € A,, and [|G(D)z(lw < Ny ||~ |z|l, for every A € A, and z € D(A).

(Cd3) The mapping N(r) : D(N(r)) C W — W is a closed linear operator for each ¢ > 0, the domain D(A) C D(N(?)), and N(-)z is
strongly measurable on (0, o) for each z € D(A). Moreover, there is a function IT € LI‘M (R*) such thatA i (A) exists for Re(1) > 0
and |[N()z|lw < H@)|z||, for all > 0 and z € D(A). In additiork the operatoz valued function N : Az = L(D(A), W)
has an analytic extension (still denoted by N) to A, such that |I[N(1)z|ly < INDI 2o, w121l for each z € D(A), and

||N(/1)||£(D](A);W) — 0 as |4 > .
(Cd4) There exists a subspace Y C D(A), which is dense in the graph norm, and two positive constants M;,i = 1,2, such that A(Y) C
D(A), N(A)(Y) € D(A), G(Y) € D(A), |AN()zllw < M, ||zll, and ||G(A)zll, < M,|A|~%||z||, for all A€ A, and every z € Y.
In the sequel, let us define a set A,y = {4 € C\ {0} : |4] > r,|arg(4)| < 8} for r > 0 and 6 € (x/2,v). We also define I, , = Ui:l Frke’
where
Ily=1{te c1zr), Ily={re 1 -0<$p<0), I)y={1e 112r).
The orientation is considered as counterclockwise. In addition, let
QEF) ={1€C:FA) =T+ 1G) — A-R@)~ € LW)).

We now review some important properties of the resolvent operator (%(1)), that are needed to establish our results.

Lemma 2.2 (Lemma 2.2 [29]). There exists a constant 7 > 0 such that A;, C £(F), and the mapping F(4) : A;y — L(W) is analytic.
Moreover, there exists a constant M5 > 0 such that

[IAFD 2wy < M3, forall 2 e Asg-

Remark 2.3. Note that if (#(1)),», is a resolvent operator of (2.1), it follows from (2.3) that FIAf(A)F(/I)z = z for all z € D(A). By
employing Lemma 2.2 and the properties of Laplace transformation, we deduce that resolvent operator for (2.1) is unique if exists.

Theorem 2.4 (Theorem 2.1 [29]). Let conditions (Cd1)-(Cd4) be true. Then there exists a unique resolvent operator Z(-) defined as
L / eMF(A)dA, 1> 0,
A0 =127 Iy

I, 1=0,

2.4

of the system (2.1), where r > 7 and 6 € (z/2,v).
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Lemma 2.5 (Lemma 2.3 and Lemma 2.5 [29]). The mapping t — %(t), t > 0 is strongly continuous in W and exponentially bounded in
LW), ie [|ZOl ey < Ce™ for some C >0 and » > 0.

Lemma 2.6 (Lemma 2.4 and Lemma 2.6 [29]). The mapping t — Z%(t), t > 0 is strongly continuous in D(A) and exponentially bounded
in L(D,(A)).

Lemma 2.7 (Lemma 3.11 [29]). Let R(4y, A) is compact for some A, € p(A). Then the operator %(t) is compact for all t > 0.
Lemma 2.8. The operator %(t) is continuous in L(W) for t > 0.

Proof. For 0 < s < t, let us compute

|2 = Z(N pew) = % H/F (e’“ - e’“) F(A)dA
r.e

L(W)
M. At _ LA
< 2—3 / €~ 1dal.
7 Jr,, A
Now we claim that, there exist s < ¢ < t such that
e/lr _ els i
< (t=9)le*|, for A€ T, ,. (2.5)

To prove the claim, let us define a function
g(r) = (Re(e™) — Re(e™))Re(e") + (Im(e*') — Im(e**))Im(e*"),

for s <r <tand A € I,,. The function g(-) is real-valued, continuous on [s,] and differentiable on (s, #). Then by the mean value
theorem

80— g(s) = g'(c)(t — 5), for some ¢ € (s,1). (2.6)
Further, we compute

8(1) - g(s) = (Re(e™) — Re(¢™))” + (Im(e*) — Im(e*))’

= e — P, 2.7)

and

g'(c) = (Re(e™) — Re(e*)) (Re(A)Re(e™) — Im(A)Im(e*))

+ (Im(e™) — Im(e™)) (Re(DIm(e) + Im(4)Re(e™)) .

From the above expression, we deduce that

lg' (] < 14lle* = e*|le*]. 2.8)

Combining (2.6), (2.7) and (2.8), we obtain the claim (2.5). Then (2.5) implies that

e/lr _ els

-0, ast — s. (2.9)

We now evaluate

M% © etscose 0
/ RN dA| = 2M, / ds + M, / elseqe
re 14l r s -0

M;
~ r|cosf|

+2M;0¢" < oo, for each ¢ > 0.

Using the aforementioned fact along with the convergence (2.9) and the Lebesgue dominated convergence theorem, we see that
1% (t) = Z(5)|l ooy = O @s ¢ — s, proving the operator Z(¢) is continuous in £L(W) for ¢t > 0. []

Throughout this work, we take sup,cjo 7 |2l cew) < K.

Lemma 2.9. If the resolvent operator Z(t) is compact for t > 0, then the following assertions hold:

(@ 1imy,_g+ |2t + h) = BRRD)|| ooy = 0 for all 1 > 0.
®) 1imy,_g+ 12() = BZ(t = W)l ppy = O for all 1 > 0.

Proof. Let us first prove (a). We take z € W with ||z||yy < 1 and any ¢ > 0. Then by making use of the compactness of the operator
Z(t) for t > 0, we conclude that the set A(r) := {Z(t)z : |zllw < 1} is compact for + > 0. Thus, there exists a finite family
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{%#)z,, ..., %2(1)z,} C A(t) such that
€
”;OZ(t)Z - c@(l‘)lillw\y < m, (2.10)

for any z € W with ||z|lyy < 1. By the strong continuity of Z(z), there exist constants 0 < 4; < min{#, T} for i = 1, ..., n, satisfying

120z, = AWADz |l < 3. 2.11)
forall 0 < h < h; and i = 1,...,n. Further, using the continuity in the uniform operator topology of Z(r) for ¢ > 0, there exists a
constant 0 < & < min{A,, ..., h,} such that

2@ + )z - WD)zl < g for all 0 < h < h. (2.12)

Using (2.10), (2.11) and (2.12), we estimate
1% + )z — Z(WZDzllwy < 21 + M)z — ZDzllw + |21z — ZD)z; vy
+ 1 2(1)z; = Z(WNZ D)z |lw + | Z2(WE®)z; — B(WR D)z lvy

<e

from which the claim (a) follows. We now prove the assertion (b). For this, let > 0 and 0 < & < /, and we estimate
12(1) = Z(W%(t = D powy < N2 @) — Bt + D)l powy + 1ZE + h) — ZZ O 2w
+ | Z(W% (1) — Z(WZ(t — W)l £
SN2 — Z(t + Wl ey + 12 + h) = ZIWDZDO| o)
+ K| Z@) = Z(t = D) cow)

<e.

Thus, the claim (b) follows by the estimate (a) and the continuity of %(¢) in the uniform operator topology for r > 0. []

Lemma 2.10. Let us assume that the resolvent operator Z(t) is compact for t > 0. Then the operator I : L*([a,b]; W) — C([a, b]; W) is
given by

1
Ig)) = / K(t — 5)g(s)ds, t € [a,b],

is compact.

Proof. Stepl (Equicontinuity): Consider the ball B, = {g € L*([a,b]; W) : ||gll (2(q 5w, < r}, for any r > 0. For s;, s, € [a,b] (s; < 5,)
and g € B,, we compute

[Z&)(s2) = T w

S1
< ” / [%(sy = 5) — Z(s) — )] g(s)ds| w + W

/52 H(sy — 5)g(s)ds

1

s 52
< / | (s, — 5) = Z(s| — 5)g(s)|| wds + K/ llg(s)lyyds
a 51

S1
< / | (s, — 5) = Z(s| — 5)g(s)|| wds + KA/ (s, — sOIEN 2 qa )

If 5, = a, then by the above inequality, we implies that

lim_ |(Z&)(s2) — (Tg)(s))|| w = 0, uniformly for g € L2([a, b]; W).
sy—a

For given ¢ > 0, let us take a + ¢ < s5; < b, we compute
[(Ze)(s) = (Te)s)|| w
51
< / ”Q(Sz = 5) = %(s; - S)” com I8 lwds + K/ (sy = spIg2(a,61:m)
a
s|—€
< / | Z(sy = 5) = Z(s1 = 5)|| com)llg()llwds
a
S1
+ / 105 — ) — (5, — 9| cem g lwrds + K53 — syl iz sy
sp—€
s1—€
< sup |I%(52 —8)—%(s| — S)” L£(W) / lg(s)llyyds + ZK\/E”g”LZ([a,b];W)

s€la,s;—€]

+ K/(53 = sDlgll 2y (2.13)
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Using the continuity of #(r) for + > 0 under the uniform operator topology and the arbitrariness of ¢, the right hand side of the
expression (2.13) converges to zero as |s, — s;| — 0. Consequently, I(/,) is equicontinuous on L2([a, b]; W).

Step 2: Next, we verify that A(r) := {(Ig)(t) 1 g€ B,} for all ¢ € [a, b] is relatively compact. At t = q, it is straightforward to
verify that the set 2((r) is relatively compact in W. Let a < ¢t < b be fixed, and for a given n where 0 < n <t — a, we define

=1
(T"g)(t) = %(n)/ Rt — s —n)g(s)ds.

In view of the operator (1) is compact, we see that the set 21, (1) = {(I"g)(?) : g € B,} is relatively compact in W. Therefore, there
exist a finite z;’s, for i = 1,...,n in W such that

24,0 c S, /2,
i=1

i

for some £ > 0, where S (¢/2) is an open ball centered at z; and of radius /2. Using Lemma 2.9, we can choose an » > 0 such that
I(Ze)®) — (X")DIl vy

t—-n t
< / I [%2(t — s) = ZZ( — s — )] g(s)|lyyds + / 12 — $)g(s)|lyds
a t—
t-2n !
< / 1124 — $) — RRG — 5 = )] g llyds + K Vlgl2 aspm

-
/ R = 5) = FODR 5= ]y
=21

1-2n
< / %t = 5) = Z(%(t — s — | comllg®)llwds + K\/'_I”g”LZ([a,b];W)

E
+ (K + K)/nllgll 2qa g S 5-

Consequently

n
A0 c | J s, @.
i=1
Hence, for each t € [a,b], the set (¢) is relatively compact in W. Applying the infinite-dimensional version of the Arzela-Ascoli
theorem (refer to Theorem 3.7, Chapter 2, [37]), we can infer that the operator 7 is compact. []

Lemma 2.11. Let us define the operator G : L'([a, b]; W) — C([a, b]; W) such that
t
G)®) = / Z(t — 5)g(s)ds, t € [a, b]. (2.14)

If{g.he, C LY([a, b]; W) is any integrably bounded sequence, then the sequence v, := G(g,) is relatively compact. []

A proof of the lemma above can be readily obtained by using Lemma 2.9 along with the technique employed in the proof of
Lemma 3.6 of [38].

Corollary 2.12. Let {ga2, C L!([a, b]; W) be an integrably bounded sequence such that g, A g in L'(la,b];W) as n - oo. Then
G(g,) = G(g) in C([a,b;W) asn— co. [J

2.2. Geometry of banach spaces and duality mapping

In this subsection, we initially introduce some special geometry of Banach spaces and later we recall the notion of duality mapping
and its important properties.

Definition 2.13. A Banach space W is said to be strictly convex if for any z,,z, € W with ||z,||w = ||z||w = 1 such that
vz + (A =wzs||w < 1, for 0 <v < 1.

Definition 2.14. A Banach space W is said to be uniformly convex if for any given e > 0, there exists a 6 = §(¢) such that
lzi =22l w 2 e = |21 + 22| w <201 = 6),
where z;,z, € W with ||z;||w =1 and ||z, || w = 1.

Note that every uniformly convex space W is also strictly convex. The modulus of convexity of the Banach space W is defined as

. Iz +
Byy(e) = mf{l == tllzlly < LAyl < Lllz=yllw 2 e

The function 6y (-) is defined on the interval [0, 2] is non-decreasing. In addition, a Banach space W is uniformly convex if and only
if 6y (e) > 0 for all e > 0 (cf. [39]).
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Definition 2.15. A Banach space W is said to be uniformly smooth if for any given ¢ > 0, there exists a 6 > 0 such that for all
zy, 2o € W with ||z, |lw = 1 and ||z, ]y < 8, the inequality

1
3 (21 + zallw + 1121 = z2llw) = 1 < ellza llw-

holds.
The modulus of smoothness of the space W is given by
llz; + 72|l llz; — 7zl
p_w(‘r)=sup{ ! > 2w > ZW 1 izl = zpllyy = 1 ¢, for all = € [0, 00).

Py (1) _

Note that the space W is uniformly smooth if and only if (cf. [39]) lim,_ o+ 0.

Remark 2.16.

(a) A Banach space W is considered to be p-uniformly smooth, where 1 < p < 2, if there exist an equivalent norm on W such that the
modulus of smoothness p,, (1) < C? for some constant C. A Banach space is said to be g-uniformly convex, where 2 < g < o,
if there exist an equivalent norm on W such that the modulus of convexity y(¢) > Ce? for some constant C > 0.

(b) A space W is uniformly smooth if and only if its dual space W* is uniformly convex. A space W is uniformly convex if and
only if W* is uniformly smooth (cf. [40]). Moreover, every uniformly convex or uniformly smooth space is g-uniformly convex
and p-uniformly smooth for some ¢ < co and p > 1 (see [39]).

Example 2.17. Here are some example of smooth and convex spaces (cf. [41,42]).

(i) Every Hilbert space is 2-uniformly smooth and 2-uniformly convex.
(i) Let £ c R” be a measurable set. The space L?(£2) for 2 < p <  is 2-uniformly smooth and p-uniformly convex.
(iii) The Sobolev space W™P(£2) for 2 < p < o0 and m € N is 2-uniformly smooth and p-uniformly convex.

Let us recall the notion of the duality mapping and its property.

Definition 2.18. A multi-valued map _# : W — 2%" given by
Szl ={z" € W* : (z,2%) = |Izl1}, = |z*|}3,.}, forall zeW,

is called the duality mapping.
Note that _#[Az] =4 _7[z], forall i€ R and ze W.

Remark 2.19.

@@ If W is a reflexive Banach space with the norm ||-|| y, then it can always be renormed such that both W and W* becomes
strictly convex (cf. [43]). According to Milman theorem (cf. [44]), every uniformly convex Banach space is reflexive.
(ii) The strict convexity of W* ensures that the mapping ¢ is single valued and demicontinuous (cf. [45]), that is,

zp > zinW = d?f[zk]ixyéf[z]inVV"F as k - 0.

2.3. Phase space

We present definition of the phase space 9B, as introduced in the profound work of Hale and Kato (cf. [46]). Specifically, B
denotes a linear space comprising all mappings from (-0, 0] into W equipped with the seminorm ||-|| 3 and satisfying the following
axioms:

(A1) Let z : (—o0,0 +9) > W, 9> 0 be a continuous function on [¢,c + 9) and z, € B. Then for every ¢ € [o, ¢ +9), the following
conditions hold:

@) z isin B.
(i) 1zl < Ky ||z || > where K; is a constant independent from z(-).
(i) ||zl < AC — o)sup{llzllw : 6 < s < 1} + Y - 0)|z,| > Where A : [0,00) — [I,00) is continuous and
Y : [0,00) = [1, ) is locally bounded, and both A,Y are independent of z(-).

(A2) For a given z(-) in (Al), the mapping 7 — z, is continuous from [c, ¢ + 9) into B.
(A3) The space B is complete.

Example 2.20. Let @ : (—co,—r] - R* be a Lebesgue integrable function. Take B = C, x L. (W) as the space of all mapping
¢ 1 (=00,0] = W such that ¢|,_, o) € C([-r,0]; W), for some r > 0, ¢ is Lebesgue measurable on (-0, —r), and w||¢(-)|lw is Lebesgue
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integrable on (—oo, —r]. The seminorm in B is given as

-r

Il s 2= sup{ll¢@llyy : —r <6 <0} +/ @(0)[|P(O) Iy do.

)

Furthermore, there exists a locally bounded function € : (—o0,0] - R* such that w(t + 0) < £()w(0), for all <0 and 6 € (o0, 0)\£2,
where 2, C (-0, 0) is a set with Lebesgue measure zero. A simple example of w is given by w(9) = ¢*? for some v > 0.

The space B = C, x LCIU(W) verifies the conditions (A1)-(A3) for r > 0 with K| =1,

1, forO<t<r,

A(t) = -
1+ / w(0)do, for r <t

t

and

max {1 + / w(0)do, 8(—t)} ,for0<r<r,

r—t

max {/_ w(6)do, E(—I)} s forr<t,
—r—t

see Theorem 3.18, [46].

Y() =

2.4. Mild solution and controllability operators

This subsection starts with the definition of a mild solution for the semilinear system (1.1). Later, we introduce the controllability
operators. Given y € B fixed, define f; : J - W,i=1,2, as

0 0
S = —/ G(r — s)y(s)ds and f,(t) = / N( = s)w(s)ds.

0 )

Definition 2.21 (Mild Solution). A function w : (o0, T] - W is called a mild solution of the neutral system (1.1), if wy, =y € B, f;
is differentiable with f 1, e LI(J; W), w|; € C(J; W) and verify the following integral equation:

w(t) = Z(t)w(0) + / Z(t - s) [Bu(s) + f(s,wy)] ds
0

t
+/ Rt =) [f](5) + fo(s)] ds,t € J. (2.15)
0

Definition 2.22. The system (1.1) is said to be approximately controllable over J if, for any given function y € B and any ¢, € W,
and every e > 0, there exist a control function u € L?(J; U) such that the mild solution w(-) of the problem (1.1) satisfy the following:

(™) = &l w < e

In the remaining part of this article, we assume that W is a separable reflexive Banach space having uniformly convex dual,
unless otherwise specified. Next, we define the operators
T
Lyu := / R(T — 5)Bu(t)dt
0

. : . . 2.16
¥y =LsL: = / Z(T — HBB*Z(T — 1)*dt (2:16)
0

RALP]) :=A1+%] 7)™, A>0.

From the second expression of (2.16), it is evident that the operator lPOT : W* - W is nonnegative and symmetric. It is clear from
the third expression of (2.16) that the operator R(4, EF’OT ) is nonlinear. Further, note that if W is a separable Hilbert space identified
by its own dual, then the duality mapping _# becomes I (the identity operator), thus R(4, 'i’OT ) = (Al + 'I’OT y~!, A > 0is a linear
operator.
Lemma 2.23. For y € W and 4 > 0, the equation

Az + ¥ 7lz;1 = Ay, (2.17)
has a unique solution

z;=2;(0) = A+ ¥] 7).



S. Arora and A. Nandakumaran Nonlinear Analysis: Real World Applications 84 (2025) 104317

Moreover

Izl w = |2 2w < Iyl w

A proof of the aforementioned lemma can be derived in a manner similar to that used in the proof of Lemma 2.2 in [17].

Lemma 2.24. The operator R(4, EF’OT ) : W — W, 1> 0 is uniformly continuous in every bounded subset of W.

Proof. Let us define a set
={weW: Jwly <r},
where r is a positive constant. Now, for any w;, w, € B,, let us estimate
(AL+ W] _7)(wy) — A+ ¥ 7)), Flw,] = 7 Tw;])
= (sz —w), Jw,] - /[w.]> +{PL( I w)) - Zlw\D), 7wyl — Flw;])
=4 {w, —wy, 7wy~ Flw]) + L) (L w] - 7w DIl
> A (wy —wy, Flwy] - 7w l). (2.18)

Since the space W* is uniformly convex, by Remark 2.16, the space W is uniformly smooth. Moreover, the space W is g-uniformly
convex and p-uniformly smooth for some 2 < g < o0 and 1 < p < 2. By applying Theorem 1.6.4, [40] and the definition of g-uniformly
convexity, we obtain

(wy —wy, Flwy] = Flwil) > —— Lc, llwy = wy 1, (2.19)
where 1 < L < 1.7 is the Figiel constant, ¢, = 2max{1,r} and C > 0. Combining (2.18) and (2.19), we have the following:

(Q1+¥] _7)(wy) = AT+ w)), Flw,] - 7 w]) > —||w2 wy 1. (2.20)
Using the Cauchy-Schwarz inequality, we compute

((AT+¥] ) wy) = (AL+¥] _w)), flw,] = Zw])

SNAL+¥) 7)) w,) = AL+ W] ) w)llwll 7 [wy] = 7wy e (2.21)

Note that the space W is p-uniformly smooth implies that the dual space W* is —-umformly convex. Using Corollary 1.6.7, [40],
we obtain

(S lwy] = Flwl,wy —w;) > — | 7 [w,] - f[wllllw* ) (2.22)
2Lc,"
where C is a positive constant. Once again using the Cauchy-Schwarz inequality, we estimate
</[w2] - /[wl], Wy — w1> < ||f[w2] - f[wl]”W* ||w2 —w ”W (2.23)
From the estimates (2.22) and (2.23), we get
QLy-1cf _
17 Twa] = ATl < == llwy = w, 17 (2.24)

Combining (2.21) and (2.24), we compute

(A1+¥] 7)wy) = AL+¥] 7)w,). Flw,] - Flw])

QL 'y r T -
_Tuulw W) = A+ ¥ D) w))llwllw, — wi I,

Further from the estimates (2.20) and (2.24), we have
NAL+ ¥ 7)) wy) — AL+ W] 2 )w)lly > Crllwa — w15 (2.25)
ic

cerLypct!
W+2] )7 ) = w,, AI+¥] 77 x) = w.

This implies
AL+ Y] ) w)) = x3, AL+¥] 7)w) = x,.

where C, = and s =g —p+ 1 €[l, ). Since the map (Al + Y’OT _7) is invertible, there exist x;,x, € W such that

Finally, from the estimate (2.25), we obtain
N+ 2] )7 ) = AL+ 2] )7 xplly < Collxy = x, 119,

where C, = ci >0and 6 = % (0 < 6 < 1). Thus, the system is uniformly continuous on every bounded subset of the space W. []
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To ensure the existence of a mild solution and the approximate controllability of the system (1.1), we impose the following
assumptions.

Assumption 2.25. Let us take the following assertions:

(HO) The family z; = z,(y) = AR(4, 'I’UT )(¥) = 0as A | 0 for every y € W, under the strong topology, where z,(y) represents a
solution of Eq. (2.17).

(H1) Let R(4y,A) be compact for some 4, € p(A).

(H2) The function f(z,-) : B — W is continuous for a.e. 7 € J. The map ¢ — f(z, ¢) is strongly measurable in J for each ¢ € B.
Also, there exists a function y € L!(J;R*) such that

£ Pllw < y(), for a.e. t € J and for all ¢ € B.

3. Linear control system

The following section is dedicated to explore the approximate controllability of a linear control system corresponding to
(1.1). In this section, we first formulate an optimal control problem and subsequently discuss its relationship to the approximate
controllability of the linear control system. We first define the mild and classical solutions of the following non-homogeneous linear
system:

! t
4 [w(t) + / G(t - s)w(s)ds] = Aw(t) + / N(t = s)w(s)ds + g(?), t € (0,T],
0 0

dr (3.1)
w@0)=¢ eW.
If the function g € L!(J; W), then a function w € C(J; W) given by the expression
t
wt) =21 + / Rt —s)g(s),t € J, (3.2)
0

is called a mild solution of the system (3.1). Moreover, if { € D(A) and g € C(J; D;(A)), then the function w(-) given in (3.2) is a
classical solution. The work in [29] thoroughly examines the existence of both mild and classical solutions for the non-homogeneous
linear system mentioned above.

3.1. Optimal control problem and approximate controllability

We now formulate an optimal control problem to produce the approximate controllability of the linear system. For this, we
consider a linear regulator problem, which involves minimizing a cost functional defined as follows

r
F(w,u) = ||w(T) = & |3 + /1/ llur) |12, d, (3.3)
0
where 1 > 0,¢{; € W and w(-) is a mild solution of the system

t '
4 [w(t) + / G(t - s)w(s)ds] =Aw(t)+ / N(t = s)w(s)ds + Bu(?), t € (0,T],
0 0

dt 3.4

w0)=¢eW,
with control u(-) € U. Since Bu € L'(J; W), the system (3.4) has a unique mild solution w € C(J; W) given by

1
wt) =21 + / R(t — s)Bu(s)ds, t € J,
0

for any u € U,y = L2(J; U) (class of admissible controls). The admissible class is given by

Aug = {(w,u) : w is a unique mild solution of (3.4) associated with the control u € U, }.

Since for any u € U}, there is a unique mild solution of the system (3.4). Hence, the set A, is nonempty. Now, the optimal control
problem is to find (w,u°) € A, such that

FZw',u®)= min Z(w,u). (3.5)
(W.U)E Ay

The following theorem determines the existence of an optimal pair for the problem outlined in (3.5). In order to prove the following
theorem, we will use the similar technique as discussed in [47].

Theorem 3.1. For any { € W, the minimization problem (3.5) possesses a unique optimal pair (w°,u®) € A,,.

10
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Proof. Denote L := ming, e 4,, 7 (W,u) = inf,eq, 7 (w,u). Since, 0 < L < +oo, we can find a minimizing sequence {u"}* | C Uy
satisfying lim,_, . (w",u") = L, where (w",u") € A 4 for each n € N. Evidently, the function w"(-) is given by

13
w'(t) = B¢ +/ Z(t — s)Bu(s)ds, t € J. (3.6)
0
Since 0 € U}, without loss of generality, we may assume that . (w", u") < .%(w,0), where (w,0) € A4, implies that

T
[T = & |13 + 4 /0 " O de < [Jw(T) = &[5 < 2 (w13, + 1E13,) < +co.

The above estimate ensures that, there exists a L > 0 large enough such that

T
/ lu" ()13 dt < L < +o0. (3.7)
0

Using (3.6), we estimate

'
lw" Ollvy < 12O vy +/0 122(t — s)Bu" ()|l wds
t
SN2 2w 1S vy +/0 12t — )l o) 1Bl £y 14" ()| yds

P 1/2
<Kl + KM1'/? ( / ||u"<s>||%ds>
0

< K¢l + KM:PTV? < 4o,

for all + € J. Since L2(J; W) is reflexive, by Banach-Alaoglu theorem, there exists a subsequence {w"i };‘;1 such that w'/ —
w® in L2(J;W) as j — oo. It is clear from the relation (3.7) the sequence {u"};"=1 is uniformly bounded in the space L?(J;T).

Again by Banach—Alaoglu theorem, we can extract a subsequence {u" };’; such that " A u® in L2(J;U) as j — oo0. We also have

1
Bu'i -5 BuO in L2(J; W) as j — . (3.8)

The weak convergence given in (3.8) and the compactness of the operator (Lemma 2.10)
(08)() =/ R(- = $)g(s)ds : L2(J; W) = C(J; W),
0
it follows that

t t
‘ / Z(t — s)Bu"i (s)ds — / Z(t — s)Bu®(s)ds
0 0

w—=0 as j— oo,

for all + € J. Moreover, for all + € J, we obtain

t '
/ R(t — s)Bu"i (s)ds — / R(t — s)BuP(s)ds
0 0

w—0 as j— oo,

lw"i(®) = W’ Ollyy = '

where

t
wW'(t) = B(E + / Z(t — s)Bul(s)ds, t € J.
0

It is clear from the above formulation that w?(-) is the unique mild solution of the system (3.4) with the control «’. The continuity
of w"i(-) in W implies that w" — w” in C(J; W) as j — 0. Since w'(-) is a unique mild solution of (3.4), the whole sequence {w" 1
converges to w'. The fact u° € U,y immediately infer that (w°,u%) € A.

Finally, we verify that («°, «?) is a minimizer, that is, L = .#(u", u°). Note that the cost functional .# (-, -) given in (3.3) is convex
and continuous on L2(J; W)xL2(J; U) (cf. Proposition II1.1.6 and II1.1.10, [48]). This ensures that the functional .% (., -) is sequentially
weakly lower semi-continuous (cf. Proposition 11.4.5, [48]). That is, for a sequence

W' " — %) in LA W) x LA(J; D),
we have
ZWP®,u®) < liminf ZW", u").
n—oo
Consequently, we obtain
L < Zw,u®) <liminf ZW",u") = lim ZWw",u") =L,
n—oo n—oo

and thus (w',«°) is a minimizer of the problem (3.5).
The uniqueness of the optimal pair (1°, u°) is followed by the facts the cost functional defined in (3.3) is convex, the constraint
(3.4) is linear and V) = L%(J;U) is convex. Hence proof of Theorem 3.1 is complete. []

11
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Before discussing the explicit expression for the optimal control u, let us first investigate the differentiability of the mapping
w %||w||§v. Consider the function k : W - R defined as k(w) = %llw”@v. Since W is a separable reflexive Banach space with a
uniformly convex dual W*, we can rely on the fact (8.12) in [49] to assert that the norm || - ||y is Gateaux differentiable. Moreover,
the Gdteaux derivative of the function k(w) = %leléV is the duality map, that is,

=0 = <f[w], Z>,

for z € W, where d,,k(w) denotes the Gateaux derivative of k at w € W. Moreover, U is a separable Hilbert space whose dual space
is same as U, then the space U possesses a Fréchet differentiable norm (see Theorem 8.24 in [49]). The below lemma provides the
expression for the optimal control u.

1d
(Ok(w), z) = 5 e+ ezll3,

Lemma 3.2. The optimal control u, satisfying (3.4) and minimizing the cost functional (3.3), can be expressed as
wt) =B AT -0 7 [RG¥ gw)|, 1€ J,
where

gw() =& - Z(T)K.

A proof of the lemma can be easily obtained by adapting the technique used in the proof of Lemma 3.4 of [21]. Subsequently,
we establish the approximate controllability result of the linear control system (3.2) by using the above control.

Lemma 3.3. The linear control system (3.4) is approximately controllable on J if and only if Assumption (HO) is satisfied.

A proof of the above lemma is a straightforward adaptation of Theorem 3.2, [50].

Remark 3.4. If the operator TOT is positive, then Assumption (HO) holds and vice versa (cf. Theorem 2.3, [17]). The positivity of
¥ is equivalent to

(w*,‘POTw*) =0=>w"=0.
Further, we have
T
(W W] w*y = /0 |B*2(T — ty*w* || F,dt.
The above fact and Lemma 3.3 ensure that the approximate controllability of the linear system (3.4) is analogous to the condition

B*Z(T —t)'w* =0, 0<t<T =>w*=0.

Remark 3.5. The equivalent conditions of the approximate controllability provided in the above remark also hold for general Banach
space W, that is, the linear system (3.4) is approximately controllable on J if and only if

B*Z(T —t)*w* =0, 0<t<T => w" =0, for we W*.

This is followed by the fact that Range(Ly)* = Ker(L}).

4. Semilinear control problem

The objective of this section is to study the approximate controllability of the neutral integro-differential equation given in (1.1).
To achieve this, we first establish the existence of a mild solution for the integro-differential system (1.1) associated with the control

u () = uy(t;w) =B*ZT —1)* 7 [RUAPDOIw()], t €, 4.1)
where
T T
() =& = Z Ty (0) - /0 Rt~ 5) [£](5) + fo(s)] ds — /O Rt = 5)[ (s, Wy)ds, (4.2)

with 4> 0and ¢, € W and & : (—o0,T] » W such that w(t) = w(t),1 € (—,0) and (1) = w(),t € J.

Theorem 4.1. Assume (H1)-(H2) and f, € WH'(J; W), f, € LI(J; W). Then for every A > 0 and any ¢, € W, there exists at least one
mild solution for the system (1.1) under the control (4.1).

Proof. Consider a set Z, := {w € C(J;W) : w(0) = w(0)} equipped with the norm ||-|| o(;.w). For each r > 0, let us define
W,={weZ, : |wllcyw <r}. Next, for any 1 > 0, define an operator 7, : Z,, — Z,, by (Tw)(t) = z(t), where

2(t) = Z(w(0) +/ R(t — s) [Buy(s) + f(s,1,)] ds +/ Rt —5) [f](5) + fo(s)] ds,t € .
0 0

12
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Here u, is given as in (4.1). From the definition of 7}, it is evident that the system (1.1) possesses a mild solution, if the operator
7, admits a fixed point. The proof of the existence of a fixed point for the operator 7, is divided into the following steps.

Step 1: For an arbitrary A > 0, there is a r = r(4) > 0 such that T,(W,) C W,. Let us first calculate
ludlly = |[B*2T = 0* 7 [RGEDIw) | o

< Kl

A

KM T T
- [IIClI|w+K||l//(0)IIW+K/O IIff(S)+fz(S)|IWdS+K/O ”f(s"/bs)”st]

KM T
<=2 [uc] llyy + Kllw O)llyy + KILFLS) + £l s + K /0 y(s)ds]

< KMM’
A

where M = ||{;llw + KllwO)llw + KllyllLi ey + K||f1’ + follLi.wy- The above inequality implies that ||lu,(7)|ly is bounded for all
t € J. We now compute

[(Tw)®)]| w
1 1
= |2 @t)w(0) + / R(t - s) [Buy(s) + f(s, )] ds + / Rt - 5) [f](5) + f2(s)] ds|| w
0 0
2a12 A%
<KlwOlly + X2 Kyl me + K7L+ fllogan- (4.3)

A
From the inequality (4.3), we see that, for each 1 > 0, there is a large r = r(4) > 0 so that 7,(W,) c W,.

Step 2: The operator T, is continuous. To accomplish this goal, we consider a sequence {w"}* | C W, such that w" — w in W,, that
is,
. 0 _
nlinolo [le" = wll ¢y = 0.
Using the axiom (A1), we get
iz = o < A) sup 15) = I < N = 0l ey = 0
<s<t

as n —» oo for t € J, where sup,,.r |A(t)] < H,. Using the above convergence, Assumption 2.25 (H2) and Lebesgue’s dominant
convergence theorem, we deduce that

T
11" () = 1w v < /0 AT = 5) [f(s,0) = [ (5,0,)] ds

w

< K/OT /(167 = 75, 0,)]| s — 0 as n = oo.
From Lemma 2.24, it follows that the mapping R(4, EI’OT ) : W — W is uniformly continuous on every bounded subset of W. Thus,
we have
R(ALPDIw"(-) = R(A,P)I(w() in W as n — co.
As the mapping 7 : W — W* is demicontinuous, it follows immediately that
I [RGEDIW' ()] — 7 [RAFDIw()] in W* as n - .
Given Assumption (H1) and Lemma 2.7, it follows that the operator Z(t) is compact for each ¢ > 0. Consequently, the operator Z(t)*

is also compact for each 7 > 0. Therefore, using the aforementioned weak convergence alongside the compactness of the operator
Z(t)*, one can readily arrive at

H%(T — 1y 7 [RGEDIW' ()] = BT =1 7 [ROAEDIw-)] ” we =0 (4.4)
as n — oo for all 1 € [0,T). Using (4.1) and (4.4), we easily get
-]
= (B*,%’(T — 0 7 [RA¥DIW' ()] = B* AT - 1) 7 [RQA,FDIw(-)| HU
< 1B ooy |22 = 0% 7 RO ()] = 2T = 07 [RAEFDI@E) |-
AT =" F [RAP)IW" ()] = BT = 0* F [RA¥)Iw())] ” W

— 0 as n — oo, uniformly for all 7€ [0,T). (4.5)

<M

13
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Using (4.5), Assumption 2.25 (H2) and Lebesgue’s dominate convergence theorem, we obtain
([T @® = (Tw)O)|| w

t t
< /Of%’(z—s)B [ (s) = uy(9)] ds| w + /O,%’(z—s) [£(s.w0m) = f(s, )] ds||

< MKT esssup [u36) — ;0| y + K/’ 1.0 = £ s, || was
= 0

-0
as n — oo for each r € J. Hence, the map 7 is continuous.

Step 3: In this step, we will show that 7, is a compact operator for 4 > 0. To validate this claim, we initially prove that the image
of W, under 7, is equicontinuous. To proceed this, let 0 < 7; <7, < T and any w € W,, we compute

[(Tz0)(z2) = (Ty0)(@)||

< | - 2] )| + w

/ * Bty — ) [Buy(s) + £(s.3,)] ds
7]

71
+ W+H/0 [%(ty — 5) — %(z) = 9)] [£1(5) + fo(s)] ds

W

]
/ R(ty = 5) [[1(8) + f(s)] ds
7

" H/Tl [%2(1) = 5) = Z(t) = 9)] [Buy(s) + f (s, )] s w
0

K*M*M

<
A

[%(2y) - %(x)) 1//(0)” wt (ty— 1)+ K /TZ y(s)ds + K /T2 ”f]’(s) + fz(s)H wds
. .

1

7
+ / ” [%(12 —-85)—X(r) — s)] [fll(s) + fo(s) + Bu,(s) + f(s, 1475)] )st
0
If 7; =0, then by the above estimate, we obtain that

hnng [(T3w)(z) — (Tw)(z)||w = 0, uniformly for w € W,.
T24>

For given ¢ > 0, let us take ¢ < 7; < T, we have
[(Thw)(zy) = (Tw) ()| w

K2M*M

[(y) = #)] wO) |y + T

<
A

) )
(z, —’['1)+K/ y(s)ds + K/ Hfl’(s) +f2(s)H s
a1 71
Tl—e
+/0 ” [%(ry = 5) = Z() = )] [£1(5) + fo(5) + Buy(s) + f(s,,)]
al
“f
T1—€

[#(22) = 2] w(O)| w +

’ wds

[%(ry = 5) = H(x, = )] [£1() + fo(s) + Buy(s) + £ (s, )]

‘ wds

K*M*M

<
A

(ty — 7)) + K/TZ y(s)ds + K/T2 ”f]’(s) + fz(s)H wds
. .

1

T —€
+ sup || %y — ) - %, - 5)| L(W)/o ” [£1(5) + f2(5) + Bu(s) + £ (s,18,)] (st

s€[0,7)—¢]

+21</T:€ H

Analogous to the estimate (2.13), it can be readily observed that the right-hand side of expressions (4.6) converges to zero as
|z, — 7;] — 0 and arbitrariness of e. Thus, the image of W, under 7, is equicontinuous.
Furthermore, we claim that for each 7 € J, the set X(r) = {(Tjw)(t) : w € W,} is relatively compact. For ¢ = 0, the claim is

straightforward. Now, consider a fixed 0 < 7 < T and let 5 be given with 0 < 5 < t, we define
=1
(wa)(t) =2%(n) [%(I —my(0) + Rt = s —n) [Buy(s) + £ (s, 0,)] ds
0

2K2M2M€

1 (4.6)

FHORWZO! y(s)] ds +

t—n
+ /O R s =) [1106)+ 12(5)] ds| = e~ ).

Thus, the set X, (t) = {(TA” w)(t) : w € W,} is relatively compact in W follows by the compactness of the operator % (). Consequently,
there exist a finite z;’s, for i = 1,...,n in W such that

x,0 ¢S, /2,
i=1

for some £ > 0. We choose > 0 such that

[CARCEICARDIOH
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t
< NZ@W — ZmZ @ — mw Ol w + / 12( = 5) [Bu(s) + (s, 8) + f1(s) + fo(5)] llwds
t—n

1=
+ /0 | [t — 5) = DR — s — )] [Buy(s) + f (s, ) + £](5) + f2(5)] llyyds

K>M*M

<% - ZmZE - mwO)l w + ———— i

n+K / [r() + £1(5) + f2(9)] ds
1—2n
+ /0 I [ 2 = 5) = BDR(t — s = m)] [Buy(s) + £ (s,0,) + f1(5) + fo(9)] llwds

t—n
+ / NG = 5) — RDR( — 5 — )] [Buy(s) + £(5. D) + £1(5) + f(5)] Iy
1

-2

< W) — RRGE — Iy Ol 3 + Aj M sk / [1(5) + £1(5) + f3()] ds

t-2n
+ /0 12t = ) = BDRG = 5 = | oy [Bus(6) + £ 5.09) + F{() + S5)| s

+(K+K2)/ ‘Bu () + f(s, 0 )+f1(S)+f2(S)”Wd %

Therefore

xnc s, @.
i=1

Thus the set X(r) is relatively compact in W for each € [0,T]. Hence, by employing Arzela-Ascoli theorem, we develop the
compactness of 7.

Furthermore, utilizing the Schauder fixed point theorem, we infer that for each 1 > 0, the operator 7, possesses a fixed point in
w. O

We now proceed to establish the approximate controllability result for the system (1.1) in the following theorem.

Theorem 4.2. Suppose that Assumptions (HO)-(H2) are satisfied. Then the system (1.1) is approximately controllable.

Proof. Theorem 4.1 implies the existence of a mild solution, say, w* € W,,, for each 1 > 0, and any £, € W. It is immediate that
w(’} =y and

t t
wh(1) = Z(w(0) + /0 Rt — ) [Buy(s) + f(s,wh] ds + /0 Rt = 5) [[](s) + fo(s)] ds

for t € J, with the control

u (1) =B*R(T — 1" 7 [RAYDIWw)] . 1€ J, 4.7)
where
T T
1w* () = ¢ = At (0) — /0 Rt = 5)[ (s, w)ds /0 R =) [f](5) + fo(s)] ds.
Next, we evaluate
T T
wh(T) = Z(T)y(0) + / (T = s) [Buy(s) + f(s,w))] ds + / AT —5) [f](5) + fa(s)] ds
0 0
T T
= Z(T)y(0) + / R(T = 5)f (s, whyds + / (T = 5)[f](5) + fo(s)] ds
0 0
T
+ / Z(T — )BB*Z(T - s)* 7 [R(A.¥DIw*(-))] ds
0
T T
= Z(T)y(0) + / R(T - s)f (s, whds + / (T = 5) [f]() + fa(5)] ds
0 0

+#! 7 RO PDIWA ()]
= ¢ — AR(LYDOIw()). (4.8)

Using Assumption (H2), we get

T T
/ ”f ’ = / y(s)ds < +co0,i €N,
0 0
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The above fact ensures that the sequence { f(-, wig)};’il is uniformly integrable. Then by the application of Dunford—Pettis theorem,
we can find a subsequence of { f(, wi"))}fil still denoted by {f(:, wi"))};z | such that
w
FCwh= f()in LT W) as 4 = 0% (= o).
Next, we see that

Hl(wh(.)) _ 5“ w < /OT AT —5) [f(s, wiy - f(s)] ds|yw — 0 as 4, — 0%(i — co), (4.9)

where
T T
£=¢ - ATWO) - /0 Z(T = 5)f(s)ds — /0 Z(T = 5) [£1() + fo(5)] ds.

The estimate (4.9) goes to zero using the above weak convergences together with Corollary 2.12. The equality (4.8) guarantees that
z, = w*(T) - ¢, for each 1; > 0, i €N, is a solution of the equation

bz + W Iz, )= Ak,

where
) T /'L
hy, = 1w () = Z(T )y (0) +/ R(T = ) f (s, w)ds + Z(T — 5) [[](s) + fo(9)] ds = ¢.
0
Note that Assumption (HO) ensures the operator lPOT is positive. By applying Theorem 2.5 from [17] along with the estimate (4.9),
we get
A _ +

”w '(T)—g“l”W = ”%”W > 0as 4 — 0% (i > oo).

Hence, the system (1.1) is approximately controllable. []

We now prove the approximate controllability of the system (1.1) within the framework of a general Banach space W. To
demonstrate this, we impose the following assumption on the nonlinear term f(.,-).

(H3) The mapping f : J X8 — W is continuous and there exists a function § € L!(J;R*) such that
1@ d) = f(t, d)llw < BDIP) — Polls, 1€ T, ¢,y €B.

Theorem 4.3. If Assumption (H3) holds, then for any u € L*(J;U), the control system (1.1) admit a unique mild solution, provided
KHIflliggey < 1.

Proof. We consider a set Z,, := {w € C(J; W) : w(0) = w(0)} endowed the norm ||-|| ¢(;.y,- We now define an operator 7 : Z,, » Z,,
as (Tw)(t) = z(¢), where

t 1
2(1) = Rty (0) + / Z(t - 5) [Bu(s) + f(s,,)] ds + / Rt = 35) [f]() + fo(s)] ds,t € J.
0 0

Here i : (—o0,T] - W be such that (1) = w(t),1 € (—0,0) and 0 (¢) = w(t),t € J. It is clear that the system (1.1) has a mild solution
when the operator 7 has a fixed point. By the continuity of the function f(:,), one can easily see that 7(Z,,) C Z,,. Further, using
the axiom (A1), we estimate

|@, = %,|| s <A@ sup [lw(s) — x| w < Hy llw = x|l vy
0<s<t
for any w, x € Z,,, where supy,.r |A(*)| < H,. Using the above inequality together with Assumption (H3), we obtain
t
/ R~ ) [f(s.10y) — [(s.%9)] ds
0

(T w)®) = (T Dl wy < W

t
<K /0 £ (s.8) = £ (5. %)) wds

t
< K/ B(s) ||, — 5, mds
0
<KH, ||ﬁ||LI(J;]R+)||W - x”C(J;W)-

The preceding fact implies that 7 is a contraction map on Z,,. Therefore, by invoking the Banach fixed point theorem we deduce the
existence of a unique fixed point of the operator 7 which is a mild solution of Eq. (1.1). []

Theorem 4.4. If Assumption (H3) is satisfied and the linear system (3.4) is approximately controllable on [0,¢] for any 0 < t < T, then
the system (1.1) is approximately controllable.
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Proof. It follows from Theorem 4.3 that the system (1.1) has a unique mild solution on J. For a fixed y € 9B, let z(:) = z(-,w,0) be
a mild solution of Eq. (1.1) corresponding to the control u = 0. It is immediate to write
y ().t € (—00,0),

t t
%(z)w(0)+/ %(t—s)f(s,zs)ds+/ R —5)[f](5) + fo(s)] ds,t € T.
0 0

Let us take a sequence 0 < 7, < T such that 7, - T as n - o and we denote by z" = z(z,,y,0). Next, we consider the following
equation:
d

t t

¥ [w(l)+/ G(I—s)w(s)ds] =Aw(z)+/ N(t — s)w(s)ds
0 0

+Bu(t), 1€ (0, T — 7,1, (4.10)

w(0) = z".

Since the linear system (4.10) is approximately controllable on [0,T — 7,,]. Consequently, for any {; € W, there is a control function
v" € L2([0,T - 7,]; U) as follow
T-1,
',%’(T —7)2" + / (T — 1, — $)BU"(s)ds — & “ w=0. (4.11)
0

lim
n—oo

Let

0, 0<t<1,
=9 ,
vi(t—-1,), 7, <t<T.

For each u"(-), there exists a unique solution w" : (—c0,T) — W of the integral equation
y(1), 1 € (00,0,

WD) = %(t)w(0)+/0 Z(t — ) [Bu'(s) + [ (s,w?)] ds (4.12)
+/ R —5)[f](5)+ f2(9)] ds, 1€ J.
0

Since the solution of above equation is unique, we get z(s) = w"(s) for all —co < s < 7,. From Eq. (4.12), we have

T T
w"(T) = Z(Ty(0) + / (T - 5) [Bu'(s) + f (s, w)] ds + / R(T = 5) [f](s) + fa(s)] ds

0 0

T T
= Z(T)y(0) + / R(T — 5)[f (s, whds + / R(T = s)[f1(5) + fo(s)] ds
0 0
T
+ / A(T — 5)BU" (s — 7,)ds.

Finally, we evaluate
[[wn(T) = & |l w

= |2@w©+ /0 RT3 [ w)+ £l() + f(5)) ds

T T
+/ AT = 5) [f (s, ") + [](s) + f2(5)] ds+/ R(T — s)Bv'(s — 7,)ds — ¢

[
= || (@) = 2T - 2,)% () W(©) + BT = 7,) %W (0) + /0 " BT - )1 (5,2,)ds
+ /0 BT = 5) [£1(5) + f(s)] ds + /T BT — $)BU(s — 7,)ds
L AT -7, /0 " By~ ) [f(529) + F16) + fo(5)] ds
- AT -1,) /0 " B - 9 [£5,2)+ F16) + £(5)] ds
+ / " aa - [£s.wh+ £+ fr)] ds =&,

T-1,
< ( AT —1,)2" + / (T - 1, — $)BU"(s)ds — ¢,
0

(2T = AT = 5,)%(5,) wO)|| w +

‘W
+/ ’ ” [Z(T — 5) = BT = 1,)%(z, - 9)| [/ (5.2, + [1(8) + [o(s)] ”st
0
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+/r

n

AT =5) [f(s.wh) + £1(5)+ [r)] || s — 0 as n — o,

where we have applied the convergence (4.11), Lemma 2.9 and the Lebesgue dominated convergence theorem. Therefore, the system
(1.1) is approximately controllable. []

5. Application

In this section, we apply our findings to examine the approximate controllability of a neutral integro-differential equation that
arises in the theory of heat conduction of materials with fading memory. The functional settings in the given example consider in
the state space L?([0, z];R) for p € [2, o), and the control space L?([0, z]; R) as discussed in [47].

Example 5.1. Consider the following control system:

t
% [w(l, E+ / (t — $)%e ¥ (s, 5)ds]

2 t t
= ag’—;’z"f) +;1(t,.§)+/ e—"<’—5>w(s,§)ds+/ h(t = s)w(s, &)ds, t € (0,T],& € [0, 7], (5.1)

w(t,0)=wt,r)=0,teJ =[0,T],
w(8,8) =y (0,8), 0 € (—,0],¢ € [0, 7],
where « € (0, 1), k, u are positive constants and 4 : [0,00) - R and y : (—o0,0] X [0, 7] - R are appropriate functions. The function
n : J x[0,z] — R is square integrable in 7 and £&.
To transform the above system in the abstract form (1.1), we take a state space as a reflexive Banach space W, = L?([0, z]; R)
with p € [2, o) and the control space U = L?([0, z]; R). Choose the phase space B = C, x LclU (W). Note that the dual space of W, is
A
W; = L»-1([0, z]; R) which is uniform convex. We define the operator A, : D(A,) c W, - W, as

Ag=g". DA, = W2([0, z; R) N W(l)'p([O, z];R).
The operator N,(1)g = e™'g for g € W, and G,(t)g = t"e™*'g for g € W ,. Moreover, the operator A, can be written as

A,g= Z —KX(g,vi)vi & € D(A,),
k=1
where v, (&) = \/gsin(k.f) and (g, v;) = fo” g(&)v, (E)dE.

Step 1: Resolvent operator of linear problem. The operator A, with domain D(A)) for any p € [2, o) is the infinitesimal generator of
a strongly continuous semigroup on W, and satisfying the estimate

ROLA|| pap < &, forall 1€ C\ {=n? : n €N},
[Ret A cwr < 5

see, application section of [51]. Hence, the semigroup is analytic followed by Theorem 5.2, [52]. Thus, the condition (Cd1) holds.
Let us now verify the condition (Cd2). For this, we first compute

6,08 = Gys2¢]| s = llr=e™"g = se™ ]|y
< ”taeﬂ(tg _ t"ef’“g“ W + ”taeﬂcsg _ Saefxsg” w
= 1" [|e™ g — e gl + 11 = 5" e gl

—0ast—s,

for all t,s € [0,00) and g € W. Consequently, the operator G,() is strongly continuous. Next, the Laplace transformation of the
operator G,(-) is given as
=@ D 1 Re(iy> 0.
(A + K)o+l
In view of above expression, one can easily say that the family {C/};(A)g : Re(4) > 0} is absolutely convergent for g € W. Moreover,
we can also extend G,(») for 2 € A, with v € (z/2, 7). Hence, the above facts ensures that the condition (Cd2) is satisfied with
N, =T(a+1)and N, = % The Laplace transformation N\p(ﬂ) of the operator N,(-) is given by
-~ 1
NA)=—I1 A€ Ax.
o A+ 2
It clear form the above expression, the operator N\p(/l) can be extend for A € A, with v € (z/2, z). Thus, the condition (Cd3) is fulfilled
with IT(r) = e #. Finally, in order to verify the condition (Cd4), we choose Y = G0,z R) (space of infinitely differentiable
functions with compact support [0, z]). One can easily identify that the space Y is dense in W>2([0, z];R) N W(')"’ ([0, z]; R) under
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the graph norm. Hence, the condition (Cd4) is satisfied. Therefore, the abstract form of linear system corresponding to (5.1) has a
resolvent operator R,(-) on WI,.

Step 2: Functional setting and approximate controllability. Let us take w(1)(&) := w(t,&) for t € J and ¢ € [0,7z] and the function
v 1 (=00,0] = W, as w(1)(&) = w(t,£), ¢ € [0, 7] We now assume the following:

1h(=5)]

w(s)

(a) The function A(:) is continuous and K = sup ¢ (_q, 0] < .
(1—s)%e¥s

w(s)

(b) The function y, Ay € B and the values sup ¢ _q % and sup,(o [supse(_ooyo) ] are finite.

(c) The expression sup,c(o [supse(,wm M] < co.
Under the conditions (a), (b) and (c) the functions f : [0,T] X B — W, and f,f, : [0,T] - W, given by

0
S8 = /

—oo

0
h(=s)¢(s,E)ds,  f1(E = / (t = 5)*e ™y (s, £)ds,

0
fHLnE= / eI Ay (s, £)ds,

are well defined. Moreover, from condition (a), one can easily see that f(-) is continuous and || f]| £OBW,) < Kj. Thus, the
Assumption 2.25 (H2) are satisfied. Furthermore, the condition (b) and (c) guarantees that the functions f; € C'([0, T];W,) and
fr € CUO0, T; W)).

Next, the resolvent operator R(4,A,) is compact for some 1 € p(A,) (see, application section of [51]). Consequently,
Assumption 2.25 (H1) is followed. The operator B : U — W, is defined as

Bu(n)(©) :=n(t,&) = /0 H(, Hu(n(@)dg, teJ, £€l0,x],

with kernel H € C([0, z] X [0, z];R) and H({,&) = H(&,Q), for all ¢, & € [0, x]. Thus, the operator B is bounded (see, application
section of [51]). We can choose the kernel H(:,-) such that the operator B is injective. In particular, H(&,{) = min{¢, ¢}, &, ¢ € [0, z].

Using the above expressions, we can transform the system (5.1) into an abstract form as presented in (1.1) which satisfy all the
assumptions. It is remaining to verify that the corresponding linear system of (1.1) is approximately controllable. To accomplish
this, we take B*R (T — 1)*w* = 0, for any w* € W:. Then we have

B*'R,(T -0*w"=0= R, (T -n'w"=0=w" =0,

and hence the linear system corresponding to (1.1) is approximately controllable is followed by Remark 3.4. Finally, by invoking
Theorem 4.2, we conclude that the semilinear system (1.1) (equivalent to system (5.1)) is approximately controllable.

6. Concluding remarks

In this study, we initiated our discussion to prove some important properties associated with the resolvent family R(-) as defined
in (2.4). Subsequently, we discussed the approximate controllability problem for the linear system (3.4). This investigation involve
the optimization problem (3.5) and finding the expression of the optimal control (see, Lemma 3.2). Furthermore, we developed
the existence of a mild solution of the neutral integro-differential Eq. (1.1) employing Schauder’s fixed point theorem. We also
formulated sufficient conditions for the approximate controllability of (1.1) within a reflexive Banach space having uniform convex
dual. Additionally, we demonstrated the approximate controllability of the system (1.1) in a general Banach space, assuming a
Lipschitz type condition on the nonlinear term. Finally, we applied our findings to determine the approximate controllability of the
neutral integro-differential equation relevant to the theory of heat conduction of material with fading memory. In future aspects,
we aim to explore this study in the framework of fractional order integro-differential equations and inclusions.
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