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Abstract. In this article, we explore the homogenization of an optimal
control problem driven by a semi-linear parabolic equation within a two-
dimensional oscillating domain, denoted as €2.. The state equation and
cost function in this scenario involve periodic coefficients, A° and B°,
which exhibit significant oscillations. The objective of this study is to
analyze the limiting behavior of both the optimal control and the corre-
sponding state as the oscillations become increasingly fine. Furthermore,
we aim to identify the optimal control problem that encapsulates the ef-
fects of these oscillating coefficients and to establish a corrector result for
the state variable.
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1. Introduction

In this article, we consider the following optimal control problem (OCP):

1 a
inf J.(0) = = B*Vu, - Vu, + — S0Py, (1.1
ettty {000 =3 [ Ve vur s [ xome} 1)

subject to the constraint given by a semi-linear parabolic equation
u, — div(A°Vue) + Fue) + ue = g+ X0, xwfe i Qe,
AVue-n. =0 on (0,7) x 09, (1.2)
uc(0,2) =0 in Q,
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where Q. = (0,T) x €, represents the oscillating domain over time and space,
where €. is a bounded domain consisting of an oscillating upper section, 7,
and a fixed lower section, {27, as illustrated in Fig. 1. The function 6. represents
the control function acting within an open subset (0,7") x w, where w CC .
The parameter o > 0 is a regularization factor, and 7. is the outward unit
normal vector to the boundary dQ.. The function g € L?(Q) is a given data
term. The function F : R — R is a smooth real-valued function satisfying
0<ep <F'(s) <cg,F(0) =0, and F” is bounded.

The coefficient martix A(t, z) = (ag;(t,7))1<i,j<2 is given by af;(t,z) =
ai;(t,x, %), The coefficients satisfy the following conditions:

(A1) Each a;; isin L*°((0,T") x Q x R) and is 1-periodic in the last variable 7.
(A2) There exist constants 0 < M; < M such that:

M1|£\2 < a;i(t,z,m)§& < M2|£|27 a.e. (t,x,7) € (0,T) x QA x (0,1), V& € R2.

Similarly, the coefficient matrix B¢ in the cost functional is also structured
similarly. The coefficients of B¢ also satisfy the conditions (A1) and (A2), and
the matrix is symmetric.

Our objective is to analyze the limiting behavior of optimal solutions
and to identify the homogenized equation, exploring the influence of A€ and
B¢ within an oscillating domain. Problems involving oscillating boundaries
are common in various industrial applications. These include fluid flows in
channels with rough walls, electromagnetic wave propagation in regions with
uneven interfaces, heat transfer in winglets, and elasticity in materials with
rough surfaces. Relevant studies and applications can be found in references
such as [7,8,12,17,29,31].

In the context of the literature on OCP’s in domains with oscillating
boundaries, the work presented in [19] explores the homogenization of an
OCP associated with a parabolic equation in a domain characterized by a
set of cylinders placed e-periodically over a fixed base. The authors examine
an interior optimal control problem with a classical cost functional and de-
rive a limiting optimal control problem featuring a different cost functional. In
[18], the authors investigate a parabolic optimal control problem with Dirich-
let boundary control, defined on a highly oscillating cylindrical domain. They
utilize a classical L? cost functional and perform asymptotic analysis aided by
an extension operator.

In [23], the authors analyze the homogenization problem related to a
quasilinear optimal control problem defined on a thick junction domain of
type 3 : 2 : 1. They consider a quasilinear boundary condition that depends on
parameters €, «, and ¢. Using the abstract scheme developed by Buttazzo
and Dal Maso, the authors obtain homogenization results for various val-
ues of @ and 6. In [24], the authors conduct homogenization of an optimal
control problem governed by the wave equation with oscillating coefficients
in a pillar-like two-dimensional oscillating domain. They consider a Dirich-
let cost functional involving oscillating coefficients and perform convergence
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analysis using the unfolding operator method. The study of oscillating bound-
aries has been extensively explored in the literature, including works such as
[2,3,5,6,11,20,26,27,35,37,38], and [40].

The literature on nonlinear optimal control problems in oscillating do-
mains is rather sparse. In this context, the work by the authors in [4] explores
an optimal control problem governed by a semi-linear elliptic equation in a
highly oscillating domain, with convergence analysis conducted using the un-
folding operator method. They prove the optimality condition for the homoge-
nized equation via a linear adjoint equation and establish corrector results. In
[21], the authors investigate the homogenization of an optimal control problem
associated with a nonlinear elliptic equation for a mixed Dirichlet-Neumann
boundary value problem in an oscillating domain. They consider two distinct
controls: one applied to the interior of the domain and the other to the bound-
ary. The authors of [39] study the homogenization of a semi-linear elliptic
equation with a matrix coefficient in a circular oscillating domain using the
unfolding operator. They also examine an optimal control problem involving
a Dirichlet cost functional that includes oscillating matrix coefficients. The
Browder-Minty method is utilized to identify the limit for the nonlinear term.
For further reading on homogenization problems related to nonlinear equa-
tions in highly oscillating domains, [15] discusses the homogenization of the
p-Laplacian using the Gamma-convergence method, while [36] examines the
homogenization problem associated with a semi-linear heat equation using the
method of asymptotic expansion. For more literature on asymptotic analysis
of non-linear problems, one can also look into [1,9,28] and [33].

This paper introduces a novel examination of a semi-linear parabolic
equation with oscillating coefficients and a more complex Dirichlet-type cost
functional, also characterized by oscillating coefficients that may differ from
those in the heat equation’s coefficient matrix. The complexity is heightened
by the presence of two distinct oscillation matrices for the state equation and
the cost functional within the oscillating domain. The primary objectives of
this article are to define the control using an adjoint equation and to investi-
gate the limiting behavior of the corresponding adjoint state and the optimal
solution, which includes both the state and the optimal control. The coeffi-
cients in the limiting cost functional and adjoint state naturally incorporate
contributions from both oscillation matrices, A° and B¢, because the adjoint
equation integrates both. To achieve homogenization results, we employ the
unfolding operator method. This method was first introduced in [13] and later
refined in [14]. Although several approaches, such as two-scale convergence,
are available in the literature, the additional complexity introduced by the
oscillating coefficients makes other methods less suitable for this particular
problem. Therefore, we believe that the unfolding approach is well-suited to
address the challenges presented in this paper. Although the current study con-
centrates on a 2D domain, the methods and conclusions given can be easily
extended to higher-dimensional spaces, R”, for any n > 2. The main principles
and procedures covered here can be used in higher-dimensional contexts with
appropriate modification.
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FIGURE 1. a Domain €2 for N = 6, b Domain (2

This article is organized as follows: Sect.2 introduces the domain and
provides a detailed characterization of the optimal control problem, includ-
ing uniform estimates. Section 3 offers a concise description of the unfolding
operator with some properties. Section 4 introduces the homogenized optimal
control problem and provides a characterization of this homogenized prob-
lem. In Sect. 5, we present proofs for the convergence results. Finally, Sect.6
is dedicated to proving a corrector result.

2. Domain illustrations and preliminary results

In this article, we consider the oscillating domain 2., which is similar to the one
discussed in [16]. Oscillating domains of this type, often referred to as pillar-
type domains, come in various forms (see [2,6,37] for examples). To provide a
comprehensive understanding, we will now give a brief overview of the domain.

Let 0 < § < 1 be a real number which is fixed. For € = %, where N € N,
we define the oscillating part of the domain as QF, given by

N-1
OF = | (ke, ke +6e) x (0,1).
k=0

The lower fixed part of the domain is denoted as 2~ and is defined as
Q™ = (0,1)x(—1,0). The complete domain €, is defined as Q. = int(Qd U Q).
An example of the domain Q. for N = 6 is shown in Fig. 1a.

The limiting domain 2 is defined as Q = (0,1) x (—1,1). The top part
of the domain €, represented by QF, is defined as Q* = (0,1) x (0,1). The
upper boundary of Q, represented by >, is defined as > = (0,1) x {1}. The
common boundary separating Q% and Q~, represented by I, is defined as
I' = (0,1) x {0}. Figure 1b illustrates the domain €.
in the domain 2, a point x is denoted as © = (z1, z2). Additionally, we denote
every point in the interval (0,9) as z. In this study, we use the notation C
to represent any constant that is independent of e. We denote QF = (0,7 x
QF,0=(0,T)xQ,0"=(0,T) x Q" and Q= = (0,7) x Q™.

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



NoDEA Optimal control and homogenization Page 5 of 30 44

Our objective is to investigate the asymptotic behavior, as € — 0, of the
optimal control and the corresponding state for the problem defined by (1.1).
We now introduce the variational formulation of the state equation (1.2).

Definition 2.1. A function u. € W, := {u € L?(0,T; H'(Q.)) : v’ € L*(0,T;
(HY(Q))*)} is a weak solution to (1.2) if

/ ug¢+/ AGVu€~V1/)+/ F(ue)¢+/gf ue'(ﬂ:/gg(g“"X(O,T)xwee)wv

e e Qe
(2.1)
for all v € L?(0,T; H*(£,)), with u.(0,2) = 0 in Q..

Remark 2.2. It’s important to note that the solution u. of the problem (1.2)
exhibits a higher regularity, specifically u, € C([0, T]; L?(€))(see [25], Chapter
IV ). Therefore, the initial condition u.(0,2) = 0 is well-defined and meaning-
ful.

We recall that for any fixed e, there exists a well-established result regarding
the existence and uniqueness of the solution to the problem (1.2) (see [41] or
[34] ).

Theorem 2.3. For every fized €, the problem (1.2) admits a unique weak solu-
tion ue € We. Moreover, there exists a constant C such that

[ell 20,7100 + el L2 0, 20)7) < C (Ilgllz2 o) + 10ell 20,1y xw)) -
(2.2)

We will now provide a characterization of the optimal control through an
adjoint system. Additionally, we will establish uniform estimates for both the
state and control variables, which are essential for the convergence analysis to
be discussed in the subsequent sections.

Let’s recall the following well-known result regarding semi-linear optimal
control problems (refer to [10,42] for more details).

Theorem 2.4. For each fized € > 0, the OCP (1.1) admits at least one solution.

If (@, 0.) is the optimal solution of (1.1), then the associated optimality system
s given by

U, — div(A°Vie) + F(ue) + e = g + X(0,1) xw e in Qc,
v, — div(*A°VD,) + F'(ti)ve + v = —div(B*Vi,) in Q,
AV -n.=0 on (0,T) x 09k,
("*A°V. — BVi,) 1. =0 on (0,T) x 09k,
c(0,z) =0, v(T,2) =0 in Qe,
0. = —oz_lx(o,T)Xwﬁe n Q.
(2.3)

The function v, is referred to as the adjoint state corresponding to the state
variable u.. It is important to note that v. satisfies a linear equation. The
following theorem provides a uniform estimate for the optimal control and
state, which is essential for the convergence analysis.
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Theorem 2.5. Suppose (e, 6.) is the optimal solution of (1.1), and let U be the
adjoint state associated with ue. Then, there exists a constant C (independent
of €) such that:

16cll 20,7y xw) < C
[@ellL2(0,1;m1(00) < C,
1Pl L2 (0,711 (02.)) < C-

Proof. Let uc(0) be the weak solution of (1.2) with 6. = 0. Applying the
estimate (2.2), we get

e (0) | 20,1181 (20)) + N (0)]] 20,1 (20))+) < Cllgliz2(o)-

Thus, we conclude that the sequence |[uc(0)|z2(0,7; 71 (q.)) is uniformly bounded
with respect to e. Since . is the optimal solution of (1.1), we have, J(f.) <
J(0), i.e.

1 _ 1
5/ BEVﬁe ' vae + %/ X(O,T)Xw|0€|2 < 5/ BEVUE(O) ! VUG(O) (24)
Qe

Utilizing the uniform bound derived for the sequence u.(0) and the assump-
tions on the matrix B€, inequality (2.4) establishes a uniform bound for the
sequence ||0_€HL2((O,T)XW). Again, using the estimate (2.2), we conclude that
el 20,7511 (2.)) 15 uniformly bounded with respect to €. The uniform bound
for ||| 20,71 (2.)) follows from the adjoint equation (2.3). O

This theorem ensures that the norms of the optimal control 6, the state .,
and the adjoint state ¥, remain bounded uniformly with respect to e. This
uniform boundedness is crucial for analyzing the behavior of the solutions as
€ — 0.

3. Unfolding operator and its properties

In homogenization theory, the periodic unfolding method is an important tool
developed two decades ago for adressing problems from homogenization and
we have used the tool extremely in the study of problems in oscillating do-
mains. This section provides a brief overview of the definition and properties
of unfolding operators in both the oscillating domain Q} (denoted by T-")
and the fixed domain Q= (denoted by 7). For more comprehensive details
on the unfolding operator, refer to sources such as [13,14,16]. For any point
x = (x1,22), [z] = ([x1], [x2]), where [z;] represents the integer part of x;.

The definition and properties of the unfolding operator 7-" on the oscil-
lating domain Qj are reviewed below.

Definition 3.1. [16] The e unfolding of a function v : QF — R is the function
T {v:9F =R} — {v: Q" x(0,6) — R}
defined by

TF (0)(t, @1, 22, 2) =0 (t,e {ﬂ} + ez,xg) )
€
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The following proposition recalls the properties of the unfolding operator T:+.
Proposition 3.2. The unfolding operator T-F has the following properties:
P1. T is linear and let u,v € L*(QF). Then
TF (wv) = T (u)TF (v).
P2. Letv e L' (QF), then

/ Tj(’u):/ .
Q+x(0,5) of

P3. Let us denote D = L?((0,1) x (0,T); H*((0,1) x (0,6))). Let v € L*(0,T;
HY(QF)) then T (v) € D. Moreover
O v\ g [ OV
87‘%_2715 (1}) - Te (8.1‘2) )
O v, OV
&TE (v) = €T} <8x1> .

Pj. Letv e L*(Q}), then T (v) € L*(Q* x (0,9)) and

/ \ﬁ@ﬁﬁ:/|w.
O+ x(0,8) +

P5. Letv € L*(Q%), then
T (v) — v in L*(QT x (0,96)).
P6. Let uc — u in L*(Q%). Then
T (ue) — w in L*(QF x (0,9)).
P7. Let u. € L?(0,T; HY(Q})) be such that T (uc) — u weakly in D. Then

s
U, —\/ udz in L*(QT).
0

By employing thes above properties, we can effectively analyze the behavior

of oscillating domains and establish uniform estimates crucial for convergence

analysis in homogenization problems. To define the unfolding operator on the

fixed part of the domain Q~, we introduce the following notations:
E.={xecQ :e(xz+(0,1)}) cQ},

O = int{Usem, e(z+(0,1)*)} and A, = 27\

€

Definition 3.3. The e- unfolding of a function v : @~ — R is defined as a
function

T :{v: Q" =R} —{v:(0,T) x Q- UA, x (0,1)> - R}
given by

T (v)(t, 2, y) = {g (te[£] +ey) (t,i,y) € (0,7) z Q- % (0,1)2,

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



44 Page 8 of 30 A. K. Nandakumaran, R. Raj and B. C. Sardar NoDEA

The following theorem outlines an important result related to the unfolding
operator T, :

Theorem 3.4. [14] Let {v.} be a sequence in L*(0,T; H(Q7)) such that v,
converges to v weakly in L?(0,T; H*(27)). Then, there exist a subsequence of
ve (still denoted by €) and a vy € L*((0,T) x Q; H!,,((0,1)?)), such that

per
T (Vo) — Vo + V,u; weakly in L*(Q~ x (0,1)?).

This theorem establishes that the weak convergence of a sequence in the fixed
domain can be expressed in terms of the unfolding operator 7., which de-
composes the gradient into components corresponding to the macroscopic and
microscopic scales.

4. Homogenized optimal control problem

In this section, we introduce the limit OCP characterized by a Dirichlet type
cost functional in the domain Q as specified in Eq. (4.1). Additionally, we
use an adjoint equation to characterize the optimal control. The subsequent
section will address the convergence analysis. For any function u defined on
Q, we denote

ut(t, )

u” (t,z):
We define the limit OCP as:

inf J(0) 1/ b*(a“+>2+ L gy v —+O‘/ 10/2
in == -— = u” - Vu — ,
0€L2((0,T)xw) 2 Jo+ Oz 2 /o 2 Jo XOT)Ixw

(t,z) if (t,z) € QF,
(t,x) if (t,x) € Q™.

=Uu
=Uu

(4.1)
subject to the following constraint
0 ou™
S(ut) — Ers (a*aum) +6F(ut) +dut =6gin QF,
(u™) —div(A*Vu™ )+ F(u™) +u~ =g+ Xx0,mx0 in Q7,
out
R T)x ¥
a e 0on (0,T) x X, (4.2)
_ L out L, Ou™  , Ou”
ut=u", a Oy ay O + ay, s on (0,7) x T,
A*Vu~ -n=0o0n (0,T) x (0Q°\I'),
u(0,2) =0 in Q.
The coefficients b* and a* on Q7T are defined as follows
0 a 2 a1ab
b*(t, z) :/ (bzz +bu1 (12> — o2 12) (t,x,2)dz,
0 ai1 a1
(4.3)

§
a*(t,x) = / (azg - a12a21> (t,z,2)dz.
0 aii
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In the domain Q7 , the coefficient matrices B* = (bfj)lgi,jgN and A* =
(aj;)1<ij<n are defined by

B*(t,z) = / (B(t,z,y1) (I + VyZ) +"A(t,z,y1)V,X) dy,
(017 (4.4)

A*(t,x) = / A(t,z,y1) (I +VyZ)dy,
(0,1)

where, Z = [Z1, Z5] and X = [X;, X5] are such that each Z; and X; (i =1,2)
are defined on (0,1)? and satisfy the following cell problems:
— divy(A(t,2,y1)V Z;) = divy(A(t,z,y1,)e;) in (0,1),2
— div, ("A(t,2,91)VX;) = div,(B(t,z,y1,)(I + V,Z)e;) in (0,1)?,
| ztway=o. [ xwiy=o.
(0,1)2

(0,1)2
Z;, X; are 1 -periodic in y.

(4.5)

Here, e; denote canonical basis of R%. Let us define the function space V(£2)
as follows

V(Q) = {u € L*(Q): 5—;2 e L*(QN),ue H'(Q),u™ =u~ on F}. (4.6)

The space V(Q) is a Hilbert space with the norm given by

2

ou
HUH%/(Q) = ||u||2L2(Q+) + D2y + \|U||izl(sr)~
L2(Q+)
We consider the space
W = {ue L*0,T;V(Q)) : v € L*(0,T; (V(Q2)*)} . (4.7)

Remark 4.1. The triple (V(2), L*(2), (V(£2))*) is an evolution triple as es-
tablished in [22]; Lemma 3.7.

The coefficients a* and b* are strictly positive, which can be established using
the fact that A and B belong to the set M. The ellipticity of the matrix A* is
a well-known result, and Theorem 4.3 in [30] provides a proof for the ellipticity
of the matrix B*. Consequently, the Eq. (4.2) and and the cell problem (4.5)
are both well-posed in the solution spaces H*((0,1)?) and W, respectively.
By applying semilinear optimal control theory (see [4,10,42]), we state
the following theorem regarding the optimality system for the problem (4.1).

Theorem 4.2. For each fized € > 0, the optimal control problem (4.1) admits
at least one solution. Let (@,0) be the optimal solution of (4.1). Then the

Content courtesy of Springer Nature, terms of use apply. Rights reserved.
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optimality system is given by
0 0
saty — 95 (a 8“@) +0F(a") +6ut = dg in QF,
0 L 00 0 out
ST — — OF ot = — (b =— m QT
@) 5‘:@( 8x2)+ (@)™ + 60 3102( 5:02) e
(@) — div(A*Vu )+ F(a") + 4 =g+ X0.1)xf in Q7
(7)) —div(*A*VoT) + F'(a™)o” + 9~ = —div(B*Va~) in Q7
w(0,2) =0,0(T,z) =0 in €,
0=—a""x0o1m)x0 inQ .
Additionally, the interface conditions are given by
at =u", 0" =9~  on(0,T)xT,
Lout . ou~ . ou~
a Doy as, o +ajs, A on (0,T) x T,
vt out v~ v~ ou~ ou~
“ 61'2 + 8:52 412 8:01 + 422 8:52 21 8961 2 8x2 " ( ’ ) ~
The boundary conditions are specified as follows
out
a*ai@: n (0,T) x X,
ot out
a 02, i 0 n (0,T) x
A*Va~-n=0, on(0,T)x (0Q°\I'),
(*fA*Vo~ = B*Va ) -n=0 on(0,T) x (0Q\I').

The coefficients a* and b* are defined in equation (4.3), while A* and B* are
defined in Eq. (4.4).

In the context of our optimal control problem, we denote the adjoint state
associated with the state variable u as v.

5. Convergence results

Here, we present the convergence results for the optimal control, the optimal
state, and the corresponding adjoint state for problem (1.1).

Theorem 5.1. Suppose (i, 0.) € W, x L*((0,T) x w) is the optimal solution
of (1.1), and let v, € W, be the adjoint state corresponding to this problem.
Then, we have the following convergence results:

— — +
ad — dut, 21;2 — 5?3%2 weakly in L*(Q7T), (5.1a)
3’\1]1 0 a12 (9 +

SRR - —_— L?(QF 1
s < /0 a11d e weakly in L*(Q7), (5.1b)
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e +‘%e ov

v — v, i 65‘7 weakly in L*(Q7), (5.1c)
51:1} /5 [bu b11a12} out /6 a21 ovt 2

— —_—— dz | —— —dz | =— weakly in L*(Q™),

8331 ( 0 aiq a%l 31‘2 o Q11 81‘2 4 ( )

(5.1d)

a; —u", v — v weakly in L*(0,T; H (7)), (5.1e)

0, — 60y = ofl)((o,T)vaf strongly L*(Q7). (5.1f)

Here, (u,00) € W x L*(Q7) is the optimal solution of (4.1), and v € W
is the adjoint state associated with the OCP (4.1).

Proof. The proof involves eight steps to demonstrate the convergence of the
optimal control, the optimal state, and the corresponding adjoint state for the
given problem. In the first step, we prove the convergence results for the opti-
mal state @ defined on QF. In the second step, we establish the convergence
results for the optimal state u_ defined on €27. The third critical step involves
proving the convergence of the non-linear term F(u)) under the unfolding
operator. This is achieved using the Browder-Minty method by constructing a
suitable inequality. In step four, we demonstrate strong convergence results for
the optimal state u), which is essential for identifying the limit problem for
the adjoint state vj and for proving the corrector results in the next section.
Step five focuses on obtaining convergence results for the adjoint state v7. In
step six, we derive the limit equation satisfied by the limits of @} and v} in
the domain Q. Step seven deals with obtaining convergence results for the
adjoint state v in the lower domain 7. Finally, in step eight, we prove that
the limits obtained for @} and o solve the optimality system as stated in
Theorem 4.2.
Step 1: Convergence of @,

In this step, we will prove the convergence of 4} as outlined in the theorem.
Using Proposition 3.2 (P1 and P2), we have the following estimate

||T+ HD / / ||T+ ||H1((O 1)><(0 5))d$1dt
_ 4
- = \87“‘ 1 \8“ + T ()
Q0+ x(0,6) 0z, Oz
our|® |our|?
= 2 3 € =+ |2 — 12
_/g: le e H 1l 17| < Nell7e oy (5-2)

61‘2
From Theorem 2.5 and inequality (5.2), we infer that 7 (a7) is uniformly
bounded in D independent of €. Therefore, by the weak compactness argument,
there exists a subsequence (still denoted by €) and a function u* € D such
that

TH(ul) — ut weakly in D. (5.3)

€

Content courtesy of Springer Nature, terms of use apply. Rights reserved.
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From (5.3), we obtain the following convergences:

out out
T+ (;Z) — asz weakly in L*(Q" x (0,6)), (5.4a)
0 out
ST (@) = S weakly in L*(QF x (0,0)). (5.4b)
Using Proposition 3.2 (P4), we have
aur\ ||? ou||?
7 (5 ) -||5= < alag oy (55)
‘ 61‘1 L2(Q+x(0,5)) 3331 LQ(Qj') L2(0,T5H (Q))

Using the inequality (5.5) and Theorem 2.5, we conclude that the sequence
T+ (aaj) is uniformly bounded in L? (Q* x (0,)). Hence, by the weak com-

oxq
pactness argument, there exist a subsequence (still denoted by ¢) and a fucntion
& € L?(QF x (0,0)) such that

4 [ Ouf 19t
T: ) & weakly in L? (Q1 x (0,0)) . (5.6)
1
Further, from (5.4b) and Proposition 3.2 (P3), we obtain
ouf 0 dut
+ e\ = Yot gt o
T ( a ) = O (ur) - 2 (5.7)

From this convergence, we deduce that 85‘—; = 0, implying that u™ is indepen-
dent of the z-variable. Consequently, u" is a function of (¢, z1, z2) only. Using
Egs. (5.3), (5.4a), along with Proposition 3.2 (P7), we derive the following
weak convergences

aF — dut weakly in L2(Q), (5.8)
8/13} ou™ 2t
O 5672 weakly in L*(Q7). (5.9)

Additionally, based on the assumptions on the function F' and Theorem 2.5,
the sequence F (i) is bounded in L?(Q). Therefore, there exists a function
& € L2(Q1 x (0,6)) such that

TH(F(al)) — & weakly in L*(QT x (0,6)). (5.10)
In subsequent steps, we will identify the limit &5.

Identification of &;: To identify the limit &; obtained in (5.6), let us define the
test function ). as follows

Z1

Ve = e (t, T1,2)1h2 ({6}> , where ¢y € C(QF), 1y € Ce,(0,1).

(5.11)
Note the following transformations for ).

Tt = e (t’€ {%] + 62%2) Pa(2),
T+ ((%&) — eawl <t7e {%} + ez,xz) Po(2) + 1y (t,e [%} + 62,@) %7

0x1 Er 0z

Content courtesy of Springer Nature, terms of use apply. Rights reserved.
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0. 6¢1 T

+ — -

T (3172) 8:5 (t [ } T ez, (Eg) a(2),
T () = et (he [ 2] + ez ) (2.

As € — 0, we observe the following convergences

T () — 0 strongly in L* (QT x (0,4)),

811/}6 81/}2 .
Tr <8x1> - 1/11(t,x1,:z:2)§ strongly in L? (QT x (0,6)),

(5.12)

T+ (g?) — 0 strongly in L? (Q+ X (075)) )
2

T (¢.) — 0 strongly in L* (QT x (0,4)) .

€ €

On taking 1 as a test function in the weak formulation (2.1) corresponding
to the weak solution u. for 6. and by using the properties of the unfolding
operator, we obtain the following equation

[ mr T e [ T (Ve T (Ve
Q+x(0,0)

Q7+ x(0,9)

v mrrnrwo+ [ TETw)
Q7+ x(0,6) Q1 x(0,6)

- / TH(g)TH ().
e (5.13)

By employing the convergences (5.3), (5.4), (5.6) and (5.12), and taking the
limit as € — 0 in Eq. (5.13), we obtain

out 0
/ (a11§1 +a12 )¢1 2 0,
O+ x(0,6)

for all ¢ € C°(Q") and 5 € C22,(0,1). From this, we conclude that

per
& = _arz 7 a.e. (t,x,2) € Q1 x (0,6). (5.14)

Further, using Proposition 3.2, we obtain

% J ai12 8u+
< —~ |- [ —dz| —— weakly in L*(Q™).
s < /0 o A weakly in L=(Q™)
Step 2: Convergences of u_
From Theorem 2.5, we know that ||u. || z20,7;m1(0-)) is uniformly bounded.

Thus, there exists a subsequence (still denoted by €) and u~ € L(0,T; H'(Q27))
such that

a; — v~ weakly in L2(0,T; H (Q7)). (5.15)
We also achieve strong convergence by the Aubin-Lions lemma:

u; — u~ strongly in L*(Q7). (5.16)
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From Eq. (5.16), it follows that
T (a;) — u~ in L*(Q™ x (0,1)?). (5.17)
With the strong convergence in (5.16), we obtain
F(a]) — F(u™) in L*(Q7). (5.18)

Moreover, according to Theorem 3.4, there exist w1, € L? (Q; H;ET(O7 1)2) such
that
T-(Va.) — Vu~ + Vyuy in L*(Q™ x (0,1)?). (5.19)

Additionally, from the definition of the unfolding operator and the assumption
on the matrix A€, we have

T (A%) — Ain L*(Q x (0,1)%)**2 (5.20)
Let us consider the test function
T
11[}6 = 1/}0(t, 13) + 61/)1 (t,l’, 7) )
€

where 1 € C2°(Q7), 1 € C (Q7;C52,(0,1)%). By employing ¢ as a test

per
function in the weak formulation (2.1), and using the properties of the unfold-

ing operator T, we derive

[ m@T @ [ T AT (Ve T (V)
9~ x(0,1)2

Q~ x(0,1)?

+ /QX(OJ)Q Tf_ (F(ae_))Te_ (1/}6) + /Qx(O,l)Q Te_ (ae_)Te_ (’(/}6)

— [ o+ xomi) v

(5.21)
Utilizing the limits obtained in (5.17)—(5.20) within Eq. (5.21), we obtain

/ (™) o + / A(Vu™ + Vyur) - (Vo + Vi)
Q- x(0,1)2 Q~x(0,1)2

+/ F(u™)do +/ u" o :/ (9 + box(0,7)xw) Y0-
0-x(0,1)2 0-x(0,1)2 o-
(5.22)

where 6 is the weak L?— limit of 0. Setting vy = 0 in the equation (5.22),
we obtain

Q- x(0,1)? 9~ x(0,1)?

Utilizing the solution of the cell problem (4.5) and Eq. (5.23), we can express
uy as

2

ou~

wi(t,,y) =D 57 (5.24)
i=1 v
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Setting ¢¥; = 0 and substituting u; from Eq. (5.24) into Eq. (5.22), we get

2
ou~
u™)'p +/ A Vu_—i—g —V,Z |-V
/Qx(O,l)z( 0 Q- x(0,1)2 ( p ox; Y ) 0

+ / F(u™)vo + / Uy = / (9 + Box(0,1)xw) Yo
Q= x(0,1)? Q= x(0,1)2 -
(5.25)

By leveraging the cell problem (4.5) and noting that u~ is independent of y,
Eq. (5.25) can be rewritten as

[ owrees [

+/_F(u_)¢o+/_u‘¢0:/g_ (9 + X (0.7 xw) Yo-

Utilizing the definition of matrix A* given in (4.4), Eq. (5.26) can be simplified
to

/ Alz,y1,t) (I +VyZ)dy| Vu™ - Vi
(0,1)?

(5.26)

/7(U_)I¢o+/7A*VU_'V¢0+ F(U_)wo+/ u” o

e (5.27)
= /Q (9 =+ 90X(0,T)Xw) .

Define u as u = xq+ut + xq-u~. By analogy with, for instance, [16], it can be
shown that the traces of u™ and u™ are identical on the interface I' and hence
win V(Q) and u’ € L*(0,T, (V(Q))*) (see [32], page 107). It is straightforward
to verify that u also satisfies the initial condition u(0,z) = 0.

Step 3: Identification of & from (5.10) Given the weak convergence of 4,
in the upper oscillating domain, determining the limit of T:* (F(u})) presents
a significant challenge. To address this, we employ the Browder-Minty method
to identify &5.

Due to the monotonicity of F', consider 1y € L%(0,T;C*(€2)). We obtain the

following inequality,
ou aiz Ou ou aiz Ou
€ + a12 ou € + a12 Ju
d d ) d
() ()

Oxo Ozo Oxa Ox2

iﬁfm@w>¢Mﬂ@V“+/

Q

4[4V - Vo) (Vo - e+ [ (a - )

€

+/<ﬂmwﬂwm@fwwzo

(5.28)
Expanding the inequality above, we get

1
7/ (fae(T,:v))?der/ Aevae~vae+/ (ﬁe)2+/ F(te)te
2 Ja, Q. Q. Q.

- /Q A (T, x)d}o(m,T)dfo/QE Ueho —/QE F(ue)o 7/95 F(3o)te
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7/ AV, - Vabo 7/ ASVapo - Vide
_ o-
/ ( Oue Ou aiza12 Ote Ou 8u€ awo Bue 81/10)
+ — —— —a2 as
o+

128%1 8332 all 8:82 811}2 8:81 8x2 8902 812

/ ( ou Ol O Oe 811;0 Ole as1a12 Ou 6u6>
+ a2 — ai2 —— as —_—
o Oxo 011 Oxo Ox1 8x2 0o a11  Oxg Oz

o
= T,x))* d AV - V 2 F
o womatars [ avvpo v [ wor s [ Fwo

ai12a12 8u+ 2 a12a12 81/)0 8u+ a21a12 81[)0 8u+ 81/)0 2
+ SR R dag () |20
o+ ai1  Ozs Oxo a11  Oxa Oxa

a1l O0x2

(5.29)

Substituting @, for ¢ in the weak formulation(2.1) and integrating by parts,
we obtain

;/Q (uE(T,a:))Qd:E+/Q€ Afvm-vmju/ (a6)2+/ F(tc)te

:/ g’ae"’/ X(O,T)Xua_e'ae
o-

€

Applying the unfolding operator, we can rewrite the above equation as

1 _ 2 1 _ 2
/QW(O& (T (u(T, 2)) dt+§/7[u€(:r,x)] dx

2
/ TH(A)TH (Va,) - T (Va) + / A°Va, - V.
91 x(0,6) -

+/Q+X(O 5 6))2+/_(@e)2+/_F(a6)ﬂ6

o m et [ T )
x( 06) 0+ x(0,8)
+ /Q(g+x<o,TW§s)ﬂe. (5.30)

Using the convergence obtained in (5.3) and fact that u* is independent of z,
we pass the limit € — 0 in Eq. (5.30) to obtain

1
lim = / (e (T, x))]2 dt + - / (T, 2)]? da
e—0 2 Q*X(O 5) 2 —

/ THAYTH (Va) - TH(Va) + | A°Va, - Va.
Q+x(0,6) Q-

i /Q+x(0,5) (Tj(ﬂe)f + / _ (@) + / - F (e )tie

+/ TH(F(a) T (ag)dt = § w++/'@+x@nw%m<
Q+x(0,0) o+ o-
(5.31)
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Now, by applying the unfolding operator to the weak formulation (2.1), we
obtain

[ mrEhnr e [ THaOT (Va1 v
0+ x(0,8)

Q+x(0,6)
+(F(a )T+ +(a T+
Ly FEET @ [ )
S mEr @ [ T A9 (Ve 2 (V)
Q—x(0,1)2 Q—x(0,1)2
G U R R UL

:/ Ti(g)TJ(w)+/ (9+ X(0,1)xw0e) V- (5.32)
9+ x(0,6) Q-

Utilizing the convergence results from the previous steps, we can take the limit
as € — 0 in the above equation to obtain

§
out o
4 (u) 'y +/ [/ <a22 - a12a21) dz] aiai + §op
o+ o+ 0 aii T2 02 0+ x(0,5)

+ —\/ A* - . -
+4 u1/1+/7(u)1/1—|— o Vu V¢+/7F(u )t

o+

+/Q_ Uy = ‘S/Q+ gy + /Q_ (9 + Box(0.7)xw) ¥ (5.33)

By substituting 1 with w in (5.33) and integrating by parts the first term, we
obtain

g/m (u+(T,a:))2dac+/Q+ Voé <a22 - “ﬁm) dz] (?;)2

+/ Sut +6 [ (u +)2+/ (u(T,2))° + | AVu - Vu
Q7+ x(0,6) ot - Q-

/ Flu™)u™ +/ (“7)2 =0 gu* +/ (9 + Oox(0,1)xw) U
- o+ Q-

(5.34)
From (5.31) and (5.34), we get the following convergence
. 1 + /= 2 1 = 2
5 5 [ T et [ ey
+/ THANTH (Vae) - T (Vae) + AV, - Viie
o+ x(0,5) o-
+f )+ [ @+ [ F@ou+ T (P(u) T (1)
o+ % (0, 5) - o- 0+ %(0,5)

5 g 2
- ,/ 2 4o 4 U <a22 _ %) dz} <‘9L) +/ fout
2 o+ LJo a1l O o+ x(0,6)
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+4 (u+)2 + (u™ (T, x))2 + A*Vu~ - Vu~
ot Q- Q-

+ Fu)u™ + (u7)2 . (5.35)
o- o-
Next, we apply the convergence results from (5.35) to take the limit in
the first four terms of inequality (5.29). For the remaining terms, we use the

convergence results established in the previous two steps. After rearranging
the terms, we obtain

g - (u™ (T, z) — 1o (T, m))2d:c+ %/Q, (u™ (T, ) —wO(T,x))Qdm

wo [ ot —w)e [ )

+/05 /Q+ (&2 = F (o)) (u" — to) +/7 (F(u™) = F(o)) (u™ — o)

] e (2 [ e (s 20
36)

. (5
Now, for ¢ € L?(0,T; C1(Q)), take 19 = u— A, A > 0, in the inequality (5.36),
to obtain

52 T 2 I2I52 2 2 2
s >>d+A/7<¢<T,>>d+A e[ o

o+
+)\/ o (&—F —)\(;5))¢+)\/_(F(u‘)—F(u‘—)@))qb
2 —
+>\2/ / ago () +A [ A*V¢-Vo >0, Vo€ L*(0,T;CH(Q)).
0 o+ (9332 o-
(5.37)
By taking limit A — 0 in (5.37), to obtain
| (&-Fuh)ozo voe Po.1ic @)
o+
Thus, we conclude that & = F(u™).
Step 4: We will prove the following strong convergences in this step:
oul  Out
=+ o+ vie du
||u€ U HLZ(Qj—) + ‘ 61‘2 8.132 LQ(Q+)
‘ (5.38)

— 0.

+ @ + a12 8u
axl 8x2
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Above convergence will be used for the convergence analysis for adjoint

states. Consider

2
oul (ﬂ) out gut (ﬂ) dut
6@1 ail 6@2 (9I1 all 8&72
+ AS _ : _
Q+ Buj o ou™t 6uj _ ou™t
N Oxo Oxo Ox2 0z

+ /Q+ [F(uf) — Fuh)] [af —ut] + % /Q(aE(T,m) —u (T, z))*
+ / A [Vag = Vu] - [Vag - VuT

+/7(aZ —u‘)2+/7 [F(a7) — F(u™)] [am —u™].

(5.39)

Upon expanding (5.39), we get

Le=L'+ L2+ 12,

where

Il = 1/ [(@f(T,2)]* + 1/ [aZ (T, )] +/ Asvat - varf
2Jor 2 /o~ o
+/ AVao -Vao +/ (aj)2+/ (a;)? (5.40)
- or Q-
+ [ Fag)a; + / F(ab)uf,
Q- oF

L? = —/ al (T, z)u™ (T, x) —/ u_ (T,x)u™ (T, x) — 2 / afut
o+ o- Jor
—2/ asu” —/ F(at)ut —/ F(aZ)u~ —/ FuM)at
o- o+ o- o
— F(u™)ua_ —/ A°Va_ -Vu~ —/ AVu~ - Vau_
o- _ -

Zﬁj (*am) du™ (*am) dut Zﬁj

€ x a £ € a - x

a /Q+ A ouf |- TR /g+ A ‘out || eal |
e Oxy e Oxoy Oxq

dxy

L3 = %/@ [t (T, 2))* + % /Qi [u™ (T, z)]”

_|_/ (( a‘:iz)Jran;Z ) . (( alﬁ;u) 68?; ) +/ A°Vu~ -Vu~ (5.42)
or -

Oxy Oxy

+ /Qj(u+)2+ /g(u*)u /Q P /Qj Flut)ut.

(5.41)
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Using the unfolding operator, the convergence obtained in (5.35) and
&2 = F(u*), we get

, 8 2 0 a12a91 out\?
1 -z + il -
llr%L6 =5 /Q+ [ut(T,z)]” + /Q+ [/0 <a22 o ) dz ((’hg)

+/ Flu™)u™ + 5/ (u+)2 +/ [u™(T, x)]2
Q+x(0,0) ot -
+ A*Vu~ -Vu + F(u™)u~ —|—/ (u_)2
Q- Q- -
Utilizing the convergence results obtained in step 1 and step 2, we can easily
obtained the limits for L? and L2, and after rearrangements, we obtain

0 [qu(T,ﬂc)]Q/Q+ [/05 <a22 affl)dZ] <é§£)2

: 2 3\ _ J
21_13(1)(L5+Le) *75/

- /Q+><(0,5) Pyt - 6/Q+ (u+)2 - / - (T x)]2

— A*Vu~ -Vu~ — Fu )u~ —/ (u*)Q = —lim L}.
Q- o- - =0
This implies lim,_.¢ (Li + Lf + Li’) = 0. Thus, we get lim._.o L. = 0. Now,
using the assumption that matrix A is coercive and F' is monotonic, (5.38) is
proved.
From the strong convergence proved in (5.38), using triangle inequality
and Proposition 3.2, we have following convergence under unfolding

1T (@) = w2 (e w06y = 0,
Tha +
T+ <8u6 ) ~ du o,
81}2 85172 L2(Q+%(0,8)) (543)
T+ dut (@2 ou™
0x1 a11 ) Oxo
Also, from the strong convergence in (5.43) and the assumptions on F, we get
following convergence for non linear term under unfolding
TH(F'(ul)) = F' (T} (al)) — F'(u") strongly in L* (Q1 x (0,9)) ,

€

T (F'(a;)) = F'(T- (a.)) — F'(u") strongly in L*(Q~ x (0,1)?).

€

— 0.
L2(Q*x(0,4))

(5.44)

Step 5: In this step, we obtain the convergence results for the adjoint state v,
in the upper domain. Similar to Step 1, we derive the following convergences
for the adjoint state ¥, i.e., there exists v+ € D and & € L% (QT x (0,0))
such that, up to a subsequence,

TH(v}) — vT weakly in D, (5.45a)
5+ +

T+ (‘;ﬁ;) N % weakly in L2(Q* x (0,4)), (5.45b)
2 2
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T+ (Zz; ) — &3 weakly in L2(QT x (0,0)), (5.45¢)
1

where vT is independent of the z variable. Furthermore, due to Proposi-
tion 3.2(P7), and convergence results obtained in (5.45), we conclude that

5 — vt weakly in L2(Q), (5.46)
8176 ovt oy
s 587332 weakly in L*(Q™"). (5.47)

Identification of ¢5: Using the properties of the unfolding operator and
defined in (5.11)as the test function in the weak formulation of the adjoint
equation in (2.4), we obtain

- / T )T () + / TH(AYTS (Vo) - TH (Vo)
Q+x(0,0) o+ x(0,9)

+ / TH(F (3T (0T () + / T (52T (o)
Q+x(0,0) o+ x(0,9)

- / THB)TS (Val) - TH(Vib).
9+ x(0,5)

(5.48)
By utilizing the convergence obtained in (5.3), (5.4), (5.6), (5.12), (5.44) and
(5.45), we pass the limit € — 0 in Eq. (5.48) to obtain

" ovt 13 out vt 0
/ <a11§3+a217>w ﬁ=/ (*bugLer o )111 ﬂ
o+ x(0,8) 0z 0+ x(0,8) a11 Oxa ox 0z’

which can be rewritten as

ovt as Out Ou™ 13}
/ (a11£3 + a1 5.~ by — 12 > h1—— 1/J2 =0, (5.49)
Q+x(0,6) i ar1 O0xo

for all ¢y € C°(Q%) and 13 € Cp2,.(0,1). Hence, from equation (5.49), we get

+ +
g = b2 0uT bnanpdut an OvT 0% x (0.6). (5.50)

a1 612 a%l 3x2 a1 6:62

Moreover, using proposition (3.2), we get

317: g bi2 bi1ai2 8u+ g asl 8U+ 9 +
- —_— = dz | — — —dz | — kly in L .
Oz (/0 {au afy ] 2) Ox2 </0 ai Z> By Weakly In L7(Q7)

Step 6: In this step, we identify the limit equations satisfied by u+ and v in
the upper domain QF. In the weak formulation (2.1) for @., by replacing ¢ with
¢ € C*(Q7T) and further utilizing the properties of the unfolding operator,
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we obtain

- [ mrahrie) s [ TR (Ve T (V)
9+ x(0,0) Q+x(0,0)

s mrarre+ [ mrenrie) es)
Q9+ x(0,9) Q+x(0,9)

- / TH(g)TH (4).
o+ x(0,6)

We pass the limit € — 0 in Eq. (5.51) using the convergence results obtained
n (5.3), (5.4), (5.6), and (5.10) and noting that u™ is independent of z, we

obtain
4 +
1221 ou 8¢)
4] - d —
Q+( ) ¢ * /QJr / (Clgz ail ) Z‘| axg 8{);‘2
+4 F o+ 5/ ut¢ = 6/ go.
Using the value of ¢* from (4.3), Eq. (5.52) can be rewritten as

+y/ LOut 09 uto =
5 Q+(u )qb—i—/ a* o 8m2 +6 F ¢—|—(5/ ¢ = (5/ qgo.
(5.53)

Next, by taking ¢ € C°(QT) as a test function in the weak formulatlon of
the adjoint equation satisfied by v, and again utilizing the properties of the
unfolding operator, we get

[ mr T [ T AT (Ve T (V)
Q+x(0,9)

Q+x(0,9)

(5.52)

T R A o A T A (OB I T o
Q+x(0,0) Q1 x(0,0)

- / TH(B)TH(Va?) - TH (V).
o+ x(0,9)

(5.54)
Passing to the limit ¢ — 0 in equation (5.54), using the convergence results
from (5.3), (5.4), (5.6), (5.44), and (5.45). Thus, we obtain

8 +
5 () +/ l/ (azz - a12a21> dz] gv aa¢ 6 F'lumty
o+ o+ 0 ail To OT2 o+

5 2
b +
+ 5/ ’U+1/J = / b22 + b11 <a12> - 2&12 L2 dz Ou 81/)
ot o+ 0 ail ail 8$2 61‘2
(5.55)
Using the values of a* and b* from (4.3), equation (5.55) can be rewritten as

+ +
6/ (v+)'1/1+/ a*aiai-i-(s F’(u+)v+w+5/ vty = b*au 871,11
Qo+t ot Qf

Oxro O o+ o+ Oxo Oz
(5.56)
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Step 7: In this step, we will derive the convergence results for the adjoint state
U in the lower domain. According to Theorem 2.5, we know that
107 (| 220,711 (0~ )) is uniformly bounded. Consequently, there exists a sub-
sequence (still denoted by €) and v~ € L?(0,7; H* (7)) such that

v; — v~ weakly in L2(0,T; H'(Q7)). (5.57)
The strong convergence is established using the Aubin-Lions lemma as
v. — v~ strongly in L*(Q7). (5.58)

Furthermore, using the unfolding technique and the result from (5.58), we
obtain

T (v7) — v~ in L*(Q~ x (0,1)?). (5.59)
Moreover, by Theorem 3.4, there exists u; € L? (Q; H},,.(0,1)?) such that
T-(Vo;) = Vo~ + Vyup in L2(Q x (0,1)%). (5.60)
From the optimality condition in (2.4), we know that
O = —a " X (0,7) xwVe- (5.61)
Using the convergence from (5.58), we can pass the limit in (5.61) to get
0 — —a "X 0m)xwv” in L*(Q7). (5.62)

Thus, the weak limit 6y in Eq. (5.22) is identified as 6y = —a~1v~. Next, we
apply the unfolding operator to the adjoint equation in the lower domain Q~,
using the following test function

€ _ z
'l,ZJ - 7/)0(tax) +€¢)1 (t,lL’, 6) )
where 1y € C2°(Q7), 91 € C (Q7; Cper (0, 1)?) . We obtain

S T [ AT (V) T (99)
Q~x(0,1)2

Q~x(0,1)?

LT T s [ T )

- / T (BT (Va) - T (Vo).
Q—x(0,1)?

(5.63)
Using the limits obtained in (5.17), (5.19), (5.44),(5.59) and (5.60) in the
equation (5.63), we get

/ ()50 + / (LAY (Vo™ + Vyur) - (Voo + Vythn)
Q- x(0,1)2 Q- x(0,1)2

+/ F'(U’)v’d}w/ v Yo (5.64)
Q~x(0,1)? Q~x(0,1)?

= / B(Vuf + Vyul) . (VI/}() + Vyz/q)
Q- x(0,1)2
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Putting 1 = 0 and uy from (5.24) in the equation (5.64), we get

/ (FA)V,01 - Vs

Q= x(0.1% (5.65)

- /Q (0,1) [B(I+VyZ)Vu™ - Vyhr = (A Vo - V]
- x(0,1)2

With the help aid of solution of the cell problem (4.5) and Eq. (5.65), we can
write v; as

2L (0v ou~
vi(t, @, y) = Z ——Zi — WX'L . (5.66)

ox;
i=1 v

Now putting ¢y = 0, u; from (5.24) and v; from (5.66) in Eq. (5.64), we
get

/ )b+ [ (1)
Q- x(0,1)2 Q- x(0,1)2
+/ F’(u_)v_wo+/ v 1o
Q- x(0,1)2 Q- x(0,1)2

2
ou~
= B | Vu™ + E Zi | - Vg. 5.67
/Q*X(O,l)z (u = Oz ) Yo ( )

Employing the cell problem (4.5), and the fact that v~ and u~ are inde-
pendent of y, we can rewrite equation (5.67) as

IR [ [ A 0+ 5,2)
—I—/Q F’(u_)v_wo—l-/g v g

:/ [/ (B(ac,y1,t) (I—|—VyZ)—|—(tA)(x,y1,t)VyX) dy
Q- (0,1)2

2
dv— du~
Voo + Y (ai- YV, Zi — ;wvyxi)} - Vo

Vo™ - Vi

Vu~ - V’(/)O .

(5.68)
By employing the definitions of matrix A* and B* as provided in Eq. (4.4),
we could rewrite Eq. (5.68) as follows:

e [ canve vuos [P .
+/7v—¢0 :/Q B*Vu~ - Viby. '

Define v as v = xq+v" + xq-v~. By analogy with, for instance, [16], it can be
shown that the traces of v+ and v~ are identical on the interface I' and hence
vin V(Q) and v € L2(0,T, (V(Q))*) (see [32], page 107). It is straightforward
to verify that v also satisfies the initial condition v(7T,z) = 0.

Step 8: In this step, we demonstrate that © = uTyg+ + u xq- and v :=
vTxa+ + v xo- satisfy the limit optimality system given by Theorem 4.2, in
the weak sense.
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By employing the function ¢ € C°(0,T; H'(2)) as a test function in the
weak formulation (2.1) and taking the limit as ¢ — 0, decompose each integral
in the weak formulation over Qj and @~ . This decomposition is achieved using
results from Step 2 for the lower domain and Step 6 for the upper domain.
Consequently, we obtain the following result

+
5 (u+)’1/)+/ «Ou” 99 +4 Fu)y+46 u+w+/ (u™)
o+ 6$2 (9562 -

ot ot

+/A*vu—-vw+/F(u—)¢+/Qu—¢

=0 g + / (g - Ole(o,T)vaf) Y.
ot Q-

(5.70)
Similarly, by using ¢ € C2°(0,T; H'(Q)) as a test function in the weak for-
mulation of the adjoint equation in (2.3), and then taking the limit as ¢ — 0
with the help of results from Step 6 for the upper domain and Step 7 for the
lower domain, we obtain

/ an+ a’(/} / —\/
1) Q+(U+)¢+/ a* axg 61‘2 + 0 Q+F(u+)v+/¢,+5 o v+1/)+/_(’l) )w
[ Cayve e N F’(u—)v—w+/Q o

Lou™ Oy e
7/ e BV Ve
(5.71)

from the Egs. (5.70) and (5.71), it is clear that (u,v) solves the optimality
system given by Theorem 4.2 in the weak sense. This concludes the proof of
the theorem. 0

6. Corrector results

In Eq. (5.38), we have shown that @ convergences to u~ stongly in L?(0,T};
H'(27)). Now, we improve the weak convergence reasults 4} obtained in Step
1 by proving the following corrector results.

Theorem 6.1. Let .,

be as defined in Theorem 5.1. Then, we have the following strong conver-
gences

ad - XquJr — 0 strongly in L*(Q7),
out out
Oxo Xaf Oz

— 0 strongly in L*(Q"), (6.1)

81_1,2_ a19 ou™t .
o + <a11> Xot 5 o0 — 0 strongly in L*(QT).
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Proof. Using the triangle inequality, we can write

1T (@) = T ()l 2@+ x 0.0))

i (6.2)
<NTH(uf) — w2 (@ x (0,0 + lut = T (w) 20+ x(0,5))-

Using (5.43) and Proposition 3.2, both terms on the right-hand side of (6.2)
onverge to zero. Thus, we obtain

ITH (af) — T (ub)| 20+ x (0,6)) — O (6.3)
Note that
HT:_(E‘:) - Te+(u+)HL2(Q+><(O,5)) = / |Te+(ﬂj) - Te+(u+)|2
o+ x(0,0)
S R ey NS
Q+x(0,8) ot
(6.4)

From (6.3) and (6.4), we obtain

& — xgrut — 0 strongly in L*(Q%).

., ot o )
Similarly, we can prove the convergence results for 2%= and 2% . This com-
? Oxo oxq

pletes the proof of the theorem. O
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