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Abstract

This article explores the homogenization of semi-linear elliptic partial differential equations
(PDESs) with strong contrasting diffusivity in domains with highly oscillating boundary. The
oscillations considered are general and can occur in multiple directions, and the oscillating
part is made up of two distinct materials with strong contrasting diffusivity. Also, corrector
results are established within this framework. The tool of analysis is periodic unfolding
method and to deal with the non-linear term, we use the Browder-Mindy method. Fur-
thermore, the research extends to the analysis of optimal control problems governed by
semi-linear elliptic PDEs, where the cost functional and PDEs exhibit strong contrasting dif-
fusivity. Later in this article we also make the similar studies in a circular oscillating boundary
domain, where the oscillations are in circular fashion.
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1 Introduction

The study of the effective behavior of composite materials, composed of two or more pure
materials with very high contrasts in their properties, necessitates the asymptotic analysis of
partial differential equations (PDEs) with high-contrast diffusion coefficients. In this article,
we consider the homogenization of two different kinds of domains, namely the pillar-type
oscillating domain €2, (see Figure 1(left)) and the circular-type oscillating domain O; (see
Figure 1(right)). The domains €2, and O, consist of two parts: fixed parts 2~ and O,
and g-dependent oscillating parts, denoted as ;7 and O; respectively. The oscillating parts
are composed of two materials, denoted as C, and Z,, which exhibit contrasting properties,
as reflected in their diffusion coefficients. In these domains, we have considered following
semi-linear PDE,

—div ((82)(1'5 + xc. + XQ*) AVMS) +k(ue) +ue = fin Q;,
AVu - v, =0 on 082,.

It is evident that there is a contrasting nature in the diffusion coefficients of Ce and Z¢. Here
A is a uniform elliptic matrix and k is a monotone type function. The same PDE is also
considered in O,. A detailed description is given in Subsection 2.4.

Our objective is to homogenize the aforementioned partial differential equation (PDE)
along with its associated interior optimal control problem in both type of rough domains as
the oscillating parameter approaches zero. We focus on general energy-type cost functionals.
Further details regarding the problem formulations and descriptions is given in Subsection
2.5.and 3.3.

We shall briefly highlight some significant works in the literature that are relevant to our
study. To the best of the authors’ knowledge, the homogenization of PDEs with strongly con-
trasting diffusivity began in [39, 40], where the authors investigated the effective properties of
composite materials containing high modulus reinforcements. Since then, numerous research
works have been conducted in this direction. In [15], the authors explored the homogeniza-
tion of a conductivity equation for a medium consisting of highly conductive vertical fibers
embedded in another material, which is presumed to be a poor conductor.. For further reading
in this direction we refer to [7, 8, 12, 42] and references therein.

The investigation of homogenization problems in oscillating boundary domains has been
a highly active research area over the past two decades. Several significant contributions
in this field can be found in [4, 6, 13, 14, 18, 20, 23, 24, 26], though this list is by no
means exhaustive. For studies specifically addressing optimal control problems in oscillating
domains, see [3, 19, 21, 22, 33, 35, 36] and the references therein.

The articles referenced above in rough domains primarily focus on problems having the
ellipticity coefficients strictly away from zero and bounded. There has been limited research
on homogenization in oscillating domains with high contrasting diffusivity coefficients. One
of the pioneering studies in this direction is presented in [28], where the authors examine an
elliptic variational problem on a pillar-type oscillating domain, with an insulator covering the
highly conductive core of the pillar. The homogenization of a hyperbolic partial differential
equation (PDE) with contrasting diffusive coefficients is discussed in [34], resulting in a
homogenized limit described as a coupled two-scale system of macro and micro scales. In
[36], the method of the unfolding operator is employed to extend the findings of [28] from
the pillar-type oscillating domain to more general oscillating domains. This study also con-
siders an interior optimal control problem involving a variational form with high contrasting
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diffusive coefficients. The present authors studied a homogenization problem with L!-data
with high-contrast coefficients in [37].

In the context of homogenizing non-linear problems within oscillating domains, signifi-
cant insights can be found in [27], which analyses the asymptotic behavior of a monotone
operator subject to nonlinear Signorini boundary conditions. The work in [5] addresses the
homogenization of a nonlinear monotone problem in a locally periodic domain using the
unfolding method. Furthermore, [31] employs the asymptotic expansion method to investi-
gate a non-linear parabolic problem. For additional literature on this topic, refer to [9, 10,
25, 30] and the references therein.

The novelties of our work are as follows. The problems addressed in all the aforemen-
tioned references within high oscillating domains involve either linear problems with high
contrast coefficients or semi-linear problems without contrast coefficients. To the best of the
authors’ knowledge, this work is the first to consider semi-linear problems with high contrast
coefficients in high oscillating domains. One of the main difficulties is passing to the limit
and identifying the limit of the semi-linear term. To overcome this difficulty, we must prove
corrector-type results and employ the Browder-Minty method with suitable test functions.
Furthermore, we have considered an interior optimal control problem with a very general type
of energy cost functional. The corrector result is also crucially utilized in homogenization of
the considered optimal control problems.

The primary methods utilized in this analysis are the unfolding operator and the monotone
operator technique. The periodic unfolding method, initially introduced in [16], serves as a
potent tool in homogenization theory. A modified version of this method was applied to
homogenize problems in pillar-type oscillating domains, as detailed in [18]. The unfolding
operator was subsequently generalized for general periodic oscillating domains in [1]. For
further details on unfolding operators, refer to [17] and the references therein. The use of
the monotone operator technique in homogenization is discussed in [2, 29, 32] and their
references.

The article is structured as follows. As outlined in the introduction, we examine two distinct
domain types: general oscillating and circular oscillating. These two types are explored in
separate sections.

Section 2 focuses on the general oscillating domain, providing a detailed description and
introducing the periodic unfolding operator and boundary unfolding operator in Subsections
2.1,2.2,and 2.3.

Our primary goal is to homogenize an optimal control problem governed by a semi-linear
elliptic PDE with strong contrasting diffusivity. To achieve this, we first address the homog-
enization aspect in Subsection 2.4. We prove the homogenization results in Theorem 1 and
subsequently prove the corrector results in Theorem 2, which are essential for demonstrating
the homogenization of the optimal control problem, our main objective. In Subsection 2.5,
we delve into the homogenization of the aforementioned optimal control problem. Theorem
3 presents the homogenization results (corrector) for the state equation, while Theorem 4
provides the homogenization results for the adjoint equation.

Section 3 focuses on the circular oscillating domain, providing a detailed domain descrip-
tion in Subsection 3.1. As done in Section 2, we conduct the homogenization analysis in
Subsection 3.2. We present homogenization and corrector results in Theorems 5 and 6,
respectively. Our primary goal is to investigate the homogenization of the optimal control
problem in Subsection 3.3. Theorems 7 and 8 provide the homogenization results for the
corresponding state equation and adjoint equation, respectively.
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2 General Oscillating Domain
2.1 Domain Description

For each ¢ > 0, we consider an e-depended bounded domain 2, C R" with oscillating
boundary (see Figure 1]). Below, we describe the domain under consideration. Let x =
(x’, x") € R" where x’ = (x1, x2, -+, X) and x” = (X1, Xma2, -+ 5 Xp) With 1 <m <
n — 1. Define

m
Q" =1, and ¥*=]]@.b)x©.1)""

i=1

with 0 < a; < b; < 1foralli =1,2,3,---,m. Let A be a connected open subset of
Y* with Lipschitz boundary as our reference cell. It consists of two parts namely (nearly)
insulating part Z and conducting part C. Now define

o= frear: ([Z) )] mofrear:([£].)eq).
QF = {x eQt: ({%},x”) € A} = int(Ce UZ;)

where {%} denotes the fractional part of %-. The lower fixed part is given by

Q" =0, D" x (~1,0).
The oscillating domain €2, and limit domain 2 are defined as
Q, = int (Qj U Q—) and Q = int (Q+ U Q—) :

Here Q7 is the upper oscillating part, Q is the lower fixed part, Q; is the oscillating domain
and €2 is the limit domain. It is important to note that as per the definition of €2, the upper
part 7 exhibits periodic oscillations. These oscillations involve a periodic arrangement of
the reference cell A, which is scaled by ¢ in the x’ variable and arranged in the x’ direction
with a period of €. Also we denote I',, I'j, are upper and lower boundaries of 2 and I'g is the

Fig. 1 Examples of Q¢ (left) and O (right)
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interface defined as
Tai=(0, )" ' x {1}, Tp:=(0, )" " x{=1}, Ig:=(0, )" x {0}.
For x” € (0, 1)"~™, define
Ye(xX)={ye 0. D)":(y.x"yec}. Yz(x")={ye©.D":(y.x") eI},
Y ={ye© D" :(y.x") e A} =Ye(x")UYz(x").
Let |Y (x" )| denote the m dimensional Lebesgue measure of ¥ (x”). We assume the following
properties on A:

(1) The set Yo (x”) is connected for all x” € (0, 1),

(2) There exists p > Osuch that0 < p < |Ye(x")| < 1 forall x” € (0, )",

(3) The boundary part 9 A N Iy is connected and have positive n — 1 dimensional Lebesgue
measure.

2.2 Periodic Unfolding Operator

Here we will define the periodic unfolding operator which is the main tool of our analysis.
First, we will define the unfolded domains in which the unfolded functions are defined.

Qe ={x.ylxeQ yeYex"}, Qr={&.ylxeQt yerzx"},
Qu={x,»lxeQt,yerYx"}=QcUQs.
Let G = {(x”,y) | x” € (0,1)"™,y € Y(x")}, then, one can write, Qy = (0, 1) x G.
Let ¢° : Qu — QF be defined as ¢° (x, y) = (8 [%] + ey, x”) . The ¢— unfolding of a

function u : QF — R is the function u o ¢° : Qy — R. The operator which maps every
function u : QF — R to its e-unfolding is called the unfolding operator. We denote the
unfolding operator by 7°¢, that is,

T8 {u: QF - R} — (T°(u) : Qu — R}

Té(u)(x,y) =u (8 [%] + ey, x”) .

Analogously we can define

is defined by

TS :{u:Co —> R} > {T5(w) : Q¢ — R} and
T {u:I, > R} > Ty (w) : Q7 — R}

Then we have
T =xe. T¢ + xz.T7

IfVv c RY containing Qj and u is a real-valued function on V, T¢(u) means, that is T°
acting on the restriction of u to €. Some important properties of the unfolding operator are
stated below. For each ¢ > 0,

(1) T¢ islinear. Further, if u, v : Qj — R, then, T¢(uv) = T¢(u)T*(v).

(2) Letu € L' (). then,
/ TE(u):/ u.
Qu QF
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(3) Letu € L*(Q}). Then, T°u € L*(Qu) and [|T%ull12(q,) = lull 2
(4) Letu € H'(QF). Then, T?u € L>((0, 1)"; H'(G)). Moreover,

quTgu = TEVX//M and VyTSM = 8TSVX/M.

(5) Letu € Lz(Qj). Then, T¢u — u strongly in L2(Qy). More generally, let u, — u
strongly in L*(Q1). Then, T¢u, — u strongly in L*(Qp).
(6) Let, forevery ¢, u, € LZ(Q;") be such that T¢u,—u weakly in L2(Qy). then,

ie— u(x, y)dy weaklyin L*(QF).
Y(.X”)
(7) Let,foreverye > 0, u, € H' () be such that T¢u,—u weakly in L2((0, )™; H'(G)).
Then,

Ue— u(x, y)dy weakly in L2(2F) and
Y(x')

Vyrtg— Vyerudy weakly in L2(Q1)" ",
Y (x")

where 7, denotes the extension by 0 of u, to Q. This notation is used throughout the
article.

All the above properties are valid for 75 and 77 also.

2.3 Boundary unfolding operator

In order to obtain the interface conditions, it is necessary to employ the boundary unfolding
operator. For every ¢ > 0, let us denote the unfolded boundary of I'® by I'c, defined by

Ie={(x,y):x€(0,1)",x, =0and y € Ye(x")}.

Define the boundary unfolding operator 7j : {u : T'g — R} — {T(u) : T'c — R} as

TS ). y) = u ( [";] + sy,x”> .

Note that boundary unfolding operator also has similar properties as those of unfolding
operator with obvious modification in the functional setup.

2.4 Homogenization

Here we are going to study the homogenization of a semi-linear elliptic PDE with strong
contrasting diffusivity in the domain .. Let A(x) = [a;;(x]yx, be an n x n symmetric
matrix, where the entries a;; € L°°(£2). Also A is uniformly elliptic and bounded in €2, that
is, there exists «, 8 > 0 such that

(AR, ) > ala* and |A(X)A| < BIA]

forall A € R" and a.e. in Q. Let Ay, Ay, A3, A4 be sub-matrices of A such that
A1 Az
A= [A3 AJ’
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where the orders of the sub-matrices are as follows:
Al:mxm, Ay:mxm—m), Az:(m—m)xm, Ag:m—m)xn—m).
Letk : R — R be a C? real-valued function such that
0 < Cy <K (t) < Cp,k(0) =0and k" is bounded.
Consider the following problem in €2,:

—div ((e*xz. + xc. + xa-) AVug) + k(up) +up = f in Q,
AVu - v, =0 on 082,.

Here f € L%(S) is a given function and v¢ is the outward unit normal vector. The corre-
sponding variational formulation is

find u, € HI(QS) such that,

/Q (6% Xz, + X + X ) AVUV + k() + uep = o fé. ey

forall p € H' ().

Observe that the conductivity within the nearly insulating region Z, is on the order of &2,
indicating a much lower electrical conductance. In contrast, the conductivity in the conducting
region C; is approximately 1, justifying its name contrasting diffusivity. The Browder-Minty
theorem ensures the existence and uniqueness of u.. Our aim is to examine the asymptotic
behavior of u, as ¢ approaches 0.

Next, we will describe the resulting homogenized problem. Subsequently, we will validate
that this indeed represents the homogenized limit problem by presenting convergence results.

To define the limit problem, we define the following Hilbert spaces:
() W) ={y € L*(Q) : Vo € L2(Q)"™, ¢|q- € H'(Q7)} with inner product
(¢, 1/f>W(gz) = (&, I/f>L2(Q+) +(Vuo, Vx’/w>L2(Q+) + (9, 1/f>[—11(§2*) .
(2) W(Qu) ={¢ € L*(Qu) : ¢ = 0in Q¢ and Vy¢ € L?(Qy)} with inner product
<¢’ ¢)W(QU) = <¢! W)LZ(QU) + (Vy¢» Vy¢>L2(QU) .

The homogenized limit problem, which is a two-scale problem is described as follows:
Limit Problem: Given f € L2(Q), find (u, u1) € W() x W(Qy) such that

/ AV + Ve )k + ) + / AVUV + (k) + u)
Q Q-

+/ A1VyuVygr + (k(u +ur) +u+u)(@ + é1)
Qr 2)

:/Q+|yc(x”>|f¢+/gz f(</>+</>1)+/9_ f9.

for all (¢, ¢1) € W(RQ) x W(Qyp),

where .
Ao(x) = Ag(x") = [Ye ()] ([—A3Al_1 1 A[-AsA7" 1] )
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Now, we will present the convergence result that demonstrate that the limit problem we
described is indeed the actual homogenized problem. The following two theorems establish
the relationship between the solutions of (1) and (2).

Theorem 1 Let u, and u be solutions of (1) and (2) respectively. Then as ¢ — 0, we have
the following convergences:

e =~ Y (x")|u + / uy weakly in L*(Q71),

Yz (x")

xe, Votte = [Ye(xX")(—AT  A2)Vyru

xe, Varue = |Ye (xX")|Vyru

—~—

EXT, Vyrlle — Vyui

Yz (x")

exz, Virtte = 0

KGin) — [Ye (") lk(w) + /

Yz(x")

k(u +uy)
Ug — U
where ~ represents the extension by 0.

Proof The proof will be accomplished in several steps.

weakly in L>(Q1)™,
weakly in L>(QF)" ™™,
weakly in L> ()™,
weakly in L@y,
weakly in L2(Q+),

weakly in HY(Q).

Step 1: (Weak convergences of unfolded sequences) In (1) considering ¢ = u, as a test
function and using the monotonicity property of k, we get

”XCE Vg H 2@y T ¢ HXL,VMS HLZ(QS) + I Vuell 2oy + lluellr2e,) < 12y 3)

Note that we do not have uniform bound of u, in H!(2,) due to high contrasting diffusivity.
More precisely, the bound of u, in H 1(Z,) is of order ¢~!. Hence, we need to analyze the

convergence of u, in C, and Z, separately. This is done via the unfolding operator.
From (3) using the properties of unfolding operator and weak compactness of Hilbert
spaces, there exist ug € L3*(Qu),we L2(Qe)",z € L2(Q27)" and u~ € H'(27) such that

T%(ue) — uo
T (k(ue)) — &
TS (Vug) —w
eTs (Vug) =z

Us — U

weakly in LZ(QU),

weakly in L?(Qp),

weakly in (L%(Q¢))", 4)
weakly in (L%(Q1))",

weakly in H'(Q7).

To identify w and z, take ¢ € CZ°(Q2¢) and ¥ € C°(27). For convenience, we denote

w = (W, w,»)and z = (z,/, Z,»). Then

/ W,
Qc !

lim
e—0

= —lim [ TE(ue)
e=0Jge
. du
/ zoy = lim eT*® ~
Qr e=>0Jar dx;
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— lim eT? (ug) <%> = 0,

=0/ 3xl{/

. e due . ) &
lim eT - ¥ = lim —T° (u) ¥
e=>0Jor ox; e—0Jo  0yi

0 0 0
— lim Tgbls (71#) = —/ uoi = / 1o 1’//
=0 Jq dyi Qr 0V Q7 0Yi

Since ¢ and y are arbitrary, we have

5
N
By
<
Il

Wy = er/uo, Z,r = 0 and Zy = Vyl/t().

To identify w,/, following the idea from [28, 36], we consider
9" () = ep()v (£), )

where ¢ € C(QT) and ¥ € Cher (0, 1)™)) with ¢ (y) = A+ yin C, where ) € R™ is
fixed but arbitrary. Then

169" (x,y) = o¢ (o[£ ] + ey, x") v ),
TE (Vord) (e, 3) = eV (o[ £ ]+ ey 2”) v ),
76 (Vod*) (v 3) = eVud ([ £ ]+ evox” ) ) + 0 (o[£ ] + o3 x”) Tywo.

Now use ¢¢ as a test function in (1) to get

[ Avuve e + o= [ ro.
QF QF
Apply unfolding operator and pass to the limit as ¢ — 0 to get

P(x)Aw |:)(\)/i| =0.

Qc

Since ¢ is arbitrary, we have / Aiwy + Aywyr =0 a.e. in QF, which implies
Ye(x")

f W, = —/ A1_1A2WX// = —/ AI_IAQVX//M+‘
Ye(x") Ye(x") Ye(x")

Now for any ¢ € C2°(Q2¢), we have

3 3 3 9
/ 10 4 —/ P :—1im/ T 22 :—lim/ ZTE g
Qc i Qc 0V e—0 Jo. dyi e=~0Jo. dYi
oug

—1i T =0,
e ch ¢ (ax(>¢

1

which shows that u is independent of y in Q¢. That is, there exist ut € L?(QT) such
that ug = u™ in Q¢. Define u; = ug — u™. Then we can write ug as ug = ut + uj with
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ut e L2(Q7T) and u; vanishes on Q¢. Also, we can rewrite (4) as
T (ug) = ut +uy weakly in L>(Qp),

-1
/ TS (Vi) — [Yeqn| [‘AII Az} Vout  weakly in (L2(QH)",
Ye(x) ©)
eTs (Vue) — [v’(’)”‘] weakly in (L?(Q71))",

Ug U weakly in Hl(Qf).

Step 2 (Interface Condition): In this step, we are going to prove that u™ = u™ on I'g. By the
continuity of trace operator and using properties of unfolding operator, we get

/ ut¢ =1lim (7¢ (Ms))’XnZO Ty (9) = lim/ (75 (Ms|sz+))’x”=0 Ty (@)
e I'e e

=hm/F (75 wela ), o T @) = [ w0,
C

I'e
for any ¢ € C2°(T'p). Hence, we have u* = u™ on I'g. Define u = xq+u™ + xq-u~. Since
Vout € L2 Q)" and u™ € H'(27), the interface condition gives u € W ().
Step 3:(Identifying £) Now we are at the most crucial part of the proof of finding &. This
calculation is intricate because it involves higher-order matrices, and we are using the
Browder-Minty method. We will show that & is identified as:
E=k(u+uy)in Qg

" (7
/ § = |Ye(x")|k(u).
Ye (x”)

Applying the Browder-Minty method involves selecting an appropriate integral J,, along
with suitable test functions, which is the most challenging aspect. Let ¢ be in C Cl (2) and ¢
be in C°(Qy ), with 1-periodic in y and vanishing on Q¢. Define

x/
o100 =of (15 ) ana g = g+ 45
Consider the integral

5 =/ B [erua - (—A;IAZ) Vxnui| {vx/ug - (—A;‘Az) waui|

Ve — Vo Voriie — Vo
Rl el el
+ fQ | ) — k") (e = 9") + (e — 9"
[ AT = V) (Vus = V) + () = ) = 90+ (s = 97
Expend and rearrange to get
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e / (27, + Xeo + X ) AV Vg + k(ue)ue + 1>

+/ 4 [Vou, '—Al—lszxnu] A |:—Al_1A2Vx//u] |:Vx/u5:|
Ce _Vx”ue vx//d) Vx//¢ Vx”ug
+/ A|:—AI_]A2VX//Mi| |:—AI_1A2VX//M]
Cg Vx//¢ VX//¢
eV | [V [V [eVieue Vypi | [Vyo!
+/;'€ A _EVXHME_ |: 0 A O vauue +A O O

b [ g — k@O k@D~ 2+ (0
+ / —AVu,V — AV, + AVHV

+ /gr —k(ue)p — k(@)ue + k(@)p — 2uch + ¢,

Using (6), pass to the limit as ¢ — 0 in the variational form (1) with test function ¢° to get

—A_1A2Vx~u:| / [v ul] [vm]
= A 1 v Al )
/S;U f(d) * 4)1) * /Q_ f¢ /Qc |: Vyru ¢ + Q7 0 0

+ i §(@+d1)+ w+up)(e+o¢1)
U
+/7AVMV¢+k(u)¢+u¢
:/ <A4—A3AI_IA2)VX//MVXU¢+/ AV, V)
Qu Q7

+fg E(d+ 1)+ w+u)(e+o1)

+ / AVuVeo + k(u)p + ug.
o

By density arguments put ¢ = u and ¢ = u; to get

s+ [ pu= [ (A= a7 A0) VouTout [ 4900
Qc Q- QC Q7

+ S(u+u1)+(u+u1)2+/ AVuVu + k(u)u + u®
Qu Q-

=/ A |:—A1_]A2Vx//u:| |:—A1_1A2Vx//u]
QC VX//I,{ Vx//u
Vyur || Vyuy
<[ AL

+ S(u—i—ul)—i-(u—l—ul)z—l—/ AVuVu + k(u)u + u.
Qu Q-
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Then from energy equality we have

lim [ (*xz, + xc, + Xo-) AVue Vi + k(uo)ue +uf = Elgrg)/ fue

e—0 Qe

- f(u+u1>+/ fu
N

Qu

:/ A|:—A1_1A2Vx~u] [—Al_lAszwu}_i_f A[Vyul} [Vyul]
Qc Vyru Vyru Q7 0 0

+ S(u—i—ul)—i—(u—i—ul)z—i—/ AVuVu+k(u)u+u2.
Qu Q-

®)

Now pass to the limit as ¢ — 0 in J; using (4) and (8) to get
lim J¢ :/ A — AT AV | [—AT AV
e—0 Qe Vyru Vyru
N / A [—AIIAZVN] |:—A11A2VX//M]
QC vx//u er/¢
+/ _A |:—Al_1A2Vx//u] |:—A1_]A2Vx//u]
QC qu¢ Vx//u
+/ A |:—A1_1A2VX~u:| [—A;lszxnu}
QC Vx//d) VX//¢
Vyup | [Vyur| Vyup || Vyoi
L R A
_ Vydr || Vyur Vydr || Vyor
o[ e T
+ Ew+uy) —&@+ 1) — k(@ +d1)(u+ur) +k(@+ ¢1)(@+ d1)

Qu

) (4 u)® =20 +u) (@ + ¢1) + (¢ + d1)>
U

+ / AVuVu — AVuVe — AV$Vu + AVPV

+ / k(u)u — k(u)p — k(d)u + k(P)p + u”> — 2u¢ + ¢>.
o

By properly factorizing and simplifying we get,

fim 76 = [ af~AT A2V + AT A2V | [=AT AV + AT Ax Vi
QC VX//M _ Vx//¢ Vx”l/l _ Vx”¢

+/ 4 [Vyul — vy¢1] [vym — vm]
or 0 0

+ A (€ — k(@ +un) (@ + ) — (¢ +d1)) + (( +ur) — (¢ + ¢1)*
U

e—0

+ /Q_ A(Vi = V) (Vu = V) + (k(u) — k(@) — ¢) + (u — $)*
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_ / Aa(Vyrtt — Vo) (Vs — V)
Qc
+/ AVVyu1 = V3 ) (Vg1 — V1)
Qr
+/Q & — k(@ + ) + 1) — @ — d1) + (@ + u1) — & — §1))?
U

+ fQ AVu = V) (Vi — V) + (k) — k@) — §) + (u — §)*.

From the monotonicity of k, we have J¢ > 0 for all &, which implies

e—0

hm Jg =/ A4(VX//M — Vanb)(quu — vx”¢)
Q¢
+/ A1(Vyuy — Vyd)) (Vyitr — Vyebr)
Qr
+f9 (& — k(@ + ¢ +u1) — @ + 1) + (@ +ur) — @+ ¢1))?
U
+ fg A(Vit = V) (Vi — V) + (k(w) — k(@) — $) + (1 — $)%. > 0.

For ) > 0, choose ¢ = u + Ay and ¢ = uy + A1, ¥ € C®(Q), ¥y € C°(Qu) with
1-periodic in y and vanishes on Q¢. Then, we get

f MAGV YV + f LAV Y Vo
Q¢ Q1

+ | E—kAur + AW+ YONW + ) + A +y1)°

Qu

+/ MAVY VY + (k(u) — k(u — )Y + Ap? > 0.
o

As A — 0,
(& —k(u+u1) (W + 1) = 0forall v, ;.

Qu

Hence,

(& —k(u+uy) (Y + ) =0 forall ¢, .

Qu

Now put ¢ = 0 to get
E=k(u+up)in 2y

and put ¥ = 0, and since ] = 0 in Q¢, we arrive at
/ &= [Ye(x") k).
Yo (x")
Step 4 (Limit Problem): We now derive the limit equations using the results obtained in the
previous steps. Let ¢ (x) = ¢ (x) + ¢ (x, %,) ,where ¢ € C1(Q) and ¢ € CX(Qu) with

1 periodic in y variable and ¢; = 0 on Q¢. Now using ¢, as a test function in (1), applying
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unfolding operator on both sides and letting ¢ — 0 to get
[ (A= 437 02) VouVios + € + 09+ [ AVuVS + (k) + w9
Qc Q-

+/Q A1Vyu1Vygr + (k(u +uy) +u +up) (¢ + ¢1) 9)
A

= [ r@ron [ s

By density arguments we have (9) forall (¢, ¢1) € W(2) x W(Q2y).Average out and simplify
to get the following variational form as the limit problem:

Find (u, u1) € W(2) x W(2y) such that
/ AV Vo) k) + ) + / AVUV + (k) + u)
Q Q-
+/Q A1VyuiVygr + (k(u +ur) +u +u)(@ + é1) (10)
T

:/m |Yc(x”)|f¢+/97 .f¢+/QZ f(@+ 1)

for all (¢, ¢1) € W(Q) x W(Q), where Ag(x) = |Ye(x")] (A4 - A3A;1A2).

Claim: A is uniformly elliptic. To prove the claim, we can write A( in a more compact form
as

Ao(x) = |Ye ()| ([—A3A1_1 1A[-AsA7 1] )
Let A € R"™™ then
A Aok = Y)W ([—AsaT! 1] A[-Asa7! 1]')
—1 t 1
cnaen ([ (441
1 1
1 2
[‘AII AZ} A = palal?.
Therefore Ay is uniformly elliptic with ellipticity constant po.
From the convergence, we get the existence of the solution for the above problem. Now

we have to prove the uniqueness. For that let (u, u1), (v, v;) be 2 solutions of (10). On
substituting each solution in (10) and subtracting we get

zZ po

/m AoV (u — v)Vyerg + [Ye (x| (k(u) — k(v) + u — v)¢
+/Q A1Vy(ur —v)Vygr + (k(u +uy) —k(v+v) +u+ur —v—v1)(@+¢1)
7z
+/ AV(u —v)Ve + (k(u) — k(v) +u —v)gp = 0.
o

Since this holds true for all (¢, ¢1) € W(QQ) x W(Qu), take ¢ = u — v and ¢; = u; — vy
to get
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/m AoV (u = v) V(= v) + [Ye (") (k(u) — k@) (u — v) + [Ye (") (u — v)*

+/Q ALYy G — vVt — 1) + (kG 4+ 1) — k4 o))+ 111 — v — 1)
T

+(u+u1—v—v1)2
+/ AV (U — 1)V (U — v) + (k) — k()@ — v) + (1 — v)> = 0.

.

Since k is monotone, we have (k(u) — k(v))(u —v) > 0and (k(u +u;) — k(v + v1))(u —
v+ u; —vy) > 0. Then from ellipticity of the matrices A, A} and Ag, we have © = v in
W(2) and u; = v in W(Qy). Hence (10) has a unique solution. ]

Remark 1 Due to the semi-nonlinear nature of the system, achieving a complete separation
of scales is not possible. The limiting problem leads to a coupled system involving both « and
u1, where u describes the macroscopic behavior, while | captures the microscopic behavior.
The primary difficulty can be seen when we set ¢ = 0. The limiting variational form (2)
becomes

/ A1Vuy - Vo + (k(u +uy) +u +up) (¢ + ¢1) :/ fé1, Vo1 € W(Qy).
Qr Q1

In this variational formulation, it is evident that u#; cannot be separated from u due to
the nonlinearity of k, resulting in the non-separability of the full macro-micro scale in the
homogenized variational form. However, despite this non-separability, we achieve an almost
complete separation, as can be seen from the structure of the variational formulation.

Theorem 2 (Corrector results) Let u., (u, uy), be solutions of (1),(2) respectively. Define
De - Q:' — R by pe(x) =ulx)+u (x, [%}) and
pe : QF —> R" by pe(x) = Vyu (x, {%]) )

Then as ¢ — 0, we have

-l
HVME - |: All Az] Vo

—0
L2(Ze)"

+

eVug — [Ig]

llue — pa”LZ(Q;F) + lug — u||H1(Q_) — 0.

L2(Ce)"

Proof Let us define,

_A7l !
=[5 ) s [ ])
Ce

+ | (k(ue) — k(@) (e — u) + (ue — u)?
Ce

LAl [§]) (e [5))

+ ) (k(ue) — k(pe)) (e — pe) + (ue — pe)?

+/ A(Vu, — Vu)(Vug — Vu) + (up — u)>.
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By expanding and rearranging, we get
JE=U+ 05+ 05+ UL

where

/ (82)(1'5 + Xc. + XQ*) AVueVue + k(ue)ue + (us)zv
Qe

J=
4 a1 421
szfc —Am[ A Aﬂ Vx//u—A[ A AZ} VoV,

3

41 a1
L[ e

+ / —k(ug)u — k(w)ue + k(w)u — 2u.u + u?,

e _ _ Ps| Ps Pe | | Pe
i [ ensu 5] ea[5 ] a[3] 3]
+ / —k(ue)pe — k(pe)ue + k(pe) pe — 2ue pe + (Ps)z, s

Ji =/ —AVu,Vu — AVuVu, + AVuVu

+ / —k(ug)u — k(u)ug + k(u)u — 2ugu + u’.
o
On applying unfolding operator and passing to the limit as ¢ — 0, we get

lim J5 = / —(As — A3 AT A)Vou Vo — Eu — u®.

e—0 Qe

Similarly since T'7(pe) — p = u 4+ uy and T} (pe) — Vyp = Vyui as ¢ — 0. By using
unfolding operator, we can arrive at

lim J§ = / — Ay Vyuy Vyuy — k(u +up) @ +ur) — @4 up)?
Qr

e—0

Also, we have
lim J§ = / —AVuVu — k(u)u — u?.

e—0

Using (1) and (9) we get

lim J§ = lim (2xz. + Xc. + xa-) AVue Vi + k(uue + u?

e—0

&

=1im/ fue= [ fu+ f(u+u1)+/ fu
Q. Qc 1954 Q-

e—0

= (As— A3AT A VouVeu + Eu + u?
Qc
+/ AVVyur Vyuy + k(u +wp)(u +ur) + @+ up)?
Qr

+ / AVuVu + k(u)u +u*>  (by taking ¢ = u and ¢ = u; in (9))
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=— <lim J5 + lim J§ + lim Jf) .
e—0 e—0 e—0
This implies that
lim J¢ = 0.
E—>

Now coercivity of the matrix “A" completes the proof of the Theorem 2. O

Given the significant role of corrector results in homogenization theory, their inclusion
here is primarily driven by their necessity in proving the homogenization of optimal control
problems, a topic addressed in the following section.

2.5 Optimal Control

Here we are going to study the homogenization of an optimal control problem in the general
oscillating domain €2,. Define A as in Section 2.4 and also define

_ | B1 B2
b= [33 34]

in a way as A defined with similar properties. Let o CC Q™ be an open set and admissible
control set is L2(w). Consider the following minimization problem: Minimize

1 B
Je(u,0) = Ef (e°xz. + xc. + xo-) BVuVu + E/Q XolOI?, an

Qe

where (u, 6) satisfies the following system

f+ x00 in g,

AVu - v, 0 on 082,

[ —div (((92)(1‘9 + xc, + ng) AVu) + k() +u

where f € L*(€2). From the semi-linear optimal control theory, we have atleast existence of
one optimal solution (i, 6;) € H'(€,) x Lz(w) (see [2, 11, 43])).

We intend to investigate the asymptotic behavior of (u, 0:) as ¢ — 0. Referring to
established findings on semi-linear optimal control problems (see [11, 43]), we can transform
aminimization problem into a system of PDEs known as the optimality system corresponding
to said minimization problem. In our analysis we deal with the optimal solution that comes
from the optimality system. Let (u, 6;) denotes the solution (optimal solution) of (11) that
is coming from solving the optimality system, that is (u., v,) € H L) x HY () will
satisfy the following optimality system.

—div ((32)(15 + xc. + XQ—) Avue) +h(ue) +ug = f+ xobe inS,
—div ((82)(15 + xc. + XQ*) AVUS) + k/(”s)vs + ve
= —div ((82)(18 + xc, + XQ*) BVUS) in g,
AVug-ve = 0, AVuv,-v. = BVu, on 02,
1 .
O, = — B Vg inw.
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Corresponding variational form is: Given f € L?(2),

find (e, ve) € H () x H'(S2) such that

/Q (2. + xe, + xa-) AVue VY + (k(ute) + )y = /Q f + xabo)V

/ (SZXIE + XC£ + XQ_) AVUEV(p + (k/(us)va + U£)¢ (12)

&

= /Q (e2xz. + xc. + xa-) BVu Vo,

1
for all (¥, ¢) € H' () x H' () with 6, = _EX’”US'

Therefore, our goal, which initially involved homogenizing optimal control problems, has
now shifted to homogenizing the system of PDEs. Specifically, we aim to investigate how
(ue, ve) behaves as ¢ approaches 0.

Next, we will explain the resulting homogenized problem and its corresponding mini-
mization problem. Then, we will demonstrate that this indeed represents the homogenized
limit problem by providing convergence results. The two scale homogenized limit problem
is as follows:

Limit optimality system: Given f € L3(Q), find ((u, uy), (v, v1)) € (W() x W(SZU))2
such that

/ AotV + [¥e (") (k) + ) + / AVUV + (k) + )
Qt Q-
+/Q ALVyur Vi + kG + 1) + 1+ un) (@ + d1)
T
=f |Yc<x“>|f¢+/ f(¢>+</>1)+/ (f + 100,
o+ Q7 Q- (13)
/ AVrn Ve + Yol @ + vy + f AVOVY + K (W)v + )y
Q Q-

+/Q A VyuVydr + (K'(u +u) (v +v1) + v+ v) (@ + ¢1)
ya

:/ BOVX//qum//-i-/ B Vyu1Vyyn +/ BVuViyr

Qt Qr Q-

for all (¢, ¥) € W(Q) x W(Q) with 6 = —%Xa,v. Here

Ao =Y ([~Asa7" 1]A[-Asa7" 1]') and

Bo = [Ye(")| ([~AsA7! 1]B[-Asa7" 1T').

The optimal control problem corresponding to (13) is given by:
Limit optimal control problem: The above optimality system corresponds to the following
limit optimal control problem: Find (u, u1, 6) € W(2) x W(Qy) x L?*(w) such that

J@@, iy, 0) = inf J(u,uy,0),
el ()

where 5
J(u,m,@):/ Bovaf/ B\ Vyui Vyu; +f/ 161>
ot Q; 2 Jo
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and (u, uy, 6) satisfies the following variational form,
/ AoVyruV e + |Ye (x| (k(u) + u)g + / AVuVe + (k(u) +u)o
Qt Q-

+/§z A\Vyu1Vygpy + (k(u +uy) +u +uy) (¢ + ¢1)
T

=f |Yc<x”>|f¢>+f f(¢+¢1)+f (f + xub)d
o+ Q7 Q-

for all (¢, d1) € W(Q) x W(Qu).

Remark 2 The limit optimal control problem, while not immediately appearing standard,
possesses elliptic and monotone properties within the solution space. Given that B, By, A,
and Ay are elliptic operators, the associated cost functional is coercive. Consequently, the
existence theory can be established in a manner analogous to the e-stage optimal control
problem which is well studied optimal control problem.

Now, it is time to provide convergence analysis to demonstrate that the homogenized limit
problem we described is indeed the actual limit problem. The following two theorems provide
us with the convergence results of our e-stage problem (12) to the limit problem (13).

Theorem 3 Let (u., ve), ((u, uy), (v, v1)) be solutions of (12), (13) respectively. Define
De - Qj — R by p:(x) =ux)+ u; (x, {%}) and
pe : QF > R by pe(x) = Vyu; (x, [%])

Then as ¢ — 0, we have the following convergences.

-l
‘ Vue — |: Al A2i| Vo eVu, — |:I:)8:|

1
lue — ull g1y + lue — pe ||L2(Q;r) — 0.
Proof The proof will be the same as Theorem 2. The only extra term is x0. Since w is
compactly contained in 7, and [|6°|| 51, < C, it won’t create any difficulties in any steps
of the proof we had given in the case of homogenization. O

— 0
L2(Z,)?

+

)

L2(C,)?

Theorem 4 Let (u., ve) and ((u, uy), (v, v1)) be the solutions of (12) and (13) respectively.
Then as ¢ — 0, we have the following convergences weakly in respective spaces:

U = [Y (x")|v +/ v in L*(Q1),
Yz (x”)

xe, Vove = Yo IAT ((=BIAT A2 + Bo) Vo — 4 V,00)  in LA@FY",

Xe.Virve = [Ye(x")|Vyrv in L2 (H)"™,
Xz, Vorve = Vo1 in L2 Q)"
Yz (x")
X7, Virve — 0 in L2 Q)
Ve — v in HY(Q7).

For u. the convergence results are exactly same as in Theorem 1.

@ Springer



A. K. Nandakumaran et al.

Proof The proof will be accomplished in several steps.
Step 1: (Weak convergences of unfolded sequences) Since the convergence results for state
are exactly similar to Theorem 1, we only focus on convergence results for the adjoint state
Vg.

To obtain required bound, in the adjoint variational form consider ¢ = v, as a test function
to get

/ (e2xz. + xc. + xa-) AVU: Ve + (K () vs + ve)ve

€

= / (SZXIs + xc. + XQ—) BVu Vo,

&

Now using the uniform bound of B and Young’s inequality in RHS, and the lower bound for
k’ in LHS, we get

2 2
| xe. Vvell 2, + & X2 Ve | 2, + VN2 g + el F2q,
1

2 2 2 2 2 2
< C(e ”XIEVMEHLZ(QE) + ”XCEVMEHLZ(QS)) + E(HXCEVUE HL2(Q£) +¢ HXIEVUE ”LZ(QE))'
Now using the bound for the state u, in the above inequality, we obtain

2 2
Ixe. Vel 2,y + & Ixz. Ve | g,y + IVOEl 2 ) + IVellTo i, S C. (14)

As we did earlier, we do not have uniform bound of v, in H'(§2,) due to high contrasting
diffusivity. More precisely, the bound of v, in H 1(Z,) is of order £~!. Hence, we need to
analyze the convergence of v, in C; and Z, separately. This is done via the unfolding operator.

From (14) and by the properties of unfolding operator and weak compactness of Hilbert
spaces, there exist vy € L2(Qu), we LX(Qc)",z € L2(27)" andu~ € H'(Q7) such that

T®(vs) = vo  weakly in L>(Qp),
TE (Vve) —w  weakly in (L?(Q2¢))", as)
eT; (Vvg) =~z weakly in (L?(Q7))",
ve =~ v~ weakly in HI(Q’).

For convenience, we denote w = (w,/, w,») and z = (z,, z,»). Following the same path as
in the Step I of the proof of Theorem 1, we have

Wy = Vyrvg, 2z =0 and zy = Vyuy.
To identify w,, following the same idea as in Step I of the proof of Theorem 1, we use the

following test function ¢ (x) = £ (x)¥ (%) ,where¢p € C2*(Q ) and ¥ € C22, (0, ™))

with ¥ (y) = A’ - y in C where ' € R™ is fixed but arbitrary, as a test function in the adjoint
varitional form to obtain

e —AT Ay x
ac¢(x)Aw[0]_/sch[ ' ]VXW[O]

Since ¢ € CfO(QJr) and A € R"~! are arbitrary, we have

/ Wy = / A7 ((32 — BIAT A Vu — szx”uo) .
YC(X”) YC(X”)
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Now for any ¢ € C2°(2¢), we have

ad d ad d
/ v0¢ = —/ v0—¢ = — lim TCE(UE)—(/) =— lim/ —T5 (ve)
Qc i Qc OV e=0 Jo. ayi e—>0 Jo, i

av
=—1i T — )¢ =0,
im ch C(ax;>¢

e—0

which shows that vy is independent of y in Q¢. That is, there exists v € L2(Q1) such
that vg = vt in Q¢. Define vi = v9 — v". Then we can write vy as v9 = v + v; with
vt e L2(Q1) and v; vanishes on Q¢.

Step 2 (Interface Condition): Similar to the trace equality at the interface derived in the proof
of Theorem 1, we also have v = v~ on I'y. Define

v = )(Q+v+ + XoQ-v .

Since Vvt € L2(Q1)" ™™ and v~ € H'(Q7), the interface condition gives v € W ().
Hence we can rewrite (15) as

T¢(v,) ~v+v;  weakly in L2(Qp),

eTE (Vv,) — [V{)‘”] weakly in (L2(Q1))",

Ve — v weakly in H'(7),

“1p _ p oa-l -l
&/ TE (Vve) —\|Yc(x”)|(|:A1 (B2 = Bi4, AZ)] Vx/ru+|: Ay AZ} Vw)
Yo (x") 0 1

weakly in (L2($27))".

Step 4 (Limit Problem): We now derive the limit equations using the results obtained in the
previous steps. Let ¢ (x) = ¢ (x) + é1 <x, X;) , where ¢ € C1(2) and ¢; € CX(Q) with
1 periodic in y variable and ¢; = 0 on Q¢. Now using ¢, as a test function in (1), applying
unfolding operator on both sides and letting ¢ — 0 to get

—1 -1 -1
/ A ([Al (B2 = Bi4, AZ)] Veru + [_Al Az] wau) Vo + (k' (W) + v)¢
o 0 1
+ /Q AVyuVydr + K"+ uyp)(w+vy) +v+v)(@+ ¢1)
z
+ / AVVVeo + (K (w)v + v)¢
o-
-1
:/ B |:_A1 A2] VX//MV¢+/ BIV\,mVyd)l +/ BVMV¢.
Qc I or -
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By simplifying, we get

(As — A3AT A VooV + (K (v + v)¢
Q¢

+/Q AVyuiVydr + (K'(u +u) (v +v1) + v+ v)(@ + ¢1)
A
+/7AVUV¢+(k/(u)v+v)¢ (16)

= f (—B3A1_]A2 + A3AT'BIAT Ay + By — A3A1_]B2) VeuVe
Q¢

-I-/ B1VyuVygy +/ BVuVe.
Q7 Q-
By density arguments we have (16) for all (¢, ¢1) € W(2) x W(Qp).
Average out and simplify to get the variational form: Find (v, v1) € W(Q2) x W(Qyp)
such that
/ AoVrv Vg + Yo (K wyv + v)g + f AVOV$ + (K W) + v)¢
Qt Q-
[ AT T R o)+ @+ )
Qr

= / BoVuVe + / B\ Vyu1Vyp + / BVuV¢
Q+ Qr Q-
for all (¢, ¢1) € W(R2) x W(Q2u), where the coefficients Ag and By are given by
Ao = [Ye (] (A4 = 4347 42),
Bo = |Ye@")| (~B3AT" Az + A3 AT BIAT Az + By — A3AT'B2).

We already proved in Theorem 1 that A is elliptic by rewriting it in a different form. We can
rewrite Bg also in a compact form as

Bo = |Ye ("] ([—AsAT" 1] B[-asa7 1T)
and continue the same steps as we do to get the ellipticity of Ag and we can prove that By is
uniformly elliptic. o
3 Circular Oscillating Domain
In this section we consider the homogenization of optimal control problem on a circular

oscillating domain. In this section we are dealing with only two dimensional domain. For
x = (x1, xp), we denote and define x as x = (—x»2, x1).

3.1 Domain description

For each ¢ > 0, we consider an ¢-depended bounded domain O, C R”" with oscillating
boundary (see Figure 1]). Below, we describe the domain under consideration.
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Let 0 < rg < r1 < rp be real numbers and for the simplicity of presentation, we take

& = %, n € N. Let A be a connected open subset of R? which is contained in the annulus

OF ={(r,0) : ro < r < ry} with Lipschitz boundary is the reference cell. It consists of two
parts: namely insulating part Z and high conductive region C. Now define

I ={(r.0) e 0T : (r.{%},)) €T}, C.={G.0)e0OT:(r.{%},,) €C}.

& &
OF =int(Z, UC) = {(r.0) € O: (r. {&},,) € A}, O ={(r.0):r1 <r <r},
O =int(Of UO~) and O =int(O+UO"),
where Of is the inner oscillating part with Z, and C; as its insulating and conducting

parts respectively. The domain O~ is the outer fixed part, O, is the oscillating domain (see

Figure 1) and O is the limit domain. Also I',, I';, are inner and outer boundaries of O and

Iy is the interface. Here {%}271 = % — [2;975] 2m, where [-] and {-} denote the integer and

fractional parts. For r € (rp, r1), define

Y7(r) =1{0 € [0,2n]: (r,0) € I}, Yc(r)={60 €[0,2n]: (r,0) € C},
Y(r)=Yz(r)UYc(r) =1{0 € [0,2m] : (r,0) € A}.

The domains mentioned above are required to define the unfolded domain and unfolding
operator. We assume the following properties:

(1) The set Y¢(r) is connected for all r € (rg, r1).
(2) There exists p > O such that 0 < p < |(Yc(r))| < 27 forall r € (rg, r1).

We also define the following domains which is needed to define the homogenized limit
problem:

Oy ={(r,0,7t)|60 €(0,2m),r € (ro,r1), T € Y(1r)},
Oc ={@r,0,71)|0 € (0,2m),r € (ro,r1), T € Ye(r)},
Oz ={(r,0,7)|60 € (0,21),r € (ro,r1), T € Y7(r)}.

3.2 Homogenization
Let A = [aij]ax2
be a2 x 2 matrix where the entries a;; € L°°(0O). Also A is uniformly elliptic and bounded
in O, that is, there exist constants «, 8 > 0 such that
(AL, 2) = a|rl* and [A(x)A| < BIAl
forall A € R and a.e in O. Letk : R — R be a C? real-valued function such that
0 < Cy <K() <Ca, k() =0and k" is bounded.

Consider the following problem in the domain O,:

—div ((e*xz. + xc. + xo-) AVue) +k(us) +us = f in O,,
AViug -v® =00n00;,.
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Here f € L%(O) is a given function, v is the outward normal vector on 8O, . Corresponding
variational form is given by

find u, € HI(OE), such that
/ (X2, + xCo + X0~ ) AVU Ve + k(ue)d + ucp = / fé (17)
[@F [@F

forall p € H'(0,).

For each ¢ > 0, we have the existence of unique u, € H'!(O,) by the Browder - Minty
theorem (see [41]). Our aim is to study the asymptotic behavior of u, as ¢ — 0. Let us
describe the limit problem.

Limit problem: To define the solution of the homogenized variational form, we need appro-
priate function spaces, which we will define now. For any function ¢ defined on O, we may
write ¢ = ¢ xpo+ + ¢~ xo- = (¢T, ¢ ) throughout this article. Define

(1) V(O)={y € L2(O): (x - V) € L?(O) and ¢ € H'(O7)}, with the inner product
(@, Vivio)y = (&, V) 2(0+) + {(x - V), (x - V) 12(0+) + (D, Y 1 o0-) -
() V(Ou) = {9 € L2(Ov) : ¢ = 0in Oc and §2 € L*(Ou)} with inner product

ap oY
(@, ¥V)voy) = (@, V)20, + < 3’ 9t >L2(OU) .
Note that since x is strictly away from the origin, V (O) is a Hilbert space. Now we are in

a position to define the two-scale limit problem: Given f € L?(0), find (4, u1) € V(O) x
V(Oy) such that

/w DO (1 V) (x - V) + [Ye (DI () + 1)

|x]
x'Ax ou; 9
+/ 1906
Q

X2 97 o + (k(u+uy) +u+u))(d+¢1)
A

(18)
+/ AVuVeo + (k(u) + u)o
o-

:/ IYC(IXI)|f¢+/ f(¢+¢1)+/ /o,
o+ o7 o~
for all (¢, ¢1) € V(O) x V(Oy), where

det(A
ao(x) = [Ye (D) ( ;i;) .
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Theorem 5 Let u, and (u, u) be the solutions of (17) and (18) respectively. Then as ¢ — 0,
we have the following convergences (for the whole sequence €) weakly in L*(O7T)

@A|Y(|x|>|u+/ u,

Yz(lxl)

“Vug )=[Ye(xD| (x - Vu),

vie)
vie)
Vi)
vie)

=

XCe
i

=1
4

XCe ug )=~ — Ye(lx |) A _(x«Vu),

_\0,
9
N f dur
yz(x 0T

us—u weakly in Hl(O_).

EXT, Ug

=1
4

EXT, Ug

/'\/Q\/\/\
<l

Also we have

Proof The proof largely follows the structure of Theorem 1, but we must adapt our approach
to account for the circular oscillations in the domain. To begin, we will express equation (17)
in polar coordinates as follows: Find u, € H 1 (O¢) such that

dug
/O+ ((szx;rg +xc. + xo0-) A [3} [3] + k(ue)g + w) rdrd6

a0 a0 (19)

+ / AVUVG + k(o) + 1) bdx = | fdx,
) o,

forall € H'(O;), with A = [@;;]2x2 = X' AX, where

X=|:cos<9 —lisin9]= % _;li% =|:i i}

sinf - cos 6 IEi] ﬁ lx| |x|?

Now the idea is to pass to the limit as ¢ — 0 in (19) using polar unfolding operator(see [38]).
The main difficulty is to pass to the limit in the non linear term. Ultimately, we will arrive

at the following limit problem in polar form, along with the corresponding convergences in
polar coordinates.

Limit problem polar form: Find (u, u1) € V(O) x V(Oy)

ou d¢p
/o+ off+|Yc(r)|(k(u)+u)¢+/O_ AVuVe + (k(u) + u)¢

ar 0
+/ an 202 ) + w4 1)@+ d) 20)
or ot dt

= [ wewnso [ f¢+/0Z £+ ),

for all (¢, ¢1) € V(O) x V(Op) with

det(A)
ao(x) = [Yc(r )I( i >
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Convergences in polar form: Let u,, (u, uy) be solutions of (19),(20), then we can arrive the
following convergences weakly in LZ(O)* as & — 0

@A|Y(r)|u+f ul,

Yz(r)

duty du du,
xXe——=YeM|—., xe.————Ye(r)——,
ar ar
517 Buf duq
—£ .0, —dr.
EXIE ar SXIE 39 Y7 (r) Br ’

Also we have
u.—u_ weakly in Hl((’)’).

Now use the polar transformations

ou u _
r—=x-Vu and — =x-Vu
or a0

in the limit problem and convergences in polar form to limit problem (18) and Theorem 5. O

Theorem 6 (Corrector Results) Let u. and (u, uy) be the solutions of (17) and (18) respec-
tively. Define

pe:OF =R by pe(r. 9)=u(r 0)+u (r,0,{%}) and
Pe:Of >R by pe(r.0) = = (r.0.{2}).

Then, we have the following norm convergences as ¢ — 0,
+

eX 'Vu, — [ 0}
LZ(CS)Z p€

& lue — pe ”LZ(Q;r) + llue —ullgr@-y — 0.

— 0,

1
Hx—lwg — |:X’Ax:| (x - Vu)
LA(Z.?

X' Ax

3.3 Optimal Control

An optimal control problem in O, governed by a semi-linear elliptic PDE as described in
the previous section can also be investigated. We briefly describe it without elaborating the
details. Let A = [a;;]2x2 and B = [b;j]2x2 be 2 x 2 symmetric matrices that are uniformly
elliptic and bounded. Let @ CC O~ be an open set and admissible control set is L?(w).
Consider the following minimization problem in O,

1
Minimize: J; (u, 0) = 5/ (e?xz. + xc. + xo-) BVuVu + g/ xol0?, (1)
o O,

&

where (u, 6) satisfies the following system,

—div ((e*xz. + Xxc. + xo-) AVu) + k) +u = f + xo0 in O,
AVu -v, =00n d0,,
with f € L*>(0).

As we did in the previous section, our approach to addressing the problem involves trans-
forming the minimization problem into an optimality system and then homogenize the system.
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From findings on semi-linear optimal control problems (refer to [11, 43]), the solutions
(ue, 0¢) of (21) satisfy the optimality system:

—div ((e*xz. + xc. + xo-) AVue) +k(ue) + e = f + xobe  in O,
—div ((82)(18 + xc, + x0-) AVve) + k' (ue)ve + ve
= —div ((82)(1g + xc, + Xo-) BVug) in Og,
AVug-ve =0, AVuv, - v, = BVu, on 00,
0, = —levg.
B

Corresponding variational form is as follows: Given f € L?(0), find (u,, ve) € H'(O,) x
H'(0O,) such that

e

/ (12, + xe, + x0-) AVt Ve + (k(ue) + 0e)p = fo (f + xube)d.

/O (242, + xe, + x0-) AVUVY + K (Ue)ve + ve)

22)
- / (42, + xe, + xo-) BV V.

1
0 = —— XwVe-

B

for all (¢, ¥) € H (O,) x HY(0,).

Our task now is to homogenize the optimality system (22). In other words, we aim to
investigate the asymptotic behavior of (u, ve) as ¢ — 0. Similar to our previous approach,
we will first establish the limit problem and subsequently present the homogenization results.

Limit system: Given f € L2(Q), find ((u, uy), (v, v1)) € (V(O) x V(OU))2 such that

/O D00 (¢ Wiy (x - V) + 1Yo leDI ko) + 1)

+ lx?

/ X'Ax duy 3¢
Q

X2 9t ot + (k(u +u1) +u+ui)(@ + ¢1)
T

+/ AVUV + (k) + )

=/ |Yc(|x|>|f¢+/ f<¢+¢1>f (F + xu8)9.
o+ or o-

ap (x) 23)
/O+ (x - V) (x - V@) + [Y (x| (K' w)v + v) ¢

|x|?

+/ X'Ax dv; 3¢
Q

PR + (K'(u+up)@+vy) +v+v1)(@+ @)
A

+ / AVVVe + (K (w)v + v)¢
o

bo (x) X' Bx duy 0¢
= 5 (x-Vu)(x-Vo) + -t BVuVe,
o+ x| oz IxI7 9t 9t Jo-
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for all (Y, ¢) € V(O) x V(O) with 6 = va Here
AT e
apg = X s
0T TAT
1 ! 1
bo =|Ye(xD| | X | x"Ax B X | x'Ax
'A% AR

The limit cost functional is given by:
ap(x) / X' Ax Ouy duy ,8/ 5
J(u,u1,0) = — (x-V -Vu) + L 912,
(u,u1,0) /O+ e (x - Vu) (x - Vu) X ot 9 2 wal |

Theorem 7 Let (ug, ve), and ((u,uy), (v, v1)), be solutions of (22) and (23) respectively.
Define

pe:OF >R by per, 9)=u(r 0)+u (r.0.{F}) and
P Of =R by pe(r.0) = = (r.0.{2}).

Then as ¢ — 0, we have the following convergences.

eX 'Vu, — [0}
Pe

+
L2(Ce)?

lue — pe ”LZ(Qj) + llue — M”H‘(Q*) — 0.

Theorem 8 Let (ug, ve) and ((u,uy), (v, vy)), be solutions of (22) and (23) respectively.
Then as ¢ — 0, we have the following convergences weakly in L*(O7):

— 0,
L2(Z;)?

Hx—lwg - [X,hx} (x - Vu)

X' Ax

5~ |Y(|x|)|v+f o,

Yz (|x[)

xVug) = [Ye(xDl (x - Vo),

% V) = [Ye(xDI (v (- Vi) 4+ (x - Vo).

(
(

XZ: (x -/V;:) -0,
(

_ 3v1
(v v0) ~ [
Yz(xp 97
where
X" (Bxx'A — AxX'B) x X' Ax
y = — and n=———.
(X' AX) XTAx

Moreover we have v; — v in H'(O7). The convergence results for u. are exactly same as
in Theorem 5.

Proof Here also the proof follows similar analysis as we have done in theorem 5, we convert
the adjoint equation in (22) to polar form as: Find v, € H 1(©,) such that

Ve Y
/ ((SZXIS + xc. + XO—) A |:3v€i| |:é’1/f:| + (k (ug)ve + Us)W) rdrdf
O,

20 a6 (24)

= /O (82X:fg + xc, + xo-) BVuVidx,
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forall € H'(O,) with A = [@;j]ax2 = X'AX and B = [b;j]2x2 = X" BX where

cosf —1Lsing %—&% X X
X=]. ¥ =l x X =170 72|
sinf L cosf ™M e lx| x|
Now we pass to the limit as ¢ — 0 using the polar unfolding operator and we reach the
following limit problem and convergences in polar coordinates.

Adjoint limit equation polar from: Find (v, v1) € V(O) x V(Oy) such that
dv oY
/ ao—— + |Ye ()| (K’ (w)v + v) ¥
o+ ar Jr

vy,
+/ a3 2 W ) o) v oD+ )
Qr Jat Jt1

(25)
+/ AVOVY + (K (u)v + )y
ou d - dupd
— / boli 4+ bzzﬂl + BVMVW,
o+ 0r dr o7 at 0t o-

for all (¢, ¥r1) € V(O) x V(Op), where

detA 1 1
a():Yc(r)( = ) and by = Ye(r) (B [_@] [_@])
a? an az

Convergences: Let (ug, ve) and ((u 4+ u1), (v + v1)), be solutions of (22),(23) respectively.
Then as ¢ — 0 we have the following convergences weakly in LZ(OT):

5 = Y (Ol +/ o,

Yz(r)

PN el (2
—_— —_N r —
X\ o7 ¢ ar )’
dvg du v
- N Y _ — _ s
XC”(ae) | c(r)|<y<ar> "(ar»
dvg
- N 0’
AT, ( or )
(81)6) / vy
XIg P, N P
3 Yz 9T
where
anby — anbyn asy
=——5—— and n=_—.
a4 422

Also we have v, — v in H! (7). Now use the polar transformations

v v _
r—=x-Vv and — =x-Vv
or 00

to complete the proof. O

Remark 3 Here, instead of considering the e2-diffusion coefficient, one can use o?-

coefficient, where {a.}; — 0 as ¢ — 0. The limiting behavior is determined by / =
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limg_¢ “7* Depending on whether I = 0, [ = oo, or [ € (0, 00), different homogenized
problems arise.

In this article, we focus on the critical case [ € (0, co) with [ = 1. The homogenized
problems for the other two cases, / = 0 and / = oo can be derived similarly with a minor
modification in the present approach. When o, > ¢, thatis ! = oo, the problem is analogous
to studying the given system with a diffusion coefficient in Z, as 1. Due to this, in the
homogenized problem, the terms involving u; will disappear. For o, < ¢, thatis/ = 0,
following the same approach, one can derive the limiting problem. However, in this case,
in the homogenized problems, terms involving V,u; will not be present as ., T (Vu,)—0
weakly in L2(Q%) as ¢ — 0. Accordingly, solution spaces for the limit problems need to be
modified.

Remark 4 While our initial objective was to apply control in any part of the interior, due to the
inherent non-linearity of the problem, we are restricted to applying control only on the lower
fixed part. The primary obstacle is the lack of a corrector result( Theorem 2 ). Specifically,
when control is applied to the oscillating part, we do not achieve strong convergence of the
control, which prevents the establishment of a corrector result for both the e-level optimal
state and the adjoint state. As demonstrated in our analysis, the result in Theorem 2 is essential
for identifying the limit of the semi-linear term. Extending the approach to distributed control
on the oscillating part remain open problem and will be considered in future work.
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