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Abstract

We study a zero sum differential game of fixed duration in the
framework of relaxed strategics. We prove a mini-max principle
and establish the equivalence between the dynamic programming
principle and the existence of a saddle point equilibrium. Finally
we establish a connection between the mini-max and dynamic
programming principles.

1. Introduction

We study differential games of fixed duration, where the state process
z(-) € R? evolves according to
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H0) = bt (B () wal®), € OT] 5O =5 (LD
where b : [0.7] x R? x Uy x U — R?, U and Uy are action sets of

players 1 and 2 respectively,  : [0,T] — U; is the (open loop) strategy
of player ,i = 1, 2. Player 1 tries to maximize his payoff

T .
R(0, 2, ur (), us(-)) :== ‘/0 rit, z(t),u (), we(8)) dt +g{x(T))  (1.2)

over his strategies u, (-), whereas player 2 tries to minimize the same over
his strategies uy(-). Here r is the running payoff function and g is the
terminal payoff function. The differential game is said to have a value if

inf sup R(0, %, u1 ("), up(-)) = sup inf B0, z, ("), ua(-))}-

2"} 45 () i) 22l
A strategy u}(-) is said to be optimal for player 1 if

R(0, @, ui(-),85(")) 2 inf sup R(0, z,ua ("), ua("))

ua{Y ()

for any strategy @is(-) of player 2. Similarly, a strategy u3(-) is said to be
optimal for player 2. if

R(0, 2,7 (), u3(")) < sup inf B0, 2, w1 (), ua())

Yy () Uzl

for any strategy i;(-) of player 1. A pair (¢}(-), u3(-)) of optimal strategies
for both players satisfies

R(0?$1 ul()‘u;()) < R(O,.’L‘, ‘U-I(). ’U;()) < R(Oa £, U‘t()sﬂﬁ(])

for any u1(-). uz{-). Thus {(u}(-), us(-)) constitutes a saddle point equilib-
rium.

For (£, 2) € [0,T) x R?, define

va() 4y ()

V*(t,z) == inf sup [ ,/: T-r(s, z(8), u1(s), ua(s)) ds + 9(’:1:(.T))]
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V'~ (t,z) := sup inf [ / TT(S’?E(S),u.l(:s)_, (e 13’+g(;z:(2")_)}
() w2l [

where z(-) satisfies the differential equation (1.1) with the initial condi-
tion z(t) = z. The functions V*,V~ are called uppér and lower value
functions respectively.

The study of differential games was initiated by Isaacs [16]. Using
many examples and some formal arguments, he showed that V™ satisfies
the equation

Lf;{— (t! m) + sup inf [V:HV-F (t;\r) * b(t-; &, Uy, UQ) + T’(t'-,; T, U, Ug)] :0 (1-3)
iy 2

Similarly, V'~ satisfies

V7 (¢, z)+infsup [V,V (2, z) - b(t, 2, y. o) + 218, 2, 1, uz)] = 0. (1.4)
e, ‘ .

The equations (1.3) and (1.4} are referred to as Hamilton-Jacobi-Isaacs
(HJI for short) equations. Isaacs carried out his work under the following
assumption known as ‘minimax’ condition: for each t € [0,T),z,y €
]Rd,ﬁ-.]_ € Uy, us € Uy,

infgup [y . b(t, &y U, ﬂg) -+ T(ti Z, U1, ﬂ?)]

2 R

= sup i‘t?gf [y * b(tlx'.l g, uﬂ) + T(ts x, 1, "2)] (1 '5)

He showed by heuristic methods that if the ‘minimax’ condition (1.5)
holds, then V—(¢,z) = V*(t,z) and the common value is denoted by
V(t,z). That is, in this case, the differential game admits a value func-
tion V'(t, x) and thus has a value at any (t, =), Under several conditions on
b.7, g ete., Berkovitz [3] has given a rigorous treatment of Isaacs results.
In particular. under the assumption that HJI equations have smooth
solutions he has extended the usual maximum principle in optimal con-
trol. He has also given a counterexample to show the nonexistence of a
vilue function. After this several authors have approached the differential
game problem from different angles and have established the existence of
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a value. Notable contributions were made by Fleming [13], Friedman [15],
Varaiye-Lin [22]. Elliott-Kalton {8]. See [7] and the references therein.
In these works different notions. of strategies have been used. Assuming
the ‘minimax’ condition Krasovskii and Subbotin [18] have established
the existence of value and saddle point equilibrivm by intreducing the
concept of stable bridges. Using Friedman’s definjtion of strategy and
the payoff in the sense of Krasovskii and Subbotin, Bérkovitz [4] has
established the existence of vilue and saddle point equilibrium under
the ‘minimax’ condition. A significant aspect of this paper is that these
results are derived without any recourse to HJI equations. Evans and
Souganidis [11] have studied the differential games using Elliott-Kalton
approach. In this approach a strategy for player 1 is & {nonanticipative)
map from the set of all open loop strategies of player 2 to the set of all
open loop strategies of player 1. A strategy for player 2 is defined anal-
ogously. Let T and A denote the spaces of all strategies (in the sense of
Elliott-Kalton) of the player 1 and player 2 respectively. Define

V*{t,z) := sup inf [ /t 7(s, z{8); 01 {uz](s); ua(s)) derg.(:f:-(T))],

a1 el uzl)

T
V™ (t,z):= inf sup [ f (8, 2(s), ur(s), alui](s)) ds -+ g(ﬂ:(TJ)J :
@€y Lt -
The functions V* and ¥V~ are called upper and lower values of the game
in the sense of Elliott-Kalton. Under certain conditions they have shown
that V* and V-~ are unique viscosity solutions of {1.3) and (1.4} re-
spectively. Furthermore if Isaacs ‘minimax’ condition holds, then by the
uniqueness of viscosity solution V+ = V-, i.e., the value (in the sense of
Elliott-Kalton) exists. See [5], [10], [19], [20], [23] for related works. Note
that if the ‘minimax’ condition (1.5) holds, then for each (t,z,y, u1, )
the static game with payoff given by (1.5) has a value in pure actions,
a fact which is rarely met. Consider, for example, the following simple
case: U = Uy = {1,2},8(-,",++) = 0,7(-,,4,4) = &;.. In this case the
left hand side of (1.5) equals 1 wheress the right hand side is 0. With
g{-) =0, it is easy to see that V*(t,z) = T —t, whereas V (¢, z) = Q.
Any number of counterexamples along these lines can be constructed
to show that the ‘minimax’ condition does not hold in general, and the
value does not exist. In static game, one introduces mixed actiong to
circumvent this problem. The generalization of mixed actions in static
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games to differential games is relaxed strategies. A relaxed strategy for
player i,¢ = 1,2 is a M;-valued map on [0, T), where M; is the space
of proba.bility measures on U;. One advantage in this setup is the con-
vexity of the sets M;. Due to this the ‘minimax’ condition does hold,
thanks to a minimax theorem by Fan [12]. Thus in the framework of
relaxed strategies the differential game does have a value in the sense of
Elliott-Kalton. This doas not, however, imply that the differential game
has a value in open loop relaxed strategies. Indeed we have the following
counterexample.

Consider the following case:

d=1; T=1; b(t, & ui, us) = U1 + us;
Uy =Up=[-11]; r=0; g(z) = lz].

In this case one can verify that V*+(0,z) = 1,V (0,%) = 0. Note that in
this case even in relaxed framework, the upper and lower values remain
the same since b is linear in both control variables.

It may be noted that Elliott-Kalton have altered the original notion
of the differential game formulated by Isaacs. They have introduced the
notion of upper and lower games. In the lower game, player 1 moves
first using an open loop strategy u;(-), while payer 2 is allowed to use a
strategy uz(-) = a(u;(-)), where a(-) is a certain nonanticipative strategy
[1]. Therefore in the lower game, player 2 has a distinct advantage over
player 1. In the upper game, the situation is reversed and player 1 gains
the informational advantage over player 2. Though this notion of strate-
gies is. very useful in many applications, strict non-coeperative nature of
the game is not fully maintained due to these informational disparities.
Besides, the notion of saddle point equilibrium does not make sense in
this approach. This metivates us to take & fresh look at open loop re-
laxed strategies. Under certain linearity assumptions, Elliott, Kalton and
Marcus [9] have established the existence of a saddle point equilibrium
in (open loop) relaxed strategies; see also Parthasarathy and Raghavan
[21]. In this paper, we investigate a set of necessary and sufficierit con-
ditions for optimality of an (open loop) relaxed -_'stra;tegy. The rest of
the paper is organized as follows. In Section 2, we introduce the basic
notation and assumptions. A Mini-Max principle is derived in Section 3.
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Section 4 deals with the equivalence between the dynamic programming
principle and the existence of a saddle point equilibrium. The connection
between the dynamic programming pnnczple and the mini-max principle
is treated in Seetion 5.

2. Preliminaries

Let U;, % = 1,2, be given compact metric spaces. Let M;, i = 1,2, be
the space of probability measures on U;. Let T > D be fixed. Let

3:00,7) x R% x U; x U — RZ
We assume that:
' (Al) The function b is continuous and there is a constant ) such that
[B(t, I, 11, u2) — B(5, ¥, w1, w2)] < Cur(ft—sl+[z—y]) V (w1, u2) € Uy x Vs

Define
b:[0,7) x R% x My x My — R?

by
bit, z, ps, p2) f / (t, T: 1, ug) pa(dug) pa{du}.
h JUs

For t € [0, T), a measurable function p(-) : ft, 7] — M,; is called an (open
loop) relaxed strategy for player ¢ at time . Let Af be the set of all
relaxed strategies for player 4 at time £; A strategy u(-) € At for player
i is said to be a pure strategy if p(-) = 0y, where u : [t,T] — Ui is
a measurable map. If the players use relaxed strategies (u (), p2{')) €
A% x A, then the state of the system denoted by z(-) evolves according
to the equation

2(s) = b(s, z(8), p1(s), pe(8)), 5 € 1, T), z(t) ==, (2.1
where z € IR? is the state at time ¢. Let

7:0,T)xREx Uy x Uz » R
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be the running payoff function. If z is the state at time ¢ and the play-
ers choose actions. {uy, us) € Uy X Us, then player 1 receives a payoff
T{t, %, ty, Up) from player 2. Let

g:R* - R
denote the terminal payoff function. We assume that:
(A2)(i) The functions 7 and g are bounded and continuous.
(ii) There exist constants Cp > 0, G5 > 0, such that
72, 2, w1, u2) — (s, ¥, ur, ug)| < Callt — 5| + |z — y]),
for all (t,z), (s,y) € [0,T] x R?, (uy,us) € Uy x Us, and
l9(z) — 9(y)| < Cslz — yl,V(z,9) € R x R

Let
7:[0,T] x RE x M) x My > R

be defined by
r(t, 2, i, fa) = /U f T, 7w, Ua) paldun) pa{duy).
19U,

When the state-of the system is « at time ¢, and the players use relaxed
strategies (p1(), pa(:)) € A} x A%, then the payoff of player 1 is given by

R{t, 2, ("), ka(")) =/ r(s,2(8), a(8), ka(s)) ds + 9(&(T)), (22

where z(-} is given by (2.1). Let

V+.(t= :I:) = inf sup R(ts z, aul{')l 1”‘2(').)a (23)
Bo()EAS iy (Ye Ay

Vo{tz):= sup inf R(t,, (), pa))- (2.4)
pi()eAf palleAs

The functions V* and V- are called upper value function and lower value
function respectively. A relaxed strategy (-} € A is said to be optimal
for player 1 at (¢, z) if

R(t, z, 13(-), ﬂ-2()) >V (¢, x) (25)
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for any jip(-) € Ab. Similarly a relaxed strategy p3(-) € A} is said to be
optimal for player 2 at (¢, x) if

for any wi(-) € AL. The (differential) game is sald to have & value in
relaxed strategies if for all (¢, %)

VH(t,z) =V~ (t,z) = V(¢ z).

Ini such a case, the function V is referred to as the valué function of the
game.

We endow A! with the Ll-weak*-topology. Using Banach-Alaoglu
theorem, we can verify that A! is a compact metric space. For more
details, see [24]. Under this topology, R(0,z, p1{-), #2(-)) is contintous
in g () for fixed 7 and py(-). Similarly it is continuous in us(-) for fixed
z and ,U]_(-).

3. Mini-Max Principle

In this section we derive a Mini-Max principle' (MMP for short). To this
end we make the following assumption.

£A3) For each (t,z,up,us) € [0,7] x R* x U; x U,, the functions
b(t,-,u1,uz) and T(t, -, 11, us) are continuously differentiable. Also, the
function g is continueusly differentiable.

Let {z3(-) ) € A? x A} be a pair of optimal relaxed strategies
ie., a saddle pomt equilibrium for (0,z) and %*(:), the corresponding
process with £*(0) = z. Let p(-} denote the co-state process satisfying
the following equation '

pt) = b, (¢, 2% (t), ui(e), us(e))p(t) — Var(t, z*(£), w1 (E), p3(2)). }

p(T) = Vag(a(T)), |
(3.1)
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where b is the usual Jacobian matrix and b, denotes the transpose of b;.
Let the Hamiltonian H : [0,T] x IRY x IR? x M) x My — IR be defined
s

H (té TPy 1, #2) = b(ts x » M1, “2) * p =+ T(_ts T, H, ”2) -
We now prove the following MMP.
Theorem 3.1. Assume (A1) - (A3). Let (uj(-),u5(-)) be a pair of
optimal relaxed strategies and z*(-) the corresponding state process with

2*(0) = z. Let the co-state process p(-) be defined as in (3.1). Then for
a.e,t € [01 T']s

min max H(E, ' (0),p(0) ) = ma H(t,2°(0),0(0), i, 13(2)

paEMa prE MMy s
= max m H t t + 1
FIEMz ,ugeﬁ ( z ( ( ) #1 ,u-2)
I‘zE

(3.2)

Proof. Let € > 0. Let p(-) € A? be arbitrary. Let z¢(-) be the
solution of (2.1) under (u5(-) + (") — (), () with o5(0) = =

Then
1RO, 50 + ()~ OO |

2| [ e 0.0 + 0 - i, i@y + ) |,

T
- /o [Var(t, 2"(2), 11(8), p2 ()2 (2) + r (8, 2 (2), 1 (2), 13(8))
— (1, 2°(), 130 WO + Vag(*(T)2(T), (33)
where z(t) is given by
2t) = bult,z"(8), wi(e), m3(8))=(8) + b(t, 27(2), ua (8), se5(1))

—bt, *(t), w5 (2), 13(2)) | (34)
2’:(0) = Q.
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Note that while differentiating with respect to € under the integral sign

in (3.8), the derivative of v with respect to the third variable will not
appear a8 it is a measure and due to the definition of r in terms of 7 as
in Section 2. Using integration by parts, we have

/0 V(e 2*(1), #(8), p4(E)) - 2(8) dt + Vag(z*(T)) - 2(T)
= fﬂ [—5(2) — ¥, (. 2*(8), 3 (t), 15 (E))p(8)] 2(8) dt +p(T) - 2(T)
=£T“)W“”ﬂmwﬂm) bt (), (e 5] . (35)

From (3.3) and (3.5), it follows that

L R0, 2,4() +m) = MO e

=/0T [H(t, 2 @), plE), pa (£), p3(2)) — H(t. 2 (1), p(t), 41 (8), p5(2))] dt
<0 (3.6)

The last inequality in (3.6) follows. from the fact that (et (), p5(-)) is a
pair of saddlé point strategies. Let fi(-) € A? be given by

o {M@Lsemﬂuﬁ+aﬂ
jir(s) = '
g, SE({tt+e)

for a fixed p, € M;. Then using () in place of p1(-) in (3.6), we get
for a.e., t € [0, T] and any p € My,

H{t,z*(£),p(t), g, jiy(8)) < H{t, 27 (2), p(t), 1 (2), p3(2)). 3.7)
Similarly, we can show that for any p, € Mj, for ale., £ €0, 7],
H(t,2*(8), p(t), 4 (8), ) = H(t 2" (8), (t), p1(8), pa(8)). (3.8)

Combining (3.7) and (3.8), we get the desired result (3.2).
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4. Dynamic Programming

In this section, we show that the value function V is the viscosity solution
of HJI equations under the assumption that a saddle point equilibrium
1in relaxed strategies exists. Then we derive sufficient conditions for op-
timality. Using (A1) and (A2), the following result can be easily proved.

- Lemma 4:.1. Assume (A1), (A2). The functions V* and V—, as in
(2.3) and (2.4) respectively are Lipschitz continuous on [0, T] x R,
Now we prove the equivalence between the Dynamic Programming Prin-
ciple (DPP for'short) and the existence of saddle point equilibrium. First
we prove the DPP under the assumption that a saddle point equilibrium
exists.

Theorem 4.1. (DPP) Assume (A1), (A2) and that a saddle point
equilibrium exists in relaxed strategies for (¢,2) € [0,T] x IR?. Then for
0<i<t+A<T,

V*(t, z)

. i+4 | o, __ + . y A
= min mex [ /t r(s,z(s), m(s)pa(s)) ds + VTt + A, z(t + (. ))})
4.1)

where z{-) is the solution of (2.1) under g (¢), u(-) with z(f) = z. Simi-
larly,

tHA
Ve (t.z) = i (s, 2(s), i1 (8), pals)) ds
o) = mex i [ r(a.a(e) imn(s) ()

+V{t+ A, z(t+ -A)i)] : (4.2)

Proof. Let (u3(-), p3(-)} € A} x AL be a saddle point equilibrium for
(t, ). Denote the RHS of (4.1) by W{(t,z). For any ps(-) € A5, we have

A _ ._
Wite) < max, U r(s,3(8), Ba(3), 1a(s) ds +V* (£, x(”?))])
4.3
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where z{-) is the sohition of (2.1) under (p1(-), (")) with z{t) = z. Let
(r.%) € 0,7] x ¥ and iy € Aj. Define V3 by

Vil 2) = mex | [ rlo.a(s), ) pale)) ds + 9(a(D))|,
mi)eAl 1 J,

where Z(-) is the solution of (2.1) under (p1{-), fio(-)) with (1) = Z. Now

using DPP for optimal control, we have

rrA
" B u-iﬁ(-jEA{ [ /T (s, 5(8), 1(s), B2(s)) ds
+Va(r+ 4,27 + _A))]

for any 7 < 7+ A < T. Also, we have
VH(r, £) < Vi (r,1).

Plugging these into (4.3), we obtain

Wit,z) < Plr(l'li':'igj‘§ [l ' r{s,2(8), pr(8), pa(s)) ds + V1 (¢ +A4A,z{t + A))]

= Vit ,z).

Since () is arbitrary, we get

Wit z) < V¥, z).
‘We now prove the reverse inequality. Since (u3(-), #5()) is a saddle point
at (£,z), we have :

T .
vie < min [ [ oo m)ds + o). 40
whete 2*(-) is the solution of (2.1) under (g}(-), p2(-)) with z(t) = z. Let

(r,%) € [0,T} x R? and fi; € AJ. Define V, by

=]

Vi = i [ [ rlo,306) maloh e ds + o(a()
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where £(-) is the solution of (2.1) under (@1(-), p2(-)) with Z(7) = z. We
have, .

Vo (&) <V*(7,3).
Again by DPP for optimal control, we have for emy T < 7+ A < T

t+A ’
Vi) = min, [ / " 16, 8(6), Buls), pas)) ds + Vi (r+ 8,70 + A))]

i
< ”2??34_; [ j}-_ r(s, E(s)rﬁ-l.('s)'a P'Q(S)) ds + V+(1" + A B(T + A) ):|

. HA s + ; AT
< min mex [ [ rlo,s(oh (o) (ol do + VU 4 A atr+ )
= W(t, z},

where ‘z(-) is the solution of (2.1) under (i (-}, us(-)) with z(r) = Z.
Plugging these into the above inequality with f,(-) = pi(), we obtain

Ve z) < Vit z) < Wt ).
Hence (4.1) holds. Similarly (4.2) can be proved.

Remark 4.1. (i) In view of Theorem 4.2., if a pair of relaxed strate-
gies (u1("), (")) € A% x A; is optimal for both players for (t,z}, then
it is optimal for (s, z(s)) for any s € (t,T), where z(-) is the solution of
(2.1).

(if) Suppose b(t, z, ur, us) = A(t)z + f{t, w1, o), where A(-) is contin-
uous d x d matrix and f is a continuous function on [0, T] x Uy x Us. Also
suppose that 7{¢, z, u, up) is i.ndepéndent of the second srguent and g
is linear. Then a saddle point equilibrium in relaxed strategies does exist
[9], [21] and hence DPP is true in this case.

Given DPP holds, we can mimic the arguments of Evans and Sougani-
dis [11] to obtain the following result.

Theorem 4.2, Assume (Al), (A2) and the DPP. Then the lower
value funetion V'~ is a viscosity solution of HJI equation

:-(ﬁg + igj sup H(t,':ﬂ:_, Vﬂq_b_, Hi, ﬂq) =0, (45)
M1
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Similarly the upper value function V* is a viscosity solution of HJI equa-
tion

w:t + S'!.Ip iﬁg .H(tv (L‘? Vﬁw: Hi, #2) ={. ' (46)
My

Using Theorem 4.2, Fan’s minimax theorem [12] and the uniqueness
of viscosity solutions [1], we get the following result.

Theorem 4.3. Assume (Al), (A2) and the DPP. Then the value

function V exists and is the unique bounded continuous viscosity solution
of

: ¢t + iIlfSU.p H(ta E; Vﬂ:,¢’r H1, P'Q') = ¢t + sup ian(t: ﬁ'}, Vm_¢1 1, }'-*2-)- = 0
2y wp M2 (4 7)

satisfying _
(T, z) = g(x). 4.8y

Combining Theorems 4.1, 4.2 and 4.3, we obtain the following theorerx.

Theorem 4.4. Assume (Al), (A2). Then the following are equiva-
lent.
(i) There exists a saddle point equilibrium in relaxed stiategies.
(if) DPP holds ie., (4.1) and (4.2) are true.

Proof. In view of Theorem 4.1, it suffices to prove (ii) implies (i).
We prove this for £ = 0. The proof is analogous for any ¢. We have by
continuity

inf sug R—-U_,'x-, )y Molr}) = min = max R_D:l': ) '
ity S (0.2 ) ko)) = min, max B(O.2,m() ()

and

s lI]_f R.O,I,_ i), 4i()) = max Tfﬁll R .0: £y ~)y pal)).
p.lf.")gA?'FE(‘)EAg ( ‘u‘l( ) ”1( )) ﬂl(.')E.A‘l} W()EA% ( -u’l( )P?( ))

Hence by Theorem 4.3

min = max R(0,2, (), p2()) = max min R(0,z, ("), 12(")):
Ha{YeA p (- Je Al ( ’#1() ”2( )) w1 )€AY pa(-)eA] ( . ﬂ'l() #2( ))
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Let (13(-), u3(-)) € A2 x A} be such that

: R(0,z, = R(C, z; .
u:in)lél&uzr?)aei? (0,2, i1 ("), i) mr(n)aeﬁo (0, z; i (), 15(-))

and

pf{l,i’jgm‘(nf&o}z(” z, pal-), ﬁz( ) = m)m R(0, 2, 1), p2())-

Clearly (1£(-), pi(-)) is optimal for both players for (0,z). Thus it is a
pair of saddle pomt strategies.

- Next we investigate sufﬁcient conditions for optimality. We first prove
the ‘classical’ version of the sufficient conditions for optimality.

Theorem 4.5. Assume (Al), (A2). Let DPP hold. Suppose the
equation (4.7) has a bounded solution W € C¥}{([0,T] x IR?) satisfying
(4.8).

(i) Suppose 1i(-) € AY is such that for any ps(-) € A3, if 2*(-) denotes
the corresponding state with z*(0) = z, and if

#ﬁneaﬁelcz uznélﬁl}t H{t,z™(t ) \Y W (L, 27 (£)), pia, 2)

= min H(t,2*(£), VoW (b, 2*()), #1(8), ) (4.9)

paE M

for ¢ a.e., then {#4(-) is optimal for player 1 for (0, z).
(ii) Suppose u3(-) € AJ is such that for any p(-) e A?, if z*(-) denotes
the corresponding state with z*(0) =z, and if

Join max H(t, 2™(t), V- W(t, 2*(t)), i, 42)

= max H(t, z*(t); VW {t, 2" (2)), s, () (4.10)
for t a.¢., then 13(-) is optimal for player 2 for (0,z).

- Proof. We prove only (i). The rest can be done in a similar manner.
First note that by the uniqueness of the viscosity solution of (4.7)-(4.8),
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we have W = V, the value function. Now for ¢ a.e.,

%V(t, (1)) = Vi(t, (1)) + bt, 27(t), 1 (8), 12(2)) - VaV (E. 2" (2))

= Valt, 2" (£)) + H(t, 2 (), VoV (8,2 (), #i(e), pal2))
— {2 (E), (), palt))
> Vi(t,27(t)) + min H(z, z*(t), VLV (&, 27 (8)), 418} t42)

— r(t, 2" (t), p1(2), pe(8))

— Vi(t, " (6) + max i H(62'(6) VoV (27(0)), s 1)

— r{t, z*(t), p}(8), pa(e)), Dby (4.9)

= —r(t, z*(t), 3 (), a(t)), by (£7). (4.11)

Integrating (4.11) from 0 to ‘T and rearranging, we have

R(ﬂ,_ﬂ,‘-,_ ﬂ'z()s#2()) 2 V(Oa :B)

Thus p2(-) is optimal for player 1 for (0,z).

Remark 4.2. Suppose that the value function V' € CH*([0, T} xR?).
Let 7 ¢ [0, 7] x RY — My, By : [0,T] ¥ R* — M; be measurable maps
such that for all z € IR? and for a.e. ¢

: i Htl lV:I'V t} A 3 ] 3
HEMy gy (t, 2, VeV (6, 2), i, )

= J&H(t,:r, V-'!-'V(t'l m)!ﬁl-(t} 3),_#2)

dzEMz

= S O VY (G2 b )

= max H(t,z, V. V(£ 2), t1, Bat, 7)) (4.12)
H1EM,

The existence of such maps is gnaranteed by a standard measurable se-
lection theorem [2]. If (2.1) under feedback strategies defined by f1{t} =
7y (8,2(t)), fia(t) = Fa(t, z(2)) has a unigue solution, then it can be shown
as in the proof of Theorem 4.5, that (i (-), fia(-)) is a pair of saddle point
strategies. To establish the existence of a unique solution of (2.1) under
feedback strategies may, however, be a very difficult problem.
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Remark 4.3. The sufficient conditions for optimality in the Theo-
rem 4.5 is based on a classical solution of the HJI equation. But note
that even ih optimal control preblem, which is & one player game, the
existence of a G solution is more of an exception than a rule as pointed
out in [11]. Following {26), We proceed to establish analogous sufficient
conditions for optimality via viscesity solution of HJI equation. In this
framework, the gradient of V' in (4.-9), (4.10) will be replaced by the
sub-differential or super-differential.

Let D, V(t,z) and D;,V(t,z) denote respectively the super-diffe-
rential and sub-differential of ¥ at (¢, 2). Since V' is Lipschitz continuous,

DS V(t,z) = D V(t,z) = {Vi(t, z), VoV (¢, 2)}.

Theorem 4.6. Assume (A1), (A2). Let DPP hold. (i) Let ui{-} €
A? be such that for any ps(-) € A3, if £*(-) denotes the solution of
(2.1) with z*(0) = z, and if for a.., t € J0,T}, there exists (r;,{;) €
D, V{t,z*(t)) such that.

m + min H(bz"(2), ¢ pilt)swa) 20, (4.13)

then 3(:) is optimal for player 1 for. (0, z). _

(ii) Let p(¥) € A3 be such that for any py(-} € AY, if z*(-) denotes the
“solution .of (2.1} with 2*(0) = z and if for a.e., { € [0,7), there exists
(nt, &) € PV {t, z*(¢)) such that

i+ max H(t, 5'(t), ¢, . 13(£)) < 6, (4.14)
mEM; . _
then w3(-) is optimal for player 2 for (0, z).
Proof. We prove (ii); (i) can be proved using analogous arguments.
We have, for almost every s € [0,T],

;V:(t, 2 (1)) le=s = V'(5,27(8))(1, b(s, 2"(s), pu{s), 3(s))),  (4.15)

where V'(2, z)(t1, 1) denotes the directional derivative of V at (t, z) along
(t1,21). Since (5}, ) € Di (8, 2%(8)) for almost all ¢ € [0, 77, it follows

i
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from (4.15) that

%V(t‘ z" (t)) |t=-3S 1, + ¢« b(s, z*(s), ,u.l(s.)_, ,U-E(S))
- n; + H(S,_.CL'*.(-S),_ C:-’. Ml,(s')i #;(3)) - ‘.'_"(S, z’ (.S)a-ﬁh(S): “;(3))

<+ max H(s, (), G, #3(60) = (5,2 (0, (61, 15(5)
< —r{s,a*(s), (o), i3(s)), by (414). (4.16)
Integrating (_4.-16)_ from 0 to T and rearranging the terms, it follows that
R(0,, (), #5()) < V(0, ).
"Thus p3(-) is optimal for player 2 for (0, z).
Remark 4.4. (i) If {4.13) is satisfied, it follows that

* 4 max mi *(8), ¢ o, i) > O 4.17
e + pﬁaﬁl mrglﬁzH(t, x (t)) Ct.s 1, )u’?) = 0 ( )
On the other hand, since V' is a viscosity solution of (4.7)-(4.8), it follows
that
* T d K g i < (),
T +p§%aﬁll_“%zﬂ (2, (), ¢ a2} <0 (4.18)

Thus from (4.13), (4.17) and (4.18), it follows that for a.e. ¢

#11%%1 pggl:fsl}lg'H (£, 2 (L), ¢t o) = yfel%rz_:H(ta z*(E), & 1 (1), pi2)-

| (4.19)
(ii) In case D}, V(t,z*(t)} is empty and if (4.13) holds for a.el, for
(2, ¢) € D,V (t, £*(t)), then pi(-) is optimal for player 1.
(i) Again if Di,(t,z*(t)) is empty and if (4.14) holds for g.e.t, for
(5, ¢ € DEV(62*()), then p3(-) is optimal for player 2. In such a
gituation it can be shown as in (4.19) that for a.e.t

Jmin. ;ﬁ&ﬁlﬂ (& z* (), 6 i1y p2) = plféaﬁlH(t, z*(£), ¢F. g1y 3 {t))-
(4.20)
(iv) If D,V (t,2*(t)) N D,V (t,2%(t)) is empty, then analogous results
can be derived using closed super- and sub- differentials which are-always
nonempty for Lipschitz continuous functions.
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5. Connection between DPP and MMP

We first make a formal connection between the costate process p(t) in the
MMP and the value function V via dyhamic programming. Suppose the
value function ¥ is C22([0, T] x IR?). Consider the situation described in
Remark 4.2. Let 7y and 7z, be the cuter maximizing and outer minimizing
selectors respectively of (4.12). Let (2.1) have a unique solution Z(-)
under the feedback strategies ), i,. Then

Vi(t.E(8)) + VoV (. E()) - B8 T(0), B (8, (2)
+T.(t1 m(t)s H (t’ 3:( )) (

Differentiating the above, we get

(t

) a(t, Z(1)))
t,Z(1)))

= (.

Vo Vilt, E®)) + Vi (& T(8))b(E, F(), Ty (6, F(2)), Balt, B(E)))
+ B (6 EE). B (B BT VLV (L EE)  (B1)
+ Vo (& E(E), 7 (t,Z(1), Bt Z(1)) = 0.

Set |
B(t) = V.V (L, Z(t)), (5.2)

then

plt) = V.Vt T(2)) + Veult, T(8)b(E T(8), B (8, T(1)), a2, Z(2)))
= —b(t,Z(2), B (2, 2 (), a2, 2(2)))P(2)
—Vor(t, Z(t), B (2, 2 (8)), B (¢, Z(2)).
P(1) = g=(z(1)),

where V;, is the Hessian matrix. Thus we get the costate process p(-) and
the costate equation (3.1). Note that the above arguments are purely for-
mal as in most cages V' is niot even C?. Besides (2.1) will not, in general,
admit a unique solution under feedbark strategies. Following Zbou [25],
we now derive the above type of connection between MMP and DPP via
the super-differential and sub-differential of V.

From Theorem 3.2 in [25], the following result follows. We omit the
details.
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Theorem 5.1. Let (x*(-), #i(-), #3(-)) be as in Theorem 3.1.. Then
for a.e., t € [0,T), '

D;V(t,2*(#) C {p(t)} € DVt 2"(®).

Theorem 5.1 describes the rion-smooth and rigerous connection between
DPP and MMP. Note that Theorem 5.1 only connects the costate pro-
cess with the super- and sub-differential of the value function V. We
next proceed to make a connection with the Hamiltonian as well. To-
wards this end we first prove the following result.

 Lemima 5.1. Let (z*(-), (), #3()) be as before. Then for a.e., # €
0,77, if (1. G) € D&V (¢, 27(t)yU D, V(¢ z7(t)), then

ﬁt + H(t: .'B*(t), gt: #I(t)i )u';(t)) = ™ + min max; H(t: .’E*(t), 'Ct-".\_pls ou'ﬁ)

p2 €Mz i €M, |
_ im H (. 2(2), G )
ot mae i H62"(0. G )
=0 (5.3)

Proof. Let (m,¢) € Di,V(t,2*(t)). Then by a straightforward
computation (see the proof of Proposition 3.1 in [25] for more details), it
follows that _

T + H(-t-: :I':'*(t)_, Gt au: (t)a p,;(f)) =0.
By Theorem 5.1, it follows that ¢; = p(t). Thus by Theorem 3.1,
the equation (5.3) holds in this case. On the other hand, if (m, ) €
D}, V{t,z*(£)}, then it can again be shown that

ne+ H(t, 2%(t), e 1 (1), 53(8)) = 0. (5.4)
Since V is viscosity solution of (4.7)-(4.8), it follows that

%+ mf sup H(t! .'B*(t), C_t: #’13#2) < 0. (55)

paEM2 e My

On the other hand, if player 1 announces that he is using strategy #10),
then for player 2 it is an optimal control problem, In this situation V
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is his value function and p3(-) an optimal control. Thus it follows as in
Proposition 3.1 in [25] that

m+ Inf H{tz'(t), G i e) = 0.

Therefore _
m+ sup iﬂ.f H (t': :E‘(t)_, Ctv 1, )‘.&2) =0. (56)
H €M, B2EM:

In view of Thedrem 5.1; Lemma 5.1, we can mimic the the arguments
in the proof of Theorem 3.2 in [25] to get the following result, We again
omit the details.

Theorem 5.2. Let (z*(-), u§(-), u3(-)) be as before. Then for a.e.,
t€ [0,7],
DV (&, 2*(2)) C {—H(t z"(t), p(t), 11 (L), 3(2)), p(2)} € D,V (8,27 (8)).
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