Q-B SPmﬁif‘j Fields and Algebraic CLosure

T, thils seothom e ?PML‘\S_P the basac f?n/}:ar—@lu
O? szn/bf»—-::g ﬁda(.r and ab%-cjcrrm closuires.

2-B.1 jDE-PLm{nm Lo4 ;'(/IL ke a Poedd extens'sr ormed
At Fe k[X] bra pelynonial of posilive dagree. We
30'_-7 +hat jl Splis ovar K o Sﬂ'ft‘v‘" K[x] '—FJL\
Can be vwrithe, as a ?ma{«mc\’: # Rinsor fachrs v KDG/
T ()(-x;)... (X"""n) For Sone B e K, K -

]-:DV-“'X%P’{L/ "‘?‘ F e k[X] amnd eithar degf =1 or
Ayt =2 and F hasa 2ao = Kk Fhe, £ spliks rvar k.
We sthatt preve el that L bung fvu&nwa&f we CIX]
splits ovar C (Fhs preasedy the fumdamental there
of ahgabe).

T srker B talk oot 2a0s @ Ve Frovr'=l
7 * kCX’J, We Prst meed to sﬂjwut mifﬂw%
Fredd axtens'on K/’k that contfarns the 2e,ov -2 7'-‘/ C.e.
F sptiks ovar K. We priove this 1 the fellomig

— — —— —

n srrael cr:’l o‘aﬂ-r-ce. n =1 _n"u.—n +here aishs a JE‘_JGQ ext-

eNnSLpm K| o.fi k wnth El-(1: k] shn Ssueh that :‘{'l Cen Fa'ng
& 220 V:,E'f Farthar e, there exislks a Redd 2 tomssom

K vf k wath El-(:}g:] SNl Suech +hat F &,VC.'J:: SVar K/ L.e.
f:‘ﬂ()(—-ﬁ)‘H(X-x;-,)/ )C,,}~--JX‘”€K/ QG-JQ.
?_fr—-u—zﬂ Lot f:()() Le an Urreduc’ble Factw 'f-?— F ok [X]

omd K,:= k[XJ/(HK)) Than, eince Phe cdenl gormrched
by P(X) D a rm- 2evo prirme (deal ma PID k[x] Hoa
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Maximal Cdel » k [XJ Aand hance K, 05 a fredod .

er+h~.3;bum~f= k > k[X] —> K, ©an
irjective homemerphis., of fudds and so Tk 45 prorer-
ploc foa snbpiedd of K. We chatd Cdank'fy k nith
Lrn_a_aj. m K. Not. Hhat [K k] = oLnj }:(K)<0‘LI:,,Q =h
See 2.A.6) ond X o +he tm Xm K, the
(P(X“):- ;?(?')) = o jl-(,,/c.e. x-ﬂa:?%g”%fﬁ"‘“‘é}
Thw proves the first part . For the second poart we
wae tNAvchom o n 'E/ Frst poart there exishy a field
2xtension, K|k with [K,: k] $41 sheh +hot K, Contains
0 @R £ Then F= (X-x)g mth ge K [x7T,
a,fjg,_—_ n-1. 'B)r thdmet'on thare axishks a fl"u'o( 20 terr 6o
K/K,, with [K: K,] s (n-1)) Svnich +hat 9 Fptks wver
K. But then F é—r&‘kf cvae K and [K:k]= EK: KJ[K':&}»

<(n-4)I'm=n).

2.B.3 Defichm Let k kea Aedd. g

() Let Feklx] degf21. A Fedd sctomo H}k
& Called n spAitting Ptk of T over b G F sptihs ovar
l°(/L'.e. F = af’(—-n)--- ()(-—X}._,)l A G-Jz/ oy 5, K0y € K ank

K= k(x‘i/"‘/*n)-

(2) LeA S be n st v# nern- Constant Fu—&nm‘dx& ke [X].
A Fodd scbenevm K[k 15 catleda sptitting Frdl o &
oVAr k ~7Q each FeJ sptks var K and K= k(x), where
X CK & the set o all 2ves of okl Fed,

Thewern 2.B.2 yiedds Crmmediatdy +he existence %

S‘P/L'% ):l.o(afd- '}ZW‘R 'F—l-*w'/ta NPy o C’% #U‘%HW‘JJ.
2-B.4 Covollary | ot k beafuld ond At #, - f cklx]
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barww-amsba-né Fv?ynwwm +thare axiske a

Sptithing Fredd Por L Fy 0 Fm§ ovear k.

Poop Nete that a splitting fradd Pr 15 £,2 &
the Same as a,s_?—ﬂqw Poedd For the Fm,{,,.c,f; F =
FiBn By 2:B-2 thare a5 a Fredd tcbension K of R
swneh that +# 57:«&'}:3 ovar K. Let X:,‘J—--/ X*HE-K lee AR
the 2aor off  Then k(X %) 9 a splitting Pretd of
F ovar k.

2-B.5 ExnmP'u‘
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_r)’u_ f‘i:r”w’ry Aermma o need #o prove +hat S]b/{»'H'l'rg

}LTJ,L; ovre W'a))ae_ M-f?'to LS orm UYFJ-H'Sm pmaf V‘;'I.A wam’u-r
O:F oi'l'wrf:’accc.

Let o k

- = }Q’ ke a L‘Jc-rwm—nwfsfqnswn o—]e FiredAs . Than
tl'm ﬂo A1 LFIJLACLGP mej Mvnomw}:%m p\Lr-o a-f-erno}-e.(
by v s KiX] ?k[X] ZQX )-——~?Zr(a)

Nede that @ FiX)= (X=%)- (X-%,) € k[x] b

o (F(x)) = (X=-e())--- (X-()) € k'[X].

“Thao relah'onsh-p behvern g and FachmiSakom v‘f’.PUE—
Neraads AL J'u,ﬂfa us fo 's'&""!? Sf’e‘w Frietds

2'B 6 Lemma. Lu{: (o JQ—-‘? )Qi l:zﬂ_nm tiswnrrp‘m'&m
# -Fndala k_ K'/Je ke Fredd axtemeonr and Ak ek

X‘GK b.o_a.gjuh-nn oV er )Q Y"{s?zchv-__)j J:a Then the
7‘:\7‘{’071}1.3 staktornenks are .G.vaw(nnﬁ

)M warsks o f&mur};lmam e ¥ )Q(K“‘) o < k(’?)
ath TOe) = ! and ‘L‘} e = P +hat 'G/ the &admm
k(x) > R(#') o commubalive
od ovar
JA - f Q«/e fo -S‘aj T G")

SRR R T

bver o
(}i) There sxshks a hmmsr}f‘wﬁvﬂ_f JQ(?\‘) —_— m

s Tlx) = !
(ii3) /L'xjk’ = ﬂ‘(/“x;k.)
Bt () => (i) : Trimne.
()= (iii): T nduces am Igomnephiem F rihge abro

dencted by o R[X] > k'[X] < Zq X< )—>erf*) '
Scnce /4#*](@ Crrednele and merc wm }qD(J 0_[/“‘.-0)()"9
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Hince ‘L'Jk':“;
on Crredneble aand rmen'c m }Q’[X] F»er'u—,«- we hove.
ftt 1) (') =Thpug (Tl ) = T M) = T =0 -
-ﬂfw—rv_}zw'e. /"'X- i = U'V",p k)
[11:)_7(|) : gna. /4,¢ ! = T(/ﬂwk) M Aeocmer—

fy&nm T k[x] —k '[x] -773 na_,s mchater o
Commwtabive Aiagram

k[)(] :_"v > kff){]

Fw—d-hurrmre./ T(x) = ‘r:(?‘c {X)) e (d‘()()) = RJ("j — X

2. B 7 comuary Let K|k kea freld axtension amd
rC—'EKJ 73;:""'}\.9. fetloving statements are u}m'v—-
)
(|) Thz«. axiskr @ }Q—l'.s‘-o-rﬂcr):l—n'.;m T: k(<) —> k(x')
Sneh that T(x)=x'
(i) Theye axsk a k- "wmmurplfn'svn T: k(x)
Siidly Pl 0w =t
(i) X ond X hanve the Sevnit rermc Hramal .’pu—_?jno_.
el ever k/ c.e. /f»rx;;q =/'—r,¢;;ek

> ke (x')
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NM nWe Frwa mo-f_ +he mMmost L}n;;w{:mt result

m Gales theey Th proves the vrguanes o
Spliting frelds, akbhough s moul, wte o to conshuct
antomerphisms « a Fredd onad hane o calodate
the Galos ?‘)’l‘bv):: u-)P ra Fredd tctensson .

Frst e preve thee Speci'xl casa af sf»&/bbry Felds
°*-F a Fingde pneomnial . The proeof of Hhic Special case
weasy and 1hae L ) v o ‘Cahioy
R e s

w FHhae :
Yg,bru'—ra.@ Cale UYLe Zumnls /(.&}-ﬂrr't.q. orrR oo ﬂo"“vf'-.} Crobuhive

28877’1&01*% L_e.-'l.- 5 2 k————>k"_b_o_am f.sc-mcrrl—n'.?m
o#ﬁ'dafs WHo_j_id: F € k[X] ke a nvm-constant .Pc‘%no-
i al %oqvﬁ_"(j‘l) & lz’ [XJ be the C\s‘r‘r‘-e.c.fuﬂata'clj Pa‘gnorm'a.ﬂ
Let Klk (vesp. K'/k’) be a splittng Fedd oF F [resp.
af )3’) ovar R (r‘-f.sf. Sver }‘Z')_n”'-‘ﬂ +Hhere 2axishs an
s GTFI“VIM T : K > }'(, OVar a . ’?bvr}}v-rwurre/
cf_ e K omd P A e i T(/“*‘;k) -l HL +hoen T
Can ke CLW-‘-&n so that TC":)“—‘-"XI- Q ﬁnm'&-&;
IG}DM%MM; ﬁn)/ - S-Faa/dvry ft‘doh?w%f?k[x:]

oVar k are k- oo m erpluc

V=
Bc We rove 7he assardion by dndduchiong M?{l
5 4 )
:Ej: Vl-:{/ ’f“}'mqj:_s'?«ﬁfhr oVar ’%/ . M=k and the recuit
72 Bivi el i Fhis cake. . Nm.; AeStuge Ja >4 ot that the

normn

WM@M %WS-F'&% %‘d%gr:e//{ﬁ;_rfhmﬂ.
Stnw b {Y‘-e.s-f. j?").cf»&.'hs evar X (‘r‘c.s«f:. K’)/ We have

F = n(X-:c,)---()(—*n)/aek/ s B ® K o d
F=a'(Xek)) - (Xoxb) 2 e R

! ' t
A TRVAC LIS

/
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L ek 9= Mx Kk ond g'= a{9) . Then 30&\.4#&:}—
m k[XT and g' dides 3o k' IXT]. Theepure
g}'(w{)zo):urﬂom C/ lsc‘<n Lhe. 9’—-/4* ks V\/_,_.,my
assume that =1, L.e. /‘r i’ - [hevefure i:

2.B.6 There exichks an M‘o?ﬂuf’?]fwsm T k(x‘) >Jz(x~,')
UVar « milh u;(m):x]'. |

Now, F = (X-%)g » ROQIXT and F= (X5
wm kR'[X]. FM—J-M/ K/k(») (Tzsf K'/kf(x::))réa
Splithng Ptk o g (r-._;,, 3f ) wvar R(%) (resp. ovsrk'ic)

and Ae.g_ g_ dvg W _)’ cn Aunch'or
P))rroH'uw +thare ﬂgm}r A l&mw}:—&a&w T l'(———?f‘(

c‘v.uro"',gg_ T/k(x-)*—c‘ M T ]-{-}K

Fohowss From 2.B.6.
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1 2. B.4 we have i:r-u-veo!. the existence o-f_s-f,&%
Frelds For a Fomte subsel o polynomiaks. Suppwme
that K soa splittmg Fredd ovar R of the set of all
Mawn- Csnvlant fa%nw'a.&r ovar R . We stat? prove
Fthat such a Fredd K exishs. AsSuriing thot sncha
Freld K ﬂ«xa‘rkr/ We Malee +he -}‘—:rﬂtrm‘rl_j obcarvah'ms :

(1) K[t algebrnr .

(2) TF LIK Son algebrnic axtons'om tHun L=K. S -
waow; K has no @Qje»hfw;c ex bons'on . F'W}’-.f_x“'e—L./‘JM
A m adgelrac over K and hane ovir R amd Bu vmonc
i mal rv%nmd /"'x;]rz_ c k[Xx7] ST'UJ’: oVar K/ wnr—w-
/Q;.’adaw, e K.

(9) The axishnce of K it vmply axishence of a Sphidhny
Foelds of am arkifrar cob o2 polynomiate v kR [X].

(4) We shatlsee Rater +ha kb evary a,!\_,,,l»——.«; 2x benssen
Elk a5 k-iSomerptic o a swbfredd o K Thi mit
adlow ns Fo view all a.ﬂjobr-w:c ex tensons c—f_k RS
swbfieldr o K.

The above cbservabions Lead us 2o +he Followiry -

239 DtFl:Hx"}T‘M ond Lemma . A ]q:u'd 12 42 Cond |od
aﬂg‘&f:ﬂ‘aﬂ“cﬂl{y cloced VF -‘P‘J‘a.:faf}:'&r'f‘ha ‘Fv‘llmg e-olw"v——

afent condahions : %
(i) There are po a.lbd:rw?v. s< bensr'ons af_ k ofhsr +hom Kk
() There e hro finike axbensions of ke ofhur than R edf-.
(i) T LIk oa Fedd sxtendion them R={xcl[cdalgeber],
(v) Evary F(X) € k[X] sptiks ovar k.
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(v) EV-‘*;L F(X)e k[X] has a =00 = k.
(V') E‘.vuy‘ Crredua'ble. F@nw‘aﬁ b REXJ o /Ll'wj re.

deqree 1.
4—ar‘e1

Proof (i) = (i) : Tommedinte from +ha fack Fhat oy
Ronde actemorion 5 aQqekrmic .

() s tin) + bosk el lae.u;a,,iwm over R . Then k(x) &
a finife sxtenmion of k amd hence k(»);-k/c.t.»ek.
()= Ov): Lot F(X)ec k[X] amt L]k kea sy K
Fedd o Fover k. Thae, Lk a5 algebraic ovar k amd hece
L=k by (i) Ca. F- splikc overk.

(iv) => (v) : TTrivial

(_v)@(w) : Let F€ k[X] ke ar C'VVLAM&.LL?~§HW‘RQ
By (v) F has @ 240 +n R and 2o > has a Linear Pache,

M‘/ @inte > Crrc_aluc-"Ho_/ P rmust ke Lvriaps,

[w) =>(r): Lekt L]k ke an abmlw-wr:-. 2 beror'or and Lok
xel . Then Ek(x):kj = df)/uh:,k =4 47(-\“)/@1;”&:./4,(;1(
7 Vrrednefle ovee k.—nﬂi—rf_fvm ek ardéc L=k.

24310 Ex:»m'p)e, T he frdds K % reuteried iy bass

and R ef real numletns are not alygcbrasicatly closadd,

tince the pelynemint X +1 has no Zero i & K.

Ary Rt Field R do nat olgebrostally clocd mnce

/f/ﬁ-.}-.—o@nwbri _[T()(_a,) +1 Ras o 200 = R,
ne ke

Thie Fidd [ of Eomiptie rurslinig 1 oloedbeniotly et

Tl’”o 'JD‘“C’E ag MJ;‘M% r'-—fze—rmap as Thee f-urna%an'mnta'l Ao or
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ot 3¢ benSiom
%zérm‘c.auj, closed %—GJ&L -’77"’:7 Corn L2e Fmd &q;_';gj

l?/ Mﬁ‘r'-lg e -Fau:‘(: that q:;a A%G.wa‘cqﬂ)f closad .

2.B- M Defirwhon Lot k hea fedd . An algelrae
closvire cr? ke 4 an a.fjcia—m eet 2y o Klk Swnoh that
) w_;aj-nfbrm‘cdl)z closed .

For -%cm-m}?’{rz,/ C 2 o algebran closure u??IR and

A an a«%-&h—w"o clo Sre #@ HWD—#J—f‘/ C 2 not-an
m}jdvrw‘c edosire # @/ Ane € a5 not a-%u]w-a—v'c o
K.

W vomadat Lke £ prove e 2242t err ca vfc»-n m{jdprw'c
closure ~=F an c»r/m‘,&‘rnvg f-‘:.‘do{ ke . The mar oL‘)‘-,'—.‘chlk,‘
m FYW”B Fhas 4 Set- thoewreh'c rathe, than a:&u‘:m't
The bagc cdea & Q,F)o/& Zsrnls lrmma 1o a Sw‘i-nuy
chosen set e-f a_{?jebrw"c. Fedd axbensions of k .




