Parabolic equations: existence and properties of

solutions
Lecture Notes

Swarnendu Sil*

Department of Mathematics
Indian Institute of Science
Bangalore, India

NCM AIS
Dec 4-23 2023, IISc

Contents

I1 Heat equation| 2
[1.1 Representation formulas for IVP| . . .. ... .. .. ... ... . 2
[I1T MHeat Kernell. . . . . . . . v oo 2
I1.1.2  Duhamel’s principle| . . . . ... ... ..o 5
I1.1.3  Representation formula tfor inhomogeneous IVP|. . . . . . 6

I1.2  Mean value property| . . . . .. . ... oL 7
021 HeatBalld. .. ... ... ... ... ... ........ 7
[1.2.2 Adjoint heat equation and backward heat kernel| . . . . . 8
1.2.3 arabolic Greens identity] . . . . . . . .. ... ... ... 10

1.2. eat mean value property|l . . . . . . . .. ... ... ... 10

1.3 Maximum principle]. . . . . ... Lo oo 13
[1.3.1  Strong and weak maximum principle| . . . . ... oL 13
[1.3.2 Consequences of the maximum principle] . . . . . . .. .. 14
[[33:3 Tnfinite propagation speed] . . . . . .. .. .. ....... 14
[[:37 4 Uniqueness via the maximum principle|. . . . . . . . . . . 14

1.4 Interior regularity of strong solutions|. . . . . . . ... ... ... 17
|1.4.1 Local representation formulaf . . . . . ... ... ... .. 18
IL4.2 Interior derivative estimatesl . . . . . . . .. .. ... ... 20
[L43 Smoothness of solutiond . . . ... ..... .. ... ... 22

[1.5  Energy methods| . .. .. ... ... .. ... ... .. 23

*swarnendusil@iisc.ac.in



I1.5.1  Emergy dissipation| . . . . . .. ... .. .......... 23

I1.5.2  Uniqueness via energy methods| . . . . . . . . .. .. ... 24

I1.6  Harnack inequality| . . . . ... .. ... .. 0L 24
I1.6.1 Harnack inequality for the IVP| . . . . ... ... ... .. 24

[L6.2 Hamackforthe IBVPl . . . ... ... ... .. .... .. 26

2 L° estimates| 31
2.1 First estimates and existencel . . . ... ... L. 31
2.1.1 First L” estimatel . . . . . . .. ... ... 31

[2.1.2  Existence and uniqueness of weak solutions| . . . . .. .. 35

[2.2  Higher L? estimates| . . . . . .. . ... . ... .. ... ..... 41

1 Heat equation

1.1 Representation formulas for IVP
1.1.1 Heat Kernel

Consider the following IVP for the heat equation in n dimensions

{utAuO in R" x (0,00), 1)

u=g onR"x{t=0}.

Taking the Fourier transform with respect to the space variable x € R™, for a.e.
& € R™, we obtain the following IVP for an ODE

d
— a4+ ¢fa=0 for t € (0,00),

dt
@(0,6)=g(€) fort=0.
The ODE of course is easily solved. We have

iy
T
u

Integrating from ¢ = 0 to ¢ = ¢, we obtain
a(t) di t
| —ter [ a
a(0) U 0

sl

This implies

=~ ¢t




Thus, we deduce
i = getIEr,

Hence, at least formally, the solution to is given by

u= (i) = (ge—t|§|2)
Now suppose we can find a function E such that

ey — L el
E (¢) (27r)% e .

Then this means we can rewrite our solution as

U= (ge*t‘f‘z) = ((271')% Eg) V = ([E *g]) V =FExg.

Can we find such a function E? Indeed we can. We just use the Fourier inversion
formula and compute

E = (E) _ (271)71/]1% @) —tel® qe — 1) (g)ﬂe—L _ 1 e

Thus, we deduce,

1 w—y|?
u(x,t) = - e g(y) dy for z € R",t > 0. (2)
(4mt)2 Jren

So far, what we have done is that we obtained a candidate function u given by
, for the IVP for the Heat equation. But now we show that we have actually
obtained a strong solution.

Theorem 1 (Representation formula for IVP for the homogeneous heat equa-
tion). Let g € L>® (R") N C (R™) and let u be defined by (2). Then

(i) uwe C™(R™ x (0,00)),
(ii) u satisfies

up—Au =0 in R"™ x (0,00),

(#ii) and we have

lim  w(z,t) =g (zo) for every xzy € R".
(z,t)=(x0,t)

In other words, u given by is a strong solution of the IVP , which is C'*
for any t > 0 and any v € R".



Proof. Since E is easily seen to be C* for any ¢t > 0 and any = € R", (i) is
immediate. (ii) can be verified easily by noting that away from ¢t = 0, E itself
solves the Heat equation. For (iii), fix zg € R™ and € > 0. Now by continuity of
g, choose 0 > 0 such that

£
l9 (y) — g (w0)| < 5 for all y € Bs (xo0) .

Recall that we have seen how to calculate the integral of a Gaussian before.
Using the same technique, it is easy to verify that for any ¢t > 0, we have

E(z—y,t) dy=1.
R’n

Now for any = € Bs /o (x0) and any ¢ > 0, we have

. E(x—y,t)[g(y) —g(w0)] dy

Ju (2, £) — g (z0)| =
g/BME@y,t) 19 () — g (z0)| dy

+/ E(z—y,0)1g(y) — g (x0)] dy
R™\ Bs (z0)

=1 + Is.
Clearly,

I <

DO ™
DO ™

/ E(x—y,t) dy < = E(z—y,t) dy <
Bs (o) 2 Jrn

Also, we have
9 _lz—y?
I §2||g||L<>°(]R")/ E(x—y,t)dy < e e 2 dy.
R"\ Bs(z0) R™\ Bs(z0)

We need to show that the last expression converges to 0 as t — 0, independently
of 2 € Bs/s (o). The trick is to note that we can actually replace |z — y| by
1 |zo — y|. Indeed, since © € By/o (z9) and y ¢ Bs (x0) , we have

) 1
ly— ol < Iy =l + o — ol < [y =l + 5 < ly =l + 5 Iy~ w0l
This implies
S by — 7ol <y~ ]
—ly—=z —x.
229 ol > 1Y

Thus, we deduce

z— 2
I, < % ef%dy
2 Jre\Bs(w0)
C oo —yl?
e e dy — 0 ast— 04.

<=
t2 Jrn\Bjs(x0)

The result now follows easily. O



Because of the importance of the function E, we give it a name.
Definition 2 (Heat Kernel). The function

1 |2
736_% ifx € R",t >0,
P (x,t) := { (4mt)?

0 ifx e R", t <0,

1s called the Heat kernel or the Gaussian kernel of dimension n. This is
also the fundamental solution for the Heat equation.

1.1.2 Duhamel’s principle

In this section, we study Duhamel’s principle. We do not need a proof of
Duhamel’s principle as we can verify by direct computation that the solution
of the inhomogeneous problem obtained by Duhamel’s principle is a solution.
However, it is still useful to understand why it works abstractly.

Theorem 3 (Duhamel’s principle for ODEs). Consider the linear ODE

d
%U:aU—i—f(t) t € (0,00),

U (0) =0,

(3)

where U : [0,00) = R is the unknown function, a € R and f :[0,00) = R is a
given continuous function. Then the solution of s given by

¢
U (t) = / U* (1) ds,
0
where U® : (s,00) = R solves

%US:aUS t € (s,00),

U (s) = f(s).

Proof. The proof is simple, since we can write down the solution operator for
the homogeneous linear equation explicitly. More precisely, we know that

(4)

V(t) = Ce™

solves the equation

d
aV:aV tG(0,00),
V(0) =¢.

Thus, for any 0 < s < t, we have

V (t) = (e = Cett=9)gas — all=s)y/ (s). (6)



Using this for , we derive
Us () = e f (s).

Now we define : ;
U(t) = / U (1) ds — / €2t £ () ds.
0 0
Then we have

Ay A [ a9y S}
al = u [ /0 J(s)d
td
= =9 f (5) |, +/() s {e“(tfs)f (s)} ds
= { t alt=s) f (s) ds}
=f({t)+a /0 €
= f(t) +al.
This proves the result. O

Now, using Fourier transform in € R™ to reduce the heat equation to an
ODE, we now have the following, whose proof is left as an exercise.

Theorem 4 (Duhamel’s principle for the heat equation). Consider the homo-
geneous initial value problem

{ut (2,t) — Au(z,t) = f(x,t) inR" x (0,00), -

u=0 on R" x {t =0}.

where u : R™ x [0,00) = R is the unknown and f : R™ X [0,00) — R is a given
( smooth enough ) function. Then the solution of 18 given by

t
u(z,t) = / u® (z,t) ds,
0
where u® : R™ x (s,00) — R solves

uf —Au=0 inR" x (s,00),
u'=f onR"x{t=s}.

1.1.3 Representation formula for inhomogeneous IVP

Notation 5. Let f : R™ x [0,00) = R be a real valued function, which we write
as f = f(z,t). We say f € C (R" x (0,00)) if

fif of  f
’8t’8xi’8mi8x]~

€ C(R™ x (0,00)) forall1 <i,j <n.



Using the Duhamel’s principle, we can now easily deduce that the following.

Theorem 6. Let g € C(R") N L>® (R") and f € C? (R"™ x (0,00)) and f has
compact support in R™ x [0,00), i.e. f € C.(R™ x [0,00)). Define

1 _lz—y?
u(x,t) = ) € at g(y) dy

(4mt) 2
+/t 1 / 7\9?—yﬁf( )dd
T T e A= Yy,s) dydas,
0o (4r(t—s))2 Jrn

Then we have
(i) u € CF (R™ x (0,00)),
(it) u satisfies

ug (x,t) — Au(z,t) = f (z,t) forallz € R",t > 0.
11 lim u(x,t) = g (xg) for every xg € R™.
(iti) oy (z,t) = g (20) f Y Zo
The conclusion of the theorem of course means that w given by the formula
furnishes a strong solution to the initial value problem
us — Au = f(x,t) inR"” x (0,00),
u=gyg on R" x {t =0}.

This can also be verified directly.

1.2 Mean value property
1.2.1 Heat Balls

We want to now show a mean value property for the heat equation. However, the
formula is much more complicated as the relevant sets are no longer a sphere or
balls. To discover what the sets should be, we recall the mean value formula for
the harmonic functions and note that the reason balls appear in the mean value
formula is because balls are the superlevel sets of the fundamental solutions. So
along the same lines, we define the heat ball.

Definition 7 (Heat ball). Let x € R™ andt € R and r > 0. We define the heat
ball of radius r ‘centered’ at (x,t) as

1
E (z,t;r) = {(y,s) ER"™ s <t ®(x—y,t —5)> n}
T

This is a bounded region of the space-time whose boundary is the level set
of the fundamental solution given by

1
O(x—y,t—s)=—.
rr:n



Now a natural question that might arise is that superlevel sets could have been
defined by
{(y,s) eR" i s <t,®(z—y,t—5)>c}

for any constant ¢. Why do we take ¢ = 1/r™ to define heat balls? The reason,
once again, is the parabolic scaling. Note that for heat ball of radius r, the
constant should of course, depend on r. But what should the exact nature of
the dependence be? To figure this out, we notice that

1
@(T(m—y),rQ(t—s)):r—n‘I)(x—y,t—s) for all r > 0.

Thus, ¢ = 1/r™ is the correct dependence which ensures our heat balls respects
the parabolic scaling. To figure out how the sets look like, we note that for any
fixed s < t, we have

lz—y> =4n(t—s)lo (’“)
Y & [47 (t — 5)]2

which is a constant. Thus, each fixed ‘time slice’ is a ball in R™, but the radius
varies in a rather complicated manner. However, it is not difficult to show that

lim 4n (t —s)lo ;1 =0.
st ’ (vm (t - s>}2>

Thus the so-called ‘center’ (x,t) is actually at the top, in fact at the center
of the top of what looks like an ellipsoid and not somewhere in the middle at
all. The heat ball is actually contained inside a rescaled parabolic cylinder. We
leave it as an exercise to show

2
E (2, Ry —a| </ —rt— — <5<ty
(wtir)  {s) € R sly ol < [ont - <o <

1.2.2 Adjoint heat equation and backward heat kernel

Now we come to the question of how the mean value formula should look like.
To have some idea, we consider any bounded open region D C R**!. Let u,v €
C% (D). Integrating by parts, we deduce

/D(ut—Au)v:/Du(—vt—Av).

H* = —8t—A

The operator

is called the adjoint heat operator or sometimes also called the backward
heat operator. The reason for this last name is that formally, the operator
is the heat equation in the variable (x, —t). This analogy is actually an useful
guideline. Let us define



Definition 8 (Backward Heat Kernel). The function

1 o2

726% ift e R",t <0,
Ppger (@,1) := ¢ (4 [t])?

0 ife e R",t >0,

1s called the backward heat kernel.
Now arguing exactly as in Theorem |1} we can establish

Theorem 9. Let g € L™ (R") N C (R™) and let u be defined by

u(@,t) ::/ Ppack (z = y;1) g (y) dy.
Then
(i) ue 0 (R x (~0,0)).
(i) u satisfies
—uy — Au =0 in R™ X (—00,0),
(iii) and we have

lim u(z,t) = g (xo) for every xy € R™.
(z,t)—(20,07)

In other words, u is a strong solution to the following problem

—u—Au=0 inR" X (—00,0),
u=g onR"x{t=0}.

Now note that the heat ball can also be written in terms of the backward
heat kernel. Indeed, we have

1 [T
q)back (1’,t) = —F5€ 4
(4m [¢]) =
1 _ =2
= ——x¢€ 4(—t)

(4m (—1))*

= ®(x,—t) for any v € R" and any ¢t < 0.

Thus, we can write

1
E (z,t;r) = {(y,s) ER”Jrl:sgt,CI)back(xfy,s—t) > }
/'nn



1.2.3 Parabolic Greens identity
Now, for the rest we assume (z,t) = (0,0). We can always get back to (z,t) by
translation. Now, our plan is to derive a ‘mean value inequality’ of the form

4 (0,0) < / w(y,s,7)u(y,s) dyds,
E(0,0;7)

for some suitable weight function w (y, s,r) . Once again, let D C R" be an ope,
bounded region of space-time with smooth boundary and let u,v € C* (D) .
Integrating by parts, we deduce the Green’s identity

ou ov
/D (uy — Au)v = /Du(—vt — Av) + /BD {Tuv — 5,0 tug v dXsp, (9)

where (v,7) denotes the exterior unit normal to 0D, i.e. 7 denotes the ¢-
component and v denotes the z-component of the normal and dXgp is the
‘surface measure’ on 0D.

1.2.4 Heat mean value property

Now, since in the heuristics of distributions,
H*®@pack = (0,0 in R",

if we formally substitute v = ®paex in @D, we would have

/ u (—vy — Av) = 0,0y [u] = u (0,0)
D

for any domain D with (0,0) € D. In particular, this would hold, at least morally,
if D= FE(0,0;r). However, the boundary integral will complicate issues. Also,
at any rate, we want to get rid of the boundary integral altogether. So we start
fine-tuning our choice of v. Observe that we have

1
Dy ek (v, 8) = ey for any (y,s) € OF (0,0;7).

Thus, if we choose

1

v = (I)back - ﬁa

then we still have
H*v = 60,0 in R™,

but we would also have

ou ]
Tuv — —v| d¥y =0,
/‘9E(0,0;r) |: ov E(0,0;7)

10



as v vanishes on OF (0,0;7). But the term
v
Ua*dZaE(o,o;r) = u (v, Vov) d¥sp(0,05r)
OE(0,0;7) v OE(0,0;7)

still remains. We now want to further modify our choice of v to get rid of this
term, without undoing the good work we have done so far. To this end, we
select

1
v = (I)back - ﬁ + ClOg (rnéback) (10)

for some ¢ € R. Observe carefully that since @, = 1/7™ on OF (0,0;7), the
last term also vanishes on OF (0,0;r) for any ¢ € R. Now, we compute the
spatial gradient. We have,

"V P
sz%M+4fbk>=G+ C)V%m~
an)back (I)back

Thus, we deduce

Vo= (14 cr") VPpaex on OF (0,0;7r).

Hence, we can choose ¢ = —1/r" to get Vv to vanish on OF (0,0;7). Thus, our
final choice for v is
11 .
v = (I)back — T7n — rin log (7‘ (Dback) . (].1)

However, though we managed to get rid of all the boundary terms, the price to
pay is that we no longer have H*v = §(g,0). Instead, we now obtain

1
H*v = H*(I)back — TH* [log (_an)back)}
r

« 1 " 1 .
= H " ®pacr + T—nat [log (—r" ®pack)] + ﬁA [log (—r" Ppack)] - (12)
We compute
2
n n_ M ||
O [log (=" Ppack)| = O [logr ~3 log (47 (—t)) + e
2
__n_
T2t 42
Similarly, we deduce
n |
Alflog (=1 pack)] = A |logr™ — 7 log (47 (—1)) + = -

=A

|z|? e n
) ()=
At VA2 T

11



Plugging these last two expressions back in , we arrive at

L Jaf”

H'v = H*(I)back - 77” 4t2 .

Substituting formally into @D, we have

1 2
/ (ut—Au)v:/ uH*v:u(0,0)——n/ @u(z,t) dzdt
E(0,0:7) E(0,05) 4™ Jg0,0i) T

Now note that r"®p,cc > 1 in E(0,0;7). Putting 2 = log (r"®pack), we can
write
r"v=e*—1-—2z.

Since f(z) = e* —1— 2z > 0 for all z > 0, we see immediately that v > 0 in
E (0,0;r). Thus, if ux — Au < 0, we obtain

1 2
u(0,0) — — Eu (z,t) dzdt <0.
B0

This yields the mean value formula, at least formally. But the heuristic with
Dirac delta distribution can be made rigorous easily. One applies the Green’s
identity with the same choice of w and v, but with the heat ball truncated at
the top to remove the singularity. More precisely, we take the domain to be

D = {(y,s) ER"™ s < —£,®(—y,—s5) > 1}.
for € > 0 small. Since the singularity is now outside the domain, the integral
/ uH* Py =0 for every € > 0.
But there would be non-zero boundary terms corresponding to the top boundary
{(y,s) ER"™ 5= —£,®(~y,—s) > }

It is easy to check that these boundary integrals converge to u (0,0) as ¢ — 07.
Details are left to the reader. These arguments establish the following.

Theorem 10 (The mean value inequality). Let u € C% (Q7) satisfy ug—Au < 0
i Qp. Then

1 e —y[*
u(z,t) < —/ u (y, s) dyds
4rm E(z,t;r) (t — 8)2

for all heat balls E (x,t;r) C Qr.

12



1.3 Maximum principle
1.3.1 Strong and weak maximum principle

Now we can show the strong maximum principle for the heat equation.

Theorem 11 (Strong maximum principle). Let u € CF () N C (Qr) satisfy
u — Au <0 n Qr.
Then if Q is connected and there exists a point (xg,to) € Qr such that

U (x()vt()) = maxu,
T

then u is constant in (.

Remark 12. Note that the solution is constant only in all earlier times, but
not necessarily after.

Proof. Let

M = u(z9,tp) = maxu.
Qr

Then we choose r > 0 sufficiently small such that E (z,to;7) C Q7. Then by
the mean value inequalities,

1 2
M =u(xg,t9) < — u(y,s) M dyds
4rm E(zo,to;r) (tO - S)
M 2
< M dyds = M.

drn E(zo,to;r) (tO - 3)

Thus, u = M on E (zg,t0;7). Now for any other point (z,t) € Q,, by con-
nectedness, we can join (z,t) with (zg,to) by piecewise continuous line segment
paths where the time is decreasing and covering those paths by heat balls, we
have the result. O

The strong maximum principle obviously implies the weak maximum prin-
ciple.

Theorem 13 (Parabolic weak maximum principle). Let u € Cf (Qr) NC (Q7)

satisfy
up — Au <0 in Q.

Then

max ¢ = maxu.
Qr Par

13



1.3.2 Consequences of the maximum principle
1.3.3 Infinite propagation speed

As a consequence of the maximum principle, we can show the infinite prop-
agation speed property of the heat equations without using the fundamental
solution.

Theorem 14 (Infinite propagation speEd). Let Q C R™ be open, bounded,
smooth and connected. Let T > 0, g : 8 — R be a continuous nonnegative
function and u € CF () NC (Qr) satisfy

ug—Au=0 in Qp,
u=0 ondQ x[0,T],
u=g onQx{t=0}.
If g > 0 somewhere in €2, then u > 0 everywhere in Q.

Proof. Since u satisfy the heat equation, it is also a supersolution of the heat
equation and thus satisfies the parabolic strong and the weak minimum prin-
ciple. But since g > 0, we have

minu = 0.
Ta,

Thus the parabolic weak minimum principle implies © > 0 in Q7. On the other
hand, if u (x,t) = 0 for some (x,t) € Qr, the parabolic strong minimum principle
would imply that

u=0 in Q.
But this would imply
u=0 on Q x {t=0}.
But this contradicts the fact that g > 0 somewhere in Q. O

Remark 15. This result of course also holds for the pure IVP and is much
easier to establish. This follows directly from the representation formula. Check
this.

1.3.4 TUniqueness via the maximum principle

The maximum principle also allows us to prove uniqueness results for the initial-
Dirichlet boundary value problems.

Theorem 16 (Uniqueness for the initial-Dirichlet boundary value problem).
Let Q C R™ be open, bounded, smooth and connected. Let T > 0 and f :
Qr =+ R, g:Tq, = R be continuous functions. Then there exists at most one

14



solution u € C? (Qr)NC (m) of the following initial-Dirichlet boundary value
problem

u=g onlq,.

{ut—Au:f mn Qr,

Proof. If u,v € C (Q7)NC (m) are two solutions of the problem, then setting
w = u — v and applying the maximum principle to w and —w, we deduce that
we must have w = 0. O

We can also show uniqueness for the Cauchy problem. However, the Cauchy
problem

ug—Au=0 in R"” x (0,00),
u=g onR"x{t=0},

actually admits infinitely many solutions and thus uniqueness does not hold
without additional conditions.

Example 17 (Tychonoff’s counterexample). Let o > 1 be a real number and
define

T ift >0,
0 ift <0.

Now we define the function
9 (@) o
u(z,t) = E 0! xr.
k=0

We can check that the series in question converge uniformly for any bounded x
and real t > 0. Also, one can check that u satisfies

Up — Ugy = 0 in R x (0, 00)
and
lim u(z,t) =0 uniformly in x for any bounded x.
t—0+

Thus, for n =1, u is a nontrivial solution of the IVP

uy—Au=0 inR" x (0,00),
u=0 onR"x{t=0}.
Hence to ensure uniqueness, we need to impose additional conditions. One

can check that the Tychonoff’s solutions grow quite fast as |z| — oo, so one way
to force uniqueness might be to impose growth conditions at spatial infinity.

15



Theorem 18 (Uniqueness for the initial value problem). Let T > 0, g €
C(R™) and f € C(R" x [0,T]). Then there exists at most one solution u €
CZ (R™ x (0, 7)) N C (R™ x [0,T7]) of the following initial value problem

{ut —~Au=f nR"x (0,7,
u=g onR"x{t=0},
that satisfies the growth estimate
u(z,1)| < Cel®l®
forallz e R™, 0 <t < T, for some constants C,a > 0.

The theorem is an immediate consequence of the following weak maximum
principle.

Theorem 19 (Parabolic weak maximum principle in R™). Let T > 0 and let
u e Cf (R x (0,T]) N C (R™ x [0,T]) satisfy

up—Au <0 in R™ x (0, 7).
Then if there exist constants C,a > 0 such that u satisfies the growth estimate
u(z,1)| < Cel®®
forallz e R™, 0 <t <T, then

sup u=supu(-0).
R x[0,T] Rn

Proof. The idea is to use the parabolic weak maximum principle for bounded
domains. But since we want to estimate the supremum of the function by the
supremum on the bottom part of the parabolic cylinder only, we need to apply
it to a function for which the values on the lateral boundary can be made small.
To do trhis, first we assume that 7" > 0 is small enough to satisfy

4T < 1.
Then there exists 8 > 0 such that
4o (T +B) < 1.
Now pick € > 0 and define
v (x,t) ::u(m,t)—%e‘lw‘ii‘;—ﬂ forany z e R",0 <t <T.
(T+p—t)2

It is easy to check that

vy —Av <0 in R"™ x (0, 7).

16



Thus, for any radius r > 0, by applying the weak maximum principle to v in
the parabolic cylinder Qr, where Q = B,. (0), we deduce

maxv = maxuv.
Qr Por

At the bottom part of the boundary, we have

||
v (z,0) =u(z,0) — %ezww) < sup u(z,0).
(T'+pB)? B,(0)

But on the lateral part of the parabolic boundary I'q,., we have, by the growth
estimate

$2
v(x,t) < Ceolzl? _ (T;)”QW
+B8—1t)2
:Cearz _ Ms)nezL(Tth).
+B8—1t)2

But since 4o (T + ) < 1, the second term with the negative sign has a higher
exponent. Hence the RHS tends to —oco as r — oo. thus, letting r — oo, we
deduce

sup v <supu(-,0).
R x[0,T] Rn

But since € > 0 is arbitrary, this implies the result if T is sufficiently small. If
T is not small enough, we subdivide the time interval into smaller ones, each
of which satisfy the smallness assumption and apply the result successively to
each one. This completes the proof. O

1.4 Interior regularity of strong solutions

We now show that any strong solution of the heat equation is automatically
smooth in the interior of its domain. The circle of ideas are the same as in
the case of the Laplace equation. We first derive apriori estimates for smooth
solutions and then approximate any strong solution by smooth ones to derive the
regularity conclusion. As before, there is no circularity here. Since our estimates
are local, we need to use localization. To this end, we need to introduce a
notation.

Notation 20. For any (z,t) € R®" xR and for any r > 0, the notation C (z, ;1)
stands for the closed circular cylinder radius v, height r? and the top center point
(z,t), i.e.

Clz,tir) ={(y,8) |z —y| <rt—r*<s<t}.
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1.4.1 Local representation formula

We first begin by showing that we can derive apriori estimates for the deriva-
tives for any smooth solution of the heat equation. First we derive a local
representation formula.

Theorem 21. Let T > 0 and let Q C R™ be open and bounded. Let u €
C> (Qr) satisfy

u—Au =0 in Qx(0,T).

Let (zo,t0) € Q x (0,T] and r > 0 such that C (xg,to;r) CC Q x (0,T]. Let
¢ € C=(Qr) be such that 0 < (<1 and

(=1 in C(xo,to;3r/4), ¢=0 inR"™x[0,tg] \ C(x0,to;7)

and ¢ = 0 near the curved and the bottom boundary of the cylinder C (xq,to;T) .
Then we have

= [ [ K@tusus) dds

to—r? ly—zo|<r

for any (z,t) € C (zo,to;7/2), where

K (ants) = (o =t =) [ 52 (09 + A1)
+2(Vy®(z—y,t —5),V((y,9)),
where ® (-,-) denotes the fundamental solution of the heatl equation.
Proof. Set
v(x,t) = (x,t)u(x,t).
Then v = 0 on R™ x {t = 0} and
vy = Cu + Cuy and Av = CAu+ 2(V(, Vu) + uAl.
Hence, we have

vy — Av = ( (ug — Au) + Gu — 2(V{, Vu) — uAl
= Gu —2(V(, Vu) — uA(,

in R™ x (0,%p) . Notice that the function

fi=CGu—2(V(,Vu) —uAl (13)
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is actually defined everywhere in Q7 and f € C° (Qr). By a slight abuse of
notation, we would denote the extension by zero outside {27 of this function to
R™ x (0,00) by f as well. Clearly, v satisfies

ve—Av=f inR" x(0,t),
v=0 onR"x{t=0}.

Define

¢
v (x,t) ::/0 /nq)(x—y,t—s)f(y,s) dyds for all (z,t) € R" x (0,00).

By Theorem [6] © solves initial value-problem

Uy —Av=f inR" x (0,00),
=0 onR"x{t=0}.

and thus v, v are both strong solutions of

wy—Aw=f inR" x (0,%g),
w=0 onR"x{t=0}.

It is easy to see that both functions are bounded (by a constant, depending on
uw and () and thus, by the uniqueness conclusion of Theorem we have

v(z,t):f/(x,t)z/o /nfl)(x—y,t—s)f(y,s) dyds

in R"x(0,¢) . Since ¢ = 1in C (xo, to; 3r/4) and C (xq, to;7/2) C C (x0,to; 3r/4),
we deduce

u(amt):v(m,t):/o /nfb(x—y,t—s)f(y,s) dyds

for all (z,t) € C (z0,to;7/2) . Looking at (13), we arrive at

u(m):/t / @(w—yi—S)Bﬁ(yﬁ)—AC(y,S) u(y,s) dyds

to—r2 ly—zo|<r
t

2 [ [ @t (V) Tuly.s) duds,
to—r2 |y—mzo|<r

(14)

for all (z,t) € C (zo,t0;7/2). Now, since ¢ vanishes near the curved boundary
of C (zo,t0;7), for every tg — 2 < s < tg, the map

y+— C(y,8) is compactly supported inside the ball B, (x¢) .
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Thus, integrating by parts in the y variable, we have

2 / / B (2 —y.t—5) (VC (y,5), Vu(y,s)) dyds
to—r? |ly—zo|<r

t

—=2 [ [ @t ) Ve ) Vu ) duds
to—r2 ly—zo|<r

=2 / / divy [@ (z —y,t — s) V( (v, 9)] u(y,s) dyds

to—1? ly—zo|<T

=2 [ [ (et 9.V u ) dds

to—72 ly—zo|<T

+2 / / b (x—y,t —s)Al(y,s)u(y,s) dyds.

to—r2 ly—zo|<r
Substituting this in , we obtain the desired formula. O
Remark 22. Notice that although we have assumed uw € C* (Qr), the proof
only needed u to be smooth in a neighborhood of C (xg,to;r) in Q.
1.4.2 Interior derivative estimates
Now we are ready to obtain our derivative estimates.

Theorem 23 (Interior apriori estimate for derivatives). Let T > 0 and let
Q C R™ be open and bounded. Let uw € C* (Qr) satisfy

ug—Au =0 in Q2 x(0,T).

Then for any pair of nonnegative integers k,l, there exists a constant Cy; > 0,
independent of w, such that

Cu

1
max | DgDyu| < it lulliscenton) -

C(zo,to;r/2)
for every multiindex o with |o| = k for every cylinder
C (xo,t0;7/2) C C (z0,t0;7) CC Q2 x (0,7T].

Proof. First we begin by noting that we can assume, without loss of generality
that (zg,%0) = (0,0) and r = 1. Indeed, fix a point (z¢,to) € Q x (0,7] and a
radius r > 0 such that C (zg,tg;7) CC Q x (0,7]. Set

v (z,t) == u(zo + 12, to + 1°t).
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Then v is smooth in a neighborhood of C (0,0;1) and
vy —Av =0

in a neighborhood of C'(0,0; 1) . Moreover, we have

1
1l s 0,0y = sz 1ull oo toim)

and
D2 Dlv (z,t) = r*™* D Dju (zg + ra, to + r*t)

for any (,t) in a neighborhood of C' (0, 0; 1), for any pair of nonnegative integers
k,l, and any multiindex o with |a] = k. In view of the last two inequalities,
proving the result for v would give us the result for u.

Now we return to the proof, where we have assumed (xg,%y) = (0,0) and
r = 1. Applying Theorem we have

t
w@t)= [ [ K@ty us dyds.  forany (o6 € C0,051/2)
—1ljy[<1

where

K(xatvy7s) ::(I)(x_yat_s) %(y,s)-i—AC(y,s)
+2<Vy<1)($—y,t—S),VC(y7s)>,

where ® (-, ) denotes the fundamental solution of the heat equation and ¢ is a
cut-off function as in Theorem [2I] Thus, for any pair of nonnegative integers
k,l, and any multiindex o with |a| = k, we deduce

t

|D;"Diu (x,t)| §/ / }D?DiK (x,t,y,s)| lu(y,s)| dyds

—1lyl<1
0
<[ [ 1D2DIK (wito. )]l (0] dyds
—1yl<1
= |D;‘:‘DiK (x,t,y,s)} lu(y,s)| dyds
€(0,0;1)

< Crtllullprc(0,001)) »

for some constant Cy; > 0 for any (z,t) € C'(0,0;1/2). This completes the
proof. O

Remark 24. Notice that once again, we only need u to be smooth in a neigh-
borhood of C (xo,to;r) in Q.
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1.4.3 Smoothness of solutions

Now we are in a position to use the apriori estimate for smooth solutions to
prove that any strong solution of heat equation is smooth in the interior and
satisfies the interior derivative estimtes.

Theorem 25 (Interior estimate for derivatives). Let T' > 0 and let Q C R™ be
open and bounded. Let u € C% (Qr) satisfy

ug—Au =0 in Qx(0,7).

Then uw € C*® (Q x (0,T)) and for any pair of nonnegative integers k,l, there
exists a constant Cy; > 0, independent of u, such that

Cu

l
max ’Dthu’ < rk+2l+n+2 ||UHL1(C(:1:0,to;r))7

C(zo,to;r/2)
for every multiindex o with |a| = k for every cylinder
C (zg,to;r/2) C C (x0,t0;r) CC QL x (0,T).

Proof. Fix apoint (zg,t) € 2x(0,T) and a radius r > 0 such that C (zg, to;r) CC
Q x (0,7). Let ¢ be a mollifying kernel in = and ¢. Let U is an open neighbor-
hood of C (g, to;r) such that U cC © x (0,T") . Then there exists eg > 0 such
that for any 0 < € < g¢, the functions

u® = Uk Qe
is smooth in U. It is easy to check that these functions all satisfy
uj —Au® =0 in U.
By standard properties of convolutions, we also have
ut —u in L' (U).

Note that the linearity of the heat equation implies that for any two 0 < 1,2 <
€0, the function u®' — u®? also satisfies the heat equation in U. Thus, applying
Theorem [23] for any pair of nonnegative integer k,! and for every multiindex «
with |a| = k, we deduce,

Cul

l
cax o [DEDy (u™ = u)| < s 1 = 4™ et
Chi
S Chraiinte [u™ = u|[ 1) = 0

as €1, 9 — 0. This shows that for any pair of nonnegative integer k, [ and for ev-
ery multiindex a with |a| = k, the sequence of smooth functions {D;“Déue}wo
are uniformly Cauchy and thus converges uniformly to a continuous function
v®!in O (zg,to;7/2) . In particular, u® — w in C (x¢,to;7/2). Now, standard
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arguments imply that u € C*° (C (zg,to;7/2)) and for any pair of nonnegative
integer k, [ and for every multiindex o with |a| = k, we have

D2 Dluf — v*! = D2Dlu uniformly in C (z,t0;7/2) .

Since (zg,t0) € ©Q x (0,T) is arbitrary, this implies v € C* (2 x (0,T")) and
concludes the proof. O

Remark 26. The result is actually valid for the top i.e. t = T as well, as
the estimates hold for t =T. Only the approximation by mollification argument
needs to change a bit.

1.5 Energy methods

Energy methods are a useful tool for the case of heat equation. It is the mathe-
matical expression of the physical fact that evolution via the heat equation can
only lose energy, but can not create energy.

1.5.1 Energy dissipation

Let T > 0 and let 2 C R" be open, bounded and smooth. For any function
ueC (QT) , then for any 0 <t < T, we define the energy of u at time ¢ as

E, (t) ::/Q|u(x,t)|2 dz.

Theorem 27 (Energy dis@ation). LetT > 0 and let Q C R™ be open, bounded
and smooth. Let u € C? (QT) satisfy

u—Au=0 inQx(0,7T),
u=0 onoQx(0,T).

Then we have

%Eu(t)go forall0 <t <T.

In particular, we have

E,(t) <E,(0) forall0 <t <T.

ar= ([ meor )

:2/Qu(sc,t)ut(x,t) dz

Proof. We have

= /u(:c,t)Au(x,t) dz
Q

_ _2/ V(2,0 da <0,
Q
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for any 0 < t < T. Now, integrating this with respect to t, we deduce
td

By (t) = B, (0) = | <E.() dt <0,
0

for any 0 < ¢ < T. This completes the proof. O

1.5.2 Uniqueness via energy methods

As a consequence of energy dissipation, we can now provide another proof of
the uniqueness for the initial-boundary value problem for heat equation without
using the maximum principle.

Theorem 28 (Uniqueness for the initial-Dirichlet boundary value problem).
Let Q C R™ be open, bounded, smooth. LetT >0 and f : Qr - R, g:Tq, =R
be continuous functions. Then there exists at most one solution u € C? (m)
of the following initial-Dirichlet boundary value problem

{ut—Auzf in Qx(0,7),

u=g onlq,.

Proof. Ifu,v € C? (m) are two solutions of the problem, then setting w = u—wv
we deduce that w € C (Qr) satisfy

wy—Aw=0 inx(0,T),
w=0 onlq,.

Thus, bu energy dissipation, for any 0 < ¢ < T, we have

/ lw (2,8)? da = By (£) < By (0) = 0.
Q

This proves w = 0 in Q7 and completes the proof. O

1.6 Harnack inequality
1.6.1 Harnack inequality for the IVP
Theorem 29. Let u € C? (R™ x (0,T]) N C(R™ x [0,7]) be a solution of the

following initial value problem
ur—Au=f nR"x(0,T],
u=g onR"x{t=0},
Assume u > 0 in R™ x (0,T) and uw € L* (R™ x [0,T]). Then for any compact

K CR" and any 0 < t1 < to < T there exists a constant C = C (K, t1,t3) > 0
such that

sup u (x,t1) < C inf u (y,t2).
zeK yeK
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Proof. By the representation formula and uniqueness of the Cauchy problem,

we have
1 _lza—yl?
4

u(x9,ty) = —xe 2 g(y)dy.
(22,t2) /]R"(47Tt2)2 ()

Now, for t; < t3 whenever |z1|,|z2] < A < oo, there exists a constant
C =C (Jt; — ta],A) so that

I T s

—C. VyeR"”
4t, - 4t 4
Consequently,
) 2 1 =il ) 2
u (z2,t2) > (1) e—C/ —e o g(y)dy = <1> e u(zy,t).
to n (tl) 2 to
This completes the proof. O

In the above, we have used the following elementary estimate, whose proof
is left as an exercise.

Lemma 30. If K C R" is compact and 0 < t; < to < 0o, then there exists a
constant C' > 0 depending on K and ta,t1 > 0, such that

2 2
|x1t d < |x2t y +C Vay,z2 € K,y € R™
2 1

Exercise 31. Let g : R — [0,00) a smooth function with compact support such
that g(0) = 1. Set

u(e.t)i= [ @ —ytlgly) >0
Show that

mleanf" u(z,t) =0 forallt >0

and

sup u(z,t) > 0 for all t > 0.
TER™

Why does this not contradict Harnack’s principle in Theorem [292

Exercise 32. Let us consider one space-dimension. Let & € R be given and u
defined as

z+8)2
ue(z,t) == (t + 1)7%67m.

Show that u is a solution of (0y — A)u =0 in R x (0,00). Moroever show for
each fized t > 0 there is no constant C = C(t) > 0 such that

sup ug(x,t) < C  inf  we(y,t) VEeR™
z€[~1,1] ye[-1,1]

Why does this not contradict Harnack’s principle in Theorem [29?
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1.6.2 Harnack for the IBVP

We now want to prove the Harnack inequality for the Dirichlet IVP for the
heat equation. For this, we need a slightly more general version of the weak
maximum principle.

Theorem 33 (Weak maximum principle with first order terms). Let B €
C (Qr;R") and let u € CE (Qr) NC (Qr) satisfy

ug — Au — (B (z,t),Vu) <0 in Qr.
Then

max v = maxu.
Qr Par

Proof. Without loss of generality, we can assume
us — Au — (B (x,t),Vu) <0 in Qr.

Indeed, otherwise we consider v (z,t) = u (x,t) — ut and let 4 — 07 at the end.
Now suppose, if possible, that (zg,tg) € Qr is a point such that

u (2o, to) = max u.
Qr

Thus, we have u; (xg,t9) > 0 (in fact us (xg,t9) = 0 unlessto = T'), Vu (zg, tg) =
0 and D?u (g, to) is nonpositive definite. Thus, we have

Au (29, t0) = trace D*u (zo,t9) < 0.
But these inequalities imply
ut (zo, to) — Au (a0, to) — (B (20, t0) , Vu (zo,t0)) > 0,
contradicting our assumption. This completes the proof. O

Theorem 34 (Harnack Inequality). Let Q@ C R™ be open and bounded. Let
T > 0. Let u € C? (Qr) be a nonnegative solution of

up — Au =0 m Q.
Suppose Q cC Q is connected. For each 0 < t; <ty < T, there exists a constant

c=C (Q,tl,t2> > 0 such that

supu (-,t1) < Cinfu(-,t2).
a )

Proof. By the interior regularity results proved earlier, we can assume u is
smooth. Without loss of generality we may also assume that infu > 0 in Qrp,
as otherwise we would consider u + ¢ and let € — 07 at the end. By a covering
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argument, it is also enough to prove the result when Qis an open ball B CC €.
We set

v:=logu in Q.
We want to establish the differential inequality
V¢ ZO[‘V’UP—ﬂ in BR X [tl,tg], (15)

with constants «, 8 > 0, which depends only on the ball Bg, the times t1,t;
and possibly also on the dimension n, but is independent of v.

First let us show that is enough to prove the result. Fix z1,z5 € Bp.
Then we have
'd
v (x9,t2) — v (21,t1) = / 77 (sxo+ (1 — 8)xq, sta + (1 —8)t1) ds
0
1
= / [(Vu,z9 — x1) + vg (t2 — t1)] ds
0

@@ ! )
> / [—|V1}||x2 — x|+ (ta — t1) [a|Vv| —BH ds.
0

Now the last integrand is a quadratic polynomial in |Vu| with a (t2 — 1) > 0.
Thus, elementary manipulations by completing the square yields

o (ty — 1) |Vl = 2o — 21| [Vo| = B (ts — t1)

i ze—al N g,y Jwmemml
|2 —$1|2
RN (o ke
= 5(t2 tl) 40[(t2—t1)
R2
T S
z-Pltz—t) a(ts —t1)
= —.

Thus, we deduce

1
v(xg,tg)—v(wl,tl)z/ (1Yo o2 — 21] + (t2 — t1) [a]V|? — 6]] ds
0

1
2—/ v ds = —~.
0

But by definition of v, this implies
w(zy,t1) < evu(xa,ta).

Since z1,x9 € Bp is arbitrary, this implies the desired Harnack inequality.
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Thus it only remains to establish . We easily compute
ur =e’vy, Vu=e€"Vo and Au=e¢e" (Av + |Vv|2) .
This yields

O:ut—Auze”<vt—Av—|VU\2>.

Set w := Av and @ := |VU\2 and note that the above equation implies
vy =Av+ Vo] =w+d in Q. (16)

Note that is a lower bound for v;. The term |Vv|2 is nonnegative, but we
do not know anything about the sign of Av. However, if we can find a constant
0 < a < 1 such that

Av+ (1 —a) |Vl

is bounded below, i.e.
Av+(1—a)|Vo|* > -5,

for some constant 8 > 0, this would establish (15]). The crucial identity that
helps us enormously in the computations is the following one.

A[Vo? = 2|D%[* +2(Vo, VAD) . (17)

This can be established by direct computation. Now applying the Laplacian to
both sides of and using , we immediately obtain

’lUt_A’U}—2V’U'V’U):2‘D2’U|2. (18)

On the other hand, applying the gradient to both sides of and using ,
we deduce

=2(Vo,V (Av + |Vv|2)>
= 2(Vv, VAv) +2(V0,V[Vo)

Vo2 — 2 |D2v’2 +2 <Vv, \% |Vv\2>

A
A

@ — 2| D[’ + 2 (Vo, V).
Thus, we arrive at

@ — Ad — 2 (Vo, Vi) = —2 | D% (19)
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Now, noting and 7 we see that the uniformly parabolic operator
PU :=0,U — AU — 2(Vu,VU),

applied to w and w have opposite signs. Thus, we can take o = 1/2 and set

w

N | =

W= w +
to discover
by — A, — 2 (Vu, Vib) = | D%0|* > 0.

This implies w is a supersolution to the uniformly parabolic operator P and
thus would satisfy the weak minimum principle. Hence we can establish a lower
bound for w if we knew a lower bound for w on I'g,.. Unfortunately, we do not
have any information about the values of w on I'q,.. So instead we plan to modify
w to make it vanish on I'g,., but hopefully still keeping it a supersolution of P,
which would establish a lower bound. To this end, we choose a cutoff function
¢ € C* (Qr) such that 0 < ¢ < 1in Qp and

¢ =1in Bg X [t1,t2] and ¢ =0 near I'r.
Now we set
W= ' + pt in Qp,

for some p > 0 that we are going to choose suitably later. Now direct compu-
tation yields
W, — AW —2(Vo, VW) = ¢* (wy — Ay — 2Vv - Vi) 4+ p + R (1),
= M D* + i+ R(x,t), (20)

where the reminder term is given by

R (2,t) = 4¢3 — 8¢ (Vv, V() — 8¢ (Vab, V()
—12¢% V¢ — ACCWAC.

Now we claim that implies W can not have a negative minima in Qp if
@ > 0 is chosen large enough. Suppose, for the sake of contradiction, that W
attains a negative minima at (xg,tg) € Q7. Then, we have Wy (zg,t9) < 0 (
Wi (zo,t0) = 0if tg < T ), VW (20,t0) = 0 and D?W (z¢,t0) is nonnegative
definite. Thus AW (x¢,to) = trace D*W (z9,t9) > 0. Thus, the LHS of is
nonpositive at the point (xg,%p). But we are going to show now that we can
choose p > 0 large enough ( independently of (z¢,tg) ) such that

¢t (w0, t0) [ D20 (w0, t0)|* + 1+ R (w0, t0) > 0.

29



This would yield the contradiction and rule out a negative minima for W.
Now note that since W = (% + put is assumed to attain a negative minima
at (zo,to), we must have

1
¢ (zo,t0) >0 and Av (zg, to) + 3 Vv (0, to)|* = @ (0, o) < O.

This last inequality implies the inequalities

|12J (LEQ,to)l S ‘A’U ($0,to)| S C|D2’U ($0,t0)|, (21)
Vo (0, t0)|* < 2]|Av (20, t0)| < ¢|D?*0 (20, t0)] - (22)

A brief glance at the expression for R would make it clear that now it only
remains to find a way to estimate Vw. For this, we use the following fact

0= VW (20, t0) = 4¢® (0, to) VC (0, o) W (w0, o) + ¢* (0, o) Vb (20, to) -
Using the fact that ¢ (xo, o) # 0, this yields

‘C (I,Co,to) Vuw (xo,t0)| = |—4’UA} (xo,to) VC (1‘0,t0)| S 4 |1f} (.’E07t0) VC ({L‘(),to)| .
(23)

Now, using , and and finally using Young’s inequality with € > 0,
we deduce the estimate

wlw

IR (0, t0)| < ¢¢? (20, t0) | D*v (o, to)| + ¢ (w0, to) | D*v (20, to)|
< e¢* (2o, t0) | D?v (»’Uo,to)‘2 +Ce, (24)
for any € > 0. Thus, choosing 0 < € < 1, we deduce the estimate
2
C4 (.Z‘(), to) ’DQ’U (1‘0, to)’ +u+R (l‘o, to)
2
> <4 (xo,to) ’DQU (1‘0, to)| + u— |R($0,t0)|

2
> (1—¢)¢* (zo, to) | D?v (zo, to)|” + 1+ Ce
>p+Ce >0,

if 1 > 0 is chosen to satisfy p > C.. This implies W = ¢*i + ut > 0 in Qp. But
since ( =1 in Bg X [t1,t2], we deduce

W+pt>0  in Bg X [t1,ta].
This finally implies the estimate
Av+%|Vv|2:w2 —pty  in Bp x [t1,t2].
Returning to , this implies
v, = Av + |Vo]* > %\Vv|2—ut2 in Bg X [t1,1ta] .

This establishes and completes the proof. O
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2 L? estimates

2.1 First estimates and existence
2.1.1 First L? estimate

Theorem 35 (First apriori L? estimate). Let Q C R™ be open, bounded and
smooth. Let T > 0. Let

A=Az, t) = (ai; (x,t),<; j<, €L (Qp; R™™) |
B=RB (x,t) = (bz (x,t))lgign c L™ (QT,RH),
c=c(z,t) € L™ (Qr).

Let A be uniformly elliptic in Qp with constant X\ > 0, i.e. there exists some
constant A > 0 such that we have

(A(z,t)€,6) > N¢

for a.e. z € Q and a.e. t € (0,T).
Let

geL*(Q),  feL?*((0,T);L* ()
Fi=(F)icicn € L7 ((0,7); L* (U R"))

Let u € C™ (WT) be a smooth solution to

—div (AVu) + (B, Vu) + cu = f (z,t) — div, F (z,t)  in Qr,
u=0 on 09 x [0,T7,
u=g on Q x {t=0}.

Then there exists a constant C = C (\, | Al oo, | Bll g 5 €l poo - §2,T) > 0 such
that

onax, [ ()l 20y + ||UHL2((0,T);H3(Q)) + lluell 20,7y, (02))
< @ (M zaomyza@y + F o mya@mny +19lae) - (25)

Proof. Multiply the equation by u and for a.e. 0 < s < T, integrate over 2 and
integrate by parts. Noticing that u vanishes on 0f2, we obtain

0—/utu+/ AVu, Vu) + /<B7Vu>u+/ﬂc|u|2—/fu—/Q<F7Vu>

> 5% (/ |“|)+A/IWI = (1] + |I2] + T3] + L)
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Now, we have

|Il|—‘/BVu

/ (B, Vu) ul
< 1B~ / Vo Ju] < e / Vul? O / uf?.
Q Q Q

12|=]/c 2| < el [

Q Q

|13|—\/fu < [im<e [1kee [
Q Q Q Q

|14|—\/ v < [ 1Rl << [ e [ ee
Q Q Q Q

Choosing ¢ > 0 small enough, we deduce

d
(fue)+r[vur e ([l [ i [ ee)
dt \Ja Q Q Q Q
for some constant C7 > 0. But this implies
i —Cit 2 —Cit i / / 2
(o [ur) = |5 ([ur) e [
seotlen (e [10r) < [ 1va]
So we arrive at

4 (eclt/ u|2> —|—/\efclt/ [Vul? < Cre= Ot (/ |f|2—|—/ |F|2>
dt Q Q Q Q
<C (/ |f|2+/ IFI2)
Q Q

as C1t > 0 and thus e~¢'* < 1. Integrating with respect to t from 0 to s, where
0 < s < T, we deduce

o [P = [ pofea [ e [ [muor
gc(/OS/Qm? dt+/OS/Q|F2 dt)
C(/OT/QW dt+/0T/Q|F|2 dt).

2 2
=C (Hf||L2<<o7T>;L2(m> + ||F||L2<<0,T>;L2<Q;Rn>>> :

IN
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Thus, using the obvious estimate e O T ce=Cit forall 0 < ¢ < T, we have

e*CIS/Q|u(s)|2+Ae*CIT /OS/Q|Vu(t)|2 dt
go(/OT/Qm? dt+/0T/Q|F|2 dt) +/Q\u(0)|2.
Thus,

e [ s [vuwf a

< [P [0 gue a

< ceore (/OT/QfF dt+/0T/Q|F|2 at+ | |u<o>2)
< CeoT (/OT/Q|f|2 a [ [ e dt+/9|u<o>|2>
= CeOT (/OT/QW as [ [ 1m dt+/9|g2>.

Taking supremum over 0 < s < T, we deduce

2 2
ozltlgT [[u(t) ||L2(Q) + ||UHL2((0,T);H[}(Q))

2 2 2
<C (Hf”L?((O,T);L?(Q)) + 1E N2 0,522 () T ||g||L2(Q)) - (26)

Now multiplying the equation by ¢ € L?((0,T); Hj (€2)) and integrating
over () and integrating by parts, we have

O:/Qutqb—l—/g(AVu,V¢>+/Q(B,Vu>¢+/gcu¢—/gf¢—/g(F,qu>.

Thus, we have

/gzutqﬁz—/S)(AVu,V@—/Q<B,Vu>¢—/ﬂcu¢+/ﬂf¢+/ﬂ(F,V¢>.

Hence, we deduce
‘ / (e
Q

< || + L2 + 3] + [La] + 5],
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where we have

1| = / <Aw,v¢>] < Al / V4l V6] < Al o [Vl 12y 1960 12 0 »

L) = / <B,w>¢\ < 1B, / 194 18] < 1B e [Vl 20 18] 2

|I3| = /cuqb
Q

n=|[ f¢' < [ 171161 < ey 191520

ERl <F,v¢>\ < [ 1F11961 < 1Fl20) 19020

<lefl L /Q ul o] < llell Lo llull L2 0y 191l L2 (0 -

This implies,

Joe

By the dual characterization of the H~! (Q) norm, this means

<C (||U(t)||H3(Q) +If Ol 20y + HF(t)||L2(Q)) 16 ()l (02

e ()l -1y < € (I8 Ol gy + 1 Oll gy + IF Oz ) -

Squaring both sides and integrating with respect to ¢ from 0 to T', we derive

2
el Z2 0,501 (02))
2 2 2
<cC (IIUHLz(m,T);H&(sz)) Az 0,7):220) + ||F||L2<<0,T>;L2<Q;Rn>>) :

Combined with , this implies the estimate

2
||Ut||L2((o,T);H—1(Q))
2 2 2
<C (Hf||L2((o,T);L2(Q)) + 1F 22 (0,7): 2 (2r7)) ||g||L2(Q)) - (27)

Now by the theory of time-dependent Sobolev spaces, we know that

{ we L2 ((0,7); Hy ()

we € L2 (0,7, H- () =ue C([0,T];L*(Q))

along with the estimate
oréltagXT ||u(t)HL2(Q) <cC (”UHLz((o,T);Hé(Q)) + ||Ut||L2((07T);H—1(Q))) : (28)

This allows the supremum in to improve to a maximum and this combined
with implies and completes the proof. O
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2.1.2 Existence and uniqueness of weak solutions

The following assumptions would always be in force for this subsection. Let
) C R™ be open, bounded and smooth. Let T' > 0. Let

A=Az, t) = (a (2,t),<; j<, €L (Qp; R™*™)
B=RB (x,t) = (bz (x’t»lgign c L™ (QT;Rn),
c=c(z,t) € L= (Qp;R™).

Let A be uniformly elliptic in Q7 with constant A > 0, i.e. there exists some
constant A > 0 such that we have

(A(z,t)€,€) > Mg

for a.e. x € Q and a.e. t € (0,7).

In view of the apriori estimates in the last section, it makes sense to define
the concept of weak solutions as follows.

Definition 36 (Weak solutions). Given any g € L? (Q),f € L* ((0,T); L* ()
and F € L*((0,T);L* (Q;R")), a function w € L*((0,T); H} (2)) is called a
weak solution to

up — div (AVu) + (B,Vu) + cu = f —divF  in Qr,
u=0 on 9Q x [0, 7], (29)
u=g on Q x {t =0},

if the following are satisfied.
(i) uwe L? ((O,T);H(} (Q)) nc ([O,T] L2 (Q)) and u; € L? ((O,T);H*1 (Q)) ,
(ii) u (0) = g in L*(Q) and

(iii) u satisfies
T
/ / [utg + (AVu, Vo) + (B, Vu) ¢ + cug] dxdt
o Ja

T
- / / o+ (F,V)] dadt, (30)
0 Q

for every ¢ € L* ((0,T); Hj (Q)) .

Note that this definition, combined with estimate immediately imply
the uniqueness of weak solutions.

Theorem 37. Given any f € L? ((0,T);L?(Q)), F € L*((0,T); L? (;R™))
and any g € L? (Q), there exists at most one weak solution to .
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Proof. If u,v are two weak solutions of 7 then w = u — v is a weak solution
of with f =0, F =0 and g = 0. But then estimate implies,

Joax flw ()]l () =0-

This implies w = 0 and finishes the proof. O

Now using standard approximation and the Galerkin approximations, The-
orem [35| implies the existence of weak solutions.

Theorem 38 (Existence of weak solutions). Let Q@ C R™ be open, bounded and
smooth. Let T > 0. Let
A=A (l’,t) = (aij (x7t))1§i,j§n e L™ (QT;Ran) s
B = B (z,t) := (b; (x,t))lglén € L™ (Qr;R™),
c=c(z,t) € L= (Qp;R™).

Let A be uniformly elliptic in Qp with constant A > 0, i.e. there exists some
constant A > 0 such that we have

(A(z,1)€,€) > M¢]

for a.e. x € Q and a.e. t € (0,T).

Then given any g € L? () ,f € L? ((0,T); L*> (Q)) and F € L* ((0,T); L* (Q;R™)),
there exists a unique weak solution u to . Moreover, there exists a constant
C=C\I|Al e 1Bl o s el poo » 2, T) > 0 such that

onax, [ ()l 20y + ||UHL2((0,T);H3(Q)) + lluell 20,7y, -1(02))

< O (2o myzzian + 1Flagoyia@mny + lolzae))

Proof. Step 1: Reduction to smooth data We begin by claiming that it is
enough to show the theorem under the additional assumption that f, F, g, A, B, ¢
are smooth up to the boundary i.e. we can assume without loss of generality,
that f € C= (Qr), F € C® (QsR"), g € C (Q), A € O (s R |
Be(C> (Qizn R") and c € C* (m) , Indeed, by standard approximation results
in Sobolev spaces, we can find sequences

{/"uen € C (Qr) AF"} ey € C (A5 R") {9 },en O (9)

such that

= f in L2 ((0,7);L* (),
Fl > F in L* ((0,7); L* (% R™)),
gt —g in L?(Q).
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Extending by zero outside Qp if necessary and mollifying, we can also find
sequences

(A"} e € O (Qr s RV {BM} e © O (3 R") {e} 1o O (21)

such that

(A" (2,1)6,6) > 2 Jef

for every (x,t) € Qp for all p € N and

A — A, B¥ - Band " —c strongly in LP (Qr) for any 1 < p < oo,
[A* | oo < Al Lo s 1B¥l e < NIBl[poe and [[¢]l o < el for all p € N.

Now if we can prove the theorem when the data is smooth, we can find a sequence
of weak solutions {u*} \, such that for every u € N, u# is the weak solution
to with data f#, F*, gt A* B" and c* and satisfies the estimates

oo [lu* Ol 2y + 10" 2o mysmmy ) + 148 2 orys—1 ()

<C (Hf“||L2((o,T);L2(Q)) FIF* N L20,m);2(mmy) T ||9“||L2(Q)) :

Note that the crucial point here is that the constant C' in estimate depends
only on the ellipticity constant A\ and the bounds on the L* norms of A, B, ¢
and thus can be chosen to be independent of u € N. Since the RHS of the above
estimates can be bounded by

¢ (||f||L2((o,T);L2(Q)) T IE N 20,522 (0mmy) T HQHL2(Q))

for all p € N, using standard functional analysis arguments, we deduce that up
to the extraction of a subsequence that we do not relabel, we have

Wt — in L? ((0,T); Hy (),
u = u in L? ((0,7); H (),
ut — u inC([O,T};LQ (Q)) )

for some u € L? ((0,T); H} (€2))NC ([0, T]; L* () withw, € L* ((0,T); H~* (Q))
and u (0) = g.

We can also verify that u is a weak solution of with data f, F, g, A, B, c.
Indeed, we have

AN L2 0,y p2 () S IA* | oo (pimnxny VUl L2 ((0,7); 2 ()

< AN oo (@irny IV | 20,7y 2200y < €

37



as {Vu'} .y is uniformly bounded in L?((0,T); L*(€;R™)) . This means, up
to the extraction of a subsequence which we do not relabel, we have

AV u* — v

for some v € L2 ((0,T);L? (% R™)). We claim that v = AVu. To see this,
consider ¢ € C¢° (Qp;R™) and note that

/O ' /Q (APVut, ¢) dadt

:/OT/Q«A”—A) Yt () dmdt+/OT/Q<Avw,g> dedt

Now, for any p > 2, we have

[t = )9, der] < 142 = Al 19620 el

<C ||C||L%(QT) A" = Al ooz = 0

2p
=2 (Qr)

by the strong convergence of A* to A in LP. But by the weak convergence u*
in L? ((0,T); H} (2)) , we have

/OT/Q<AVu“,C> dxdt—>/0T/Q<AVu,§> dzdt.

Thus, the last two estimate implies

/()T/Q<Auvu#7c> dadt — /OT/Q<AW,<> dadt,

for any ¢ € C° (Qr;R™). Thus, by uniqueness of weak limits, we have, v =
AVu. Hence, we have

APy — AV weakly in L* ((0,7); L* (Q;R")) .

This implies

/OT/Q<Auvuu,v¢>dxdt—>/oT/ﬂ<Auqu7v¢>dxdt

for any ¢ € L? ((0,T); H} (€2)) . Easier arguments would show that

/OT/Q<B“,U“>¢dxdt%/OT/Q<B,u> odzdt
/o ! /Q Hutpdrdt — /0 ! /Q cupdxdt
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for any ¢ € L? ((0,T); H} (2)) .
Step 2: Galerkin approximations Hence for the rest of the proof, we
would assume

feC®(Qr),FeC™(Qr;R") and g€ C* (Q).

Now we use the Galerkin approximations. Let {1}y be the eigenfunctions
of the Dirichlet Laplacian on €, i.e. for each k € N, 1, is the weak solution to

Aty = Mpth, in Q,
1/Jk =0 on 89,

where 0 < A\ < A2 < ... be the sequence of eigenvalues ( repeated with mul-
tiplicity ). Assume that we have orthogonalized the sequence in H} (£2) and
orthonormalized in L? (). Define

Xm = Span{wtha"wwm} CH(} (Q) for anymEN'

We plan to project the problem to the subspace X,,. More precisely, for
each m € N, let

=Y ( [ rwou dx) b (),
k=1

P (2, 1) = g:l (/QF(at,t)z/)k (2) dx) Ve (x),

" (@) =§jl (o a)o@

We want to find functions o®™ : [0, 7] — R such that
um (,t) = 3 @R (1) i (2) (31)
k=1

is a weak solution to
uy® = div (AVu™) + (B, Vu™) + cu™ = f™ —divF™  in Qrp,
u™ =0 on 90 x [0, T,
u™ =g" on Q x {t=0}.
(32)

Using u™ (x,0) = ¢ and the fact that {13}, is an orthonormal Schauder
basis in L? (2), we see that we must have

amm™(0) = / g (@) ¢y (x) da forall 1 <k <m. (33)
Q
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Now fix a 1 < i < m and multiplying the equation by ; (z) and integrating by
parts, we have

/ﬁmw+mw&vm+wwwwm+wwnm
Q
- /Q ™+ (F™, V)] o (34)

Now, from , we calculate

up =30 5 (@) (1) (),
k=1
Vu™ = Z a®m () Vg ()

=
Il

1

Since {ty}ey is orthonormal in L? (), we have
[ @) = 5 @) 0,
o dt
/ cu i = c(z,t) "™ (1)
Q

/Qfm¢i=/9f(xat)1/}i~

Substituting in 7 we deduce

d i,m
- @) ®)
== >t (0) [ (A ) Vu V) + (B (0.6), Vi) 0
k=1 Q

cmwwmw+4fmwm
+§;L<1fwawwAMdmvm>wh

Since the argument can be repeated for every 1 < i < m, we get the following
initial value problem for the system of m linear ODEs

(35)
a™ (0) = aft,

{dam (t) = P™ (t)a (t) + q™ (1),

where o™ (t) = {a"™ ()}, ... ™ (t) = {¢"™ (t)}, ..., , are m-vector fields

and P™ (t) = {P]}" (t)}

o is an m x m matrix field, o = {ai’m}
1<i,j<m’ )0 O Ji<i<m
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is a fixed vector in R™ and

ag™ :/91/%7
/f (z,t ¢1+Z/ </ (2,t) by (2) dx,V¢i>wk,
P (t) = */Q (A (2, 8) Vs, Vi) + (B (1) , Vi) i) — ¢ (2, 1) 0ij,
for all 1 < 4,57 < m, where d;; is the Kronecker delta. Now since this is an
IVP for a system of linear ODEs with smooth coefficients, there exists a unique

smooth solution. Thus, we can construct a smooth u™ which is a weak solution
to (32). Now since by Bessel’s inequality, we have

"= in L? ((0,7); L* (%)),
F" - F in L* ((0,7); L* (% R™)),
g =g in L? (Q).

Thus, using the apriori estimate and arguing as in Step 1, we conclude that
up to the extraction of a subsequence that we do not relabel, we have

u™ —u in L ((0,T); Hy (),
uft —u in L? (( ) -1 (Q))
u™ = u in C’( ) ,

for some u € L? ((0,7); H} ())NC ([0,T]; L* (Q)) with u, € L* ((0,T); H~* (Q))
and u (0) = g. It is easy to verify that u is a weak solution of with data
f, F, g, A, B, c and satisfies the estimate . This completes the proof. O

2.2 Higher L? estimates

Now we want to derive L? estimates for higher derivatives. However, since the
equation intermingles spatial derivatives and time derivative, to derive higher
estimates, we need to have some compatibility condition between the initial
data g and time derivatives of source term. We begin with L? estimates for the
Hessian, which requires a rather mild compatibility, i.e. g to have zero trace on
the boundary.

Theorem 39 (Apriori L? estimate for D?u). Let 2 C R™ be open, bounded and
smooth. Let T > 0. Let

A=Az, t) = (ai; (#,1))1<; j<n € W (Qp; R™")
B =B (z,t) := (b (z,1))1<i<,, € W' (Q1; R,
c=c(zx,t) € WhH> (Qr).
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Let A be uniformly elliptic in Qp with constant A\ > 0, i.e. there exists some
constant A > 0 such that we have

(A(2,1)€,6) = Al¢f*
for a.e. x € Q and a.e. t € (0,T). Let u € C™ (m) be a smooth solution to

ug — div (AVu) + (B, Vu) + cu = f —div, F

m QT,
u=0 on 9Q x [0, T,
u=g on Q x {t=0}.
(i) Suppose
geH; (),  feL®((0,7):L*(%)),

FeL?((0,T); H' ((R™)).

Then there exists a constant

C= C(Av ”A”Wloo ) ”B”WIOC ’ ”CHWLOO 7QvT) >0
such that

o3 I iy + iz, + el aqo.yze @)

<C (||f||L2((O,T);L2(Q)) + 1Fl 20,7y, 11 (mmy) T ||9||H01(Q)) . (36)
(i) Suppose
g€ Hy (QNH*(Q), feH ((0,T);L*(Q),

FeH ((0,T); H" (4 R™)).

Then there exists a constant

C= C(Av ”A”Wloo ) ”B”WIOC ) ”CHWLOO 7QvT) >0
such that

su u (t + ||ue (¢
20 (e Ol + e Ol 2
+ HutHLz((o,T);Hg(Q)) + HuttHLz((o,T);H—l(Q))

<C <||fHL2((0,T);L2(Q)) T E N 20,711 (25mm)) T+ ||9||H5(Q)) :

(37)

Proof. By a similar approximation argument, we can assume if necessary that
A, B, ¢ are also smooth. So we would not care about smoothness at all while
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deriving the apriori estimates. Also note that for both parts, we can just assume
F =0, as the hypothesis allows us to absorb the term div, F into f. We begin
by proving Part (i).

Part (i): Multiply the equation by u; and for a.e. 0 < s < T, integrate
over ) and integrate by parts. Note that u; also vanishes on 92, as u = 0 on
0N for all time 0 < ¢t < T, ( for t = 0, note carefully that this is implied by the
explicit assumption g € H} ), its time derivative must also vanish. Hence we
obtain

0:/ |ut|2+/ <AVu,Vut>—l—/g}(B,Vu)ut—i—/chut—/qut

/|ut| +2dt (/ (AVu,Vu>> —%/Q(AtVu,Vu)7(\[1|+|12\+|13|).

Now, we have
§/ (B, Vu) uy|
Q

|| = ‘/ (B, Vu) uy
Q
sHBHLw/ IVl |ut|Se/|ut|2+c/|w|2.
Q Q Q

< el e /Q IV ] < € /Q el + C / Vul?.
2 2
s/|f||ut|ge/|ut| +C/|f| .
Q Q Q

1 2
<5 Il [ [7ul.
Q

Choosing £ > 0 small enough, we deduce

L+ 4 ([ avava) <o ([ ivae+ [ ).

for some constant C; > 0. Integrating with respect to ¢t from 0 to s, where
0 < s < T, we deduce

//|ut| +/< (5) V(). Vu(s) = [ (40) Vu(0), Vu(0)
< /|f| dt+/ /|vu\ dt)
C< /\f| dt+/ /|Vu| dt)

2
= € (I 2 qo.yze@y + lula(omym) )

|I5] = ‘/ cuy
Q
Isl‘/ fu
Q

We also have

1
‘/ (AtVu, Vu)
2 Ja

IN
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Using ellipticity of A (s), we deduce

| [t ex [ wuer

g/OS/Q|ut|2+/Q<A<s>w<s>7w<s>>

< /Q (A(0)Vu(0),Vu(0) +C (Hf||iz((o,T);L2(Q)) + ||uHi,2((O,T);Hg(Q)))
2 2
< /Q (A(0)Vg,Vg) +C <||f||L2((O,T);L2(Q)) + ||U||L2((0,T);Hg(9)))

2 2 2
<Al /Q Vg|" +C (Hf||L2((O,T);L2(Q)) + ||UHL2((0,T);H3(Q)))
2 2 2
<C (||9||H3(Q) + 1 f 20,1220 ||UHL2((0,T);H3(Q))) :

Hence, taking supremum over 0 < s < T, we deduce

2 2
su u (t 1 ) .
5 w0l )+ el o 20

2 2 2
s¢ (Hg”Hé(m Az 0,r)i2200) + ”“”L?((O,T);Hé(m))‘ (38)
On the other hand, for each 0 < s < T, we have
—div (A () Vu(s) + (B (s), Vu(s)) + c(s)u(s) = f(s) —u (s) in,

Since the LHS of the above equation is an uniformly elliptic operator, using
elliptic regularity, more precisely, up to the boundary W?2?2 estimates imply the

estimate
[iorer <c([vuefs [ ek [uer). o

Integrating with respect to s from 0 to T, we arrive at
2
||u||L2((0,T);H2(Q))
2 2 2
<C (||UHL2((0,T);H3(Q)) + 1 22 0,my20)) + ||Ut||L2((o,T);L2(Q))) . (40)

Now, combining , with , we obtain . This completes the proof
of (i).

Part (ii): Differentiating the equation with respect to time, we have

ugr — div (AVuy) + (B, Vug) + cuy
= ft + div (AtVu) - <Bt, V’U,> — CtU. (41)
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Multiplying this equation by u; and for a.e. 0 < s < T, integrating over €2 and
integrating by parts, we deduce

0=/ (utt,ut)—&-/ <AVut,Vut>+/ <B,Vut)ut+/c|ut|2
Q Q Q Q

—/thut—/Q<AtVu,Vut> —/Q<BtVu> Ut_/QCtuut

1d
> 5t ([ 10) +3 [ (9l = QA1+ 1220+ 1l + 1]+ 5]+ .
Q Q

Now, we have

L = \ JREAR
Q

s/ (B, Vus) wi
Q

1Bl [ [Vulfud < [ [Vl +C [ Juf.
Q Q Q
|I2|=‘/Cut2 < el [l
Q Q
13|=\/ftut < [l <© [l +c [ a8
Q Q Q Q

|14| = ’/ (AtVu, V)| < ||At||L°o/ [Vu| |[Vu| < 5/ |Vut\2 —l—C/ |Vu\2.
Q Q Q Q

1| = )/g By, V) u

g/ (B, V)
Q

§||Bt||Lw/|Vu| |ut|s»s/|wt|2+0/|ut|2.
Q Q Q

|Is| = ‘/ Cruty
Q

< el /Q e o

§0/|u|2+0/|ut|2§0/|Vu|2+C/|ut|27
Q Q Q Q

where we have used the Poincaré inequality in the last line. Choosing € > 0
small enough, we deduce

d
(L) en [ wul <o ([iva+ [ e+ [ 160).
dt \Jo Q Q Q Q
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for some constant C; > 0. But this implies

d( —cn 2\ _ ot | @ / 2\ / 2
i (o ) =eoe [ L ([1ur) e [ jul
S E_Clt |:C1 </ |ft|2+/ |Vu|2> —)\/ |vut2:|
Q Q Q
So we arrive at

d
¢ (eclt/ |ut|2> +Ae’clt/ [V |* < Cre= €t </ ‘ft|2+/ VU2>
dt Q Q Q2 @
<o ([1ae [ vae)
Q Q

as C1t > 0 and thus e~¢'* < 1. Integrating with respect to t from 0 to s, where
0 < s < T, we deduce

o [u P = [P A [ [ [wu P a
=¢ </os Q il de+ /os /sz val dt)
gc(/j/ﬁmﬁ dt+/OT/Q|Vu2 dt).

2 2
=C (Hft”L?((&T);LZ(Q)) + ||V“”L2((0,T);Hg(n))) .

Thus, using the obvious estimate e 17 < e=¢1t for all 0 < ¢t < T, we have

e—Cls/ e (s)|2+>\e_clT/( / Vs (1) dt
Q 0 Q

§C</OT/Q|J%|2 dt+/oT/Q|Vu|2 dt) —|—/Q\ut(0)\2.
Thus,
[P e [0 v a

g/ g (s)|2+)\e_cl(T_s)/ /|Vut )2 dt
Q 0 Q

< 0 (/OT/QL;@F dt—i—/OT/Q|Vu|2 dt+/Q|ut (0)|2>
< CeOT (/OT/Q|f,§|2 dt+/0T/Q|Vu|2 dt+/ﬂ\ut (0)|2>.
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Now, we want to estimate the last integral on the right. From the equation,
passing to the limits as ¢ — 0, we have

ut (0) = f(0) — Lou (0) = f(0) — Log,
where the uniformly elliptic spatial differential operator Ly is defined by
Low := —div (4 (0) Vw) + (B (0), Vw) + ¢ (0) w.

Since this is a second order operator involving only the spatial variables, it is
easy to see that we have the estimate

2 2
/Q Lol < C llglrager -

Thus, we have

L@ < [ 11 F+ [ g @ < [ 1£OF +Clalfe.

Plugging this estimate back into the last one, we deduce

/ e (s)[2 + AT / / Y, (1)? dt
Q 0 Q
T r 2 r 2 2
< Ce |fel” dt + |[Vul® dt + |us (0)]
0 Q 0 Q Q

T T
< 0Ot ( / / 2 de+ / / Vul? dt + / |f<o>2+||g||?qz<m>
0 Q 0 Q Q

T
1 2 2 2
< CeT <||f||H1((O,T);L2(Q)) +/0 /Q\V“‘ dt + ||9||H2(m> :

Taking supremum over 0 < s < T, we deduce
sup |[|ug (t)Hiz(sz) + Hut”iz((o T);HL(Q))
0<t<T 0

2 2 2
< C (I3 orryacay + IullEs(omympan) + 1913 ) - (42)

Now multiplying the equation by ¢ € L? ((O, T); H} (Q)) and integrat-
ing over €2 and integrating by parts, we have

0= /Quttw/gmwt,ww/ﬂ<B,Vut>¢+/ﬂcut<z>—/ﬁft¢>
+ /Q (AsVu, Vo) + /Q (Bi, Vu) ¢ + /Q crug.
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Hence, we deduce

e

where we have

< ||+ | + [I3] + [La| + [I5| + 16| + |17]

ni={f <Awt,v¢>\ < Al e [Vl g2y IV 2

L] = / <B,Vut><z>]s|B||m / Vel 18] < 1B e 90l 5 10l 2y

|13 = /cht¢
L] = /Q S

H=|/ <Atw,v¢>\ < Al e [Vl 2y IV 2

< lell e /Q luel [o] < llell poo N1l 20y 9]l £2(q) »

< /Q 18] < 1ol ey 19012 e

= <Bt,w>¢] < 1Bul e 190l 2y 160200

I = / coud
Q

This implies,

[

By the dual characterization of the H~! (Q) norm, this means

< lleell e Nl L2y 191 L2 (o) -

< (Jlue Oll gy + 15 Oll 2y ) 16 Ol

e Ol -y < € (e Ollig e + 16 Dl oge) -

Squaring both sides and integrating with respect to ¢ from 0 to 7', we derive

2 2 2
”uttHLZ((O,T);H*l(Q)) <C <||ut||L2((0,T);Hg(sz)) + ||fHH1((0,T);L2(Q))> :
Combined with , this implies the estimate

2
||utt||L2((O,T);H’1(Q))
2 2 ;
< © (Ml qoyazn * a(omymye) + Moliee) - (43

Now Sobolev embedding for Sobolev spaces involving time implies
Now , and the theory of time-dependent Sobolev spaces again im-
plies that

2 - HL
{ we L (01 Hy (@) ((0,7]; L ()

ue € L? ((0,T); H (Q))
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along with the estimate

oA, l[ue ()l 20

<C <||ut||L2((o,T);H3(Q)) + ”uttHL2((O,T);H*1(Q)))
< (Il oo + el oo mym oy +lolls) - (44)

But now returning to and taking supremum over 0 < s < T, we get

sup [ (1) 20y < € sup_ (Il (Ol gy + 15 Ol oy + e Ol oy ) -
0<t<T 0<t<T

(45)
Now the estimates (25), (38), (26)), (42), and together implies (37).
This completes the proof. O

These estimates can be iterated to gain higher and higher regularity if
A, B,c, f, g are sufficiently regular and f and ¢ satisfy the compatibility condi-
tions. See Theorem 6, Chapter 7 in [IJ.

References

[1] Evans, L. C. Partial differential equations, vol. 19 of Graduate Studies in
Mathematics. American Mathematical Society, Providence, RI, 1998.

49



	Heat equation
	Representation formulas for IVP
	Heat Kernel
	Duhamel's principle
	Representation formula for inhomogeneous IVP

	Mean value property
	Heat Balls
	Adjoint heat equation and backward heat kernel
	Parabolic Greens identity
	Heat mean value property

	Maximum principle
	Strong and weak maximum principle
	Consequences of the maximum principle
	Infinite propagation speed
	Uniqueness via the maximum principle

	Interior regularity of strong solutions
	Local representation formula
	Interior derivative estimates
	Smoothness of solutions

	Energy methods
	Energy dissipation
	Uniqueness via energy methods

	Harnack inequality
	Harnack inequality for the IVP
	Harnack for the IBVP


	L2 estimates
	First estimates and existence
	First L2 estimate
	Existence and uniqueness of weak solutions

	Higher L2 estimates


