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1 Newtonian potential

1.1 Fourier transform and I? estimate

Let n > 2 be an integer and let f € C2° (R™) and consider the following problem
—Au=f in R™. (1)

We are interested in estimating the second derivatives of u in terms of f in
LP norms. To get an idea of what we are up against, first let us gather some
information. Taking Fourier transform on both sides, we arrive at

f=-12 G a=l¢a
j=1

Thus, at least formally, we have
= 72]0 . (2)

This is quite useful in many respects. We would soon use this to write down a
fundamental solution of the Laplacian. But for now, notice that by properties
of Fourier transform, we have
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Using Parseval identity, we have
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So far, so good. We have at least managed our goal in this simple case for p = 2.
However, our technique here can only work for L2, as we have made crucial use
of the Parseval identity. We have also made crucial use of the fact that the
‘Fourier multiplier’ is bounded, i.e.

f]gk
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To understand the significance of this, let us look at our problem differently.
Assuming the solution u to our problem is unique ( this can be ensured by quite
mild extra conditions, e.g. by requiring u € L? (R™) ) and smooth ( this we
shall show momentarily ) define the linear operator T} : C° (R™) — C*° (R™)
by

m (£) = € L>*([R").

0%*u
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where u is the unique solution of . What we have proved now is that we have
the estimate

1T f gy < 16 g

Thus, T}, extends as a bounded linear operator from L? (R™) to itself. To see
what kind of an operator this is, we suppose we can find a ‘function’ Kj; such
that

. 1 L &k

Kjk = w1 (f) = n - 2
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Then we can write, at least formally,

<aai2;xk)]v :(( mEK A;kf) = K+ f.

Hence, at least formally, T} is an integral operator of convolution type, with
a kernel K. Unfortunately, jk is not really a ‘function’, not even a locally

0%u
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integrable one and the ‘convolution’ is quite problematic to define. To under-
stand this kernel better, we first try to find a ‘kernel’ for w itself. Suppose we
can find a ‘function’ A such that

N = 1

L
(2m)% l¢[*

Then we can write

u<m<gﬁ>0%ﬁmﬁ'(Waﬂ)Nw.

Trying to find A by inverse Fourier transform is also not trivial at all. The
reason is very simple. There simply is no such function in L' (R")! It is easy to

check that the function 1

ﬁHW

is not in L*> (R™) nor in L? (R™). So if there exists any such function N, such a
function clearly can not be either in L' (R™) or in L? (R™) . Nonetheless, luckily
for us, there exists a locally integrable function N' € L] (R") with these
properties when n > 3.

Lemma 1. Let o € R such that 0 < o < n. Let

f(z) = —

W for x € R™.
x

Then we have
. 220 (%59) 1
f(&)= 2 e
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The proof of the lemma is beyond the scope of this course, as this requires
us to work with tempered distributions.
Returning back to our problem, we see that

‘x|n72

for some constant co > 0. Thus, if we define
u (x) ::02/ %dy for z € R™,
R [z =yl
this solves , at least in the sense of tempered distributions. Proving that this
defines a strong solution is actually not immediate. First we note that

1
2T =2

Thus, the formula for u is

1 f ()
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u(x) =
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Definition 2. The kernel

1 1

N = T

for all x € R™\ {0},

1s called the Newtonian kernel in n dimensions for n > 3 and the operator
Nf=Nxf
1s called the Newtonian potential for f.

As the singularity of kernel is locally integrable around the origin, due to
the fact that n — 2 < n, the integral defining the convolution operator N f is
actually what is called a ‘fractional integral’ and is not a singular integral. These
integrals exist and are easy to estimate.

1.2 Fundamental solution and singular integrals

Now we prove that the formal candidate formula indeed defines a smooth
solution of .

Theorem 3. Let n > 3. For any f € C° (R™), the function u defined by
is C*° (R™) and satisfies the Poisson equation in the whole space

—Au=f in R™. (4)

Proof. We need to show that the function

u(@)= | N(z—y)f(ydy
R"
solves for f € C (R™). First we note that A is locally integrable. Thus,
by properties of convolution and the fact that f has compact support implies
that
D =N xD*f

and thus u € C* (R™). This also yields,
Au=N xAf.

Now we want to show that the RHS is actually equal to —f. Now note that by
simple computations, formally we have

ON 1 oz ’N 1 0 NT; Tk
b R 4 22 I B J
oz, @)= —aEr ™ Da; 0wy, S| l ’

= W_MTH

where d;;, is the Kronecker delta. From this, we deduce the following growths
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So the second derivatives of A/ are not locally integrable around the origin. Since
the only trouble is at the origin, to isolate the trouble, we pick an arbitrary ¢ > 0
and write

NxAf = Rn/\f(y)A:,cf(fv—y)dy

- N(y)Awf(x—y)dy-i-/ N(y) Az f (z —y)dy

B(0,¢) R™\B(0,¢)
=1, + J..

I. can be easily estimated by the local integrability of . Indeed, we have

< IV ey [ W@y < €2,
B(0,e)

)

Thus,
I. =0 as e — 0.

For computing J., note that N is smooth away from the origin and thus, inte-
grating by parts twice, we obtain

J. :/ N () Aok (x — y) dy
R7\ B(0,¢)
- / N () (“12A,f (@ —y)dy
R\ B(0,¢)

=/ N (y) Ay f (x—y)dy
R\ B(0,¢)

/ AN(y)f(xfy)dwa/ N(y)g—f(wfy)dﬁy
R\ B(0,¢) v

0B(0,e)

-/ ON () F (x— y) s,

B(0,¢) E

where v denotes the inward normal on 9B (0,¢), since that is the outward
normal from the side of R” \ B (0,¢). Now it is easy to check that AN =0 in
R™\ B (0,¢) and thus we have

of ON
r= | N e, [ Sere-ds
= Josoe 7 Y Jop(o,e) OV v
= J! + J2.
The estimate of J! is similar to I.. We have
<19 ey [ WIS, < Ce.
9B(0,e)

Thus,
JI =0 as e — 0.



So we have shown
N« Af = lim J2
e—0
. ON
= — lim

=0 Jop(0,c) OV

= —lim v (), VN () [ (z —y)d%,

=0 JaB(0,e)
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1
— _lim 7/ flz—y)ds
e—0 <|S”15”1 9B(0,) ( ) y)

= —lim flx—y)ds,
=0 JaB(0,e)

= f(@).

This completes the proof. O

(y) f (z —y)d%,

From what we have proved above, clearly, we have

0%u 0?2 2N
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where the last equality is only formal so far. Thus, taking our clue from this,
our guess for the kernel K, for the operator T} is given by

K (z) = _@ [|695| - m] .
Thus, we can now try to ‘define’ our operator T}, as
Tjkf = Kji * f.
More explicitly,

Tf (1) = | oo+ S| @)

2
-/ N (o) Fy) dy

n 0x;0)
1 g n(z; —yj) (@K — yr)
= — T W= - [ (y) dy.
71| g lm— i = y|" v



To get an idea of the trouble, suppose for the moment that Kj, € L' (R").
Then using Young’s inequality for convolutions, we would have

HTjkf”Lp(Rn) = ||Kjk * f”Lp(Rn) < ||Kjk||L1(Rn) ”f”Lp(R")

for every 1 < p < o0, i.e. including p =1 and p = co. However, since Ky,
is not integrable and not even locally integrable around the origin.
Again, taking our clue from the computations for the Newtonian potential, we
want to cut out the singularity and analyze operators given by

Li@=[ K-y d (5)
R™\ B. (x)
where the kernel K has the form
0 (z)
K )= ——mn> 6
@) =T (6)

where § € L*° (R") is a bounded measurable homogeneous function of
degree 0. Note that in the case of the kernels Kj;, above, we have

0 (z) = fﬁ [@k = ””;'] : (7)

Note that T. f is a nice convolution operator with an integrable kernel for every
e > 0. So we can hope to define the operator

Tf:=1lmT.f,
e—0
in the sense of Cauchy principal value. However, this simply is false without
further assumptions, as the following simple result shows.
Proposition 4. Let f = 1_; 1) and for every e > 0, consider

T.f (z) = /| IO g,

z—t|>e |.13 - t|

Then we have

lim 7. f () = 400 for every x € [-1,1].

e—0

The reason for this difficulty is that

lim K (z) dz = lim b )

€20./B1(0)\B-(0) =0/, 0)\B.(0) |7]

need not exist. Recalling complex analysis, one might be tempted to think
that we should cut out the singularity by some other way and not balls. First
let us prove that this is not the case.



Proposition 5. Let 0 C R™ be any open set such that 0 € Q. Let U,V be any
two open neighborhoods of 0 in R™. Then
0 (x)

0
lim — dx  exists iff lim (a;)
=0 Joreu |7 =0 Jorev |7

dx  exists.

Proof. The proof is elementary. For € > 0 small enough, we have cU,eV C .
Now we have

/ —9(? dm—/ 9(951) dx:/ @dx—/ 79(3571) dz
Q\eU || Q\eV || e(V\U) |z| e(U\V) |z|
_ / 0(e) n gor / 0(2) n gy
V\U |ex| U\V |ex|
:/ 9(62) dm—/ 9(52) dz
V\U |z| U\V ||
V\U || U\V |z|

Since the domains of integration on the right does not contain the singularity,
the result follows. O

1.3 Cancellation property and L? estimate

As we have seen above, we can not expect to make sense of the singular integrals
in the principal value sense without further hypothesis. However, for our kernel
Kk, we have already proved the L? estimates. So now we investigate under
what additional assumptions L? estimates would hold. First, observe that our
kernel satisfies a remarkable property, which will turn out to be essential to
what we would be doing.

Proposition 6. For any 1 < j,k <n, if 0 is given by @, then we have

/ 0(y) S, = 0. (8)
S§n—1
The proof is left as an exercise. An immediate, but very useful consequence

of this observation is the following.

Proposition 7. Let K be given @, where 0 satisfies . Then for any 0 <
R; < Ry < 00, we have

/ K (z) dz =0.
Ri<|z|<R2

Is this property important? Indeed it is. This is in fact equivalent to the
existence of integral of the kernel around the singularity in the principal value
sense, as we now show.



Theorem 8. The limit

lim 0(z)

€0/ B, (0)\B.(0) |z|

exists if and only if 0 satisfies .
Proof. We have

1
/ 9(1;1) dx:/ pnfl (/ i@(pc) dzC) dp
Bl(o)\Bs(O) “T| 5 gn—1 p"
"1
~dp [ 0(¢) d%¢
5 P Sn—1

= —long/sni1 0 (¢) d3¢ =log (i) /Snil 6 (¢) dX.

This clearly blows up as € — 0 if and only if is violated. O

Before proceeding, we first set some terminology.

Definition 9. A function K : R™ \ {0} — R is called a Calderon-Zygmund
kernel or CZ kernel if

(a) K is positively homogeneous of degree —n, i.e.

K(:U)zM for all z € R\ {0},

jz["
for some measurable function 0 : S"7! = R,
(b) 6 € L> (S"7') and
(c) 6 enjoys the cancellation property (§).

The cancellation property ( and that § € L> ) already implies the L? bound-
edness ( see Theorem 7.20 in [3] for a proof ). However, we would prove the
result under additional regularity assumptions on K. There are several reasons
for this. Firstly, this would make our life a lot simpler. Secondly, the additional
assumption would anyway be needed to prove the LP boundedness for p # 2
and finally, our kernel K satisfies an even stronger property. Namely, our
kernel K enjoys good regularity properties away from zero. More precisely,
K, € C* (R™\ {0}) and its derivative decays fast enough away from the origin.

Proposition 10. K, € C* (R™\ {0}) and there exists a constant B > 0,
depending only on n, such that

for x e R™\ {0}.

10



Proof. This is just easy computation. We can directly show that we have

PN 1

_IN o= n(n+2)zzpr;  njpxr;  ndjxy  NoKT;
Ox;0x0x; ~ |SnY

‘x|n+4 - |x|n+2 |x|n+2 |x|n+2

The estimate is obvious now. U
As a consequence of this regularity, we have the following.

Proposition 11. There exists a constant C > 0 such that for every 1 < j k <
n, we have

SUP/ [Kji (z —y) — Kji (v)] dz < C.
y#0 J |z|>2|y|

Proof. We have

Y
K (o =) — K (@)] < swp [V (o —ty)| [yl < B swp —4
te[0,1] tef0,1] |z — ty
Now if |z| > 2|y|, then for any t € [0, 1], we have
1
2| < o —tyl +|tyl < Je —tyl + |y < |z —ty| + 5 ||
This implies |z — ty| > |z| /2 and thus, we deuce
jk (.’E y) Jk ({E)| —= sup nt+l — nt+1-
tef0,1] [z — ty| ||
Integrating, we have
1
/ | Kk (x —y) — Kji (z)| de < C'yl —7 dz=C.
o] >2ly| lz|>2ly| |2]
This completes the proof. O

Now we need another definition.

Definition 12 (Hérmander condition). A CZ kernel K is said to satisfy the
Hérmander condition if there exists a constant C > 0 such that

sup/ |K (z—y) — K (z)| de < C.
y7#0 J|z[>2]y]

Now we prove

Theorem 13 (L? estimate). Let K be CZ kernel satisfying the Hormander
condition. Let f € L? (R™). For any € > 0, define the operators

Tgf(x):/ K(z—y) f(y) dy for a.e. z € R"™.
R"\BE(E)

Then we have

11



(i) For every ¢ > 0, T.f € L?(R"™) and there exists a constant Ay > 0,
independent of f and € > 0, such that we have the estimates

HTsf”L?(]Rn) < Ap ||f||L2(R") :

(ii) T.f converges to a limit, denoted by Tf in L?(R"™) as ¢ — 0 and the
map f — Tf defines a bounded linear operator from L? (R™) to itself and
satisfies

ITfll 2 (gny < A2l fll 2 gy -

Proof. We first prove (7). The kernel for the operator T is

K. (x) = K (z) if |z|>e,
=0 if |z| <e.

Clearly, K. is a CZ kernel for every € > 0 and satifies the Hérmander condition
with a constant that depends on the Hormander condition constant of K and
the dimension n, but is independent of €. Note that K. € L? (R") for every
£ > 0. We want to show that K. is in L (R™) and the L*° norm is bounded
independently of € > 0. This would prove the uniform bound in ().

We begin by showing that for ¢ = 1, the Fourier transform is a bounded
function, i.e. we show K7 is in L> (R™). We have

() = / eIK (1) do

|z <75 |z 7

= / e &K () da + e EP K () da
I<|o|< || > 75

=L+

To estimate I;, we use the cancellation property. We have

I, = / e MK (2) da

2
1<|m|<\5|

= / [67“5’@ — 1] K (z) da.

27
1<|r|<m
Now we use the inequality

|e”—1| < ¢l for t € R.

12



This and the Cauchy-Schwarz inequality yields the estimate

i [ et 1| i @) o

2
I<]z|< 7

< / (€, 2)| 1K (2)]

2
1<\z|<|§‘

< I / 2] |, (2)] de

2n
1<\m\<|§‘

1
<Cle / ol o

2
1<|."c|<m

1
< C¢ / |1_|n—1 dz = 2rC.

27
0<|x|<m

For I, we plan to use the Hérmander condition. We set z = W#
is dictated by the fact that for this z, we have

&%) — oim — 1,
Now we write
/ e &N K (2) dx

e e K () da + 5/ e &N K (z) da

3

n

3

n

. 1 . )
N [ (2) da+ / e~ 1EW D ) (4 —

n

. 1 .
e K () da — 5/ eTEVEK (y—2) dy

n

3

e & Ky () — Ky (2 — 2)] da

N~ N~ N~ NN~ N

%\%\é\%\%\

3

13
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UK (x) da 4 3 / e EYTAK (y — 2) dy

z) dy



Thus, we have

e HE K (2) dx

||> 2
1 ~ile)
=3 e O K () — Ky (x— 2)] da
lz|> 25
1
+5 e &) K (2) — Ky (z — 2)] do — e HETN K (2) da
\z\<% \x|<%
1
=3 e & Ky () — Ky (2 — 2)] da
a2 37
1 ~ig) 1 ~ig)
~3 e K (z—2) d:c—§ e K (z) dz
x| <F; lel< 25
1
=5 e 8?) [Ky (2) — Ky (@ — 2)] da
||> 25
1 ~ilEw) 1 ~ilg)
—|—§ e SV K (y) dy—§ e K (z) dz
ly+al< 22 ja] <25
1 1 .
=3 / e U8 K (2) — Ky (z — 2)] da + B TSN (2) da
jol2 25 jal< 2,
lot+2|< 25
=J1+ Jo

Now note if |z + z| < 27/ €|, then we have

21 T 3
2| <z +zl+ 2 <7+ =

€l lel lel

14



Hence we have

1 ,
|J2] < 3 / e SN K (2) da
ESE
|lot2|< 25
1 A
<3 / ‘eﬂ%@ K (2)] da
\z|<%2,
|z+z|<ﬁ
37
C [T 1
S 5 ,],,1'7,—17 dr
% T

C 3/ €] C 3
= —log =—log|=|.
2 27/ €] 2 2
For J;, we use the Hérmander condition to deduce

1 ,
i<y [ e @ - K2 o

ol 22
g% Ky (2) — K (2 — 2)| da
ol 22
:% / | K1 (z) — K1 (z— 2)] de < C,

lz[>2|z]

where in the last line, we have used the fact that |z| = 7/ [€].
This settles the case ¢ = 1. For the general case, fixe € > 0 and note that if
we define the kernel

K'(x) ="K (ex),

then it is easy to check that K’ also satisfies the hypotheses of the result with
the same constants as K. Thus, our previous result for applied to K’ implies

that if
K’ if |z| > 1,
Kt [K/ @)
0 if |z <1,

then we have

‘I/(\{ (5)‘ <C, for a.e. £ € R".
But now it is easy to check that we have

K. (¢) = K] (¢€).

15



Hence we have proved that K. € L (R™) and we have

ey < ©

LQ(} (Rﬂ
where C' is a constant independent of € > 0. This completes the proof of (7).

Now we prove (ii). By (i), we have shown that for any f € L?(R"), the
sequence {71 f},., is uniformly bounded in L? (R"). Since L? (R™) is a Banach
space, to prove (i), it is enough to prove that the sequence {T.f} ., is Cauchy.
To this end, assume 0 < § < € and fix n > 0. Since C2° (R") is dense in L? (R"),
we can find g € C° (R™) such that we have

1f = gl pz@ny <n-
Now we have
1T-f — T6f||L2(Rn) < |Teg - T69||L2(R") + |17 (f - g)||L2(]R")
+1T5 (f = Dl p2@ny -

By the uniform bound, this implies

HTEf - T5f||L2(Rn) S Hng - T&Q”LQ(Rn) + 2A2 Hf — g||L2(R")
< Hng - T59||L2(Rn) + 2A27’]

Now we claim that we have

17 = Tigl ey =0

for any g € CS° (R™). The claim implies the result. Clearly, assuming the claim,
we would have

”TEf - TéfHL2(Rn) < 2A27’].

lim
8,e—0

Since n > 0 is arbitrary, this means {T.f}.., is Cauchy in L? (R™). Thus, it
only remains to show the claim. We have

T.g(x) —Tsg(x) = . K(y)g(x—y) dy— | |>6K(y)g(x*y) dy
=—/6< K@) dy

=—/5< KW= -9 @] d (9)

16



where we have used the cancellation property in the last line. Thus, we deduce

Tog (z) — Trg ()] s/ K )19 (2 — ) — g (2)] dy
o<|yl<e
1
< OVl o / Lol 4y
Le®n) s<ly|<e |y

€ 1
SC/ 7"”_1—7171 dr
F) T
€
SC’/ dr <Ce—0 as e — 0.
0

Thus, we have
”Tag_TégHLoo(Rn) —0 ase, 0 — 0.

But now observe that the expression in @ makes it clear that T.g — Tsg is
compactly supported, as g has compact support and y varies in the spherical
shell 6 < |y| < 5E| Since the support is compact and thus have finite measure,
we have

1729 = Tsgll 2(gny < 1729 = Togll oo gy IsupP (Tg — Ts9)| — 0.

This completes the proof of the fact that {T.f}.., is Cauchy in L? (R™). Thus,
{T.f}.. is convergent in L? (R™) and converges to some h € L? (R"). We now
set

Tf:=h for all f € L* (R™),
where h is the unique limit

T.f—=h strongly in L% (R™).
Thus, we immediately deduce the estimate

||Tf||L2(]R") = Eh_I}(l) ||TsfHL2(]Rn) < Ay ||f||L2(R") :

This completes the proof. O

2 Real analysis tools

2.1 Covering lemmas

We first start with a very simple, but still immensely useful result.

INote that neither Ttg nor Tsg have compact support, but only their difference must be
compactly supported.

17



Lemma 14 (Vitali covering lemma ( simplified version)). Suppose we have a
finite family of balls {By,(x;)};, then there exists a sub family of disjoint balls
{By,(xr)}, such that

U B, (z;) C U Bsy, (1)
i k

Proof. First we arrange the balls in the descending order of their radii, i.e. the
largest ball ( or one of the largest ) as the first ball. We then add the first ball
to our subcollection. Now, if the second ball is disjoint from the first ball, we
add it to the subcollection. Then we select the ball with the largest radius ( or
one of them if there are are more than one with the same largest radius ) which
does not intersect the first ball as our second ball. Then we pick the ball the
ball with the largest radius ( or one of them if there are are more than one with
the same largest radius ) which does not intersect the either of the two balls we
have chosen as our third ball. We continue in this fashion. The process would
stop after finitely many steps, as we started with finitely many balls. Then all
the remaining balls intersect at least one of the balls in our collection. Now note
that if any two balls intersect and one of them has radius less than or equal to
the other, then the ball with the smaller or equal radius would be completely
contained inside the ball of radius three times that of the larger ( or equal )
radius. This engulfing property ensures the result. O

2.2 Distribution function and weak LP

We first introduce a tool to study the behavior of LP functions. Roughly, if a
function is in LP, then although the values of the function can be large, but the
measure of the set where this happens has to be correspondingly small enough.
Equivalently, the measure of its super level sets must decay in a certain manner
as the level rises. This is best expressed by the follong function.

Definition 15 (Distribution function). Let (Q, F, 1) be measure space and f :
Q — [0,00] be a nonnegative measurable function. Given a nonnegative real
number t > 0, we define the distribution function of f, ay : [0,00) — [0, 00] by

ap(t) == p({zeQ:[f(z)] >1})

Remark 16. When u is the Lebesgue measure in R, we would just write

af(t) = {z € Q:|f(z)| > t}].

We now state a formula commonly known as the Layer Cake formula. In
the same setting as above, we have,

Proposition 17. For all 1 < p < o0,

/Q(f(fﬂ))p dp =p/ooo Yoy (t)dt
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Proof. Rewriting the LHS, we have

[wera= (] " ot dy

oo
B /Q /0 ptp_lx<x){f(x)>t}dt dp
:p/o " oy (t)dt

This proves the result. O

Proposition 18. Let ® : [0,00] — [0,00] be a Ct, nondecreasing function such
that ® (0) = 0. Then

[ o@D ao= [ @ @as ) a

Proof is left as an exercise.

Theorem 19 (Chebyshev’s inequality). Let f € LP (Q) for some 1 < p < o0
and 0 C R™ measurable. Then we have

1
oy (1) = [{z € 25 @) > 1 < 11 q)
Proof. We have that

Sl{g(w)Zs} < g(x)

Integrating this on 2, we deduce

sHo €11 > )| < [ (oo
With s = t? and g = |f|?, and noting that {x € Q : |f(z)]? >t} = {z € Q:
|f(z)[? > tP} we obtain the theorem. O

A simple consequence of Chebyshev’s inequality is that if f € LP(Q), then
sup 1 {z € Q:|f] >t} < [If170 () < oo

The answer to the natural converse question is false as seen by the function
f(z) = 1/z on the interval [0,1] with p = 1. However, the polynomial decay of
the distribution function is important enough to merit a definition.

Definition 20. (Weak LP or Marcinkiewicz space) For 1 < p < oo, we define

LP

w

Q) := {f : Q — R, f measurable : st,ggtpaf (t) < oo}
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In general,
LP(Q) € L7, (),

as the following example shows

f (@)= —

=
||

Since 1/ |x|" is not locally integrable around the origin ( check via polar coor-
dinates ) in R™, clearly

feLy(By(0), but f¢&L(B(0).

Remark 21. The space LP is the Lorentz space L®>) and is often denoted
this way. The expression

£l Lew.oer = sup tPay ()
t>0

does not define a norm, as the triangle inequality fails in general. However, as
we have

{zeQ:|f(x)+g(@) >t} c{zeQ:|f(x)] >1t/2tU{z € Q:g(x)| > t/2},
it is easy to that
1f + 9l Lo S 2(1f Lo T 19l L)) -

Thus, it is a quasinorm, not a norm. L) is a quasi-Banach space under
this quasinorm. When p # 1, the quasinorm however is equivalent to a norm,
but this is not so for p = 1. A lot of harmonic analysis ( if not most, or all )
would be trivial if weak L' would have been a normed space.

2.3 Maximal functions

Definition 22 (Hardy-Littlewood Maximal function). Let f € L} (R™). De-

loc
fine,
1
M f(z) = sup ——— |f(y)|dy
Q. (2) Qr(@)] Jq, ()
>

where Q,(x) s a cube of side length r centered at x with sides parallel to the
azes.

This is the centered maximal function. One can also define the uncen-
tered one by only requiring x € @, not necessarily the center of ). We can
also replace cubes with balls of radius 7 centered around z in the definition ( or
the uncentered ball version by using balls containing « ). For all these versions,
their general behavior, for our purposes, would not differ much at all. By the
Lebesgue Differentiation theorem, we have that M f > |f]. It is not difficult to
show that M f is never in L! (R") unless if f = 0.
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Definition 23. The map
f=Mf
is called the maximal operator.
Theorem 24 (Hardy-Littlewood-Wiener maximal theorem). Let f € L}, (R™).

(i) If f € LP (R™) for some 1 < p < oo, then M [ is finite for a.e. x € R™.
(i) If f € L= (R™), then M f € L> (R™) and we have

M fll oo mny < Il oo ry -

(iii) If f € L* (R™), then M f € L. (R™) and there exists a constant A > 0,
depending only on the dimension n, such that

il;]gt He e R™ : [M f(z)| > t}| < Al fllzr@n)-

(i) If f € LP(R™) for 1 < p < oo, then Mf € LP (R™) and there exists a
constant A, > 0, depending only on the dimension n and p, such that

M fllr@ny < ApllfllLe@n)-

Proof. (ii) is completely obvious. We prove (iii) and (iv) and leave (i) as an
exercise. We first prove (iii). Let ¢ > 0 and let K be a compact set such that
K C {|Mf]| > t}. Then for any x € K, there exists r(x) > 0 such that,

/ @)y >t (r(z))"
Qr(a) ()

Now the collection of cubes Uy x @y () (2) defines an open cover of K. By com-
pactness of K, there exists a finite subcover {er (xj)} Using Vitali’s Covering
lemma, we may obtain a finite disjoint subfamily {Q,,(z;)};~; such that

K c [ Qs ()

=1

Thus, we deduce
m

|K| < 2(37‘1‘(%))”
i=1

n < n 3” S
<3™Y (ri(mi)" < TZ/

i=1 i=1 7 Qr;(z;) (T3)

fldy <% [ 151
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Since this is true for every compact set sitting inside {|M f| > t}, by inner
regularity of Lebesgue measure, we have

3’ﬂ
HIMFI >t < N flle ).

This proves (iii). For (iv), we define fi = f.1{|¢(z)|>¢/2}- Then clearly, |f(x)] <
| f1(x)] + t/2 and consequently M f < M f; 4+ t/2. Thus, we have

2.3n 2.3"
{IMf| >t} < HIMfll > t}‘ / Al<= /{m )I>t/2} d

Now, using this in the layer cake formula and employing Fubini, we deduce

/(Mf)p:p/ P~z e R" : Mf > t}| dt
n 0
o0 1
§2.3"p/ tp—lf/ |f| dz dt
0 tJ{1f@)>t/2}

2| f (@)
< 2.3"p/ |f(:1:)|/ tP=2 dt da
n 0

32p

This completes the proof. O
Remark 25. Note that that the constant blows up as p — 1.
As a consequence, we can prove the Lebesgue differentiation theorem.

Corollary 26 (Lebesgue differentiation theorem). If f € L}, (R™), then

r%O‘B |/ y)dy = f (v) for a.e. © € R™.

Proof. We may assume f € L!(R"). Define

1
[B:(@)] /5, ()

Suppose g € C.(R™), we have that

Arflz) = f(y)dy.

lim A,g(z) = g(x) for all x € R™.

r—0

‘We now have

Af —f=A(f-9)+Ag—g+g— [
Noting that limsup,_,q |A-(f — g)] < M(f — g) we have,

limjgp\ATf—f| <|M(f-gl+If—gl
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So we have for any € > 0

. € €
timsup|A,.f = f| > e | < [{1M(F = 9l > S} + [{1f =gl > ]
r—0 2 2
Now, we have by the weak (1,1) estimate for the maximal function,

{187 = 91> 23 < 207 — gllincen

By Chebyshev’s inequality, we have

€ 2
H|f*9\ > 5}’ < E”f*g”Ll(]R")'

Thus, by the density of C.(R") in L!'(R"), the RHS can be made arbitrarily
small. This completes the proof. O

Remark 27. One can actually prove the stronger statement

1

r%m BT(I)|f(y)ff(x)\dy:0 for a.e. x € R™.

We leave it as an exercise.

2.4 Marcinkiewicz interpolation theorem

We now want to prove an interpolation theorem. Before this, we need a few
notions.

Definition 28. Let Q@ C R" be open. For any 1 < p < q < oo, the space
LP (Q) 4+ L1 () is defined as the set of measurable functions f : Q@ — R such
that there exists f1 € LP (Q) and fa € L1(Q) and we can write

f=hnh+/r.

Remark 29. Note that such a decomposition of f is far from unique.

Obviously, by taking f; = 0 or fo = 0, it is easy to see that LP (), L4 (Q) C
LP () 4+ L7 (). But even more is true.

Proposition 30. For every p < r < q, we have
L"(Q) CcL?(Q)+L1(Q).
Proof. For any ~ > 0, we write

J =T psyy + flgp<y = At fa

Liar < [

23
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On the other hand, clearly fo € L (Q) by construction and if ¢ # oo, we have
[ <o [
Q Q

Definition 31. Let Q1,Q C R™ be two open subsets. Let M () denote
the space of measurable functions over Qs. We say that a map T : LP () +
L1 (1) — M (Qs) is Q-subadditive if there exists a constant @ > 0 such that

O

T(f+ 9l <QUTfI+[Tgl)  forall f,g € L” () + L ().

Remark 32. Note that T need not be linear, even if T is 1-subadditive. Every
linear map is of course 1-subadditive, but the maximal operator is 1-subadditive,
but not linear.

Definition 33. Let T : LP (Q1) + L1 (Q1) — M (Q2) be a Q-subadditive map.
T is said to be of weak type (p,p) if T maps LP () into LP (Q2) and there
exists a constant C' such that,

su%)tp {z € Qo :[Tf] >t} < Cl 0 for all f € LP(Q).
t>

We say T is of strong type (p,p) if T maps LP(1) into LP(Q2) and there
exists a constant C' such that

1T fllr () < Cllfllzecan) for all f € LP(Q).

We define weak type (00, 00) to be the same as strong type (0o, 00).
Now we are in aposition to state the interpolation theorem.

Theorem 34 (Marcinkiewicz’s interpolation theorem). Let Q1,Q C R™ be two
open subsets. Let 1 < p < q<oo. Let T : LP (1) + LI (1) — M (2) be a
Q-subadditive map which is of weak type (p,p) and weak type (¢,q). Then T is
of strong type (r,r) for every p < r < q.

Proof. First, we prove for 1 <p < ¢ < oco. Let f € L"(§21). For a s > 0, let

J1=fl{g>s) f2 = flyp<sy

We have
f=f+f

The idea will be to let this splitting of f vary by letting s vary. We have that

ITf| < QUTfl + 1T f2l)

Let A, and A, be the constants of the weak type (p,p) and weak type (g, q)
inequalities respectively.
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‘We now have that

(rs1> 0 e {Imal> gy o{itn > 551

So we have

' t
arf(t) < ary, <2Q> +ary, <2Q>
A,

P A q
< @ar Jo, 1 Gy /n'fﬂ'

Now we have,

/92 |Tf(x)|"dx = r/oootrlan(t)dt
<o [ L L, 10+ it [ e f o
:AP2PQP7~/O (/f|>s|f1|p> tr1mPat
+ Aq2qur/0 </f|<s |f2|q> trimaqy

Now, the choice of s was arbitrary. In particular, we may let it vary. Setting
s =1, we get

T (2)]"dx

gApszPr/ / |f1lP ) ¢t Pat
0 fI>t
+Aq2qu7‘/ </ |f2|‘1> trimaqt
0 If1<t
SAPQ”Q”T/ / |fIP ) ¢ Pat
0 fI>t
+Aq2‘Jqu/ </ |f|‘1> et
0 fI<t

1£1
= A,2°QPr | |f|Pdx / r=1-rgt
Ql 0

+Aq2‘1qu/ |f|dx/ triTaqt
1951 [ £l

1T}%;vw

1
= {Apszpr + A27Q
r—p q
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This proves the desired inequality. When ¢ = oo, Take any f € L"(9;) for
r € (p,00). As before define f; and fo

Jir= 1158 fo = Flyp<sy

We have that fo € L>(Q;) and f; € LP(€4). Let A, and A be the constants
of the weak (p,p) and weak (00, 00) inequalities respectively. So we have,

Tl <QUTf| + [T fal
< QIT f1] + QAo || f2ll Lo (021)
< QITfi| + QAxs

Now we pick s such that QAocos = % So we have
t
T < QITHI+

This gives us,

(Tf >t} {|Tf1 > 2’22}

Thus, we deduce

{2 eQy: TS > 1)) < ergz AT > 2’;2}‘

A
< = fillzry)

(t/2Q)P

So we have,

/ \Tf ()| d = r/oo g (t)dt
Qo 0

o0 A 2pQP
< r/ tH”in | f|Pdtdx
0 t -
2Q A |f|
< Ap2PQPr/ |f|pdx/ tPdt
(951 0

(2QA)" P .
< Azﬂ”@”ﬁ /Ql |f]

which proves the required inequality. O

Remark 35. Note that the Marcinkiewicz interpolation theorem can be used to
prove part (iv) of the Hardy-Littlewood- Wiener mazimal theorem from part (ii)
and (iii). Indeed, the maximal operator is 1-subadditive and by (iii), is of weak
type (1,1) and of strong type (co,00) by (ii). Hence, mazimal operator is of
strong (p,p) for every 1 < p < oo, by the Marcinkiewicz interpolation theorem.
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2.5 Calderon-Zygmund decomposition

We have already seen one way of splitting a function f. Now we want to split
a functio in two parts, with more refined control over the pieces. A basic tool
for this is the following decomposition, known as the Calderon-Zygmund
decomposition. This simple device is an extremely robust, flexible and potent
tool.

Theorem 36 (CZ decomposition in a cube). Let Q@ C R™ be an open cube and
let f € LY(Q). Let o> 0 be a real number such that

1
@'/Q|f|§0u

Then there exists a countable family of open subcubes {Q; };—,, with sides parallel
to the original cube Q@ and with pairwise mutually disjoint interiors such that

(a) For every i, we have

a < If] < 2",

1
Qil Jq,
(b) and we have

Ifl<a  forae zon Q\GQZ-_

i=1

Proof. If |f| < a a.e. on Q, then we are done. If not, bisect each side of @ to
obtain 2" congruent subcubes. In each of those subcubes @)’, exactly one of the
two possibilities can occur.
][ |fl < e
QI

]é,|f>a-

Add those subcubes where the second case occurs to our subcollection {Q;}.
Where Case 1 occurs, we again bisect the sides of those subcubes and continue
the process. Clearly, the process can go on only countably many times and we
end up with a countable collection of subcubes {Q;};.y . Now, for any of these

e Case 1:

e Case 2:

subcubes, note that their immediate ‘parent’ cube ( denoted by Q; ) was not
selected, otherwise we would not even bisect the sides of ();. Hence we have

1 1 2"
Ifl £ —=— |fl <2"a.
1Qil Jg, 1Qil J¢, |Qil J &,

Now for any point in the complement of this collection is contained in a sequence
of cubes where Case 1 occured. Thus, we have a sequence of cubes of shrinking

o<

|fI <
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side length {C; (x)},.y such that x € C;(x) for each i € N. Thus, by the
Lebesgue Differentiation theorem ( uncentered version ), we deduce,

1
f( ) diam C; (z)—0 |Cz ('T) | Ci(x) |f|

This completes the proof. O

As a simple corollary, we have the Calderon-Zygmund decomposition on all
of R™ for any o > 0.

Theorem 37 (CZ decomposition in R™). Let f € L*(R™). Let a > 0 be a real
number. Then there exists a countable family of open cubes {Q;}ie,, with sides
parallel to the coordinate axes and with pairwise mutually disjoint interiors such
that

(a) For every i, we have

1
o< — |f] < 2",
1Qil Jo,

(b) and we have
lf] <« for a.e. x on Q\UQi'

i=1

Proof. Divide R™ into countable number of congruent cubes with sides parallel
to the coordinate axes with side length L. Since f € L'(R"), choose L > 0 large
enough such that

aLl™ 2 | fll g1 g -
Now we apply the CZ decomposition to each of these cubes. O
Remark 38. We often say CZ decomposition of f at level a.

As a consequence, we can split a function into two parts.

Theorem 39 (CZ decomposition of functions in R"). Let f € L*(R™). Let
a > 0 be a real number. Then there exist a bounded function g and a countable
family of L functions {b;},cy and a countable collection of open cubes {Q;}ie 4,
with sides parallel to the coordinate axes and with pairwise mutually disjoint
interiors such that

(i) We have
f:g—i—b::g—l—Zbi.

i=1

(i) f =g for a.e. x € G, where G :=R"\ Ej Q;.
i=1
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(#ii) We have the estimates

”gHLOO(]R") < 2% and ”gHLl(]R") =< Hf“Ll(]R") :
(iv) For every i, we have b; = 0 outside Q; and we have

][ b (y) dy = 0.

i

(v) We have

o0
D bill 1 ny < 2011 gy -
=1

(vi) For the set F := |J Q;, we have
i=1

1
171 <~ 1l o)

Remark 40. The notation g and b stands for the ‘good part’ and ‘bad part’ of
the function f respectively and the notation G denotes the ‘good set’ and F is
called the ‘bad set’.

Proof. Apply the Calderon-Zygmund decomposition to f at level @ > 0 to
obtain a countable collection of cubes {Q;},-, and define

f(x) in R™\ U Q;,
g(z) = =t
fy) dy in Q;.
Qs

Set b = f—g and b; = bl, for each ¢ € N. Verification of the claimed properties
is left as an easy exercise. O

3 Singular integrals

3.1 Weak (1,1) estimate

We are now ready to prove our main estimate, which is the key step towards
the Calderon-Zygmund theorem we are planning to prove.

Theorem 41. Let K be CZ kernel satisfying the Hormander condition. Let
f € LY (R™). For any ¢ > 0, define the operators

Tgf(;z:):/ K(x—y) f(y) dy for a.e. x € R™.
R\ Be (z)
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Then for every € > 0, T.f € L (R™) and there exists a constant A; > 0,
independent of f and € > 0, such that we have the estimates

A
{z € R": |T.f (z)] > t}| < 71 [Fi for all t > 0.

Proof. Fixt > 0. Apply the CZ decomposition to f at level ¢ to obtain a bounded
function g and a countable family of L' functions {b;},.y and a countable col-
lection of open cubes {Qi}?il, with sides parallel to the coordinate axes and
with pairwise mutually disjoint interiors, as in Theorem Thus, we have

T.f=T.g+Tb:=T.g+ > Tebi.
i=1
Thus, we deduce
{z|Tef (0)] >t} C{a: [Teg ()| > t/2} U{a : |[T2b (x)] > £/2} .
This implies
(o € R™: [I.f (2)] > t}] < {z € R" : [Tg (a)] > /2)]
+ {z e R" : |T.b(z)| > t/2}]. (10)
Note that g € L? (R") and we have the estimate
2 n n
9022 ®ny < N9l poe @ny 191l L1 @ny < 2" Mgl Lo ny < 27E N f 1l 1 geny -
Combining this with Chebyshev’s inequality and Theorem we have

N

n 4 2
{z €R™ : |Teg (2)] > t/2}] < 55 1 Tegll L2y

44, 2 224,
Iz ||9||L2(Rn) < —y HfHLl(R") : (11)

IA

Now for each ¢ € N, let )7 denote that cube with the same center and parallel
sides as Q;, but with side length 2+/nl;, where [; is the side length of the cube
Q;. We set

Fr=|JQ and G =R"\F".
i=1

Clearly, we have

{z e R" : |T.b(z)| > t/2}
C{xeG*:|Tob(x)| > t/2} U{x € F* : |T.b(x)| > t/2}.

Thus, we deduce

{o e R": [Tb(2)| > t/2}] < [{z € G : |Tob(2)] > ¢/2}]
+HzeF o |Tb (@) > t/2}. (12)
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But we have

o e F*: |Tub (2)] > t/2)] < | F*|
<> ;|
=1

= (2v)")_1Qi

— vi)" 17 < B . (3)

t

Now we estimate [{x € G* : |[T.b(x)| > t/2}|. Note that since fQ‘ b; = 0 for each
1 € N, we can write

1.b; (v) = o K. (x—y)b; (y) dy = / _ [Ke (x —y) — Kc (x —y3)] b (y) dy,

where y; denotes the center of the cube @;. Hence we have

o) =3 [ (Koo )~ Kelo )] o) d.

Using this and Fubini, we deduce
([ 1eto =)~ Kol )] ) @

[j* Tob (z)] da < ;/mz 5
= b; K. (z — — K. (r—y;)| dr | dy,
;/Qil v </w¢cz;f| ) o) ) Y

(14)

as long as we can show that the integral on the right is finite. Now observe that
since y; is the center of the cube @Q; with side length [;, we have

n
ly —yi| < %li-

On the other hand, since QF has side length 2+/nl; and center y;, for any z ¢ Q7,
we have
2y/n

n
|$_yi|>?li22|y_yi|'

Thus, setting 2’ = z — y; and 3y = y — y; and changing variables, the integral
inside the parentheses can be written as

/ K. (z —y) — K. (z — y;)] dx:/ K. (' — ) — K. (2')] da'.
z¢Q7 [z’ |>2]y’|
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Since this is bounded uniformly w.r.t ¥’ by the Hérmander condition, we finally
arrive at

fms@rar<3 [ (/w Ko o= 9) — K (o= ) dx> dy

< cz/Q b )] dy = €S il ey < 2C 1 s g -
1=1 i

i=1
Hence, by Chebyshev’s inequality, we deduce

2 4C
{z e ITb(@) > 1/2}] < 7 /g L@ dr < = ey (19)

Finally, in view of and , combining , and , we have
n Al
He € R": |Tef (@) > tH < —= 11l 1 en) »
where

Ay = 2" 24, +2"n% +4C,

where C' is the constant in the Hérmander condition. This completes the proof.
O

3.2 Calderon-Zygmund theorem

Now we prove our main result, often called the Calderon-Zygmund theorem or
the Calderon-Zygmund inequality.

Theorem 42. Let K be CZ kernel satisfying the Hérmander condition. Let
1<p<ooandlet f € LP (R™). For any € > 0, define the operators

Tgf(x):/ K(z—y) f(y) dy for a.e. z € R"™.
R"\BE(E)

Then we have

(i) For every e > 0, T.f € L? (R") and there exists a constant A, > 0,
independent of f and € > 0, such that we have the estimates

”TEfHLP(]R") < A;D HfHLP(R") .
(ii) T.f converges to a limit, denoted by Tf in LP (R™) as ¢ — 0 and the

map f— Tf defines a bounded linear operator from LP (R™) to itself and
satisfies

1T £l o gy < Ap 1]l poen, -
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Remark 43. As the proof will reveal, we also have A, = A,

Proof. We first prove (i). The operators T, are of strong type (2,2), by Theorem
and also of weak type (1,1), by Theorem uniformly w.r.t. € > 0. Thus,
by the Marcinkiewicz interpolation theorem, The operators T are also of strong
type (p,p) for any 1 < p < 2, again uniformly w.r.t. € > 0. This proves (i) if
l<p<2.

If 2 < p < o0, we proceed via a duality argument. Define the kernel
K (z):= K () for all z € R™\ {0}.

Define the operators

T.f (z) = / K(x—vy) f(y) dy for a.e. x € R".
R\ Be ()

Note that K is a CZ kernel and satisfies the Hérmander condition with the
same constants as K. Now since 2 < p < oo, we have 1 < p’ < 2. Thus, by the
arguments above, the operators TE are of strong type (p/,p’'), uniformly w.r.t.
€ > 0. More precisely, we have the estimates

|70 < Ay 18]l oy

for all ¢ > 0 and any ¢ € L” (R"). Note that the constant A, for T. is the
same for T.. Now for any f,¢ € C° (R™), we have

[ rrwow ar= [
= / W VRn\BE@)K(Jj e dx] v

=/ f(y)/ R(y—2)6() de| dy
n R”\ B: (y)

= flyTo(y) dy.

Rn

‘ L7’ (R™)

/ K(—y)f () dy] b(z) d
R\ Be(z)

By the dual characterization of L” norms and the density of C° (R™), we deduce

1Ty = sup /Tef(xw(x) dz
$EC(R™), n

161107 ey <1

— e F ) Teo (y) dy‘
PeC® (R™),

”(z)”Lp, (K'n)gl

R™

Holder
< sup [ fll poron
peC(R™),
H(ZbHLPI (Rn)gl

T.¢

L' (R™) < Ay Hf“Lp(]R") )
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for any f € C° (R™). By density of C° (R™) in LP (R™), this estimate holds
for any f € L? (R™). This completes the proof of (7).

The proof of (i) can now be derived from the uniform bound in (i) by
arguing exactly as was done in the proof of (i¢) of Theorem O

3.3 L? estimate for Newtonian potential

Now we are almost ready to use the Calderon-Zygmund theorem to prove LP
estimates for the Newton’s potential. First we need a notation.

Notation 44. For any 1 < p < oo, we define the space
L (R™) :={f € LP (R") : supp [ is a compact set in R™}.

Theorem 45. Let f € L2 (R™) for some 1 < p < oo. Then there exists a
w e WEP (R™) with V2w € LP (R™) and satisfies

in the sense of distributions and there exists a constant Cp, = Cp, (p,n) > 0 such
that we have the estimate

||V2w||Lp(]R") < Cpllfllemny -

Remark 46. As the proof will show, if f € C°(R™), and Nf denotes the
Newtonian potential of f, defined by

Nf:=Nxf,
then
w=Nf in R™.

For this reason, we would just call w as the Newtonian potential of f, when
f € LP(R™) and would henceforth denote w simply by the notation Nf or
N x f. Note that as the Newtonian kernel and its first derivative is only locally
integrable, but not in L' (R™), N f is in general, never in WP (R™) . Thus, there
is no easy way to make sense of the convolution N'x f directly when f € LP (R™).

Proof. First assume f € C° (R™) and set C = supp f. Then N f is well defined
and is in fact a smooth function and satisfies the PDE in the pointwise sense.
Clearly, the map

f—V2Nf

is a CZ operator which satisfies the Hormander condition. Hence, by the
Calderon-Zygmund inequality, we have

I8 £ ey < Co 1 Loy
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Now let K C R™ be any compact subset. We plan to estimate
||Nf||Lp(K) and HvaHLP(K) :

Now let ¢ € C2° (R™) such that ¢ =1 in an open neighborhood of the compact
subset K — C, defined as

K-C={z—y:ze€K,yeC}.

Now, for any = € K, we have
Nf(z) = g N(z—y) f(y) dy

:/n(qu)(x—y)f(y) dy = [N = f] ().

Now, it is easy to show that A is locally integrable around the origin in R"™.
Since N is a smooth function away from the origin anyway, we deduce that
N € L (R"). Since ¢ € C(R"), we have N € L' (R™). Thus, by the

loc
Young’s inequality for convolutions, we deduce

||Nf||Lp(K) = ||pN = f||Lp(K) < [l¢N * fHLP(]R") < ||¢N||L1(R")

Exactly similar arguments prove

||VNf||Lp(K) = [¢VN = fHLp(K) < [¢9VN = fHLP(R")
< NOVNI i @ny 1Nl Loy -

| Fll o ny -

Note that the numbers
H¢N||L1(Rn) and ||¢)VN||L1(Rn)

depend on the compact sets K and C and the dimension n. Thus, we can write
the estimates

INFllpocrey + IVNFll oy < C (0, K,C) [l Lo gy -

This proves our result when f € C¢° (R™).

For the general case, let f € LE (R™) and let C = supp f. By approximation,
we can find a sequence {f.}, .y C C2° (R") such that

fs— f strongly in LP (R")
and

supp fs C C for every s € N.
Thus, by our arguments in the previous case, we have

HVZNfSl - VZNfSQHLp(Rn) = ||v2N (f31 - fsz)HLp(Rn)

SCP||f51_f52||LP(Rn)_>O as S1, 82 — 0Q.
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Also, for any compact set K, we have

INfsi = Nfsallporey + IVNfor = VN foo |l 1o
SC(TL,K,C) ||f81 _fSQHLP(]R") —0 as s1,82 —» OQ.
This shows that for any compact set K, the sequence of smooth functions
{Nfs} € C>(R"), restricted to K, defines a Cauchy sequence is W2P (K)

and thus converges in WP (K) to a limit, which we denote by hx. By the
strong convergence in LP (K), we also have

N f, () is convergent for a.e. z € K.
Since K is arbitrary, we have

N fs (z) is convergent for a.e. z € R™.
Set

w(x) = lim N fs (x) for a.e. z € R™.

§—00

It is now easy to check that w must agree a.e. with hg in K. Again, since

K C R” is an arbitary compact subset, we have w € leo’f (R™). Moreover, we

have the estimates

V2wl o gy < iminf ([ V2N L]l o

<G, lisrgirolf ||fS||LP(]Rn) =Cp HfHLP(R") :

To see that w satisfies the PDE in the sense of distributions, pick ¢ € C° (R™)
and set K := supp ¢. Since

Nfs—=w strongly in L? (K),

we deduce

= lim [ Nf,A¢
K

§—00

= lim [ NfA¢

s—=00 [pn

~lim [ GANJ = lim /R ot~ [ o

§—00 R»

This completes the proof. O
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4 [P estimates for elliptic equations via singular
integrals

4.1 Interior L? estimates for the Laplacian

Now we can prove the interior W?2? estimates for the Laplacian.

Theorem 47. Let n > 3 and Q C R™ be a bounded open set. Let f € LP (Q)
for some 1 < p < 0o and let u € LP () satisfy

—Au=f n (Q,

in the sense of distributions. Then u € W2P (Q) and for any Q; CC Q, there

loc

exists a constant C' = C (n,p,Q, 1) > 0 such that we have the estimate
o) < € (Il oy + 110y -
Proof. Define

s )Jf inqQ,
f‘_{o in R™\ Q.

Then clearly, f € L2 (R"). Let w = N f, i.e. the function w given by Theorem
Set v := u — w. Then clearly

—Av =0 in Q,

in the sense of distributions. By Weyl’s lemma ( see Theorem 4.7, Page 118 in
[1] ), the distribution ( actually an LP function here ) v is a smooth harmonic
function in Q. Now, the standard derivative estimate for harmonic functions (
see Theorem 7, page 29 of [2] ) implies that we have

sup |U|7 sup |V’U|a sup |v2U’ S C(Qaglan) HUHLl(Q) .
z€Q z€Q reQ

Hence we deduce

Holder

”UHW?,P(Ql) < C(Q,Ql,n,p) ”v”Ll(Q) < C (Q,Ql,n,p) ”'U”LP(Q) :

Hence, we have

||U||W2,p(91) < HUHWM(QI) + ||w||w21p(91)

< C (9, 91,1,0) [0l oy + C (2. Q1,m,9) | F]

Lr(R™)
But we also have
HU”Lp(m = [lu— w“Lp(sz)
< ”uHLP(Q) + ”wHLP(Q)

< Jlull oy + € (2 m,) || ]

LP(R")
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Thus, we arrive at

ully2 g,y < C (2,Q,m,p) (U||Lp(sz) + Hf‘ LP(RW,))

= C(2,90,.8) (Ilull ooy + 1 loiey) -

This completes the proof. O

Note that if g € L2 (R™), then for any 1 < 4,j < n, we have

0 dg N
oz, [N* (aﬂ ~ G, Y

Hence, for any F' € L? (R™;R™), each component of the map

F s V2NF ~ VN (div F)

is also a CZ operator satisfying the Hérmander conditions. Thus, exactly the
same arguments as above proves the following result about gradient LP esti-
mates.

Theorem 48. Letn > 3 and 2 C R™ be a bounded open set. Let F' € LP (Q; R™)
for some 1 < p < oo and let u € LP (Q) satisfy

—Au=divF n Q,

in the sense of distributions. Then u € Wﬁ)’f (Q) and for any Q; CC Q, there
exists a constant C = C (n,p,Q, 1) > 0 such that we have the estimate

sy < € (Il oy + 1FlLzoazn ) -

If 1 < p < n, similar arguments coupled with Sobolev embedding proves the
following.

Theorem 49. Let n > 3 and 2 C R” be a bounded open set. Let f € Luts (€)
and F € LP (Q;R™) for some 1 < p < n. Let u € LP (Q) satisfy

—Au=f+divF n Q,

in the sense of distributions. Then u € Wﬁ)’f (Q) and for any Q; CC Q, there
exists a constant C = C (n,p,Q, 1) > 0 such that we have the estimate

lellwr oy < € (el oy + 111, 22, ) + IF zomny) -

Remark 50. Note that if we are trying to solve the Dirichlet boundary value
problem

—Au=f inQQ,
u=0 on 09,
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with F € LP (Q;R™) and obtain interior LPestimates for a solution, the exis-
tence of solutions is not assured if 1 < p < 2, as the Newtonian potential
solution would not satisfy the boundary condition. For p > 2, one can use stan-
dard variational methods ( or Lax-Milgram argument ) to obtain existence of a
solution in W12 (Q) and argue by bootstrapping. For 1 < p < 2, even existence
of a solution to the homogeneous Dirichlet BVP requires global estimates and
uniqueness arguments coupled with an approximation procedure to estab-
lish the existence of solutions. We leave it to the interested reader to carefully
work out the argument in detasl.

4.2 Interior LP estimates for constant coefficients

Consider the equation
—div (AVu) = f in €,

where 0 C R" is a bounded open set, A € Symm,,,, is a symmetric n x n
matrix which is uniformly elliptic, i.e. there exists a constant A > 0 such that

(AE,€) > N|¢]*  for every € € R™.

We are interested in deriving the interior W?2? estimates. There is a simple
trick to reduce this question to the interior W?2? estimate for the Laplacian,
which we now describe.

Since A is symmetric and uniformly elliptic, all its eigenvalues are positive
and A is diagonalizable. Thus, there exists a matrix P € SO (n) and a diagonal
matrix

D =diag (A1,...,A\n),
where A1,...,\, are the eigenvalues of the matrix A such that
A= PTAP.
Denote

\/B:zdiag(\/)\»h...,\/x).
Now we set
Q::{xGR”:\/EPxGQ}
and
v(x):=u (\/BPI‘) for all z € Q.
Since the map x — v DPz defines a smooth affine diffeomorphism of R” to

itself, (2 is also open and bounded. Now it is easy to verify by direct calculation
that we have

—Av (z) = —div (AVu) (\/BP:&) for all z € Q,

if u € C?(£). But these also holds in the weak sense for W?2? functions and
thus, proving W?2? estimate for u is reduced to proving W?2? estimate for v.
Analogous considerations hold for WP estimates as well.
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4.3 Interior L? estimates for Lipschitz coefficients

Now we consider the equation
—div (A (2) Vu) =divF in Q,

where 2 C R™ is a bounded open set, A € Lip (ﬁ; Symmnxn) is a symmetric
n x n matrix field which is uniformly elliptic, i.e. there exists a constant A > 0
such that

(A(x)&,8) > A |§\2 for every ¢ € R™ and every z € Q.

We are interested in deriving the interior WP estimates. For the result, the
assumption of Lipschitz continuity for the coefficient is not sharp. But this
makes our life quite a bit simpler, so we would prove this under this assumption.
The plan is to use the Korn’s freezing trick and write

—div (A (zo) Vu) = div ([A (z) — A (z0)] Vu) + div F in ,

for some z € Q. Now for any radius R > 0 such that Bag (z¢) CC {2, assuming
u € WYP (Bag (20)) , we would have the estimate

[ullw e (55 (20))
< C (Il ooy + 1P paany + + 1A (2) = A @0)) Vall 3y
<C (”uHLP(Q) + ”FHLP(Q;R”) + 2R Lip (A4) HV“”LP(BQR(:EO);RM) :

We plan to absorb the last term on the RHS in the LHS by choosing R > 0 small
enough. Unfortunately, there are two issues with this approach. The first is that
we do not know u € WP (Byg (20)) to begin with and the second, somewhat
more serious issue is that the last term on the right has LP norm of Vu on a ball
of radius 2R, whereas on the left we have the WP norm of u on a ball of radius
R, i.e. the norms are on the different sets. We would address both these
difficulties by a localization, approximation and a covering argument.

Localization: Fix some ©; CC . Choose )5 such that we have
Q) CC Qe CC L
Now choose n € C2° () such that n =1 on €. Set
v i=nu in R™.
Approximation: Now choose a standard mollifying kernel ¢ € C° (By (0))
and for d > 0, set

vs 3:U*¢67

40



where
1 T n
Vs () := 671/1 (g) for all x € R".

Since supp v C Qs CC 2, there exists dg > 0 small enough such that supp vs CC
Qs, for all 0 < 6 < §p, where

ng = {x € Q : dist (33,89) > 50}

We plan to derive the equation satisfied by vs. By a straight forward calculation,
we have

—div (A (z) Vus) = H (u,7,0) in Qs,,
where
H (u,n,8) := G (u,n) * s — div [A (z) (Vv x1ps) — (A (z) Vv) x 5]
and

G (u,n) = ndivF — (Vn, A(z) (Vu)) — div (ud (z) (Vn))
=—(Vn, F+ A(x) (Vu)) —div(nF + uA (z) (Vn))
= —G1 (u,n) — div Gy (u,n) .

Now we first claim if u € W77 (), then
Hz:= A(z) (Vv xys) — (A(z) Vo) x5 € L (R";R™),
with estimates which are independent of 0 < § < dg. To see this, we write
|A () (Vo s 1bs) (x) —[(A(x) Vo) * 5] ()]
< [ A A= Te @ =2 (2) s

< Lip (4) /B R THORE
<stin(a) [ o @A () 2

= 0 Lip (A) [[Vo| x ¢s] (2) -
Thus, by Young’s inequality for convolutions, we deduce
[A (Vo xts) — (A(z) Vo)« Ps]| Lo gn)
< 6 Lip (A) Vo] * sl Lo gy

< Lip () 1vsll  z2r oy IVON 22 oy -
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Now, since v = nu, we clearly have

Vo] e T C(n)

el 225 -
nE (5)

Also, a direct computation yields

n—1

bl sevn = 5 (L, [ () )

n—1

:5{1<5n/nw<z>1nil dz) " =Sl

Combining these last three estimates, we arrive at

[A (Vv 1bs) — (A () Vo) * Us | 1o gy
< C(n)Lip(A)

_n _ .
L7~ (R")

225 0y

[
Now note that we have
div Ga (u, n) * s = div [G2 (u, n) * 5] := div Hs.
Moreover, we have the estimate
1Go (1) % sl sy < 1951 gy G2 ()| g
(10l oy G (2t o
= 10l g @y I0F + A (V)| 1o o)

< C (m, 140 ey ) 112 oy (IF 1oy + el gy ) -
By Sobolev embedding, this implies
G (1,m) * Vsl oy < C (IF ooy + ull .28 )
Now we show that if u € Wh#45 (), then
Hy = Gy (u,n) *1bs € L715 (R™).
Indeed, we have

Gy () * sl ze
= ||¢5||L1(1Rn) G (u,m)|l
G (w22

= 1l ey IV, F + A @) (V) 2,

< C (014l ) 18121y (I, 2, g + 1901, 22, )

< O (140 e+ ) 1l ey (1F Doy + el o ) -

np
Ln+p (Rn)

= 1Yl L1 (mn)
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To summarize, we have so far shown that vs satisfies the PDE
—div (A (z) Vus) = —H; — div Hy — div H3 in Qs,,

where Hy € L7+ (R") and H,, Hs € LP (R™;R") if u € Wh7%5 () and we
have the estimates

22 oy < C (1Pl + el oz, )
VEEall gy < C (IF 1 oy + 1l o ) )

[l o ny < Cllull 1 e )"

|[H1 |

Now we fix € > 0 and by the uniform continuity of A, choose a radius 0 < R <
dp/4 such that

sup ||A—A(2)| ;e <e.
zGQI;U | @)l (Ba2r(z))

Now since €25, is precompact, we can cover {15, by finitely many balls of radius
R such that the number of overlapping is bounded above by a constant that
depends only on the dimension n and the set €25,, but not on R or . Thus,
there are finitely many balls with centers x1, ...,z N such that

N
05, €C | Br (i) .
i=1
Now for each 1 < i < N, we write the PDE as
—div (A (.’L‘l) V’U5) = _Hl —div H2 —div H3 —div ([A (l‘l) —A (LU)] VU(S)

in Bog (x;) . Thus, for each 1 < i < N, we have

1998l 2o e < € (11 gy + Il o ) )
+CA-A (m)HLOO(B2R(xi)) ||vv5||LP(BQR(zi))

< C (I1F oy + lull 0,2

WZ:(Q)) +Ce vaéHLP(an(zi)) :

Since the number of overlapping balls is bounded by a constant Coyerlap, Which
is independent of R and ¢, summing the estimates, we deduce

199l o, o) < € (IF oy + Null ez, o)
+ CCoverlapg ||VU5||Lp(U1N:1 B2R(3¢i)) .

Thus, choosing £ > 0 small enough to absorb the last term in the left, we have
19951100y < € (11 oy + 1l 1.2, o ) -
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Now since vs has compact support in €2, by Poincaré inequality, we have

||U5||W1,p(g) <C (”FHLP(Q) + ”uHWlanp(Q)) ’

Thus, {vs} s, is uniformly bounded in W7 (€2) and thus, up to the extraction
of a subsequence, converges weakly in WP (Q). But since the weak limit can
only be v, we have

Vs = v weakly in WP (Q).

Thus, by weak lower semicontinuity of the norm, we have

”UHWLP(Q) < hgn_}(ljlf ||'U<5||W1m(m <C (”F“LP(Q) + ||U||W1,,{fp (Q)) :

But since 7 =1 on €5, we deduce
lellw oy < IWllwroey < C (1F ooy + el o2 ) -

Thus, we have proved that the following.

Theorem 51. Let Q C R™ is a bounded open set. A € Lip (; Symm,,,,,) is a
symmetric n X n matriz field which is Lipschitz and uniformly elliptic, i.e. there
exists a constant A > 0 such that

(A(x)&,8) > A |§|2 for every € € R™ and every x € Q.

Let 1 <p<ooandlet F e LP (;R™). Ifu € whats () is a distributional
solution of

—div (A (x) Vu) =div F in Q,
then w € WP (Q) and for any Q, CC Q, there exists a constant
C = C (n,p, 01, QA Lip A |A] 1o g ) > 0

such that we have the estimate

ety < € (1Flnay + Tl 2, )
By bootstrapping, one can actually have the following.

Theorem 52. Let Q C R™ is a bounded open set. A € Lip (; Symm,,,,,) is a
symmetric n X n. matriz field which is Lipschitz and uniformly elliptic, i.e. there
exists a constant A > 0 such that

(A(x)&,8) > A |§|2 for every € € R™ and every x € Q.

44



Let 1 < g<p<ooandlet F e LP(uR"). Ifue Wh1(Q) is a distributional
solution of

—div (A (z) Vu) =div F in ,
then u € Wllo’f (Q) and for any Q. CC Q, there exists a constant
c=cC (n,p,Ql,Q,A,LipA, ||A\|LM(Q)) >0
such that we have the estimate

el ) < € (IFll oy + lllragey)

The proof is easy. Without loss of generality, we can assume 1 < ¢ < n NOW

’n q

if ng/ (n — q) < p, then applying the previous theorem, we have u € VVl )

Now if ng/ (n — ¢) > n, then v is also in Wlo’cn ¢ for any £ > 0 and we can choose

€ > 0 such that n(n —5)/5 =p.Ifng/(n—q)<n and nq/ (n —2q) < p, we can

o 2(1

apply the last result again to conclude that u € W, | . We can continue this
process until we reach n, in which case we reach p in the next step, or till we
reach p.

Remark 53. Note that Theorem[53 is not always useful. However, for 2 < p <
00, this immediately establishes the desired interior LP estimate, as existence
theory gives the existence of a W12 weak solution and we can apply the result
with ¢ = 2.

4.4 Boundary estimates

We are not going to prove the boundary LP estimates. We would only sketch
the basic arguments. By localizing and flattening the boundary, the boundary
estimates reduce to deriving the LP estimates for solutions in a half ball. We
would just show how a reflection can argument can reduce the L? estimates in
a half ball to interior estimates in a ball.

Proposition 54. Let 1 < p < oo and let R > 0. Let F' € L? (BE;R") and let
u € C® (BE) be such that w =0 on 335 N{x e R": x, =0} and u vanishes
in a neighborhood of the curved boundary of BE. Let u satisfy

—div (AVu) =div F in Bf,
where A is a constant symmetric n X n matriz which is uniformly elliptic. Set

(2) = {u(m) if ©p, >0,

—u(Z1ye oy Tp1, —Tp)  if p < 0.
Then @ € C° (Br) satisfies the equation

_div (Ava) — div F in Br,
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where A is also a symmetric uniformly elliptic matriz with the same ellipticity
constant as A and F € LP (Bg) with an estimate

|1

<
L?(Bg;R™) NENr ()

The proof is a straight forward calculation and is skipped.

4.5 Failure of the estimates at endpoints

Now we give examples to show that the L? estimates does not extend to bor-
derline cases, i.e. p=1 and p = cc.

Example 55 (Failure of L! estimate). Let D C R? be the open unit disk. Define

u (z) = loglog ﬁ for a.e. x € D.

Then u € Wy (D), Au € L' (D), but u ¢ W' (D).
Example 56 (Failure of L°° estimate). Let D C R? be the open unit disk.
Define, in polar coordinates,

u (r,0) = r?log r cos 20 a.e. in D.

Then u € Wy (D), Au € L (D), but u ¢ W (D).

5 BMO and interpolation

So far, we have derived the L? estimates using the singular integral estimates.
Recall that we have interpolated between a weak (1,1) estimate and a strong
(2,2) estimate to obtain the result for 1 < p < 2 and obtain the case 2 < p < 0o
by duality. It is possible to somewhat reverse the manner of doing things.
Roughly speaking, instead of interpolating between ‘almost L' estimate and L2
estimate, we can also interpolate between ‘almost L™’ estimate and L? estimate.
One can also avoid singular integrals altogether and instead directly establish
estimates for energy-weak solutions.

5.1 BMO and the John-Nirenberg estimate

We now define the BMO space, which is going to serve as our substitute for
L.

Definition 57. Let QQ be a n-dimensional cube in R™. We define the space of
functions of bounded mean oscillation BMO(Q) as:

BMO(Q) = {uGL( :Qs/uCpQ |Q|_/ Q/|<oo}

where the supremum is taken over all n-dimensional subcubes Q' of Q.
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The function

[u] Brpro(@) = sup lu — (u)q]
QRICQRJQ

forms a seminorm on BMO(Q).
By BMO(Q)\{0} we will mean BMO with the equivalence class of 0 re-
moved, where the equivalence relation is u ~ v if and only if u—v = constant.
One of the important properties of BM O functions is the following estimate,
known as the John-Nirenberg inequality.

Theorem 58 (John-Nirenberg lemma). Let Qg be a n-dimensional cube in R™.
There are constants c1,c2 > 0 depending only on n such that

—cot

p{lu—(u)g| > t}) < cre™rro@|Q)
for all cubes with sides parallel to the azes Q@ C Qo and all t > 0.
Proof. We may assume without loss of generality that, [u]gro(g) = 1 since

u  (u)g ’> t }

[U}BMO(Q) [U}BMO(Q) [U]BMO(Q)

{Ju— (u)o| > 1} = {

Tt also suffices to prove for @, as the BMO(Q) < BMO(Qy) for any subcube
Q C Qo.

Now, choose an

a>1> /
0l Wl

Now, apply the Calderon-Zymund decomposition to |u — (u)g,| with a to
obtain a collection of non-overlapping cubes {Q}} such that

|Q1‘/ u)Q,| < 2"«
lu—(u)g,| <a ae. xGQO\UQ}

So we have

1 1
OCHE S RIS GIAECY

[(w)qr = (u)qo

2"
Q""iczw o \Qw o —|Q|/ 4o < 2

Now, the idea is to iterate the CZ decomposition. The definition of the BMO
seminorm gives us that

IQI
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Now, we apply the decomposition to |u— (u)g,| on each of the Q} to obtain a
collection of non-overlapping subcubes {Q?} so that on each subcube Q? (which

sits inside Q} say), we have
1 n
a < — lu— (u)gr| < 2"a
|QJ‘ Q2 ‘

|’U/—(U)Q11‘ <a a.e. xEQ%\UQ?

We have for the whole collection {Q%}

1 1 1
2
i DI Y MNP IR0
So we have,
lu—(w)g,| <2.2"a a.e z€ QO\UQ?
J

This is clear, since if z € Qo\ U; Q7 and not in any of the Q;s, [u — (u)q,| < a
and if z is in some @}, then we may use triangle inequality as

lu = (u)q,| < u—(w)qi| +[(w)q, — (u)q
<a+2"a<22"a

Continuing this process, for each integer k& > 1, we have a collection of non-
overlapping cubes {Q*} such that,

1
3104 < 7 IQul

and
lu—(u)g,| < k2" ae z€ QO\UQf

Thus, )
{z € Qo |u(z) — (u)g,| > k2"a}| < ZIQ?I < 1@l

For any ¢, there exists a k so that t € [k.2"«, (k + 1).2"a). We have

a ¥ = q.a kD = e~ (ktDloga < e et
So we have 1
_loga
{z € Qo : |u(z) — (u)q,| > t}] < ae™ 2" "|Qol.
This completes the proof. O

48



This would imply a result that is going to be crucial for us. But first let us
define the Campanato spaces. Let 2 C R™ be Lipschitz domain. We will denote
B,(w0) N by Q0. ).

Definition 59. We define the Campanato space LPA () for every 1 < p < oo
and A > 0 as the collection of all f € LP(Q2) such that
gy = S [ = (g pl? < 450
20€Q; p>0 P Q(z0,p)

Remark 60. Note that L1" is, by definition, BMO, where we have used balls
instead of cubes, which changes nothing.

Corollary 61. For every 1 < p < oo, the Campanato space LP"(Qq) is iso-
morphic to BMO(Qy)

Proof. Tf we have a u € BMO(Qyg), then we have
[l =p [0 e € @ lute) — el > 1)l
0
< p~C1/ 1o [“]BJCI2O(QO) |Q|dt
0

Making a substitution ——<2t—
[ulemo(o)

p o0
< pcy (MBMO(QO) ) / sPle™5ds
0

2
< C(n,p)[ul 10000 1€

= s, we have

Dividing by |Q| and letting side length of @ be p and taking supremum over
p >0, we get that

[u] co.n () < C(n,p)[ul BArO(Qo)

The converse directly follows from Jensen’s inequality. If u € £LP* (), then we

have
(a/Qu <u>Q|)p < el

So taking supremum over @ C (g, we have

[u]%MO(Qo) < [U]Z’D”L(Qo)
O

It also follows from this that if u € BMO(Qo) then u € LP(Qo) for all
1<p<oo.

We state a theorem that gives equivalent statements to the John Nirenberg
Lemma
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Theorem 62. The following are equivalent:

~

2. There exist c1,co > 0 such that for Q C Qy we have,

—cot

1 ({lu = (u)g| > t}) < cre™mmo@ Q]

8. There exists c3,cq > 0 so that for Q C Qp we have,

][ ecslu=(Weal _ 1 ~ 4
Q

4. There exist c5,ce > 0 so that,

() ()=

5.2 Sharp maximal function and Fefferman-Stein inequal-
ity
Definition 63. The sharp function of u € L*(Qo) as

W)= s o [ )~ (oldy
z€QCQo ‘Q|
We define the centered sharp function as:
- 1
u(z) == su luly) — (W) q)ldy

oee 1@ Jow
where the supremum is taken over cubes with center x. We have
i(z) < uf(z) <2"u(x), [ulmo@y) = il (o)
We further have,

1

Ha) < 2Ma(z) < 2" lu(y) — (u)ql
uf(z) < 2™a(x) < su u(y ”
Q(m)CQo 1Q(z)] Q(x) @
1
<2" lu(y)ldy + (u)q
Qu)cQo |Q($)| Q)
<2".2. sup / y)|dy
Q@)CQo |Q )l

< 2" Mu(x)

Hence, if u € LP(Qy) for 1 < p < oo, then u* € LP(Q). The converse is the
following theorem important result.
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Theorem 64 (Fefferman-Stein). Consider u € L*(Qy), and suppose that uf €
L?(Qq) for some p > 1. Then u € LP(Qq) and

1
lullzeaey < c(n,) {||uﬁ||mo> Qo |u|}
1Qol Jo,

We begin with a proposition.
Proposition 65. Set

ult) = > 1

where {Q%} is the Calderon-Zygmund family of cubes for |u| at level t. Then we
have

p((2*+1)t) < [{z € Qo :u® > Bt}| + Bu(t)
for any B € (0,1) and any t with

LI
—_— u
1Qol Jq,

Proof. Set s = (2" +1)t. Let {Q} and {Q7} be the Calderon-Zygmund family
of cubes corresponding to ¢ and s respectively. We have

we)= > Qi

J zQ;CQﬁ

For a fixed j, we have two possibilities:
Case 1: Q) C{zr € Qo: uf > Bt}

ST 1@< |{w € Qo ut > Bt}
ZQ:CQﬁ

Case 2: Thereisay € Q; so that uf < Bt. In this case we have,

1
m/tW—(U)Qﬂfﬁt
So,
1 1 1
LI (PR 42—/ |u|——/ ful — ()
Q31 Jo: SR e 1@ o “

> 1 /I\ L / lu| > s — 2"t =1t
> — Ul — 7 u| > s — =
Q3| Jo: Q4 Jor

So we have,

¢S 1@is [ g < [ e (gl < 811Q5

foCQ; Qi J
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which gives,

> <8lQY

Q5 CQ}

In both cases, summing over j, we get

p(s) < [{z e Qo :uf > Bt} + Bul(t)

Now, we give a proof of Theorem (64).
Proof. We have by the above proposition,

p(t) <z eQo:u > B+ 1)} + Bu (2" +1)7 1)

for
1 t
1Qol Jq, lul < (27 41)
Define 1
to:= (2" + l)lQol o ]
We have,
Fu(t) < p(t)
Now,

[4llnign =7 [ #7 Pt

<p [ o)
0
For a s > ty, we define
I, ::p/ P (t)dt
0

And we have,

to s
I Sp/ 7= p(t) +p/ = (1)
0 t

We have,



and for (IT), making use of the above proposition we get,

(H)zp/mw*uw

to

< p/: 2 [{uf > B2" + 1)1t} + Bp /t (20 4+ 1))

< (7) + (i)

Now, by a change of variable, we have

() :p/s = {uf > B2" + 1)t} dt

to

n P (o)
§p<2 ;1) / sp_ly{uu>s}‘ds
0

221N [ e
S(xﬁ) /J“

and for (i7), we have again by change of variable,

(ii) = Bp / P (20 + 1)) de
to
(2"+1)"'s
<o +1) [ 5= u(s)ds

(2n41)~1t,

Noting that s > (2" + 1)~!s we have,
<o w17 [ s
0
< BER"+ 1P

Choosing 5 = %(2n + 1)~P, and combining everything till now, we have,

1 1 P
1< et ([ 1ul) et [ ot
2 [Qol \Jq, 0
Since this is true for all s, we have
P
() + [ )
0] 0

1
< cln.p) {
Jo ot =00 { g
The stated result now follows with an application of Jensen’s inequality. O

5.3 Stampacchia interpolation theorem

As a consequence, we can prove the Stampacchia interpolation theorem, which
allows us to interpolate between LP and BMO.
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Theorem 66. Let 1 < p < oo and let T be a linear operator of strong type
(p,p) and bounded from L™ into BMO, i.e.,

ITullr Qo) < CillullLr(qe) Vu € LP(Qo)
and
[Tulproqo) < CollullLe@y Yue L™(Qo)
Then, T is of strong type (r,r) for all r € (p, 00)

Proof. Consider the map 7 defined by
T (u) == (Tu)*

We have that, 7 is sublinear and
1. is of type (p,p) if p > 1 since

1TullLe(@o) < c(m)[|M(Tw)||Lrqq
< c(n, p)|Tull L Qo)
< c(n,p)eull e @)
2. is of weak type (1, 1) since
’{(Tu)ﬁ > t}| < H{M(Tu) > t/c(n)}

1
< C(”)E”TUHLl(QO)

1
< Cn)erllullzeo)
3. is of strong type (0o, 00) since

[T (W)l Lo (o) < 2" [Tu] Brro(Qo) < 2" calltll Lo (o)

So by the Marcinkiewicz interpolation theorem, we have T is of strong type
(r,r) for all r € (¢g,00). So, we have for all r € (g, 00),

1(Tu) | o) < cllullzry)

If p =1, we already have ||Tu||z1(qgy) < cillullz1(qy)- So by Hélder’s we will
have,
1Tl 21 (o) = esllullzr@o)
If p > 1, by Holder’s inequality and the strong (p, p) estimate, we have

1TullL1(qo) < callTullLr(qy) < esllullLe(qo) < csllullr(qo)

Now, using Fefferman-Stein, we have for all r € (p, 00)

L1
L(Qo) T ‘Qo\l/ |QO|/Q |TU|}
0
< c(n,p) {ellullir o) + Q077 [ Tul s qu) |

< c(n,p) {ellullirqu) + Q07 eslulrqu) |

< erllull Lr Qo)

1Tl

Lron < c(m,p) {|<Tu>ﬁ|
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6 LP? estimates using Campanato method

6.1 Global L? estimates for constant coefficients for p > 2

We now prove the LP estimates using the Campanato-Stampacchia method.
Consider the problem

—div(AVu) =divF in Q,
u=0 on 092.
Let u € Wol’2 (©) be the unique solution. Define the operator T by F — Vu.

We have that T is strong type (2,2) as, by the weak formulation with the test
function as wu itself, we have that

1
A/ |Vu|2§/<AVu,Vu>:/<F,Vu>S*/ |F|2+€/ |Vul?
Q Q Q €Ja Q

Choosing small enough ¢, we have that
[Vullr2(0) < ClIF||L2(0)

The Camapanto estimates ( including boundary estimates ) tells us that 7" maps
maps continuously L°°(€)) into BMO. Indeed, by the Campanato estimate (
see Chapter 5 of [3] ) if F € £L2"(;R"™), we have

Vull ez < ¢ (IVula(a) + Fleon)
where we can use ||Vul[z2q) < C||F||z2(q) to get
[Vullgzn(0) < c([[Fll g2 0))

So noting that
[Flezn) < || Fllp= )

and using the fact that £>" is isomorphic to BM O with equivalent seminorms,
we have

Vulpmo) < cl|F|l=()

Stampacchia’s interpolation theorem immediately gives us that, T is of strong
type (r,r) for all r € (2,00). So we have the estimate

1Vull L) < el Fll L)

For the general problem

—div(AVu) =divF in Q,
U=y on 0f.
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Noting that v = u — g € WO1 2(9) solves the homogeneous boundary value
problem, we can write

—div(AVv) =div(F 4+ AVg) in Q,
v=0 on 0N).

Thus, we have the following theorem
Theorem 67. Let u € WH2(Q) solve
—div(AVu) =divF  in Q,
u=g on 0N).

where A satisfies the uniform ellipticity condition, F € LP (Q;R™) and g €
WP(Q) for some 2 < p < 0o. Then Vu € LP and we have the estimate,

IVullze@) < ¢ (IVgllzr@) + I1Fllr @) -
6.2 Global L? estimates for constant coefficients for 1 <
p<2

For the case 1 < p < 2, we use a duality argument, along with uniqueness and
approximation.

Theorem 68. Let F € LP (Q;R"?) and g € WHP(Q) for some 1 < p < 2.. Let
A be a symmetric n X n matriz which is uniformly elliptic. Then there exists
unique u € WHP(Q) which solves

—div(AVu) =divE  in Q,
u=g on 0f).
Moreover, we have the estimate,

IVullze@) < ¢ (IVgllzr@) + I1Fllr @) -

Proof. Assume g = 0, as we can reduce to this case as before. Let {F.},_, C
C° (£2;R™) be a sequence such that

F.—F strongly in L? (Q).

Since F. € L? (Q;R") for every ¢ > 0, by Lax-Milgram or variational method,
we can find u. € W, ? () solving

—div(AVu,) =divF, in €,
U =0 on 0f).

Note that this implies

/ (AVu., Vo) = — / (F., V) for any ¢ € CZ° ().
Q

Q
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Consequently, by density of C2° (Q) in W, l (Q), we have

/ (AVu., Vi) = —/ (Fe, V) for any ¢ € Wol’p/ Q). (16)
Q Q

Now by the dual characterization of norm and the density of CZ° (£2;R™) in
L? (;R™), we have

Wiy = s | [0 = s | [ ueavo).
CEC(R™), IJQ cec=(QR™), |Ja
11y <1 11y <1
Now, since p’ > 2, we can find ¢ € Wol’p/ (Q) solving
—div(ATVy) =div( in Q,
=0 on 0f.
By Theorem [67] we have the estimate
VY Lo (i) < €llCl o mmy- (17)

Now we have,

fwaval= s | [ anarva)

sup
(ECT (UR™), CECT(QR™),
112 gy 1 11 gpeny 1

— e / <Vua,ATw>]
CGC:O (3R™), Q

11 gpeny 1

= sup /Q (AVue, V) ’

CECT (SBR™),

1El1 7y, <1

(16)

= sup / (F:, V¢>’
CeC (CBR™), Q

11 ey <1

< sup [ Fellpern) IVl Lo (srm)

CeCT(SHR™),

1E1 7y <1

=

= Sup ||FEHLP(Q;R“)”CHLP'(Q;R”)
CECT (YR™),
<1

HCHLP/(Q;]R")—
< cf|Fel e (rn)-
Hence, by Poincaré inequality, we have

IVuellwir@) < ClIVtel oomny < Ol Lrpn),
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where the constant in independent of € > 0. Now, by the strong convergence in
LP, {F.},. is uniformly bounded in LP(Q;R™) and thus, {u.},. is uniformly

bounded in VVO1 "P(Q). Hence, up to the extraction of a subsequence which we do
not relabel, we have

U = U weakly in W1P(Q)
for some u € WyP(Q). It is now easy to check that u € W,"*(2) solves

—div(AVu) =divF in Q,
u=20 on 02,
in the sense of distributions. Uniqueness follows from Lemma[69] This completes

the proof. O

6.3 Uniqueness of solution in the nonvariational setting

In the last result, we have used the following uniqueness result, which establishes
uniqueness of solutions to the Dirichlet problem in cases where the solution is
not expected to have ‘finite energy’, i.e. solutions do not belong to W2 (Q).

Lemma 69. Let F' € LP (Q;R") and g € WHP(Q) for some 1 < p < 2. Let A
be a symmetric n X n matrix which is uniformly elliptic. Then there ezists at
most one u € W1P(Q) which solves

—div(AVu) =divF in Q,
u=g on 0N).

Proof. By linearity of the equation, we only need to show that if v € VVO1 P(Q)
solves

{ div(AVv) =0 in Q, (18)

v=0 on 09,

then v = 0. This would be a semi-trivial integration by parts argument if p > 2.
In our case, however, it is somewhat more delicate. Since v solves , we have

/Q (AVv, Vo) =0 for any p € C° (Q).
Consequently, by density of C2 () in W *' (), we have

/Q (AVo, V) =0 for any 1 € WH?' (Q). (19)
Now set

G = |Vu[P~* V.
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Since v € Wy*(Q2), we have G € L (Q; R™). Since p/ > 2, by Lax-Milgram or
variational arguments, we can find 1) € Wy () which solves

—div(ATVy) =divG  in Q,
b =0 on 99

Using this, we deduce

/Q|wp:/ﬂ<w,a>

= — v,divG) = v,div (AT =— v .
- /Q<’d G) /Q<,d (ATVY)) /Q<AV,V?#> 0

This proves v = 0 and completes the proof. O

6.4 Interior L? estimates for continuous coefficients

We now establish the interior regularity result in the case where the coefficients
of A are continuous.

Theorem 70. Let Q C R" is a bounded open set. A € C (€;Symm,,,,) is
a symmetric n X n matriz field which is uniformly continuous and uniformly
elliptic, i.e. there exists a constant A\ > 0 such that

(A(z)&,8) > A |§|2 for every £ € R™ and every x € Q.

Let 1 < p < oo and let F € LP (4 R™). If u € WYat5 (Q) is a distributional
solution of

—div (A (x) Vu) =div F in £,
then u € I/Vlif (Q) and for any Qy CC Q, there exists a constant
c=cC (n,p,ﬂl,Q,A,wA, ||A||LW(Q)) >0
such that we have the estimate
lellwrr@y < © (1P ooy + Nl ez, o ) -
Proof. By a covering argument, it suffices to prove the estimate for balls. For a

point xg, take a ball Br(zg) CC Q and a function n € C°(Bg(zg)) with n =1
on Bgjs(xo). We compute, for any ¢ € C (),

/Q (A()V (), V) = / (A(2)Vu, Vi) + {A(z)uVr, Vi)

— /Q (NF, V) + (A(z)uVn, V).
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Now, we perform the freezing trick to get,
[ ((4G@) = AGe0) + A0 V(). 90) = [ 0P 90) + (AT, )

which gives

| 4oV, v
= [ {A(a0) = A@T (), T9) + (1F,T0) + (A(w)uV, T0)
for any ¢ € Cg° (£2). Thus, v := nu solves the PDE

—div (A (z9) Vv) = div ((A(zo) — A(x)) V)
—div(nF) — div(A(z)uVn) in Br(zg). (20)

Note that if u € Whats (Q), then by the Sobolev inequality, we have u € LP ()
and we have the estimate

Il oy < € llulyo. 22, g

Thus, by either Lax-Milgram and Theorem [67] or Theorem we can find
w € Wy P (Br(xo)) such that

—Aw = —div(nF ) — div(A(x)uVn) in Br(zo).
€Ly €Ly

By the LP? estimate for constant coefficient operators, we deduce Vw € LP (Bgr(x); R™).
Now, for a ¢ € Wy'* (Br(xo)), let § € Wy (Br(zo)) be the weak solution of

—div(A(zg) V) = — div ((A(zo) — A(z))Vv + Vw)

Again, by the L? estimates for constant coefficient operators, we have the esti-
mate

IVOllLe(Br(aa)) < cllA(wo) = A(2) || L0 (Br (o)) VOl Lo (Br(20)) + VW Lo (BR(20))
Now, consider the map T : Wy (Br(x)) — Wy (Br(xo)) given by
Tv=20

Note that by Poincaré, LP norm of the gradient is an equivalent norm on VVO1 P,
Now, choosing R > 0 small enough, we can ensure that this map is a contraction.
We have

161 = b2/l Lo (Br(z0)) < cw(R)IVvL — Vo Lo (Br(2o))

So by Banach’s fixed point theorem, we have a unique fixed point for T, say .
Now, 1 € Wy* (Br(xo)) satisfies

—div(A(zo)Vy) = — div ((A(zg) — A(x)) VY + Vw) in Bg(xo)-
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So by uniqueness of WO1 P (Bgr(z0)) solutions of the PDE , given by Lemma
¥ must coincide with nu on Br(xo). Now, since n = 1 on Bg/s(x0),, we have
u =1 on Bgs(z0) and consequently, u € WP (Bg/a(z¢)). This completes the
proof. O

As before, by bootstrapping, this implies the following result.

Theorem 71. Let Q C R" is a bounded open set. A € C (€;Symm,,,,) is
a symmetric n X n matriz field which is uniformly continuous and uniformly
elliptic, i.e. there exists a constant A\ > 0 such that

(A(x)&,8) > A |§|2 for every € € R™ and every = € ).

Let 1 < g<p<ooandlet F € LP(GR"). If u e Wh1(Q) is a distributional
solution of

—div (A (x) Vu) = div F in Q,
then u € I/Vlicp (Q) and for any Qy CC Q, there exists a constant
c=cC (n,p,Ql,Q,/\,wA» ||A||L&(Q)) >0
such that we have the estimate

HUHWLP(Ql) <C (”FHLP(Q) + HUHWLQ(Q)) :

Appendix A Recap: Basic properties of Fourier
transform

A.1 Fourier transform in L' (R")

Definition 72 (Fourier transform in L'). Let u € L' (R"). We define the
Fourier transform of u, denoted i, as

() = (271); /n e 8Ty (z) da for all § € R™.

Definition 73 (Inverse Fourier transform in L'). Let u € L' (R™). We define
the inverse Fourier transform of u, denoted i, as

() = (2711_),21, /n ey (&) de for all x € R™.

It is quite easy to see that the Fourier transform actually is finite for a.e.
¢ € R™. But we have something more.
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Proposition 74 (Plancherel-Parseval identity). Let u € L' (R"™). Then 4 €
L (R™) and for all u,v € L* (R™), we have the identity, sometimes called the
Plancherel-Parseval identity,

Uy = av.
n n

Definition 75 (Gaussian). For any point p € R™ and any two real numbers
a,0 > 0, the Gaussian with mean p and variance o* is a real-valued function
f:R™ = R defined by

f@)=ae 55 Joralle e R™.
A Gaussian is called normalized Gaussian if we have
B 1
a (2702)%

Proposition 76 (FT of Gaussian is another Gaussian). For any e > 0, we have

/ ilm & —clzl? gy _ (E)f o~
n E

A.2 Fourier transform in L? (R")

Theorem 77 (Plancherel theorem). Let u € L' (R") N L% (R"). Then i, €
L? (R™) and we have

ull L2 ny = lill 2@y = N0l L2 (gn) -

We finish off our discussion of Fourier transform in L! and L? by a sim-
ple result, which records how Fourier transform behaves with respect to affine
change of variables.

Theorem 78. Let u € L' (R™). Then the following holds.
(i) Translation: For any a € R"™, set T,u:=u(x + a). Then
(raw) (§) = CVa(€)  for € eR™
(i) Change of Variable: LetT € GL (n,R). Then
(woT) =[DetT| ‘o (771",
In particular, we have

(a) Dilation: Let A # 0 be a real number and let uy (x) := u (Azx). Then

in(© = e (5¢)  foreern

(b) Orthogonal transformations: Let R € O (n,R). Then

(uoR) =doR.
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A.3 Schwartz space S (R")

Definition 79 (Schwartz space). The space of rapidly decaying functions
on R™ or the Schwartz space on R™, denoted by S (R™), is defined as

S(R™) := {u € C* (R"™) : sup ‘xﬂDau ()| < oo for all multiindices mﬁ}
TER™

It is easy to see that we have
O (R") € S (RY) € LP (R") N C (R"),
for any 1 < p < oo The following result is an important feature of the Schwartz
space.

Theorem 80. Let u € S (R™) and let P (x) be a polynomial in x € R™.
(i) Define the function g : R™ — R by
g(x)=P(x)u(x) for all z € R™.
Then g € S (R™). Moreover, for every fized polynomial P (x), the map
ur P(x)u
is a linear continuous map from S (R™) to itself.

(ii) For each multiindex o, we have D*u € S (R™). Moreover, for every fized
multitndex o, the map

u— D%
is a linear continuous map from S (R™) to itself.

Theorem 81. Let u € S (R™). Then

(i) Derivatives to multiplication by £: For each multiindez «, we have

(D) (§) = (i§)" @ (8) for every £ € R™.
(i) Multiplication by © to derivatives: For each multiindex «, we have
D% = [(—iz) u]
(iii) 4,0 € S (R™). Moreover, the maps F : S (R™) — S (R™) given by
U= U
and F~1: S (R") — S (R™) given by
U~ U
are both linear and continuous as maps from S (R™) to itself.
Theorem 82 (Fourier inversion formula). Let u € S (R™). Then
u= (1) =(a)
Theorem 83. Let u,v € S(R™). Then

(uxv) =(27)% ad and (wv) = (27)" 2 @ * .
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A.4 Tempered distributions

Definition 84. A tempered distribution on R™ is a continuous linear func-
tional on S (R™).

Remark 85. The definition says that a linear map T : S (R™) — R is called
a tempered distribution if T is continuous. But since S (R™) is a metric space,
T is continuous if and only if it is sequentially continuous, i.e. for every
sequence ¢s — ¢ in S (R™), we must have

T (¢s) = T(¢).

Definition 86. Let T € S’ (R™). Then the Fourier transform of T, denoted T,
1s another tempered distribution which is defined by the action

T (p)=T (&) for every ¢ € S (R™).

Definition 87. Let T € S’ (R™). Then for any multiindez «, the distribu-
tional derivative of T, denoted DT, is another tempered distribution which
1s defined by the action

DT (¢) = (-1)°I T (D) for every ¢ € S (R™).

Remark 88. The reason for the somewhat strange sign is the integration by
parts formula.

Definition 89. Let T € &' (R™) and let P () be a polynomial in R™. Then the
multiplication of T' by P, is another tempered distribution which is denoted by
P (z)T and is defined by the action

P(z)T (¢p) =T (P (z)®) for every ¢ € S (R™).
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