1 Recap

1. Examples of things that can go wrong in general.
2. Locally Lipschitz.

3. Stated Uniqueness and uniformly locally Lipschitz. Reduced the problem to
proving that a set S € [0, ) is open.

2 General existence and uniqueness theory

Proof. We shall prove that an interval around ¢, is also contained in S. Indeed, (y; —

y2)' = f(y1,t) = f(y2,t) and hence yy — yo = [, (f(y1,5) — f(y2, 5))ds. Thus [y — ya]| <

| ftz | f(y1,5) — f(y2, 9)||ds|. By the umform local L1pschitzness of f, there exists an ¢
such that on B.(y(ty)) x (to — €,to + €), f is Lipschitz with constant M/. Now since
Y1, Y2 are continuous, on (tg — 6, tg + 0) (Where § < €) we have y;, yo € B.(y(to)). Thus if
t e (ty—0,to+0), ||y1—y2|| < M| fti lly1 —y2||ds|. Letu = ||y1 —y2|| and assume thatt > t,

WLOg. Thenu < M ft s)ds. By Gronwall’s inequality, u(t) = O on (to — 6,9 +6). O
Now what are examples of functions that are uniformly locally Lipschitz in y?

1. f(y,t) = eYh(t) where his continuous: Indeed, | f(ya,t)— f(y1,t)| = eV h(t)|e¥> ¥ —
1] < Cle*2~¥ — 1| on a neighbourhood of y;, t. Now |e" — 1| < C|h| for |h| < 1 for
instance.

2. f(y,t) = /y is NOT near y = 0: ‘/ngﬁﬁooasyﬁo.

3. f(y,t) = |y|h(t) where h is continuous.

4. Here is a general example: Suppose 5 91 exists on the domam and is continuous

(jointly in t,y) then indeed, |f(y2,t) — f(y1,t)| <
neighbourhood of (y1, ).

o l55ldy < Clys — | ina

5. Soif f is compactly supported and smooth, it is Lipschitz (not just locally so).

Now we want to prove an existence result. How does one come up with something
from nothing? Well, firstly, if were to solve this problem numerically, we would have
tried Euler’s method: Ay ~ At f(yo, ), if y1 = yo + Ay, then Y2 =y~ Atf(yl, t1) and
so on. Taking cue from this idea, let us try to solve y(t) — yo = ft s)ds by an

iterative method: That is, y,+1(t) = yo + fto Yn(s),s)ds w1th yo(t) = yo.

How can we hope to prove convergence? Well, we can try to look v, 11 — v, and if
that decays quickly as n — oo, then y,, presumably converges. Thus, y,,+1(t) — yn(t) =
fto (Yn+1(5),8) — f(yn(s),s))ds. This seems to be the right place to apply Gronwall
and so on, provided we assume Lipschitzness.

Picard’s theorem:



Theorem 1. Let D C R™*! be a domain and let f : D — R™ be continuous (jointly) on D and
Lipschitz in y on D with Lipschitz constant .. Let R = By(yo) X [to — a,to +a] C D. Let
M = maxg|f| and h = min (a, 3, 5= ). In the initial-value-problem (IVP) y/ = f(y,t) with
y(to) = yo has a unique solution on [ty — h,to + h|.

Proof. Uniqueness was proven earlier. We shall prove existence by considering

Ynt1(t) = vo +/t f(yn(s),s)ds (1)

with yo(t) = yo. Suppose S, is the set of all ¢ € [ty — a,ty + a] such that (y,(t),t) €
By(yo) X [to — h, to+ h]. Note that S,, is not empty. We claim that [ty — h,to+h] C S,. O



	Recap
	General existence and uniqueness theory

