NOTES FOR 12 AUGUST (TUESDAY)

1. RECAP

(1) Solved the Poisson equation on the torus rigorously using multidimensional Fourier series.
The same linear algebra intuition holds.

(2) Saw that even if f is in L?, we can find a C' function u satisfying «" = f in some sense (in
the sense of Fourier series). We also defined a distributional solution and saw that u satisfied
it in the sense of distributions.

(3) Defined weak derivatives and gave examples/non-examples.

2. WEAK SOLUTIONS AND SOBOLEV SPACES

(1) Weak solutions : Now we prove the lemma about v = 0 a.e if it is so in the distributional
sense. Before doing so, we need to take a detour into the concept of convolution and approx-
imation. The slogan to keep in mind is “good convolved with bad is good” (something that
Prof. Ravi Raghunathan of IIT Bombay taught me when I was an undergrad). From now
onwards, U, is the set of all x € U whose distance from the boundary of U is at least e.

Suppose ¢ is any smooth function on R with compact support centred around 0. Let
n(x) = C¢(|z|) where C is chosen so that / n(z)dz = 1. Define ne(z) = %n(z/e). Note

n

that these functions are smooth, their integral is 1, and their supports are in B(0,¢€). (They
are supposed to be approximations of the Dirac delta.)
Suppose f : U — R is locally integrable. Define f¢ on U, (its “mollification”) to be
fe=mnxf= / ne(x — y)f(y)dy = / Ne(y)f(z — y)dy. This operation is something
U

0,€e

like a weighted average of the values of f near x. So it “smooths out” f. The following are
important properties of mollifiers.

(a) f€is smooth

(b) f¢— f ae. ase— 0.

(c¢) If f € C(U), then f¢— f uniformly on compact sets.

(d) If f € L} (U) then f¢— fin L} (U) when 1 < p < oo.

Proofs :

(a) f©= / ne(z — y)f(y)dy. If we can take the derivatives inside the integral sign, then

U
indeed f¢ will be smooth. We can do so by the dominated convergence theorem. Indeed,

. . (x+ (h1,0,0..)) —y) — Ne(x —

limp, 0 f€(z+(h1,0,...))—f(z) = hmh1~>0/ elz + (A )1)1 v) = el y)f(y)dy-
U

If we choose any sequence hi, — 0, then since \rk(H(hl’0’0”;373’)7775(3‘”7”] < C (by the

mean value theorem), we see by DCT that the limit can be taken inside the integral.
This argument proves that all the partial derivatives exist. By DCT we can show that

these partials are also continuous. Continuing inductively, this shows that f€ is smooth.
1



2 NOTES FOR 12 AUGUST (TUESDAY)

(b) The key trick behind all these convergence proofs in mollification is this : f(z) =

/ ne(y) f(x)dy. So
B(0,¢)

|f(z) = f(z)] = | ne(y)(f(x —y) — f(z))dy| < / ne(y)(f(z —y) — f(x))|dy

Bo € BO,e
Now |ne(y)| < & Moreover, vol(B.) = Ce". Therefore,

/ @ —y) — f()dy / F(2) - fla)ld=
B(0,¢) B(z,¢)

[/ (z) = flx)| < C ’ vol(B(0,€)) =c vol(B(x,€))

. By the Lebesgue differentiation theorem, the right hand side goes to 0 almost every-
where as € — 0. This so-called Lebesgue differentiation theorem holds even in L (i.e.

/ () — f(@)Pdz
B(z,€)

ase— 0, if f € LV (U) (1 < p < 00), then Sl BED)
is a generalisation of the fundamental theorem of calculus.

(c) Suppose K is a compact set in U. Since f € C(U), it is uniformly continuous on K.
Therefore, for every given € > 0, there is a § > 0 such that K C U? and if |y| < 6, then
|f(x —y) — f(z)| < eV xze K. As before,

(2.1) (@) = f(2)] < /B s () (f(z —y) — f2))ldy <eVzeK

— 0 a.e. in x). This

This means that fo(z) converges uniformly to f(z).
(d) This proof is omitted and is there in an appendix of Evans.
(2) Sobolev norm : Note that if f is a multiply periodic function such that f € L? and
o0

f(O) = 0, then u € L? defined by @ = —k—fQ is much better than L2. In fact, Z (1+
k=—o0
k[®)?|a? < O Z If12+ Z] 12) = C(||f||22 + ||ul|32). If we are in 1-dimension, then ac-

tually, >, o la] < Do [ka| =3 ‘W <Y EVE |f|2 < c0. So by the Weierstrass M-test,

u € C! and the Fourier series of u,u’ converge uniformly to them.
[o¢]

In other words, the estimate Z (L+1k*)?|al* < C(||fI132 + |Jull32) seems to imply that
k=—o00
u is much nicer than simply being L?.

Definition 2.1. So we define a norm called the H® (s > 0 is a real number) Sobolev norm
for functions u € L2(S* x S'...) as |lullgs = ||(1 + |k|?)*/%d|2.

We have the following useful lemma.

Lemma 2.2. On the subspace of smooth and periodic functions, the following norm is equiv-
alent to the Sobolev norm (whenever s is a non-negative integer) :

2 27
Ili-2 = / / o (JuP +|Duf® + D%’ + ... 4 [D*ul?)

212 g
where |DSul?> =Y, |8(9le28:01:” B
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Proof. Note that for smooth functions, (D%u) = i** T2t E5? .. 4. Using this and the
Parseval-Plancherel theorem the result is easily seen. 0

Remark 2.3. We might find it useful for later purposes to define the WP (where 1 < p < 00)
norm on smooth functions defined on an arbitrary open set U C R"™ (even if they are not
periodic) : [lulf., = / . (Ju|P + |DulP + |D*ulP + ... + |D*ulP). The space WFP(U)

U
is defined as the space of all locally integrable functions with p weak derivatives such that
||u|lywepr < 0o. It turns out that it is a Banach space and that smooth functions are dense in
it.

Not every L? function has finite Sobolev norm.

Definition 2.4. We define the Sobolev space H* as the subspace of L?(S' x S'...S1) of
functions having finite Sobolev norm. Equip this subspace with the Sobolev inner product :

(,v) s = Y (14 [k[*) a(k)d(k).
kezn
It is clear that C° C HS.
Theorem 2.5. Assume s > 0.

(a) H? is a Hilbert space.
(b) Smooth functions are dense in H® in the Sobolev norm.

Proof. (a) If f, is a Cauchy sequence in H*, then (1+ |k[?)*/2f, is Cauchy in [2. Therefore,
by completeness of [2, it converges to a; in [2. The sequence by = defines an

L? function f = Zbge’%'f. Clearly f isin H® and f, — f in H".
(b) Let fro= > F(k)e™®E Clearly f,, is smooth. Now, || fn — f||%. = D@+ EP)f (k).

|k|<n |k|>n
Since the Sobolev norm of f is finite, as n — oo, the right hand side goes to 0.

ag
(T+k[?)7?

g

The Sobolev space satisfies some other nice properties (they are collectively called the
Sobolev embedding theorem).
(a) H* Cc H'if | < s.
(b) If s >n+1+a, then H® C C*.

Proof. (a) Obvious.
(b) Note that Z(|k!2+1)a/2]ﬁ(k¢)] < lullzs | (14 k|*)¥275/2]| 2 < o0 by the Cauchy integral
k
test. Therefore, Z |k|'|a(k)| < oo VI < a. This means by the M-test that Z(zk)aﬁ(k)

k
converges uniformly to some continuous functions wu, for all multiindices o with «y +

ag + ... < l. By the fundamental theorem of calculus it is easily seen that u, = D%uyg.
Thus ug € C°.
O

Now we define a useful notion from functional analysis.

Definition 2.6. Suppose Bji, By are two separable Banach spaces. Then a bounded linear
map K : By — By is called compact if for every bounded sequence z € By, K(xj) has a
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convergent subsequence in Bs.

If Hq, Hy are two separable Hilbert spaces, then a bounded linear map T : H; — Hs is
called weakly compact if for every bounded sequence z; € Hj, there is a subsequence x,,
and a u € Hy so that for every v € Ha, (T'(zy,),v) — (u,v).

To be continued...
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