
HW 1 (due on 19th August (Tuesday) in the class)

Please write your answers clearly and rigorously. Write your name in plain lettering
(as opposed to cursive) and also staple all the pages.

1. Prove that Ck,α(Ū) is a Banach space, where U ⊂ Rn is a bounded open set whose
boundary is a smooth submanifold of Rn. (Recall that ∥u∥Ck,α(Ū) := maxŪ ∥u∥ +

. . .+maxŪ ∥Dku∥+
∑

∥I∥=k supx ̸=y∈Ū
∥DIu(x)−DIu(y)∥

∥x−y∥α .)

2. Let β < α. Prove that a bounded sequence un ∈ Ck,α(Ū) has a convergent sub-
sequence in Ck,β(Ū). Show that if β = α this conclusion is false by exhibiting a
counterexample.

3. (Problem 17, chapter 5 in Evans) Assume that F : R → R is C1, with F
′
bounded.

Suppose U is bounded and u ∈ W 1,p(U) for some 1 ≤ p < ∞. Show that v = F (u)
is in W 1,p(U) and vxi

= F
′
(u)uxi

.

4. Show that if u, v ∈ Hs(S1 × S1 . . .) where s > n
2
, then uv ∈ Hs(S1 × S1 . . .) and

∥uv∥Hs ≤ C∥u∥Hs∥v∥Hs .
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