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The Kahler cone

Kahler manifolds

o Let M" be a compact, complex manifold of dimension n.

@ A (1,1) form w, locally given by
w=+v/—1g,;dz" A dz’

is called Kahler if it is
Q real < w=wu <= {g,5} is a hermitian symmetric matrix.

@ positive <= w(&,€) >0 forall £ = Z;Ei% € TH(M) <= {&,3} is positive

definite.
© closed <= dw =0 <= at every point p € M, there exists a system of holomorphic
coordinates (z!,---,z") centred at p such that

8.5(2,2) = 6,5+ O(|2%).
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The Kahler cone

Riemannian metric

o Recall that there is an endomorphism J € End(TM), called the “complex structure”
satisfying J2 = —id. If 2/ = x* =1 + /=1x%, then

o) = 5 () = s

o A Kahler form w then defines a natural Riemannian metric g on M:
g(X,Y)=w(X,JY).

@ The volume form is then given by

o In fact if X C M is any complex sub-manifold of dimension p, w| is a Kahler
X
metric on X, and

WP
Vol(X,w :/—.
(X, w) D
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The Kahler cone

Examples of Kahler manifolds

@ Riemann surfaces: Let n = 1. Then there always exists a Kahler form.
@ Complex flat space: C" with
v—1
wen = T<d21 AdZt 4+ dz" A dZ").

o Complex projective space P". This is defined as P" = C"1/C*, where

t'(goz"' 16”):(1.'507"' 7t'£n)' Then

wes = v/=100log (|&ol* + - + &)

is a Kahler metric on P", called the Fubini-Study metric.
@ Projective varieties: Let M C P" be a complex sub-manifold. Then w := wgs " defines a

Kahler metric on M.

@ Tori: Let A C C" be a lattice. Then the Euclidean metric wcn (being translation invariant)
induces a Kahler form wp on My := C"/A.

@ (A non-example) Hopf surface: If H = C2\ {(0,0)}/(x,y) ~ (2x,2y). This is not Kahler.
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The Kahler cone

The Kahler cone

@ w a Kahler form = (by being virtue of being closed and real) [w] represents a
cohomology class in H;}’l(M) N H*(M,R).
o (vV—100-Lemma) ' € [w] <= W' = w + /—109y for some p € C>(M,R).

o Conversely, we say that a class a € H;-)’I(M) N H?*(M,R) is positive or Kahler, and
write a > 0, if it contains a Kahler metric.

@ The Kahler cone K is defined to be
K :={a € Hy'(M) N H*(M,R) | o > 0}.
@ Fact: K is an open, convex cone in the finite dimensional space
Hg’l(M) N H?*(M,R). Convex cone simply means that a € K = ta € K for all
t> 0.

Given a Kahler manifold M, how can one characterize it's Kihler cone K?

Question J
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The Kahler cone

Examples of the Kahler cone

o Let M be a Riemann surface. Then Hy'(M) = H*(M,R) = R. Let w be a Kahler
form with [, w = 1. Then any other a € Hé’l(M) is given by o = t[w] for some
t € R. If o > 0, then there exists a w’ € « such that w’ > 0. In particular,
Juw = [,,&>0.So0t>0. Hence K =R,.
o Now let My = C"/A. Hodge theory —
H%‘l(l\/l) N H*(M,R) = {[Z a,-jdz" A dzj_] | A:={aj;} is hermitian symmetric}.
inJ

Hence

K 2= {A € Myxn(C) | Ais a hermitian positive definite matrix}.
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The Kahler cone

Ample line bundles

@ Let 7 : L — M be a holomorphic line bundle i.e. M = UN_; Uy, Tap : Us N Uz — C*
holomorphic such that
L=UqUq x C\ ~,
where (xa, Aa) ~ (x5, Ag) if and only if xo = xg and Aq = Tap(Xa) - Ag. So locally

L| = U, xC, and Ly := 7 }(x) is a one-dimensional C vector space.
Ua

@ A hermitian metric h on L is a fiberwise hermitian metric h(x) on each Ly which
varies smoothly. Locally, it is specified by ho € C°°(Uq,R4) such that for
x € Ua NUg, hoa(x) = \Tag(x)|2hg(x).

e The curvature of h given by the form @), := —/—100 log h is a global closed (1, 1),
purely imaginary form. In fact wy := g@h is a global, closed, real (1,1) form.

@ The first Chern class of L is defined to be the cohomology class
a(L) = [w] € HEV(M) N HY (M, R).

o Fact: ¢i(L) € H*(M,Z), and conversely any class a € H%‘l(l\/l) NH*(M,Z) is ai(L)

for some line bundle L. The cohomology classes H%’l(l\/l) N H*(M, Z) will henceforth
be called integral classes.
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The Kahler cone

The Seshadri-Nakai-Moishezon criteria

o We say that L is ample if c1(L) € K <= there exists a hermitian metric h such
that wp is a Kahler form.

o (Kodaira) If L is ample, then holomorphic sections of L* given an embedding of M
into P for k >> 1.

Theorem 1.1

Let M be projective.
@ (Nakai-Moishezon) A line bundle L — M is ample if and only if for any sub-variety V C M,

/ a(L)¥™Y > 0.
v

@ (Seshadri) A line bundle L — M is ample if and only if for any x € M, there exists a
constant g(x) > 0 such that for any curve C C M passing through x,

/ c1(L) > e(x)multx C.
C
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Demailly-Paun criteria

Some positivity classes

Let (M", x) be a K&dhler manifold.

@ We have already seen the Kahler cone L. We now introduce one more positivity
classes.

@ The class P is the class of classes numerically positive on analytic sets, ie.

P :={a € Hy (M) N H*(M,R) | /Yad‘my > 0 for all subvarieties Y C M}.

Remark

It is tempting to imagine, especially given the Nakai criteria, that K = P. But this is
wrong!
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Demailly-Paun criteria

An example

Consider the torus My = C"/A. If n > 2, for a generic choice of A, Mj is not projective.
Worse, it has no non-trivial sub-variety. Recall that

H%’l(M) NH*(M,R) = {[Za,-fdzi A df_] | A:={a;} is hermitian symmetric}
iJ

K ={A € Mxn(C) | Ais a hermitian positive definite matrix}.
On the other hand, since the only sub-variety is M itself,
P ={A € Myxn(C) | Ais a hermitian matrix with det(A) > 0}.
So P C K.
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Demailly-Paun criteria

Main theorems of Demailly-Paun

Theorem 2.1

The following are equivalent (TFAE).
@ « is a Kihler class.
@ a+t[x] € P forallt>0.

© For every irreducible analytic set V C X of pure dimension p, and for every

k:1727"' y Py
/akAXp7k>O.
v

Remark

In the case of tori Mp = C" /A, condition (3) is equivalent to the statement that

/ o A w;\’,,;k >0,
Ma

which in turn is equivalent to saying that each minor of A, the hermitian symmetric
matrix representing «, is positive, that is A itself is positive definite. So the theorem is
easily verified for tori.

v
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Demailly-Paun criteria

A generalization of the Nakai criteria for projective manifolds

Corollary 2.1
If M is projective, then KK = P.

Proof.
It is enough to show that P C K. Suppose M C PV, and suppose a € P, that is,

/ak>0
v

for all sub-varieties of dimension k. Let x = c1(H), where H is the restriction of the
hyperplane bundle Opn(1). Then the corollary follows from the Theorem and the

observation
K —k K
/a AxP :/ a”,
v VAHINH,--Hp g

with hyperplanes Hy, - - -, Ho—« in general position. O
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Demailly-Paun criteria

Outline of the proof of the theorem of Demailly-Paun in the projective case

The main aim is to show that (3) = (1). Let I = {t € [0,00) | a + t[x] € K}. Then
telift>>1 Letto=infl. W. I o.g. suppose to = 0.
Goal: 0 € /.

The key new innovation of Demailly-Paun is the so-called mass concentration technique.

Proposition 2.1

Let (M, x) be Kahler, and let o such that a + t[x] € K for all t > 0 and [,,a" > 0.
Then given any ample divisor Y, there exists a non-negative current © € « such that
© > By[Y] for some By > 0 and © = wo + /—190¢p for some wo € o and p € L= (M).

o Here a (1,1) current © is simply a linear functional on A"~1"=Y(M).

e Example: If Y = 3" a;Y is a divisor, then that defines a (1,1) current of integration

by
(Y1) =3 [ o

o We say that © € «a if © = wy + /—199¢ for some wy a smooth form in « and
¢ € Lioc-

e We say that © > 0 if locally © = +/—1990 such that  is a plurisubharmonic
function (ie. sub-harmonic when restricted to complex lines).
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Demailly-Paun criteria

The main steps in the proof of Demailly-Paun

Assumption: a + t[x] € K for all t > 0 and for all V C M,

/ Oék A Xdim V—k > 0.
v

Goal: o € K.

@ Step-1: (Mass concentration) There exists © € a such that © > Sy [Y] for some
By > 0.

o Step-2: Then == 0 — 2-[Y] + Z-xy > 0 on M. Moreover = € a. Let
T=(1-60)=€(1—-0)a. Then T >0 on M.

o Step-3: (Gao Chen's new idea) For c, let E.(T) = {x € M | v(T,x) > c} be the
Lelong sub-level set, which is analytic by Siu. Suppose Z = E.(T) is smooth for
some ¢ << 1. Induction hypothesis, implies that Z has a Kahler metric in

wz € a| . Extend it to a Kahler metric wy = wo + \/7185<pu to some
z

neighbourhood of U. Then glue this to a regularization of T on M\ U where
U’ C U. This can be done if the Lelong number ¢ << 1.

@ Step-4 In general Z is not smooth, and so take a resolution of singularities.
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Demailly-Paun criteria

Outline of proof of mass concentration

@ Y be cut-out by a section s of [Y], and let h be a hermitian metric on Y. Let
Xt = x + A71v/—190 log(|s|? + t*) > x/2. Note that x: concentrates near Y as
t— 0.

o (Yau) (1 + t)a Kéhler = there exists a unique w; € (1 + t)« such that
wy = cext, where ¢t > ¢ > 0.

@ wy — © for some non-negative current ©.
@ Then one can show that for any neighbourhood U, there exists Sy > 0 such that

/ Wt A an
un{|s|2<t2}

@ Skoda extension + Support theorems from pluripotential theory = © > Sy [Y]
for some By > 0.

1>5u.
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Demailly-Paun criteria

Some remarks

@ For non-projective case, Demailly Paun work on M = M x M and with Y as the
diagonal A C M to obtain a (n, n) current & € [a"], where & = 7} a 4 75, and
then get the (1,1) K—'ahler current © = (71).(© A mjwo) on M. They then use an
induction argument and a result from Paun’s thesis - If T is a Kahler current in o

and a‘ is Kéhler on Z for every irreducible analytic set Z C M, then « is Kahler.
z

@ By a result of Boucksom, one can show that if a + tx € K for all t > 0 and
fM a > 0, then there exists a Kahler current in o with analytic singularities.

o (Collins-Tosatti)

{Non Kahler locus of a} = {Null locus of a}.
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The inverse Hessian equations
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The inverse Hessian equations

Mabuchi functional and the cscK problem

A question of central interest in Kahler geometry is to contruct constant scalar curvature
Kahler (cscK) metrics.

Conjecture

(Yau-Tian-Donaldson) Let o € K. There exists a Kahler form w € o whose scalar
curvature s, is constant if (and only if) the pair (M, «) is “stable”.

@ Let wg be a reference metric in «, and let
Ho = {p € C°(M,R) | wy := wo +v/—180¢ > 0}.

o (Mabuchi energy, Chen) A metric w,, is cscK if and only if it is a smooth critical
point of the functional

wo\ W
K = I (i)i J_ ic(w )
() /M o8 (g ) r el 0 (%)
where for any closed, real (1,1) form x, J, is defined by the variational formula

Ih(p) = /M‘SW(CHX A (:fll)! - (nuigl)!)‘
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The J-equation

From the previous slide:

0y () := /M5<p(cn_1x/\ (:W_n_ll)! — (nuigl)!).

Clearly a metric w, is a critical point if and only if it satisfies the so-called
J-equation:

n __ n—1
Wy = Cn—1X N\ Wy

@ From now on we assume that x > 0. Then the above functional is “convex” on H,.
Moreover, if there is a solution to the J-equation, then J, is “proper”.

@ In particular, studying the J-equation on manifolds of general type (so that one can
choose wy with Ric(wo) < 0) helps in constructing cscK metrics.
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The inverse Hessian equations

Some necessary conditions

@ Recall the J-equation:
n n—1
Wy = Cn—1X N Wy,

@ A trivial necessary condition is obtained by integrating both sides, ie.

Juwo
fMX/\w('fl.

o If n =2, then the completing squares, the equation is equivalent to

(wo — %X + \/—718&0)2 = x2.

Ch—1 =

@ By Yau's solution to the Calabi conjecture a necessary condition is that
[wo] = Z[x] > 0, that is if we can choose a metric wo € [wo] such that wo — % x > 0.
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The inverse Hessian equations

A necessary and sufficient condition

@ More generally, if 0 < A1 --- < \, are the eigenvalues of x~*w,, the equation is
1 n n 1 n
Al )\n h Cn—1 ’

@ So a necessary condition is that for any j,

1 n _ _
ZX<C = nwl ' —c1(n—1)x Awlh 2 > 0.
TN n—1

Theorem 3.1 (Song-Weinkove [5], 2009)

S g

Let (M, x) be a Kahler manifold and wo another Kahler metric and c,—1 = T o
M XN

TFAE.
@ There exists a Kihler metric w, = wo + /—109¢ such that
(3.1)

n—1

Wy = Cn-1X /\wﬂfl
nwg = cpoa(n—1)x A wﬂ,_z > 0.

@ There exists a Kihler metric &g € [wo] satisfying the cone condition

ANn—2

nQg = coai(n—1)x Adg 2> 0.

v
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The inverse Hessian equations

A numerical criteria, a la Demailly-Paun

Theorem 3.2 (Gao Chen [1])

Let (M",x) be a Kahler manifold and wo another Kahler metric. Let c,—1 = %
Jm XAwo
TFAE.

@ There exists a Kihler metric w, = wo + /—100y satisfying

(3.2)

n—1

w[; = Ch—1X A w[}fl
nw" "t = cpm1(n = 1)x A w;’fz > 0.

Q@ There exists a Kahler metric Q € [Q0] satisfying the cone condition
nGy Tt — coi(n — )X AG§T2 > 0.

© There exists an € > 0 such that for any p-dimensional sub-variety V C X,

/ (nwg - C,,,lpx/\wgfl) > E/ nwf.
v v

Note that the final condition only depends on the cohomology classes [wo] and [x].
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The inverse Hessian equations

More general inverse Hessian equations

More generally, Szekelyhidi, and others before him, considered the equation
—k k
wg = ax" " Awg,
and proved that a solution exists if and only if the cone condition is met for some
w e [wo],

~Ak—1

" — ckx™ AT >0

is satisfied. Szekelyhidi then made the following conjecture:

Conjecture (Szekelyhidi [6])

The above equation has a solution if and only if for every subvariety V of codimension
n—k < p < n—1, the following inequality holds.

/ <p) el [ (ﬁ) o] > 0.
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The inverse Hessian equations

Generalized inverse Hessian equations

Let ¢1,- -, ch—1 be non-negative real numbers, such that at least one is positive. Suppose

n—1
w! :/ X" Rwk.
fur = et
s
Theorem (D.—Pingali [4], 2020)

Let M be a projective manifold, and x,wo be Kahler forms. TFAE:
@ The generalised Monge-Ampére equation has a solution w, = wo + V=100 satisfying

n _ n—1 n—k, k
Ve =y Ck1x wwk k—1 (3:3)
n— n— - —_ .
nwg - — > 1 ckkx"fwe T > 0.

@ (Cone condition) There exists a Kahler metric &g € [wo] satisfying the cone condition, i.e.,
ying
n—1
ncbg*l - Z ckkx"fk@gfl > 0.
k=1

© (Uniform stability condition) There exists a constant € > 0 such that for all G-invariant
subvarieties V. C M of co-dimension p, we have

J Qi =Sl ass) ><() 467
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The inverse Hessian equations

Some remarks

o We obtain an equivariant version. In particular, for toric manifolds, one needs to
only check the numerical criteria on torus invariant sub-varieties. For J-equation,
this recovers results of Collins-Szekelyhidi.

@ We believe that the uniformity can be relaxed (ie. we can prove the same theorem
with ¢ = 0), and this is a work in progress.

Ved Datar (Indian Institute of Science) Inverse Hessian equations and positivity conditions on June 17, 2020 25 /28



The inverse Hessian equations

Future directions

© One can try to prove this theorem for non-projective Kahler manifolds. The problem
is that one needs to solve an appropriate PDE on M x M. In our case, it is not clear
what this PDE should be.

@ One can instead also look at Hessian equations (ie. wi A x" % = axx").

o Here Kahler condition may have to be relaxed (think of the simplest case where
tryw, = a1, this is equivalent to solving Ay = a1 — trywop, and then even if wq is
Kahler, w, need not be Kahler).

o But one can come up with some obstructions in terms of cone conditions and
numerical criteria, and there are corresponding conjectures (for Laplace equation this is
simply n [wo A X" = a1).

© One can attempt to obtain a Collins-Tosatti type theorem.

o For instance, the null locus can be defined to be the “smallest” set where the cone
condition fails. Then a natural question is whether this is an analytic set, and if so, is
it the “largest” set on which the numerical criteria fails.

o For this, maybe one has to obtain an analog of the Boucksom result, which itself
might be hard at this point. That is, if « is Kahler and o + tx has a metric satisfying
the cone condition, then is there a current T € « satisfying the cone condition, but
having “mild singularities”.

k
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Hessian equations
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The inverse Hessian equations
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